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1 Introduction

1 Introduction

The field of particle physics strives for the relevation of the most fundamental laws of nature. Its
most successful theory, the Standard Model (SM), allowed an outstandingly accurate prediction of
several phenomena at the smallest scales of physics. The Standard Model describes fermions, the
generators of matter, and bosons, the mediators of interactions between fermions. The latest great
triumph of the standard model was the correct prediction of the Higgs boson that was detected
in 2012 [1]. Despite the great success of this theory, there is a broad consensus that the Standard
Model is still incomplete. Several phenoma can not be explained with the current capabilities of
the SM, one of which is the muon (g — 2) anomaly, referring to the anomalous magnetic moment
(AMM) of the muon. The spin magnetic moment g, of the muon is given as:
e

The Landé g-factor describes the proportionality between the magnetic moment and the spin S.
The AMM refers to deviations of the g-factor from being precisely two and is defined as:

g—2

= =5 —.
The connection to particle physics is made with the description of the AMM in the context of
quantum field theory. Within this theory, the AMM is caused by loop corrections to the tree
level Feynman diagram. Consequently, the AMM is characterized by the interactions with virtual
particles within the loop, therefore marking a touchstone for the current state of the SM. The value
of the AMM was both experimentally measured and theoretically calculated. The most recent
experimental value from Fermi National Laboratory (Fermilab) leads to a current experimental
average of a,(Exp) = 116592059(22) - 107! [2] (August 2023). The current SM prediction states
a value of a, (SM) = 116591810(43) - 10~ ! [3] (December 2020). This leads to a discrepancy of [4]

Aa,, = a,(Exp) — a,(SM) = (2.49 4 0.483) - 10~°,

which turns out to be a deviation of 5.1¢. By convention, a deviation of more than 50 is regarded
as a new discovery in particle physics. This difference between the theoretical and the experi-
mental value opens up room for theories of new physics beyond the SM that explain the missing
contribution.

A promising theory to resolve this anomaly is the two-Higgs-doublet model (2HDM), which is mo-
tivated by the concept of the Minimal Supersymmetric Standard Model (MSSM) [5]. The 2HDM
extends the scalar sector of the SM and predicts the existence of a second SU(2) Higgs doublet. The
new doublet generates a total of three additional scalar contributions. Including the electroweak
interactions of these particles with the muon at one-loop level allows an explanation of the missing
contribution for an agreement with Aa,,.

After a brief summary of the experimental measurement of the AMM, the calculations that lead
to a value of g = 2 are retraced. First, the Dirac equation is transformed into the Pauli equation
which allows a direct derivation of the Landé factor. Second, the contribution of g = 2 is obtained
in the framework of quantum field theory by extracting the g-factor from the transition amplitude
at tree level. Subsequently, the one-loop contribution from quantum electrodynamics (QED) is
calculated, resulting in the largest contribution to the AMM of a, = /27 that was famously
calculated by Julian Schwinger [6].

In the next step, a generalized electroweak one-loop calculation is performed which allows the
application of arbitrary scalar-fermion interaction models. For this, two scalar-fermion interaction
topologies are considered. In the first scenario, the photon from the external electromagnetic field
is absorbed by an internal charged scalar in the loop. In the second scenario, the photon is ab-
sorbed by a internal charged fermion in the loop. The first scenario is calculated in detail whereas
the second calculation is reproduced with package-X in Mathematica [7).

The last chapter adapts the obtained results to the 2HDM. In total, four different Yukawa cou-
pling textures are analyzed. For each case, a parameter space scan is conducted to find parameter
combinations for the Yukawa coupling and the scalar mass that can resolve the muon (g — 2)
anomaly. Moreover, experimentally excluded regions are embedded into the parameter space to
indicate further constraints on the properties of the scalars, which subsequently allows a more
targeted experimental search after the new scalar particles.
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2 The Anomalous Magnetic Moment in the Standard Model

The first part of this work retraces the steps that lead up to the one-loop QED contribution to
the AMM. Throughout all calculations, we use the natural unit system in which ¢ = i = 1 holds.
Three-component vectors are printed in bold.

2.1 The Landé g-Factor

The magnetic moment p is classically given as
u=I-A=1-A-n, (2.1)

where A is the area which is enclosed by a charge current I. The vector n points in the normal
direction of the area. Considering a charged rotating particle with charge g and a rotatory frequency
f we can rewrite the charge current as

q . v
I===q- with = —), 2.2
=491 f=5- (2.2)
with the tangent velocity v and the radius r. The magnetic moment can thus be specified with
the area of a circle as

v 5 m q
=q - — 7r'n-— =—L 2.3
m=a 27r m  2m (23)
which allows us to identify the classical angular momentum L=m-r-v - n.
In quantum mechanics, the total angular momentum J is given as a sum of the orbital angular
momentum L and the spin S leading to

q
=—(L+g8S). 2.4
p=5-(L+g5) (2.4)
The g-factor is introduced (also called the Landé g-factor) to account for possible deviations due
to the transition from classical mechanics to the quantum domain since S does not have a classical
analogue.

2.2 Measurement of the Anomalous Magnetic Moment of the Muon

The following section provides an overview of the experimental determination of a,, highlighting the
physical principles that allow the precise measurement at Fermilab [2]. The following explanations
are based on [8] and describe the experimental setup that was originally used at the Brookhaven
National Laboratory (BNL). The BNL storage ring was relocated to Fermilab in 2013 so the
fundamental principles remain valid.

In the BNL experiment, the AMM of positive muons was determined (Fig. 1). The positively
charged muons are produced as a result of the pion decay 7™ — p*v,. The pions in turn are
produced by high energetic protons from the Alternating Gradient Synchrotron (AGS) that hit a
target. The muons emitted are polarized, meaning that the spins point in the same direction as
the momenta. The muons are then injected into the storage ring in which a uniform magnetic field
B is applied. Due to the Lorentz force, the muons move in a circular orbit around the ring and
are accelerated to relativistic velocities. They orbit the ring with a cyclotron frequency w,. of

eB
my

(2.5)

We =
where v = /1 —v2/c? is the relativistic Lorentz factor. Moreover, the spin axis of the muon

precesses around the axis of the magnetic field known as Lamor precession. The Lamor frequency
of this precession w, is given as [9]

eB eB
ws=9%+(1—’7)m77- (2.6)



2 The Anomalous Magnetic Moment in the Standard Model

Protons Pions Polarized Muons
from AGS p=3.1 GeV/c Inﬂector/Injection Point
= pty,
Target

Injection Orbit
Storage Ring Orbit

Kicker E: .
In Pion Rest Frame Modules ;
. Storage Q N
= < spin i -
momentum Ring £
Vy M o
/

“Forward” Decay Muons
are highly polarized

Figure 1: Simplified schematic illustration of the experimental setup originally used at the
Brookhaven National Laboratory (BNL) as well a visualization of the parity violating pion de-
cay. Taken from [8].

The second term emerges from the Thomas precession, a relativistic correction to the Lamor
precession. The AMM can be obtained from the difference frequency w, of the Lamor and cyclotron

frequency:

Wg = Ws — We

eB eB eB
=95+ (1= ———
m my  my
B (g-2
T m 2
eB
:aﬂﬁ‘ (2.7)

Here, it becomes also evident why the factor of 1/2 appears in the definition of a,,. The magnetic
field B is also measured in this experiment, while e and m are determined in independent experi-
ments. If g was exactly equal to two, the cyclotron frequency and the Lamor frequency would be
equal. In conclusion, the AMM causes a misalignment between the direction of motion and the
spin axis, as can be seen in Fig. 2.

Storage
Ring

momentum

Figure 2: Schematic illustration of the spin and momentum orientation during one circulation in
the cyclotron. Taken from [10].

The remaining challenge is to determine the spin direction. For that, the parity violating decay of
the muon into a positron of p* — et 4w, +, is analyzed. The parity violation causes the emission
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Figure 3: Time distribution of the detected positrons with £ > FEyy, for different Fy,. The frequency
of the signal matches w,. Retrieved from [8].

direction of the positron to be highly correlated to the spin axis. The positrons are detected by
24 equidistant calorimeters, which measure the positrons energy and therefore reveal information
about the spin orientation. The number N(¢) of detected positrons above a threshold energy FEij,
is given as:
—t )
N(t) = No(Ey) exp (’YT) (1+ A(Ew) sin (wat + ¢(En)) (2.8)
”w

with the muon-lifespan 7,, the asymmetry factor of the decay A and the phase factor ¢. The
quintessence to conclude from this expression is that the decay of the muons is modulated with
the frequency w, from which a, can be determined. The detected signal takes a form as it is is
depicted in Fig. 3.

2.3 From the Dirac Equation to the Pauli Equation

Now, the g-factor is derived in the framework of relativistic quantum mechanics (based on [11],
P.59-73). In order to describe relativistic particles, a generalization of the Schrodinger equation
has to be found in which Lorentz invariance is preserved. In order to do so, the Lorentz invariant
energy-momentum relation has to be taken into account:

E? =m? +p* (2.9)

Following the correspondence principle of quantum mechanics, we can insert the operator repre-

sentations of E = iJ; and p = —iV (under the assumption that they act on a wavefunction ¢ (r,t))
to arrive at the Klein-Gordon equation:

(0F — V2 —m)(r,t) = 0. (2.10)

One can observe that this second-order differential equation requires two initial conditions. By
a linearization, the Klein-Gordon equation can be reduced to a first order differential equation
leading to the Dirac equation of a free particle:
(10 + 1aV — Bm)y(r,t) =0 (2.11)
—_——
Hp
Hp is our identified time-independent Dirac-Hamiltonian. The parameters a and 3 are assumed

to take the shape of a squared matrix for reasons that become evident in a moment. To incorporate
spin into this formalism, the wave functions are promoted to spinors of the form:

(G}

e | (¥a 0 . _ (1 _ (Y3
|¢) = v | = < 0 > + <¢B) with ¥4 = <¢2> , Yp= (1/14> . (2.12)
Uy
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In the non-relativistic limit p < m, 14 is much larger than ¢ g. This is because g can be replaced

by
0= (- (%)

for a free particle. In this limit, the lower component vanishes and we arrive at an effective two-
component theory. The upper components ¥4 are often denoted as the large components whereas
g refers to the small components.

) = [Ya) (2.14)

Up to this point, the Dirac-equation of a free particle was discussed. When it comes to the
extraction of the magnetic moment, the Dirac-Hamiltonian subsequently has to be modified. In
general, the Hamiltonian arising from a magnetic interaction is given as:

e

This result was gained from the fact that the spin operator from Eq. 2.4 is directly proportional

to the Pauli-matrices via: 1
S = 50’. (2.16)

The goal is now to find the Dirac Hamiltonian for a charged particle in an electromagnetic field,
in which we can identify the magnetic interaction Hamiltonian and therefore determine the re-
quired g-factor. In order to account for the interaction with an electromagnetic field we apply the

substitutions of
p—>pt+eA and F — E+ ed, (2.17)

to Eq. 2.11 with the scalar electric potential ¢ and the magnetic vector potential A. These
substitutions result in the Dirac Hamiltonian Hp for a charged particle in an electromagnetic
field:

Hp = a(p+cA) + fm — eg. (2.18)
The requirements for a and [ are that:
{oi, ) = 26551, {ew, 8} =0, B*=1. (2.19)

These conditions are satisfied by the v-matrices (Appendix A.1). Hp therefore becomes
Hp =~(p +eA) +~"m + epl. (2.20)

We will now act this Hamiltonian on a Dirac spinor:

i) -eenl? ()6 2)6) ()

_ oYp ha | Ya\ L L (a
= (p+eA) <0"(/)A) +m <—¢B) ep (¢B> =F (¢B> . (2.21)
Expanding this leads to the following system of equations:
(p+eA) ovp=(E—m-+ed)ha (2.22)
(p+eA) - aa = (E+m+ed)p. (2.23)

For ¢ we can rearrange the expression to:

(p+eA) opa

VB = (E+m+ep)

(2.24)
Under the assumption that the influence of the electric field to the total energy is sufficiently small
(e¢ <« m), we gain the following simplification:

! (p+eA) oia. (2.25)

~2m

VB
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As already discussed, we are interested in the non-relativistic limit of the Dirac-theory known as
the Pauli-theory. For that reason, it is sufficient to only consider the large component ¥ 4 of Eq.
2.23. Plugging in Eq. 2.25 yields:

(5 (P +cA)-0)((p +A) ) — o) toa = ( — m)is, (2:26)

Hp

where we defined H, as the Pauli Hamiltonian. The Pauli Hamiltonian can be rearranged in order
to extract the magnetic moment to

Hy= 5 ((p+ AV +io - (p+ cA) x (p+ cA))) ~ co (2.27)

Here, the following identity was used (proof in Appendix A.1):
(a-o)b-o0)=a-b+ioc(a xb). (2.28)

The underlined term can be reduced in the following way:

(p+eA))pax (p+eA)= 1Eijk[l?j +eAj, pr + eArlta

2
—1e
= —€ijk([0, Ar] + [0, A5])¥a
—1e
= TEijk(ajAk — Akaj + Ajak — 8kAj)wA
—1e
= Téqu[(ajAkWA + Ar(0j9a) — Ar(959a)
+ Aj(Oktha) — (OkAj)ba — Aj(Oka)la
—1e
= 75ijk(ajAk — OkAj)a
—1e
= T%z‘jk(ajAk)lﬂA
— —ieBia (2.29)
In the first line we utilized that
1
TXTT = EijkTjTE = §€ijk[7rj,7rk]
since Eijk[’i'(j7 7Tk] = EijkT T — EjkTETy; = E4jkT Tk + EijkT T = 25ijk77j7rk' (230)

Merging everything together ends up in the following expression for the Pauli-Hamiltonian
L pteaP1+ (0. B)—eol (2.31)
= — e — (o - —e .
P m P 2m

A direct comparison with the Hamiltonian of a magnetic interaction in Eq. 2.15 illustrates g = 2
in the relativistic formulation of quantum mechanics.

