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Active field theories, such as the paradigmatic model known as ‘active
model B+, are simple yet very powerful tools for describing phenomena
such as motility-induced phase separation. No comparable theory has been
derived yet for the underdamped case. In this work, we introduce active
model I+, an extension of active model B+ to particles with inertia. The
governing equations of active model I+ are systematically derived from the
microscopic Langevin equations. We show that, for underdamped active
particles, thermodynamic and mechanical definitions of the velocity field
no longer coincide and that the density-dependent swimming speed plays
the role of an effective viscosity. Moreover, active model I+ contains an
analog of the Schrodinger equation in Madelung form as a limiting case,
allowing one to find analoga