2.4 Tree-Level Contribution

The subsequent section focuses on the extraction of the g value from a tree-level scattering process
using perturbation theory to verify the consistency with the results discussed in the previous
chapter. This section is based on [12], P.117-119. The tree-level diagram takes the following form:
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=2

Figure 4: Topology of the tree-level Feynman diagram.

The application of the Feynman rules (Appendix A.2) for a simple fermion-photon vertex results

in the expression of
iM* = —ietu(g2)y"u(qr). (2.32)

Here, u(g2) and u(gq;) are the momentum dependent factors of a plain wave solution of a Dirac
spinor ¥ (z) given as: . - '
() =u(gle™™  p(x) = u(q)e"”. (2.33)

With the Gordon identity (proof in Appendix A.3), this expression can be extended to

Mt = ;TZEG((D)((% +aq)" +i0" (g2 — q1)v)ulqr). (2.34)

In the following steps, the interest lies on the transition amplitude between the initial state ¢; and
the final state 1y which can be derived from perturbative considerations. Starting with the Dirac
equation of a free particle

(p—my =0, (2.35)
the inclusion of the interaction with the electromagnetic (EM) four-vector potential A* = (¢, A)T

is realized by applying the substitution of p* — p* + e AH:

(Yup" — m)yp = —ey, A'p = V. (2.36)

The interaction with the EM potential is defined as a perturbation V. The 7° guarantees the
correct matrix dimension of the perturbation. One can derive the amplitude for the scattering
process Tb; of the muon, using first-order time dependent perturbation theory

Toq=—i | da*oT(2)V(2)p(x)
R4
= ie / dat Ty, A
R4
=—i [ datjitAn (2.37)
R4

Here, the transition current was j>* was introduced as

G2 = —ewb(@)yab (@) = —elga)yulqr) - BT = M, e (2.38)

This connects the transition amplitude and the the invariant amplitude via:

Toq = —i | da*M,Arei(e2=a)® (2.39)
R4
Under the assumption that A* is time-independent the integration of the Oth component can be
carried out:

Ty = —216(Ey — Ey) / dPajt AP, (2.40)
R3
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Inserting the transition current and the Gordon identity results in

. - —e - —e. y
Ty = —i2m0(E2 — Ey) /d?’ﬂ/&%((h +q1)uthr A" +/d3ﬂ/12 %ZJW(CD —q1) P A*

11 12
(2.41)
I, and I, are now treated separately. For I; we have
—€ — i(ql—q2)x L
I = %/dgmu((p)(qg +q1)pe (41-4q2) u(qy)A*. (2.42)

Regarding i = 0, the d-function guarantees the energy conservation and sets Fy = E;. Therefore,
the u = 0 components of the four-momenta g» and ¢; are equal and everything can be summarized
as
19 = 2;6 dPrii(qz) (2E2) A%u(qy ) (217, (2.43)
m
In the non-relativistic limit of p — 0, E = m holds in the energy-momentum relation (Eq. 2.9)
which allows us to cancel out the 2m in the denominator such that I? takes the form of

I =—e- / A3 ¢l (2.44)

As another consequence of the non-relativistic limit, the lower components of the Dirac spinors
(see Eq. 2.13) are neglected such that only the upper components ¢* remain.

Now the spatial components p = 1,2, 3 are examined (the index p is labeled to euclidean indices i
by the cost of an extra minus sign due to the Minkowski metric).

2m
PR €
T 2m

% = * /d?’xﬂ((h)(@z + 01 )i 2Ty (q1) Ay

/dsl’ (g2) (82 + 00)(e" =17 Ap)yulqr) — ulga)e’ =1 (93 + 1)iAi)u(an)

(2.45)

In the second line, a rearranged form of the product rule was used. Under the establishment of
the Coulomb gauge
0;-A; =0 (2.46)

I 5 vanishes. For I;; we can make use of the Gauss‘ law to transform a volume integral over a
divergence of a vector field to an surface integral:

L= /d39€ 1(g2) (02 + 01) ("2~ 17" Ay ))u(qn)
- / 48 6(ga) (1 =17 A)u(qy). (2.47)
The oscillating functions are bounded. Assuming that A is finite and vanishes as * — oo, the
surface integral of I; » equals zero because the integration is performed over the whole R?* which

means that the surface is located at infinity.
Now, the examination of I5 is carried out.

3 7 —€. ..
IQ = /ddxﬂ}g%ld# (q2 7(]1),’(/)114’“ (248)

The time-like component vanishes since E5 = F4, so only the space-like components survive. With
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p = q2 — q1 and the euclidean indices 1, j, k it follows that

€ ~ ipT
121’2’3 = %/dgmu(@)aijajep u(ql)Ai

(& P . )
PR o dBx a(QQ)Uijaj (e'PTA;) — ﬂ(qQ)mjeW(ain)u(ql)
.5 € _ v B .
2.50 5 /d3x w(g2)€ijnor0; (e A;) — u(ge)eijuone (0; Ai)ul(qr),

1271 1272

where in the third line we used the following relation (proof in Appendix A.1) :

045 = EijkO'kl.

For I ; we obtain:

hi= g [ @) (7 x (@ A)ula)
2 [ Prita) v (€7 4) < oula)

-2 / dS (g2) (€7 A) x o)u(qr)

where the following identity was used with V x o = 0:

V. (AxB)=B-(VxA)—A.-(VxB).

(2.49)

(2.50)

(2.51)

Making the same assumption as for I; o, A vanishes at infinity which causes this integral to be

Zero.

A separate treatment of I3 o results in

e _
Iy = 2 /d?’ff Yo (okeijnd; Ai)

% / d3x ’(/7}2 (O’kEkjiain)wl

o KT Nt

o [ deitio- Bt

(2.52)

Here we also applied the non-relativistic limit which eliminates the small components of . Col-
lecting all remaining terms merges in the final expression for the transition rate of:

Ty, = —i27r/d3:c o4 (—egpl + o B) i
2m

(2.53)

In total, the direct comparison of Eq. 2.53 with the Hamiltonian in Eq. 2.31 shows that g = 2
follows also from the tree level diagram.

2.5 Electromagnetic Form Factors

This section is based on [13], P.315-318. The most general form of an interaction between a particle
and an external electromagnetic field can be visualized by the following Feynman diagram where
the central circle represents a placeholder for arbitrary loop-orders.

10
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Figure 5: Generalized form of a Feynman diagram visualizing an electromagnetic interaction.
The generalized Feynman amplitude takes the form of
iM" = u(g2)THu(qr) (2.54)

where I'* is the vertex function and also acts as a placeholder for arbitrary loop levels. I'* trans-
forms like a four-vector and can be decomposed as a linear combination of all occurring Lorentz
vectors. Hence, the vertex function can be expressed in its most general form as

iMY = a(g2) (i + fap' + fad) + fagh)u(a). (2.55)

Hypothetically, this parameterization could also contain terms proportional to v°. Those terms are
especially taken into account in beyond QED theories. Due to the parity symmetry present in QED,
these +° terms do not contribute. Every possible occurrence of a Lorentz vector is weighted by the
functions f;. In general, they can also depend on products or contractions of different momenta
namely p, g1, ¢, P*, i, 43, p* - ¢¥', P - ¢4, ¢f - ¢ and m. The set of possible dependencies can be
reduced by employing the following considerations. The first constraint is momentum conservation
which also holds for contractions with y-matrices

P=aq —df. (2.56)

The dependency on the slashed momenta can be resolved by the application of the Dirac equation
(Eq. 2.35), reducing the dependency purely on m. Furthermore, the muons are on their mass
shells, which means that they fulfill the relativistic energy-mass relation:

qu =m?2. (2.57)
The p* dependence can be resolved by inserting Eq. 2.56

iM" = 1(g2) (1" + (fs = f2)af + (fa + f2)d5)u(ar) (2.58)

which forces fo = 0 in order to match Eq. 2.55. For a further reduction, we can make use of the
Ward-identity which states that

puM'u =0. (259)
Expanding gives us

0 = put(g2) (" + f3q) + fagh)u(ar)
= fra(ge)pu(ar) + fs(pudt)u(a2)u(ar) + fa(puay)u(g2)u(qr)
20 fri(en)(gh — gh)ular) + fs(puat)ula2)ul@r) + fa(puat)u(as)u(ar)
2 fy(puatVila2)ular) + fa(pudh)ila2)ula:)
2 fa(pual)alaz)u(a) — fa(pudt)alg2)ular)
f3 = Ja. (2.60)

11
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In the fifth line we used

2.56 2.57 2.56 2.57
Pt 2 -t 2 e —m 2 G —pge—m® 2 —p g (2.61)

The yield of Eq. 2.60 is that only two independent factors f; and f3 remain. The resulting invariant
amplitude can be further expanded with the use of the Gordon identity.

iM? = u(g)(fiv" + f3(q1 + ¢2))u
22 Ag) (i + F(2myt — 0™ (g2 — @1)))u

20 0(2) ((f1 + 2mfa)y" — faio™ p,)ula) (2.62)
The prefactors are now accommodated in the form factors F; and F5 defined as
2 : 2 .
p ? p ?
Inserting the form factors into Eq. 2.62 finalizes the structure of the invariant amplitude to
. o i y
iM" = (—ie)u(qo) [Fl (P> )" + F2(p2)%a“ p,,} u(qr)- (2.64)

For the considered scenario, m is fixed which reduces the dependency only to p?. The comparison
of this expression with the tree-level diagram from Eq. 2.32 suggests the following choice for the
form factors, since there was no occurrence of c#¥p,,:

Fi;=1 and F;,=0. (2.65)

In the tree-level calculation, we showed that the Landé factor arising from this diagram satisfies
precisely ¢ = 2 (Eq. 2.53). This contribution is therefore covered by the form factor Fj. In
conclusion, any deviations from g = 2 will originate from F5. When considering the non-relativistic
limit p — 0, F» modifies the g-factor in the following way:

g =2+ 2F5(0). (2.66)
The anomalous magnetic moment is for that reason defined as the deviation from g = 2
-2
%:%7:5@. (2.67)

In the calculations at higher loop orders, the anomalous magnetic moment can therefore be iden-
tified as the coefficient of the operator " p, normalized by 277"

2.6 One-Loop QED Contribution

The goal is now to extract and identify the magnetic form factor Fy(p?) as a component of the
invariant amplitude arising from the associated Feynman diagram. The calculation is retraced
from [13], P.318-320.

y

I 1

Figure 6: Topology of the one-loop QED diagram.
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2 The Anomalous Magnetic Moment in the Standard Model

The application of the Feynman rules yields

d'k -9 i(p+k+m)
MH — v —ienP e~k
! /R4 (27r)4u(q2) (k—aq1)?+ ie( ' )(p + k)2 —m?2 + is( ier")
iktm) .
m(*’éﬂ Ju(qr)
for the invariant amplitude, which can be simplified into
dik Yo (p + K +m)yH(k +m)y”

iMP = —¢¥i(go) /R 4( ulg)  (268)

2m) [(k — q1)2 + ie][(p + k)2 — m2 + ie] k2 — m? + ie]

Since all arbitrary virtual momenta k are possible, an integral over the four-dimensional momentum
space is necessary. One can identify this integral to be of the form of

d'k  N#
Mt = —e® | S 2.
! ¢ /R (2m)* ABC” (2.69)

where

N =, (p+ k +m)y" (k 4+ m)y”
A=k*>—m?+ic
B=(p+k)?—m?+ic
C=(k—q)®+ie (2.70)

In order to decompose the integral, we make use of the Feynman parameterization that is discussed
in Appendix A.4. For the case with three propagators in the denominator, it can be expanded via

1 ! 1
—— =2 [ dxdydz$ -1 . 2.71
ABC /0 zdydzoe +y+ 2 )(Ax+By+Cz)3 (271)
For z,y and z the relation
r+y+z=1 (2.72)

holds. In the following steps, the nominator and the denominator will be treated separately. We
start with a simplification of the innermost part of the denominator

Az + By +Cz = (k* —m® +ie)z + ((p+ k)> —m? +ie)y + (k — q1)* + ie)
= (K* —m? +ie)x + (p* + 2pk + k? —m? +ie)y + (k* — 2kqy + ¢} +ie)z
= (k2 —m? +ie)(1 —y — 2) + yp® + 2ypk + yk* — ym? + yic + 2k? — 2zkqy + 2¢7 + zie
= k% —m? +ie — yk® + ym? — yie — zk® + 2m? — zie
+yp? + 2ypk + yk? — ym? + yie + 2k* — 22kqy + 23 + zie
= k% —m? +ic + 2m? + yp® + 2ypk — 22kqy + 243
=k? — (1 — 2)m® + yp* + 2k(yp — 2q1) + 2¢7 +ic = D. (2.73)

In order to prepare an upcoming substitution, we will work out

(K 4 yp — 2q")2 = k2 + 2k(yp — 2q1) + 2P — 2zypqy + 224
& K+ 2k(yp — 2q1) = (k+yp — zq1)” — y°p* + 229pq1 — 2°qf

so we can incorporate this new expression for the two terms in Eq. 2.73, resulting in

D = (k" + yp* — zq’f)2 —%p? + 22ypqr — zQQf +yp® + zqf —(1- 2)m? +ie (2.74)
=-A

13



2 The Anomalous Magnetic Moment in the Standard Model

We can now simplify A:

A = y*p® = 2zypqs + 2°qF — yp® — 2¢7 + (1 — z)m?

=—(1- y)yp2 —2zypqr — z(1 — z)q% +(1—2)m
= —(z + 2)yp* — 2zypqr — (1 — 2)m® + (1 — 2)m?

2

= —ayp® — zyp® — 22ypqr + (1 — 2)°m?

= —ayp® —yz(p* + 2pq1 + 4§ — 7)) + (1 — 2)*m?

= —zyp® —yz((p+ @)’ — qi) + (1 —2)°m?

= —ayp® + (1 — 2)*m?. (2.75)
This leaves us with a compact version of the denominator

D = (k" +yp — 2¢}")* — A +ic (2.76)

Introducing the substitution k# — k* — ypt + zq} yields

iMF = —2¢? /
R4

for the amplitude. We will now further examine the numerator N* with the identities from
Appendix A.1

4k

d N#
(2m)*

(K2 — A+ i)

1
/ dedydzé(z +y+2—1) (2.77)
0

NF =, (p+ K+ m)y"(F +m)y” (2.78)
= WP+ pr Y+ Y A m kY A my ey + mPatyt . (2.79)
1 2 3 4 5 6

We can simplify the individual terms in the following by working with the Dirac matrix identities.
For term 1 and for term 3 analogously:

ag v ag_ Vv A9 g
WY PV Y ko = Dok VYT = Pokia (=27797) = —2k4"p. (2.80)
For term 2,4 and 5:
y v A9
m Y Py = mppy Py = dmp,g™t = dmph. (2.81)
For term 6: Ao
m2y, Y = —2mPyt. (2.82)
Merging everything together results in
N# = =2(fy"p + Fy" K — 2m(p" + 2k") + m>H). (2.83)

Applying the substitution k* — k* — yp* + zq}' transforms this into

—%N” =k —yp+2g)v"p+ (k—yp + 207" (F — yp + zqh) — 2m(p" + 2(K* — yp* + zq}')) + m*+*
= PP — P+ 2P+ K — gk 2kt — gyt P — vepr
+ 2g — yzgiy My + 22%7“% — 2mp* — AmEt + Amyp” — dmzgl + mPyH. (2.84)

All terms that are linear in k or § vanish because of the symmetric integral bounds. The remaining
terms give us

—%N“ = (—yp + 2" P+ KK+ " (0P — yzgh) — v (zyp — 22 qh)
+ 2m(2y — 1)p* — dmzgt + m>y*. (2.85)

The next goal is to evaluate all contracted momenta. We can identify the following four types
of combinations of «-matrices which can be simplified. It is important to note that the vertex

14



2 The Anomalous Magnetic Moment in the Standard Model

function is still enclosed by the spinors u(g2) and u(gq1) and thus enables the application of the
Dirac equation.

v o A6 v o o "

1) py"p = pupey’ VY = pupey” (2917 — TAM) = 2t — gy = 2(gh — qh )" — PP = —p*y*
v o288 1 vouw o 1.5 a9 1

2) Kk = hukoy T = DR g T = R = -k

y A6 v
3) Ap=A"gp —af) =7"(gh —m) = 1"V g2, — " = 29" qo, — " — mA" = 2(gh — mA")
4) Pyt = (g — g™ = my* — gyt = myt — M) = mat = 2g1 + Ayt gh = 2(myt — gf).

(2.86)
In the first calculation, we utilized that:
v A6 v v
PP = Pup Y = pupn (29" — ¥V y") = 2p° — pp. (2.87)
For the second calculation,
1
Kk = ZngZ (2.88)

was used. We can further examine the numerator Eq. 2.85 and want to sort everything the
following way:

LN s+ 07— yagt) — g0 Gop — )
+2m(2y — 1)p* — dmzgt + m?y*
= PP 2Py P~y — zyghn P+ e
+ Fy R+ 2m(2y — 1)pt — dmzgl + m2yH
= W = ypr"p + (1= 9)gin"p — y2pr"gh + 22 ¢ gh
+ Fy R+ 2m(2y — )pt — dmzgl + m2yH
20 (2 — )P+ 2(1— ) (g — PP — v gh + et — g
+ Fy R4 2m(2y — 1)p* — dmzgl + mPyH
2.35 (W —y—2(1— )Py p — 2(y + 2)mpyt + 2(1 — y)mat'p + 22m2yH
+ FyP R4 2m(2y — 1)p* — dmzgl + mPyH. (2.89)

We can now insert the expressions from Eq. 2.86 which results in

1. o
—S NS = = (4 2) +y2)p™ = 22(y + 2)m(m” - ) + 22(1 = y)m(gy —my")

1
- 51{:27“ +2m(2y — 1)p" — dmzgt + (1 + 2%)m>y*

212 (_%kQ — W= (1 —2)+y(l —2—y)p® —22(1 — 2)m? — 22(1 — y)m? + (L + 2%)m?))y*

+(22(1 — x)m — 4mz)q) + 22(1 — y)mgh + 2m(2y — 1)p*
1
= <2k2 +(1—2)1—yp*+ (—2z1—2+1—y)+1+ Zz)mz) M

+(22(1 — 2)m — 4mz)q)' + 22(1 — y)mgh + 2m(2y — 1)p*. (2.90)

N#r

From the underlined terms in Eq. 2.90 we want to construct a ¢} + ¢4 occurrence in order to apply
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2 The Anomalous Magnetic Moment in the Standard Model

the Gordon identity. N* is rearranged to:
Nt = (2(1 — 2)zm — dmz)g} + 22m(1 — y)gh — 2m(1 — 2y)p"
226 (2(1 —x)zm —dzm + 2zm(1 — y))gh — (2(1 — x)zm — dzm + 2m(1 — 2y))p"
= —2zm(x +y)gh —2m((1 — z)z — 22 + 1 — 2y)p*
q’; + qé‘) —m(2(1 —x)z — 4z + 2 — 4y)pH

@ +p") —m(2(1 — )z — 4z + 2 — 4y)pH
)+ m(—2(1 —z)+4z —2+4y — z(1 — 2))p"
q5) (=22 + 22z + 42 — 2+ 4y — 2 + 2°)p*

+m
+m2(1 -2 —y)+ 222 -2+4y —z+2(1 —z —y))p"
=-mz(1 fx) qy ) +m(zz — 2z + 2y — yz)p*
=-—mz(1l —2)(¢} + q2) +m(z—2)(x —y)p". (2.91)
Now the Gordon identity (Appendix A.13) can be use to replace ¢}’ 4+ ¢4 in the total numerator:
—%N” = <;k2 +(1-2)1—yp*+ (-2z2-2—y)+1+ 22)m2> Ay
—mz(l = 2)(¢) + ) +m(z = 2)(z —y)p*
A (LI (1= a)(1 = )+ (22— 5 =) + Lt ) 0
—mz(1l —2)2my* — ic"p,) + m(z — 2)(x — y)p"
— <_;/@2 +(1-—2)1—y)p*+ (—222—z—y) +1+ 22 —22(1 - z))m2> v
+imz(1— 2)c"p, + m(z — 2)(z — y)p"
T (g (=)= 4 (21 +9) + 1422 - 21— ) ) o
+imz(1 — z)o"p, + m(z — 2)(x — y)p*
= (—;k? +(1-2)1=y)p* + (-2 =22 + 142" = 22 + 2z2)>m2> 7"
+imz(1 — 2)c"p, + m(z — 2)(z — y)p*
= (D + ek ) o
+imz(1 — 2)o"p, + m(z — 2)(x — y)p". (2.92)

The reduction of the numerator to this compact form allows us to extract the magnetic contribution
via the magnetic formfactor Fy(p?), which accommodates everything that is proportional to o**p,.
The relevant part of the numerator labeled as N5, then becomes

NE = —2imz(1 — 2)d"’p,,. (2.93)

Recalling from Eq. 2.64 that the formfactor Fy(p?) was defined as the coefficient of p,a(q2)o* u(q)
normalized by a factor of 2m/e yields the following expression for the formfactor:

2m

1
2\ _ . 3 _ 4 z(1—2)
Fy(p®) = <4Z€ m/0 dedydzé(z +y + 2 1)/R4d k(k:2 A+i€)3)' (2.94)

Utilizing

1 —1
d*k = 2.95
/R4 (k2 —A+ie)3  32m2A (2.95)
(proven in Appendix A.5) simplifies the formfactor with the denominator from Eq. 2.75 to
gm2e? ! z(1—2)
F(p®) = o | dadydz$ -1 : 2.96
20) = S | itz y s ) e
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3 Electroweak One-Loop Contributions for Scalar-Fermion Interactions

In the non-relativistic limit of p?> — 0 this aggregates in

8e?

B0 = 55

1
/ dedydzé(x +y+2z—1) (2.97)
0

(1-2)

Performing the integration finalizes the calculation under the introduction of the fine-structure

constant o = e? /4w
1 11—z
= / dz / dy :
0 0 1—=2
1

1—2 1
/ dz [ -2 = g/ dzz (2.98)
0 1—=2 0 ™ Jo

F(0) = % (2.99)

Fy(0) =

31Q

31Q

into the result of

which is the one-loop contribution to the anomalous magnetic moment of the muon. This result was
first calculated by Julian Schwinger in 1948 [6]. Together with Eq. 2.66 we obtain the numerical
value of:

a, = % ~0.00116 and g¢= (2 + %) ~ 2.00232. (2.100)

One can notice that this result is independent of the fermion mass and is therefore the same for
all leptons. For the current theoretical value of a,(SM) [3], QED diagrams up to the fifth loop
order O(a®) have been numerically evaluated, making it the most precise calculated quantity in
particle physics. Besides the QED diagrams, there are also contributions from electroweak and
hadronic loop diagrams. The hadronic contributions are the biggest source of uncertainty, since
non-perturbative methods from lattice QCD have to be used.

3 Electroweak One-Loop Contributions for Scalar-Fermion
Interactions

The discrepancy between the theoretical and experimental value of a, raises the assumption that
there are missing contributions within the SM prediction. For that reason, a general approach of
describing one-loop electroweak interactions of fermions and scalars is presented, which can then
be adjusted for possible beyond Standard Model (BSM) models.

3.1 The Anomalous Magnetic Moment in Arbitrary Scalar-Fermion In-
teraction Models

The goal is now to obtain general formulae for the relevant contribution to the AMM arising from
electroweak interactions. As a preparation for the upcoming calculation, the interaction vertices
between scalars and fermions have to be analyzed with the aim to extract the associated Feynman
rules. Interactions between scalars and fermions are in general mediated by Yukawa interactions.
The Yukawa interaction Lagrangian [14] is given by as:

Lyukawa = Z u(cs +cpy’)FH + hec.
F.H

= w(cs+ eV’ )FH+ H* - F(ci — cn°)u™ (3.1)
F.H

where i, F, and H are the gauge fields and c¢; and ¢, are the model dependent scalar and pseu-
doscalar complex coupling constants. The summation is performed over all fermions and Higgs
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3 Electroweak One-Loop Contributions for Scalar-Fermion Interactions

scalars of the corresponding model. The relative minus sign is the result of the anti-commutative
nature of the v° matrix (Eq. A.11):

S i , _
(/r(cS + cp'y5)FH) = (H*FT(C: + 02‘)75) . ,u—T)
= (H*F'(c; + ¢;7°) -7°u7)
L ) ). (32)

From this Lagrangian, the vertex rules can be read off by removing the fields and including a factor

of —1i:
F ; = _i(cs+cp75)
W
_ -0 % * oD
. = i — )
7

3.2 Photon Absorption from the Internal Scalar Line

The first scenario under investigation is depicted in the Feynman-diagram in Fig. 7. The incoming
muon splits up into virtual fermion F' and a virtual scalar H. The scalar then interacts with the
photon from the electromagnetic field. For this interaction, the scalar has to be at least singly
charged.

/, H H \\
S E AN
q1 - > q2
@ —k
po o

Figure 7: Topology of the electroweak one-loop diagram with an electromagnetic interaction me-
diated from a scalar.

The application of the Feynman-rules from Appendix A.2 leads to the following form of the invari-
ant amplitude:

d*k

YT Lr il c 5 Z(%_k+mF) {
iM _/R4 e (iles + "),

@ — k)2 —m3% +ic (p+ k)2 —m% +ie

(=i(es = 7°))ula).

(—igme(2k + p))

i
X—
k? —m?2, +ie
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3 Electroweak One-Loop Contributions for Scalar-Fermion Interactions

This can be simplified into

_— d'k (cs +¢p7°)(gh — K +mp)(2k + p)(c; — ;7°)
iM" = qg - € 4U(q2) D) 2 . 2 2 . ) 2 . U(Q1)
re (2m) ((n — k)2 —m% +ie)((p+ k)2 — my; +ie) (k2 — m¥, +ie)
(3.3)
Just as for the QED calculation one can identify the following structure of the integral:
d*k N*
iM* = qp - —_— 3.4
! e /R4 (21)A ABC (34)
where
N¥ = (cs +c7°)(gh — K +mp)(2k +p)(c; — c;7°)
A=k —my +ie
B = (p+k)* —m% +ic
C=(q—k)?—m2 +ic. (3.5)

In order to decompose this integral, the Feynman parameterization is introduced. In the case of
n = 3 factors in the denominator, it can be expanded via

1 —
ABC

1
(Az 4+ By + Cz)3

1
2/ dxdydzé(x +y+ 2z —1) (3.6)
0

In the following steps, the nominator and the denominator will be treated separately. We start
with a simplification of the innermost part of the denominator.

Az + By +Cz = z(k* —m¥ +ie) + y((p + k)? — m¥ +ie) + 2((qn — k)* — m3% +ie)

=(1—y—2)(k* —m¥ +ie) + y(p* + 2pk + k* — m¥; +ie) + 2(¢} — 2q1k + k? — m% + ic)

= k% — (1 — 2)m% + yp® + 2ypk + 2¢> — 2zq1k — 2m% + ic

= k% — (1 —2)m% +yp® + 2k(yp — 2q1) + 2¢7 — 2m3% + ic (3.7)
In order to prepare the k substitution we expand

(K" +yp* — 2¢1')> = k* + 2k(yp — 2q1) + v*p* — 2zypq + 2%}
& K+ 2k(yp — 2q1) = (k +yp — 2q1)° — v°p* + 22ypqr — 2°¢3 (3.8)

so that the denominator D becomes

D = (k+yp—2q1)° —y*p* + 22ypq — 2°q7 — (1 — 2)m3; + yp° + 2q} — 2m7, +ie. (3.9)

= —A¢

The auxiliary variable A‘ is used to store all non k-dependent terms

A= y?p? — 2zypqy + 22¢3 + (1 — 2)m%; — yp® — 2q5 + 2m*%

=—y(l- y)p2 —2zypq1 — 2(1 — z)q% +(1- z)m%{ + zm%
= —y(z + 2)p* = 2zypq1 — 2(x + y)qi + (1 — 2)m3; + zm5
= —ayp® — yzp® — 22ypq — zxqi — 2yq; + (1 — 2)m3; + 2m7,

= —zyp® —yz(p+ @1)* — 2xq + (1 = 2)m¥ + 2m}
= —zyp® — y2¢5 — zaqi + (1 — 2)my; + zmi
= —zyp® — z(z +y)mi, + (1 - 2)m¥ + 2m%
—ayp® — 2(1 — z)mi + (1 = 2)m?% + zm?

= —zyp® + miz2 +m% (1 —2) + (m% — mi)z (3.10)

The denominator can now be expressed as

D = (k" +yp" — 2¢}")? — A +ie (3.11)
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3 Electroweak One-Loop Contributions for Scalar-Fermion Interactions

where the substitution k* — k* — ypH + z¢} yields
D =k? - A +ic. (3.12)
We can now examine the numerator

N* = a(g2)(cs + ¢p7°) (gh — F +mp)(2k +p)(c; — 7 )ulqr). (3.13)
=M

The innermost part defined as (#* will be evaluated by starting off with the substitution
Kt — kH — ypt + zq:

CH =2q0k + ghp — 2Fk — kp + 2mpk" + mpp”

sub
= 2qh (K" — yp" + 2q}') + ghp — 2(F — yp + zqh) (K" — yp"' + 2}') — (K — yp + zqh)p"
+ 2mp(k* — yp! + 2¢)") + mpp*

= 2k — 2ygip” + 2:9hq! + gup — 2K + 2 — 2T + 2upk™ — 207" + 2y2pal
— 2ughk* + 2yzqip” — 222 qidl — B+ ypp” — 2qhpt + 2k — 2mpyp! + 2mpzd) + mpph
= —2fk" + (—2yp" + 224 + p* + 2yzpt — 22°%¢) — 2p")gh + (—24°p" + 2yzql + ypt)p
+ (—2yp" + 2z2¢)' + p")mp
= =2k + (22(1 — 2)q)’ + (1 — 2)p" + 2y2p" — 2yp")gh + (—y(2y — 1)p" + 2y24}')(¢p — ¢h)
+mp(2zq; — (2y — 1)p")

= —%kQV“ +((22¢) +p")(1 = 2) = 2y(1 — 2)p" + y(2y — 1)p" — 2y} )
+y(22q) — (2y — 1)p")gh + (2241 — (2y — Dp*)mr
= *%kzv“ + (2207 +p") (@ +y) - 2(z +y) +y(2y — D" — 2yza) g
+y(22q) — 2y — 1)p")gp + (22 — 2y — p")mp
= —%kQVH +2(22q) — 2y — Dp*)gh +y(22q1 — (2y — Dp*)gp + (2241 — (2y — Dp*)mp
= —%kz’y“ +(22¢) — (2y — D)p")(wgh + ygb + mp). (3.14)
Reconstructing N* yields
N# = (e + 6" (5 k2# + (22g — (29— Vp)agh + g +mr)(el —n®). (315)
In order to apply the Dirac equation we have to commute c} + c;‘,'y5. Since the 7° matrix anticom-

mutes with all other v matrices, we will get a relative minus sign from the commutation with g4
and ¢h

N# = (st e7)(el (— K2 + (228 — 2y — )p)agh + g + mi)

=t
* 5 1
+ (=R 4 (220 — 2y = D) (2gh +yge — mr))
=¢*
= ‘CS|2C-¢ + |Cp|2<l—L + VS(CSC;Cﬁ + C:Cpgi)~ (3.16)

We can now apply the Dirac equation to transform ¢4 and gb both into m,, such that

Gt = — k" (2aa = (25— Dp)(1 = 2y = ) (317)
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3 Electroweak One-Loop Contributions for Scalar-Fermion Interactions

where Eq. 2.72 is used again. Now we incorporate 2q; = g1 + g2 — p resulting in

G =~k (et + ) — (2 = 2y — D)p)((1 = 2Jmy & )

A1z 1 o
= —§k2'y“ + (z(2mAy" —ic"p,) — (2 — 2y — 1))p) (1 — 2)m, £ mp). (3.18)
Since only the terms proportional to o#¥p, contribute a to the AMM all other terms are neglected
such that
¢t =—iz((1 — 2)my, £ mp)o™p,. (3.19)

By examining the structure of Eq. 3.16 it becomes evident that only the terms proportional to
lcs|? and |c,|? contribute, since the crossing terms are multiplied with v°. N* takes now the form
of

N# = (=iz)(les (1 = 2)my + mp) + |ep*(1 = 2)my — mp) op, (3.20)

where we identify the formfactor Fy(p?). Bringing together the expressions for the nominator and
the denominator gives us

) d4k
Fy(p ):—QHG dxdydzé(x+y+z—1)
R4
iz]es)? ((1 —z)m, + mF) + lep*((1 = 2)my, — mp)
. 21
. 2 — A +ic)? (3.21)

The numerator is independent of k. This enables us to evaluate the k integration immediately
using again (Appendix A.5)

d*k 1 —1
= . 3.22
/R4 (2m)* (k2 — A* +ie)3  32m2A¢ ( )
This leads to
m2 1
Fy(p?) = _qg 2” dedydzd(x +y+2z—1)
m 0
les?(2(1 = 2) + 72) + |ep*(2(1 — 2) — TE) 593
X ’ £, .
—xyp? + m222 + mi; (1 — 2) + (m3, —m?)z (3.23)
Applying the non-relativistic limit (p2 — 0) and performing the z-integration yields
11—z
FQ(O) 87‘(2 dZ/
chs|((1—z mF)+|C|((1—2)—2’7’;) (3:24)
m222 + m3 (1 — 2) + (mf, —m?)z '
We can now evaluate the y-Integration:
arm? [t (les]?(2(1 = 2) + 2E) + ey [P (2(1 — 2) — 72E))(1 = 2)
F5(0) = — 3 dz 55 o) - . (3.25)
8 0 mzz +m%(1—z) + (m% #)
In the final step we apply the substitution z‘ =1 — z:
qu IC (2 = (=) + 2E) + lep P (2 = 1)(2) — BE)) (=)
F3(0) = 5 S — e : (3.26)
mu(l ) +mHZ +(mF7m/L)(172)

Expanding the terms gives us the final expression for the electroweak one-loop contribution to the
AMM.

. qui 1 ‘ |CS|2(243 _ 242 + %(242 _ Z‘)) + |Cp|2(Z‘3 _ 242 _ %(242 _ 24))
= T g2 dz m2z2 + m% (1 — 2°) + (m2, — m2)z* (3.27)
0 m F H w

which is in accordance with the expression for [a,]. in [14] and was also cross-checked with the
extension package-X [7] in Mathematica (Appendix A.6).
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4  The Two-Higgs-Doublet Model

3.3 Photon Absorption from the Internal Fermion Line

In this topology, the internal charged fermion interacts with a photon of the electromagnetic field.

7y

Figure 8: Topology of the Feynman diagram corresponding to the absorption of a photon via the
internal fermion line.

The application of the Feynman rules results in the following invariant amplitude:

d*k

M= /R4 Wu((b)(—i(cs + C;D'Vs) ! Z(p + k +mr)

(1 — k)2 —m? +ie (p+ k)2 —mi +ic

x (igrey™)

which can be simplified to

'k (cs + V) (P + K+ mp)y*(k +mp)(c; — )

ME — e/ z . , , 3.29
e Jr @md P G R — i+ )1 — R =y Fie) R — gt i) )
The contribution to the AMM is given as
qu2 1 |CS‘2(—Z‘3 + z42 + %242) + |Cp|2(_zc3 + 2‘2 _ %ZQ)
F2F(q2) = - 2” ‘ 2 2 2“ ¢ 2 2 o¢ - (330)
872 Jy m2z 2 +mi (1 —2°) + (mg —m3)z

This result can also be reproduced with package-X [7] in Mathematica (see. Appendix A.6).

4 The Two-Higgs-Doublet Model

The 2HDM extends the scalar sector of the SM and is mostly motivated by the concept of super-
symmetry [15]. The 2HDM provides a rich phenomenology enabling the explanation of various
unsolved phenomena in the Standard Model eg. dark matter and neutrino mass [16], the baryoge-
nesis [17] and -out of particular interest for this work- the muon g — 2 anomaly. In the following
section, the muon (g — 2) anomaly is resolved within the 2HDM, resulting in constraints on the
properties of the new BSM particles in question. The following description of the 2HDM is based
on [5],[18],[19].

4.1 Introduction to the Two-Higgs-Doublet Model

The 2HDM proposes the existence of a second SU(2) Higgs doublet ®, alongside the SM doublet
®4, each carrying hypercharge of Y = 1/2:

o, = ) i=1,2 (4.1)
P\ v+ pi +img) - '
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4  The Two-Higgs-Doublet Model

Both doublets acquire vacuum expectation values (VEV) of (®;) = v;/v/2. Complying with the
conservation of the hypercharge, it turns out to be convenient to represent the doublets in a rotated

basis given as
Hy\ [ cosB sinf\ (®
(H;) o ( sin /3 cosﬁ) (@;) ’ (4.2)

Here, f3 is the defined as 8 = arctan (vo/v1) where v; is the VEV of the corresponding doublet. In
this specific basis, only the H; doublet acquires a non-vanishing VEV:

(Hi) = 5 and (Hz) =0, (4.3)

The rotated doublets can be parameterized as:
Gt HT
Hl = %(U + H? +’LG0) 5 H2 = %(HS +ZAO) . (44)

In this form, Gt and G° are the Goldstone Bosons, that get eaten up by the W- and Z-Bosons
in the process of electroweak symmetry breaking. The remaining particles are two neutral CP-
even scalars H ?72, a CP-odd scalar A and a charged scalar H". The VEV is now given as v =

V02 +vZ ~ 246 GeV. The potential in the rotated basis takes the form of:
V= m?lHIHl + m%QHgHQ - {mfz(HIH2 + Hng)}
4 2L 4 22 (HY Ho )P+ Mo Hy) ()
X CH] H) (Y HL) + 28 (] Ho)? + 25 () )2
+ X (H{ Hy)(H{ H) + A (H{ Hy)(H] Hy)
+ Ar(HY Ho) (H{ Ha) + Xy (H} Hy ) (H3 Ho) (4.5)

where m?, and \567 can be complex in general and the rest of the parameters are real. The
masses of these particle can be obtained by finding the eigenvalues to the mass eigenstates of the
the squared mass matrix given as:
0%V
M= ——— (4.6)
09,00,

where ¢; is the corresponding particle. The explicit calculation of the diagonal elements can be
found in Appendix A.7. The mass matrix for the charged scalars is already diagonalized. For the
neutral scalars M? reads in the basis {HY, HY, A%} [18]:

A1v? Agv? —Im(\g)v?
M? = Agv? M2+ 303 (As 4+ As + As) —2Im(\5)v? . (4.7)
—Im(\g)v? —2TIm(\s)v? M3, + 3033+ As — Xs)

In the CP-conserving limit, all parameters are real. The CP-odd scalar therefore decouples from
the CP-even scalars. The physical scalars h (SM Higgs) and H (BSM scalar) are connected to HY

and HY via the relation
h\ ([ cos(a—pB) sin(a—pB)\ (HY 48
(H) o <— sin (a — 3)  cos (o — ﬁ)) (HS) ’ (4.8)

where the mixing angle is given as

2
sin (2(a — 8)) = M (4.9)
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4  The Two-Higgs-Doublet Model

In the alignment limit, o &~ 3 holds. In this case, H) becomes the SM Higgs h and HY is the new
BSM CP-even scalar. The alignment limit also requires Ag to be zero and diagonalizes the mass

matrix. The mass expressions for the scalars can therefore directly be read off from Eqgs. 4.7 and
A .42 to be:

mi = \v?
2 2 v?
my :m22—|—?()\3+)\4+)\5)
2 2 v?
my = May + ?O\B + A —As)
2
v

Now, the restrictions on the masses of the individual scalars can be discussed with respect to
experimental data. Regarding a lower mass bound for the charged scalar, there are experimental
constraints from collision experiments at the Large Electron-Positron Collider (LEP) [20] that
require my+ > 110 GeV. Experiments that searched for a charged scalar with a mass below this
threshold could not prove the existence. A detailed explanation of the derivation of this lower
bound can be found in [19].

Further restrictions come from the extensively investigated decay of the Z-Boson Z — AH [21],[22].
The fact that this decay could not be detected suggests that both scalars can not be simultaneously
lighter than the Z-boson with myz = 91 GeV. Further restrictions that have to be taken into account
regarding the T-parameter, that plays a role in electroweak precision measurements. In order to
favour these constraints, the choice of m 0 = mpyg+ turns out to be convenient. Details on the
T-parameter constraint are presented in [19].

Based on these restrictions, we assume the CP-even scalar to be in the light state. To give an
outlook, this assumption will be further justified in the subsequent sections.

Besides the discussed lower bounds that are mostly motivated by experimental data, there are also
perturbative restrictions arising from the coupling parameters from Eq. 4.10. From now on, we
choose the CP-even scalar to be in the light state which allows the choice of my = msoy. This

caused A3 + A4 = —A5 and consequently results in the following expressions:
2 2
My = My

m? =m2 —v°Xs
02
mis = mi — E(A4+>\5) (4.11)
The assumption that m 0 = mpy+ forces Ay = A5 = X to hold. If the mass of the light CP-even
state is neglected, we obtain
mis =m?4 = —v°\ (4.12)
which puts an upper bound on the masses of the charged and the CP-odd scalar. This is due
to perturbative conditions that require A to be sufficiently small for convergence. Given mpy+ =
110 GeV, this leads to A = —0.2. To avoid the risk of divergence, |A\| < 2 provides an suitable
upper bound for perturbative convergence. Higher mass splittings would lead to larger values of
A. In order to avoid possible perturbative divergences for higher masses of the CP-odd scalar, it
turns out to be convenient to use the lowest possible bound for the heavy states. In total, the mass
hierarchy reads
mpy+ =myg =mpg + 110 GeV. (4.13)

4.2 The Anomalous Magnetic Moment for Different Textures of Yukawa
Couplings

Interactions between fermions and scalars are mediated via Yukawa couplings. The interaction
Lagrangian in the 2HDM [23] is given as

—L = Y/ZLHléR-FYZLHQER-Fh.C., (4.14)
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4  The Two-Higgs-Doublet Model

where ¢;, is a left handed doublet and (5 is a right handed singlet. ¥ and Y are independent 3x3
matrices, containing the possible Yukawa couplings. All new scalars are contained in the second
doublet H,. In conclusion, the first doublet and Y are responsible for giving mass to the SM
leptons. The effective Lagrangian for the study of Aa, is then given by the terms arising from the
second doublet as

1 N 7 0 .
—Ly Dﬁ ([Yi?OHO + ZYz‘?UAO]gLiERj +lrilLi m&loHo - ZYj?OAO])

+ Y;-?-FDLZ[RJ'HJF + Hfﬁﬁjl/LiY;-If_, (415)

There are a total of four different Yukawa textures that are examined in the upcoming sections. In
order to analyze different scenarios of interactions of the predicted BSM scalars with the leptons
from the SM, different textures of the Yukawa coupling matrix are examined. FEach scenario
corresponds to different fermiotic lines in the diagrams from Figs. 7 and 8. The form of the
Yukawa matrix in the lepton sector takes the form of

Yee Yeu Y-
Yiij=Yie Yup Yur |, (4.16)
YTe YT,u YTT

where the first index refers to the virtual fermion in the loop and the second index to the incoming
and outgoing fermion. The entries are taken to be real.

4.2.1 Texture 1: Muon-Muon Yukawa Coupling Matrix

The first case to be analysed contains a Yukawa matrix texture as follows:

0 0 0
V=10 Y, 0]. (4.17)
0 0 0

This Yukawa interaction corresponds to the scenario in which the internal fermion line in Figs. 7
and 8 is represented by a muon. The goal is now to find expressions for the scalar and pseudoscalar
couplings ¢s and ¢, by comparing the coefficients from the generalized Lagrangian in Eq. 3.1. This
allows us to incorporate these expressions to the results for arbitrary models from Eqgs. 3.27 and
3.30. We can incorporate the Yukawa texture in Eq. 4.15 and group everything together:

1 , _ _ .
-L,> 7 ([YuuH® + 1Y, AV ip g + fippr [HY,, — iA°Y,,.])
+ Y vopurHY + H irvpYo,. (4.18)
The charge of HT need to obey the charge conservation in the Feynman diagram in Fig. 7. Since
the muon carries a charge of ¢, = —1 and the charged scalar is singly charged, the fermion has
to be neutral gr = 0. This can either be realized by gg+ = —1 and the momentum direction in
clockwise direction or g+ = +1 and the momentum direction in the counterclockwise direction
in the loop. The choice of gg+ = —1 is made from now on. For that reason, the term associated

with the H~ scalar will be omitted from this point because H~ would not add new contributions.
With this considerations, the Lagrangian reduces to:

1 _ _ o _ _
-L> V2 (Yuu(fippur + firpr)H® + Y, (popr — prpn)A°) + Y opprHT. (4.19)
Inserting the projection operators (Appendix A.8) results in

1
LD —=Y,, (1 +7°) + (1 —~°))uH"
Qﬁwﬂ(( 7))+ (L —=7"))u

1.
+ Tﬂlywu((l +7°) = (1 —=+%))pd®
1
+ iyuul_/Li(l + 75)MH+’ (420)
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4  The Two-Higgs-Doublet Model

which can be simplified into
1 _ 1
L D 7EY}L#M’N’HO — ﬁ
From this reduced Lagrangian, explicit expressions for ¢, and ¢, can be obtained by comparing
the coefficients with Eq. 3.1 after removing the fields:

1

WY ppft - Vop-A° - Yuvri(1 + VO )uH*. (4.21)

For HY : ¢, = _EYM“CP =0
)
For A?: ¢, = 0,¢cp = _\ﬁYW
N 1 1
For H" : ¢, = —§Yw,cp = —iYw. (4.22)

This results can now be incorporated into the general equations Eqgs. 3.27 and 3.30 to concretize
for the individual contributions.

The contributions of the H' scalar will be embedded in the expression arising from Eq. 3.27.
From now on, the variable z’ is renamed as z.

e 1Pt 4 e ) Pl et~ R )

" 812 Jo m2x? 4+ m3,(1 — x) 4+ (m3; —m2)x

422 Y /1dm % — 2
" Tort Jy P (ZERI -0+ (- Da

i m
Y2 1 3 _ .2
— / do ———" with 2 = -, (4.23)
1672 J, 2?2+ (23 — Dz my

In the last step, the term proportional to (mg/m,)? was left out in the denominator. Under the
constraint of charge conservation, the Feynman diagram from Fig. 7 allows in general multiply
charged scalars and fermions. In the specific case of the 2HDM, the charged scalar is singly charged
which requires the internal fermion to be neutral. Since the 2HDM only extends the scalar sector
of the SM, the internal fermion line must be represented by a SM fermion with charge zero. The
only particles with this property that come into question are neutrinos, which masses are negligible
compared to the other leptons. Therefore, the contribution to the AMM from the charged scalar
is independent of the fermion mass and conclusively remains the same for all discussed scenarios.
The AMM contributions for the CP-even and CP-odd scalar are determined in a similar way by
incorporating the expressions from Eq. 4.22 into Eq. 3.30. For H° we obtain

At [ les?(=a® + 2% + TEa?) + || (2® + 2® — E2?)
T T 16r2 0 m2x? 4+ my, (1 — ) + (m3 —m2)x
Y2 1 ) 2 _ .3
= Ltk / dx# with  zgo = mu. (4.24)
1672 Jo 2?2+ 2z25(1—x) my,

We set mp = m,, in accordance with the selected Yukawa texture as stated in Eq. 4.57. With the
same considerations, one can obtain the form of Aaﬁoz

y2 1 _.3
Ag? = 1 / dzz—w with 24 = ma (4.25)
” 1672 Jo 2%+ 250(1 — ) my

The total contribution to the muon (g — 2) anomaly then arises as a sum of all individual terms
as: . . .
Aa, = Aaf + Aa;‘ + Aaf . (4.26)

At this point we steer the focus back on the chosen mass hierarchy from Eq. 4.13 to examine the
effect it has on the individual contributions to the AMM. We will now first examine the case in
which all masses of the scalars labeled as mg are equal:

ms = MmMyo = M0 = My+. (427)
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4  The Two-Higgs-Doublet Model

By incorporating this assumption, the individual contributions from Eqgs. 4.23-4.25 are visualized
in Fig. 9 a). One can observe that the CP-even scalar is the only one that shows a global positive
behaviour whereas the share from the CP-odd scalar is strictly negative. The charged scalar
contributions shows an oscillatory behaviour in the range below m,,. This is caused by the sign flip
that occurs in the denominator in the lower proximity of m,. The important fact to recall is, that
Aa,, is in the positive direction. This observation raises the necessity to suppress the influence
of the CP-odd and charged scalar. A suppression can be achieved by assuming the masses of the
charged and CP-odd scalar to be larger than the CP-even scalar so that the denominator increases
in the respective equations.

Embedding the mass hierarchy into the individual contributions obtains the result presented in Fig.
9 a). One can observe that the contributions of the CP-odd and charged scalar are significantly
suppressed compared to the CP-even scalar. When a higher mass splitting of Am = 200 GeV
is applied, influence of the heavy states is even further degraded. The effect of different mass
splittings on the total contribution only shows a diminished effect in the high mass domain. Since
this does not notably change the total contribution, the choice of Am = 110 GeV is suitable. The
Z — AH condition gave us the freedom to choose, whether the CP-even or the CP-odd scalar
occupies a heavy state. By choosing the CP-odd scalar to be heavy, the negative contribution is
automatically suppressed. Hence, the chosen mass split from Eq. 4.13 turns out to be a good
choice for this scenario.

At this point, it is possible make a statement on the role of the charged scalar. We showed that the
contribution from the charged scalar is independent of the internal fermion in the loop of Fig 7.
Due to the LEP constraint, the charged scalar is forced to occupy a heavy state which suppresses
the contribution to the AMM. For that reason, the contribution from the charged scalar can be
neglected for all the other cases that are about to be discussed.

The next step of the analysis includes a parameter space scan, in which different combinations of
Y, and mpy are tested for an agreement with Aa,, in the 1o and 20 allowed region. The allowed
Pairs are plotted in Fig. 10. The intervals for the parameters were chosen to be in the ranges of
Y, € 1074, 1] and my € [1072,10%] GeV. A total of 20000 pairs of randomly selected values within
the given ranges are tested. The integrals are numerically evaluated with the scipy.integrate-library
in Python.

— AMm=110GeV
— Am=200GeV

—1075-2 10T 100 1ot 102 103 ~107%= 10T 100 1ot 10 03
ms [GeV] my [GeV]

a) ms = mp = ma = my+ b) mg =mu g+ — Am

Figure 9: Individual contributions to Aa,, from the charged scalar (continuous), the CP-even scalar
(dashed) and the the CP-odd scalar (dotted) from Eqgs. 4.23-4.25. The sum of all contribution is
marked with a dotted-dashed line in b). The oscillations belong exclusively to the charged scalar.
In a), all masses of the scalars are equal. In b), two different mass splittings Am are applied to
the mass hierarchy. The Yukawa coupling was fixed to Y, = 0.1 in b). The gray shaded band
indicates the 20 region of Aay,.
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Figure 10: Parameter Space indicating the allowed combinations of the Yukawa coupling Y, and
my that are consistent with the 1o and 20 region of Aa, using Eq. 4.26 with the mass hierarchy
from Eq. 4.13. Furthermore, the experimentally excluded regions from SLAC beam dump E137
(blue shaded) [24], BaBar (gray shaded) [25] and CMS (green shaded) [26] are visualized. Also
shown is the projected sensitivity from Belle-II [27] (gray dotted line) and from CMS (green dotted
line) that indicate a potentially excluded region by future experiments. The experimental data
extracted from [28].

The shape of the graph can be substantiated by examining different cases in which the mass of
the CP-even scalar is significantly smaller or larger than the muon mass. Considering the case
in which mg < my holds, the term proportional to zf in the denominator of Eq. 4.24 can be
neglected. This allows a simplification to:

m m Y2 1 3y2
A HO H;< w tup dz (2 — — % 4.98
i Torz ), WCT) =50 (4.28)

which is a constant with respect to my and explains the flattening tendency in the lower mass
region of Fig. 10. The case in which my > m,, holds suggests a neglection of the 2 term in the
denominator. However, this neglection would lead to a divergence of the integral and necessitate
the inclusion of a tiny parameter in the denominator. For that reason, we make the assumption,
that for high masses, the effect of my on the integral becomes so negligible, that we can extract
the factor of zy and the integral becomes a constant I such that:

gt mezme Vi (ma\® (4.29)
“ T 16m2 \my ' '

This approach explains the observed linear behaviour in the higher mass regions.

4.2.2 Texture 2: Tau-Muon Yukawa Coupling Matrix

The second scenario to be examined contains a flavor change in the internal line of the Feynman
diagrams in Fig. 8. In this case, the incoming muon splits into a virtual 7 and a neutral scalar
from which the 7 interacts with the photon from the electromagnetic field. As already discussed in
the previous chapter, the contribution from the charged scalar is neglected. The Yukawa matrix
texture takes the form of:

0 0 0
v;=(0 o of. (4.30)
0 Yy, O
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Incorporating this texture into the general Lagrangian from Eq. 4.15 and neglecting the terms
arising from the charged scalar results in the following interaction Lagrangian:

1, ,
—L,D 7 (Frpr[Yr HO — Y, AY) . (4.31)

Inserting the projection operators turns this into

-L, > (T[Y,r H® — iV, A°)(1 — 7°)ia) . (4.32)

1
2V/2

Reading off the coefficients yields the following expressions for ¢, and c,:

1 1
For HY : cs=———=Y,r, ¢, =—=Y,
s 22 " PR
i i
For A: ¢y=——Y,r, ¢,=——=Y,, 4.33
2\/5 w P 2\/5 1 ( )
These can now be incorporated into the general expression from Eq. 3.30:
1 el ot 4 Pea?) 4 [P - o - )
AQM(HO,AO) _ 72\/ " s . 2u p . I
82 Jo 22+ (1 —a)+ (22— 1)z
y2 1 2_ .3
433 Trp / dz " : (4.34)
3272 Jo 2+ z(1-x)+ (22 -1z
where
Za = M7 and zp = Mo ith ¢ =H A°. (4.35)
my my,
Combining the contributions from all scalars aggregates in
Y7_2M m,. myg m, Mma
Aa, =G (=, L) ra (=2, =4 (4.36)
32m my, my My, My
with . ) 5
¢ —x
G(2q,2p) = d . 4.37
o) = [ o 30

First, it is important to clarify the choice of mass hierarchy. In this scenario, both contributions
from the scalars are positive. For that reason, the constraint from the Z-decay leaves a free choice
which of both scalars is taken to be light. However, in order to stay consistent with the Y, ,-case,
the same mass split as in Eq. 4.13 is incorporated and therefore degrades the share of the CP-odd
scalar (Fig. 11 (right)). The effect of this mass splitting is visualized in Fig. 11.
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Figure 11: Individual contributions from Eq. 4.36 with equal masses for each scalar in a) and with
the mass splitting from Eq. 4.13 in b). The dotted-dashed line refers to the sum of all terms in Eq.
4.36, the dotted line indicates the term from the CP-odd scalar and the dashed line visualizes the
share from the CP-even scalar. The contributions are displayed for two different Yukawa couplings
Y, .. In the left figure, the contributions from the CP-even and CP-odd scalar overlap.
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Figure 12: Parameter Space indicating the allowed combinations of the Yukawa coupling Y7, and
my that are consistent with the 1o and 2o region of Aa,,, using Eq. 4.36 with the mass hierarchy
from Eq. 4.13. Furthermore, the experimentally excluded region from ARGUS [29] is shaded in
orange. The ARGUS data are extracted from [30]. The dashed line marks the mass difference of
the muon mass m,, and the tau mass m..

Based on Eq. 4.36 and the discussed mass hierarchy, a parameter scan is conducted in order to find
combinations of my and Y;, that are in agreement with the value of Ag,, (Fig. 12). Experiments
from the ARGUS cooperation [29] could not verify the existence of the decay 7 — pH. As a
consequence, the mass of the CP-even scalar must have a larger mass than the difference of m.;
and m,, since it seemingly does not participate in the decay of the tau. This result reduces the
search area for the CP-odd scalar to the mass range above m, — m,,.

In order to justify the shape of Fig. 12, we will examine different cases of the share from the
CP-even scalar in Eq. 4.36. At first, we consider the case of my < m.. Under this assumption we
can disregard the term proportional to zf in the denominator because it is much smaller compared

to z2. The comparably large value of z2 also allows the neglection the x? term as well as the
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subtraction of -1. This allows

2

A, — Yu27 i 1
32w 22

Vi <m“> i (4.38)

19272 \m.,

drx —x

as a simplification of the integral. The constant behaviour of the Yukawa coupling for masses mpg
that are sufficiently smaller than m. becomes evident from this simplification. In the proximity of
mr, Y,r shows a growing behaviour that persists in the higher mass regions. This can be reasoned
by the inspection of the case myg > m,. In doing so, the zg(l — ) terms becomes increasingly
larger than the (22 — 1)z and the 2 term in the denominator. We can therefore reduce Eq. 4.36
to

Y21 [t oa?—a
Aa, = 53 x
3272z Jo 1-—2z

2
_ Yifz <mu> /1dx (1 -2)
3272 \'mpy 0 (1—2x)
Y2 2
—— <m“) . (4.39)

T 9672 \my

As seen in Fig. 12, this results in a linear relation between Y, and mg.

4.2.3 Texture 3: Muon-Tau and Tau-Muon Yukawa Coupling Matrix

In the third case, the Yukawa matrix takes the form of

0 0 0
v;=(0 0 v.]|. (4.40)
0 Y, O

This texture includes both the previously discussed case of an incident muon which transits into
a virtual tau (Y-,) in the loop as well as the scenario of an incident tau which transits to a muon
in the loop in Fig. 8. The Lagrangian hence reads

1

7 ([Yur H 4+ 1Y, A\ fip TR + Trpp[Ye HO — 1Y, A%) (4.41)

~L, >

This can be expanded to
1

—Ly > m ((Y#THOﬂ(l +9°)7 + Yo 7(1 - Y )uH) + i(YuTAOﬂ(l +9°)7 - Yo 7(1 = '75),“"40)) ‘
(4.42)

Comparing the coefficients results in the successive expressions:

1 1
For H': c¢o=——= (Y +Yr)), ¢p=——r
2\/5(# IJ) P 2\/§

{

i
~375 Yir = Yrn), ¢p=——=Yir +Ysp). (4.43)

2V2
These can now be embedded in the expression of Eq. 3.30:

(Yl“' - Yw)

For A°: ¢, =

gy [ JelPe et )+ e 0 — fiea?)

872/, m2x? 4+ my (1 — z) + (mf —m2)x

1 2 2\ ,.2
me>m, 1 <mT>/ da (les|” = lep*)x (4.44)
0

82 \m, 2?2+ 22(1—z)+ (22— 1)z

Aa, =
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with m m
Za=— and z = —2 with ¢ = H° A (4.45)

My my

In the second line of Eq. 4.44, we utilized the significantly larger mass ratio between the tau

and muon allowing it to overshadow the terms 2 — 2> in nominator. We can now simplify the

numerators for the individual particles with the expressions from eq. 4.43. For H? we have:

1
(les]? = |ep|?)2? = 5 (Vi +2Y Y, + Y7 — (Y =2V, Yo, +Y7)) 2°

1
= iYMYT#ﬁ. (4.46)
For A° we receive analogously:
1
(e ? + lep [*)a? = =5 Vpr Vrua®, (4.47)
Merging everything together results in

Aa, = Yo Yru (e [ o (me ) o (me (4.48)
BT16m2 \my, m,’ m, my’ my )|’ '

where
T

1
as - d .
Clza 2) / TE T (2 Dzt 201 2)

In Eq. 4.48, one observes that the term from the CP-odd scalar is negative. If both the mass of
the CP-odd and CP-even scalar were equal, the terms would cancel out (Fig. 13 left). Referring
to the condition from the Z-decay, this motivates the choice of the CP-odd scalar to occupy the
heavy state and thus being consistent with the convention from Eq. 4.13. The effects of this mass
splitting are depicted in Fig. 13. With our choice of hierarchy, the term from the CP-even scalar
clearly dominates in the total contribution, whereas the CP-odd contribution is suppressed.

(4.49)
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Figure 13: Individual contributions from Eq. 4.48 with equal masses for each scalar in a) and
with the mass splitting from 4.13 in b). The dotted-dashed line refers to the sum of all terms in
Eq. 4.36, the dotted line indicates the term from the CP-odd scalar and the dashed line visualizes
the share from the CP-even scalar. The contributions are displayed for two different Yukawa
couplings /Y7 Y7,. In b), the graphs from the CP-even scalar and the total contribution overlap
but separate in the mass region above approximately 100 GeV. The gray shaded band indicates the
20 region Aay,.

The scan of the associated parameter space is depicted in Fig. 14, which is based on Eq. 4.48.
The two different Yukawa couplings are then combined to the geometric mean of /Y.Y;, for
better comparability with the other scenarios. Moreover, the data from the ARGUS cooperation
[29] exclude all masses below m, —m,, due to the undetected 7 — pH decay.
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Figure 14: Parameter Space indicating the allowed combinations of the Yukawa coupling /Y, Y7,
and mg that are consistent with the 1o and 20 region of Aa, using Eq. 4.48 with the mass
hierarchy from Eq. 4.13. The orange shaded region shows all masses that are excluded by the
experimental data from the ARGUS cooperation [29]. The ARGUS data are extracted from [30].
The dashed line marks the mass difference of the muon mass m, and the tau mass m..

For the discussion of the shape of the graph, only the CP-even scalar contribution is taken into
account, as justified in Fig. 13 (right). Following the same argumentation as in Eq. 4.39 (neglecting
x?, 22(1 — z) and the subtraction of -1 in (22 — 1)z), the consideration of my < m, allows a
reduction of the AMM contribution from the CP-even scalar to

YirYep (M !
A = g (W>/O doz

Y Yo (my
_ 4.50
3272 (mT ) (4.50)

which explains the observed constant behaviour in the low mass region. The attempt to find an
analytical expression for the case of my > m., tempts the neglection of the term z? and (22 —1)x
in the denominator. This assumptions would lead to a divergence at x = 1. Following a similar
argumentation as for the Y, texture, we assume that for sufficiently large masses, the integral I
becomes independent of my and allows a simplification to:

2
Aa, = Yyr Yoy (m#> <mH> T (4.51)
My

This approximation can be justified by the shape of the graph in the higher mass regions.

4.2.4 Texture 4: Muon-Electron Yukawa Coupling Matrix

In last considered scenario, the internal loop line in Fig. 8 is represented by an electron. The
corresponding Yukawa matrix texture reads

0 Yo 0
v,=|0 0 0. (4.52)
0 0 0

The derivation of the contribution to the AMM follows the exact same scheme as for the Y, case
in chapter 4.2.2. The only distinguishing property is now the mass of the electron m,. replacing
m, in Eq. 4.36.
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Conclusively, the total contribution to the AMM for this scenario is given as:

Y2
o= e o (e, ) (e ma)] s
327 my, My my, my

with
x? — a3

1
G(za,2) = /0 dfﬂxz + (22— Dz +22(1—a)

Both contributions to the AMM are positive. Hence, the Z-decay condition would leave a choice
for the heavy state between the CP-even and CP-odd scalar (see Fig. 15 (left)). To preserve
consistency through all scenarios, once again the same mass hierarchy is chosen as introduced in
Eq. 4.13 (see Fig. 15 (right)). One can observe that the contribution to the AMM is negative
for scalar masses below the muon mass. The graphs show an oscillating behavior in the lower
proximity of m, and becomes positive for higher masses. This observation becomes also notable
in the corresponding parameter space depicted in Fig. 16.

The parameter space scan reveals a cut-off for masses below m,,. To explain this, we can examine
the case of my < m, in Eq. 4.53. In this context, we can disregard the zZ(1 — x) and the 22z in
the denominator which then gives

Y2 1 2 _ .3
Aa, = e”/clﬂvx x
0

(4.54)

Ho 322 x?—z
2
= Yo /1 dx —2z—l)
3272 J, x—1
Y?
= (4.55)

In the lower mass region of mpg, the contribution therefore becomes negative and therefore explains
the observed cut-off in the parameter space as well as the oscillations in Fig. 15 which occur owing
to the sign flip in denominator. On the other hand, the consideration of mg > m,, allows the
construction of the following expression:

Y2 1 22 — 23
Aa, = —E dr ———
= 3952 /0 * 2(1—1z)
2
_YE (e /1dx 22(1 — )
32m2 \'myg 0 1—x

Y2 (m,\>
- o <m:{> . (4.56)

This result agrees exactly with the high mass approximation from the Y7, scenario in Eq. 4.38.
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Figure 15: Individual contributions to Aa, from the CP-even scalar (dashed) and the CP-odd
scalar (dotted) as well as the sum of both contributions (dotted-dashed) from Eq. 4.53 for two
different Yukawa couplings Y,,,. The graphs from the CP-even scalar and the CP-odd scalar overlap
in a). In b), the graphs from the total contribution and the CP-even scalar overlap and separate
only slightly in the high mass region. The gray shaded band indicates the 20 region of Aay,.
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Figure 16: Parameter scan of texture 4 based on Eq. 4.53 with the mass hierarchy from Eq.4.13
indicating the allowed parameter combinations of Y, and myg for an agreement with 1o and 20
region of Aa,. The experimentally excluded regions from LEP (dark cyan) [31], Z — 4 (yellow)
[32] and CMS (magenta) [33] are also displayed. The experimental data are extracted from [34].

4.2.5 Direct Comparison of the Parameter Spaces

To sum up the results of the individual scenarios, all parameter spaces are directly compared to
each other in Fig. 17. The experimental constraints are not included, as they are only valid for
the respective scenario in which they have been introduced.

In the mass region of my < my, texture 4 is the only one that shows no allowed parameter
combinations due do the discussed negative share to the AMM (Eq. 4.55). The direct comparison
of the second and third case shows, that two non-vanishing matrix entries allow lower Yukawa
couplings by approximately one order of magnitude which becomes clear from the direct comparison
of the low mass approximations (Egs. 4.39, 4.50). The first texture allows the weakest Yukawa
coupling compared to textures 2 and 3 since m, leads to increased denominators which reduce the

35



4  The Two-Higgs-Doublet Model

contribution.

In the range of m, < mg < m,, the graphs for texture 2 and 3 remain constant up to m. (Egs.
4.39, 4.50). The Yukawa coupling for texture 4 starts to grow proportional to mp (Eq. 4.56). The
graph of texture 1 also shows a growing trend that is modulated by the integral expression (Eq.
4.29).

In the higher mass range of my > m., the graphs from texture 2 and 4 overlap as the high mass
approximations suggest (Eqgs. 4.38, 4.56). The graphs from texture 1 and 3 strive to a linear trend
as the graphs from textures 2 and 4. This reveals that the high mass approximations for texture
1 and texture 3 (Egs. 4.29, 4.51) are valid in the high mass range.
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Figure 17: Combined parameter scans from Figs. 10, 12, 14 and 16. Y.g is a placeholder for the
specific Yukawa couplings listed in the legend. All scans refer to the allowed 1o and 20 region of
Aay,. The dashed lines indicate the masses of the muon m,, and the tau m..

The texture of

0 Y O
Yij= (Y. 0 o0f. (4.57)
0 0 0

has not been included in the analysis. We would expect the same expression as for the pur —
Tu—interaction (Eq. 4.48) with m, replacing m,. Since the mass of the electron is much lower
than my, the term < 22 would become insignificant in the nominator, leading to the nominator

"
of 22 — 2%, This would give us the same result as for the Y, texture besides the replacement
of Yo, — /Y2, + Y2 since the crossing terms would vanish. Hence this case would add no new

results.
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5 Conclusion

In this thesis, the muon g — 2 anomaly was studied in the 2HDM, one of the simplest extensions to
the Standard Model. After a brief introduction on the basics of the experimental determination of
a,, the g-factor was calculated both in the context of the Dirac equation and the transition ampli-
tude arising from a tree level Feynman diagram. The parameterization of the Feynman amplitude
could be generalized by the introduction of form factors. Here we could show that the AMM is
proportional to the magnetic form factor. With the goal of extracting this magnetic form factor,
the one-loop QED contribution was calculated, yielding the largest contribution to the AMM. The
subsequent step involved a generalized calculation for a one-loop electroweak contribution, which
enables the application of arbitrary models. The results have been cross-checked with the literature
and have been reproduced with package-X in Mathematica.

The model of choice was the 2HDM. In the CP-conserving scenario and the alignment limit,
we obtained three new scalar particles: a CP-even scalar H°, a CP-odd scalar A°, and a charged
scalar HT. The interactions of these particles with the fermions from the SM have been studied in
detail by analyzing a total of four different possible Yukawa textures. For each scenario, the gen-
eral results from the electroweak one-loop calculation have been adjusted by determining the scalar
and pseudoscalar coefficients from a direct comparison with the associated interaction Lagrangian.
Throughout all scenarios, a mass hierarchy between the particles of myg+ = m a0 = mpyo+110 GeV
was chosen which was motivated by experimental constraints and mathematical conditions. With
the applied mass split, the contribution arising from the light CP-even state turned out to be
most dominant one for each Yukawa matrix texture. For each scenario, a parameter scan was
conducted in order to filter for combinations of parameters that add the missing contribution of
Aa,. The parameter scans have been supplemented with experimental data that excluded parts
of the theoretically predicted regions, hence allowing a more targeted experimental search.

Overall, the numerical analysis emphasized the importance of close cooperation between theoreti-
cal and experimental physics. It became clear how a theoretical prediction can steer the direction
of experimental research and vice versa. Moreover, the work revealed how seemingly insignificant
properties in nature can contribute to revealing the most fundamental secrets of physics. A devia-
tion of 5o between theory and experiment is regarded as a new discovery in particle physics. The
muon g — 2 anomaly already exceeds this benchmark and therefore presents tantalizing evidence for
potential new physics beyond the standard model. It remains to be seen how future experiments
will be able to directly detect the new particles. On the other side, theoretical prediction can
be further precised by focusing on lattice QCD contributions, which are at the center of recent
research.

37



A Appendix

A Appendix

A.1 Gamma Matrices

The 4x4 gamma matrices in Dirac representation are given as [13]:

0 __ 121;2 0 i 0 g;
Y ( 0 _12w2 ’ v= —0; 0 (Al)

where o; are the Pauli-matrices:

S U N »

The Pauli matrices fulfill the relation that
0;05 = 5ij + if‘:ijko'k (A3)

such as the identity
(a-o)b-o)=a-b+ioc(axb) (A4)

which can be directly proven:
(a-0)(b- o) = (ajo;)(bjoj) =abjo0; 43 a;b;(6ij + ie;jk0on)
=a-b+iokepjab; =a-b+io(a xb). (A.5)
The y-matrices obey the Clifford-Algebra
{Y", "} = 2¢" = 2diag(1, -1, -1, —1). (A.6)
The commutator is defined as

1

2

174

Y97 (A7)

ot

An useful identity can be derived for the components p = 1,2,3. Starting with explicit matrix
multiplication, one can find that

071 —U¢Jj+0j0'i 0
KA 0 —0i0j + 0,0
—1
= T[Uivgj]l

- . .
= 7(513' +igijhor — 0ji — i€jin0n)1

= Eijkdkl. (A8)
Important properties of the y-matrices include [13],P.820:
Vi =4
VY = =207
YA A = 49"

VA AN Y = =297y (A.9)
The +° matrix is introduced as
7° = in"y'y*° (A.10)
which anticommutes with all other v matrices
{¥*,4*} =0 for pu=0,1,2,3. (A.11)
Furthermore, +° satisfies
(v°)? = 1. (A.12)
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A.2 Feynman Rules

In this chapter, the Feynman rules that are used in the calculations are listed. The rules are taken
from [12], P.149.

For external lines:

. . L
Incoming Fermion: ——p» o = u(p)
p
. . —_—>
Outgoing Fermion: e—p—— = u(p)
For internal lines:
p
. _—>
Spin 0 Boson: ®-—————- o = ot
_P
Spin 1 Fermion: ®-————- ° — i(f"‘m?)
p2—m
p
. —— .o pv
Spin 1 Photon: e NAAne = %
Vertex factors:
Photon, Spin 3 fermion: = —jeyH

Photon, Spin 0 boson: Dy

A.3 Gordon Identity

The Gordon Identity is used in various calculations throughout this thesis. The identity to proof
is given as

u(g2)7 ulqr) = iﬂf((pf +pi) + 10" (py — pi)v)us. (A.13)

In doing so, we first have a look at the commutator and the anti-commutator relations of the
Gamma-Matrices (see Appendix A.1 ):

i

2

By utilizing the commutator and anti-commutator relation we can derive two expressions for io#":

[, 7"] =" and {y*,4"} = 29" (A.14)

1
1) e P T
io 2[7 "]

1 v v
= —5(7“7 —7*)

=g" =M. (A.15)
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Similarly,
e
A 6
g = (2g" —M")
=t =g (A.16)

The reason why why need two representations of the same ic*” term will become evident in a
moment. We will now exclusively look at the ic#”(py — p;), term surrounded by the spinors uy
and u;.

o w A.15,A.16 _ v v v v
up(io" (py —pi))ui = = up(VA" = 9" )prw — (9" =AY )piw)ui
=up(py" —pf) — (0 —7"p,us
2.35 _
=y (2my" = (pr +pi)*)us (A.17)

The two representations of i0#” were necessary in order to apply both the Dirac and the adjoint
Dirac-Equation. Rearranging the terms yields the well known form of

u(g2)y"u(q) = %af(@f +pi)* + i (py — pi)v)ui- (A.18)

A.4 Feynman Parametrization

The Feynman parametrization is a useful tool to simplify denominators consisting of products by
introducing an additional integral. The most general form of the is parametrization is [[35],P.497]

1 / Zk 1 Uk)
(n—1! [ du.. / duk— (A.19)
Hz 1 Ai (X et wkAr)"
The delta-function always constraints the Feynman parameters to obey:
> up=1 (A.20)
k=1

The n = 3 case is particularly significant for the computations in this thesis, as the one-loop
diagrams contain a total of three propagators. Therefore, the proof of the n = 3 case is portrayed
in the following way:

1
(zA+yB+ 2C)3

1— —XT 1
=2 d d
/0 x/o V@At yB+(1—=z—y)C)°

1 1 xT 1
= d =(A— B —
2/ d:z:/ y (A= e+ (B=Cly T OF ‘u ( Ca + ( Cly+C
(A— B)gc+B 1

W—Z/ dedydzd(x +y+2—1)

w3
—C)z+C u

( A—c§x+0>2‘<<A B§x+B>2> s

‘W/ dtth " B-OA_B) c / ‘%
~(B- 0>1< >(AA_OC) - <B—c>1<A—B>< AB )
:ﬁ (é 113) :ﬁ%. (A.21)
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A.5 Dimensional Regularization and Wick rotations

In particle physics, the computation of loop diagrams involves integrals of the form

1 1
I,(A) = [ dP = [dP ) A.22
(4) / Pl — At ie)" / PR~ —Atie)n (A-22)

Integrals of this kind face the risk of becoming divergent in four dimensions. The tool of dimen-
sional regularization [36] addresses these possible divergences by the introduction of continuous
dimensions D. In order to so, an infinitesimal parameter ¢ > 0 is introduced. At the end of the
calculation, we can perform the limit D = (4 — €).—¢ in order to obtain the result for the four-
dimensional space-time of our universe. The following proof only covers the superficial aspects of
complex analysis. Considering eq. A.22, there are two poles at pg = ++1/p%? — A +ie. The +ie
shifts the poles in the complex plane as seen in fig. 18. The Cauchy integral theorem, states, the
the closed contour integral over a holomorphic function f(z) vanishes :

f f(z)dz=0 (A.23)
C

A possible contour is depicted in Fig. 18. The integration path can be split up into four segments:
two segments along the real and imaginary axis and two bow segments. The bow segments van-
ish since they are streched to infinity when we integrate over the whole momentum space. The
remaining segments are along the real and the imaginary axis.

“+o0 —1300
/ f(ko, k)dko + / f (ko k)dko =0 (A.24)

—00 “+i00

Im(ko)

ko

“VE2 + A+ ie

L. -
—

Re(ko)

VE2+A —ie

Figure 18: Schematic visualization of the integration path over kg in the complex plane. Taken
from [13], P.824.

Hence, we showed the equivalence of both integration paths which allows us to perform a Wick
rotation. A Wick rotation allows an transition from a Minkowski metric to a euclidean metric by
introducing a complex 0th component in the four-vector. The calculation of the integral from Eq.
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A.22 can now be performed:

1
In(A):/de( ‘po—ZpEm pE—pEo+PE

— A+ ig)n
= z‘(—l)”/
-

1

(% + A—ic )n ‘use spherical coordinates

D/ dpE +A—za) ‘mszE
1 23(D=1)

7y fm
i 71 ‘y: A —ie

x+A—zs) x4+ A—ie

o)
A—ig)(t —1)z!
D/ 1 (( )y = 1)

= A

Z%(—l) — ie) /dQD/ dy y"E(1-y)

pg —
dD
dQ
/ a0
/ a0
/ a0

s}

-1 (A.25)

At this point, we use that the angular component of this integral is

/ dQp = % (A.26)

with the I'-function. Furthermore, we can identify the Beta- Function that is given as:

1
B(z1,22) = / yzl*l(l - y)z"’*l. (A.27)
0
The Beta function fulfills the relation:
I'(21)l'(22)
B = —— = A2
(z17 22) F(Zl + 22) ( 8)
Thus, we can express Eq. A.25 as
D D\ D D
_ n . \D_, T2 F(n_ f)r(f) _ n D_p QF(’H, 5)

I,(A) =i(-1)"(A—ie)2 F(%) T(n =i(—-1)"(A—ie)z "2 () (A.29)

When considering the case of our four-dimensional space-time, we can set D = 4 — ¢ and take the
limit of € — 0, resulting in

lim 1,,(A) = i(l)”AQ”W2W (A.30)
For the case of n = 3 which is of particular interest for the calculations, we have
—im?
I5(A) = 54 (A.31)

A.6 Reproduction of the Electroweak Contributions Using package-X

The calculation of the electroweak contributions from sections 3.2 and 3.3 can be reproduced with
the open source Mathematica extension Package-X [7]. After the installation, the package is
initialized with the command:

In[1:= <<X¢

Now, we have to declare the Feynman parameters x,y and z to be Lorentz scalars so that they are
not interpreted as four-vectors:
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In[2]:= LScalarQ[x]=True;
LScalarQ[y]=True;
LScalarQ[z]=True;

Furthermore, we need to define the kinematic arguments by making use of the on-shell conditions:

2
P
PP=(@-a)’=06G+¢ 20 =2m*> 20 = @q=m’-— 5
2 2 2 2 p2
G =(@-p =¢+p —2pp = Gp =T
2

P
¢ =(+ql)’ =p"+ai+2pq1 = ap=-73 (A.32)

Implementing these relations in the code can be realized with:
in[3=  kinematics={ql.ql—m?,q2.92—m?,q2.q1—m*-p.p/2
,4_2.p—p.p/2,91.p—-p.p/2};

With this setup, we can now start the computation of the nominators and denominators of Egs.
3.3 and 3.29.

Photon Absorption from the Internal Scalar Line
The equation in question from Eq. 3.3 reads:

- dik (¢ + 67 — k4 mr)(2k +D)(eE — c37°)
N = [ o i Oy O T

We start with the evaluation of the nominator. Here, we directly apply the substitution of k —
k — yp + zql. The function FermionLineExpand expands the products of Dirac matrices and
automatically applies the Dirac equation and the Gordon identity.

in[4;=  Numl = Simplify[FermionLineExpand[
(ulq2,m], Cs 1+Cp 75,
v.ql-y. (k-yp+zql)+ mF 1), 2(k-yp+zq1)ﬂ+pll s
Conjugate[Cs] 1- Conjugatel[Cpl 745, ulq2,m])
/.p—92-ql/ .kinematics]]

As an output, we obtain a linear combination of all possible occurrences of Lorentz vectors. Since
we are only interested in the extraction of the magnetic form factor that is proportional to c**p,,.
The relevant part from the output is:

outld)=  iz(Cp(mF+m(-1+z))Conjugate[Cp] - Cs(m+mF-mz) Conjugate[Cs])
(ulg2,m],0,, {-qi+q23 >ulql,m])

Some rearranging allows us to obtain:

—iz(|CpP*((1 = 2)my — mp) +|Cs|*((1 = 2)my, + mp))o"p,
¢t ¢

where we can identify ¢/’ and ¢* as they were defined in Eq. 3.19. The denominator can be worked
out as follows:

In5}:=  a=k.k-mH?
b=(p+k) . (p+k) -mH>
c=(q1-k) . (q1-k)-mF?
Denl1=Simplify[Expand[x a+ y b+ c z+ ie/.x+y+z—1/./.kin]]

outs]= i - mH?x - mH?y + m’z - mF?z + (x+y+z)k.k + 2y k.p-2z k.ql + yp.p
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This results agrees exactly with the preliminary expression from Eq. 3.7. For the determination
of A* (see calculation 3.10), we have:

Inf6]=  Delta=Simplify[Expand[y’p.p-2yz p.ql+z’m’*+ mH?>(1-z)-y p.p-z m?+z mF?~2
/.kinematics/.x+y—1-z]]

outl]= - mH?(-1+z) + (mF*+m?(-1+z))z + y(-1+y+z)p.p
which can be rearranged to
m% (1 —2) + (m% — mi)z + miz — xyp?
and confirms the result from Eq. 3.10.

Photon Absorption from the Internal Fermion Line

We can recall the invariant amplitude from Eq. 3.29

T (cs + ) (P + K+ mp)y (k +mp)(ct — ¢in)
iM* = —qp /R4 (2m)4 (qQ)((p—&—k)Q—m%—i—zS)((ql k)2 —m2, +ic) (k2 — m3 +ie)’

With the aforementioned substitution of k* — k* — yp* + zq1#, a simplification of the nominator
can be obtained from:

In[7:=  Num2 = Simplify[FermionLineExpand[
(ulq2,m], Cs 1+Cp 75,
v.p+y. (k-y p+z ql)+mF 1,7,,7.(k-y p+z ql)+m_F 1,
Conjugate[Cs] 1- ConjugatelCpl 745, ulq2,m])

Extracting the relevant term results in:

out[7]=  -i(-1+z) (Cp(-mF+m z)Conjugate[Cp]l+Cs(mF+ m z) Conjugate[Cs])
(ulg2,m],0,, (-qi+q2y >ulql,ml).

These terms can be rearranged to:
i(1—2)(myuz +mp)|Cs|* +i(1 — 2)(m,z — mp)|Cp|? (A.33)

By taking a close look at the denominator by comparing Eqs. 3.29 and 3.3, we can see that we can
swap my <> mp to obtain the result for the denominator in calculation. The required A, (index
for the second scenario) is therefore given as:

Ay = —ayp? +m 22+ m%(1 —z)—i—(m%{—mi)z

We can now finalize the calculation in the same way as for the scalar interaction scenario, starting
from Eq. 3.23, where the k integration is already carried out:

QH
Ff(p*) = “

/ dzdydzé(x +y+2z—1)

<1 — ) (el (= 4 ) 4 ey 2( — mE))

—xyp? +m222 + mi(1 — 2) + (my —m?2)z’

From here we evaluate the integration over the Feynman parameters, apply the substitution 2z’ =
1 — z and set p? — 0 following the same procedure as for the other topology to arrive at the
expression:

FQ( =

qu / |C | 2‘3 + 2‘2 + %Zz2> + |cp|2(_243 +Z¢2 _ MZLQ)
dz "

872 m222% +my (1 - 2) + (mf —m2)z*
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A.7 Explicit Calculation of the Mass Matrix

The masses of the individual particles can be obtained from the potential of Eq. A.35 by calculating
the squared mass matrix given as:

oV
M = :
5¢i a¢j

(A.34)

The potential is given as:

V = mi H{Hy +m3,Hi Hy — {m?,(H| Hy + HiHy)}
4 ZL(HTHLY? 4 2 (L) + X (H]H))(HL )
X (H] H) (Y HL) + 28 (] Ho)? 4 25 ()2
+ Ao(H{ Hy1)(H{ H) + \§(Hi Hy ) (H] Hy)
+ Ar(HYHy) (H{ Hp) + Xy (Hy Hy) (H} H,) (A.35)

The eigenvalues of this matrix are then the masses of the the corresponding eigenstates. Hence
we begin by utilizing the minimization conditions of the potential at which the doublet takes the
VEV:

oV

=0 (A.36)

The explicit calculation yields for the first condition:

ov 1 !
o MYH| + o4 S\ HHUH, . <0
A1
=> M} = _?“2 (A.37)

and for the second condition:
ov |
o= MLH 4+ ..+ NHIHH,... = 0
1
=> M}, = §A6v2 (A.38)

All terms that remain proportional to Hs or Hg after the first derivative is taken are directly
omitted as they equal zero because of the vanishing VEV of Hy and HJ. The minimization
conditions can now be incorporated in A.35, from which the matrix elements are computed. The
calculation is split up for the charged scalars and the neutral scalars. The matrix for the charged
scalars has a 2x2 structure given as

2
2

a0
7 0909

with ¢, =G, HT. (A.39)

Since Goldstone bosons get eaten up in the process of symmetry breaking, they do not acquire
VEVs. For that reason, all matrix elements related to the Goldstone bosons become zero. The
only non-vanishing matrix element will therefore be the M2, element in the basis of {G*, Ht}.
Keeping in mind that all terms that remain proportional to Hy and H. ;f will vanish after taking the
double derivative, we can only consider an effective potential V' for the purpose of this calculation.

V' = M3, (HY Ho) + Ny (H{ Hy ) (H} H)
= M3 (HYH™) + As(H{H))(HYH™) (A.40)

Evaluating the derivative results in

Miy= =M+ v (A.41)
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turning the mass matrix in the basis {GT, H*} into:

2 (0 0
M? = <0 My 4 A ) (A.42)

Since the matrix is already diagonalized, the condition for the mass of the charged scalar therefore
reads

mpg+ = Mgy + 202 (A.43)

We can now examine the mass matrix for the neutral scalars. Leaving out the cross terms, we can
evaluate the upcoming dot products in the potential:

HiH, = % (v2+mY")

HiH, = 5 (HS)? +(A%)?)

HiH, = % (HY (v + HY) +iA°(v + HY))

HIH, = % (HY(v+ HY) —iA(v + HY)) . (A.44)

For the calculation of each matrix element, only the corresponding effective potential V' is consid-
ered. For M2 we have:

1
Vi, = M} (H{H,) + 5)\1(5(1”%)2
A.37;A.44

LA IR0 (HD)?) + oo+ (D)), (A.45)

Taking the derivative generates the following matrix entry:
o*Vv/, 1 3

— = —— Mo+ S\0? = Aok A.46

OHIOHY g My Tt = A (4.46)

()=

The same procedure is then applied for M2,:
Vi = 5 ME((HS)? + (A%)?) + SAs(HLHL)(HD)? + (A%)?)
£ A(HD 0+ HYY? + (A (0 4 HYP?)
+ P((H (0 + HY)? = (A0 (0 + HY)?) (A.47)

from which the matrix element can be calculated as:

2

4.3 , 2 v
s = M3+ — (A3 + A+ Xs). A4
OHJOHY 2t et At As) (A.48)

(HP)=0

The matrix element for M3, can be calculated almost the same as for M3,. The only difference is
a minus sign in front of A5 which follows from taking the double derivative with respect to A%. All
entries related to GO will vanish. In the basis of {HY, HY, A%, G°} the squared mass matrix reads
where the CP-conserving limit and the alignment limit have been utilized.

Arv? 0 0 0

s | 0 MEH+10P(As+ A+ As) 0 0
M==1 9 0 M2+ 202 (A + A — As) 0 (4.49)

0 0 0 0
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A.8 Left- and Right Handed Projection Operators
The idempotent left- and right handed operators are defined as [13]:

1

1
Pp=5(1479%) and Pp=c(1-7°) (A.50)
with 4% given as:
-1 0
5 _
~4° = < 0 1> . (A.51)
They play an important role when it comes to the extraction of the left- or right-handed Weyl
spinors (1, or ¥ i) of a Dirac spinor v:
P = (ZL> . (A.52)
R

Acting the projection operators on the Dirac spinor in the Weyl-basis obtains

Ppyp =+ and Pry =1pg. (A.53)
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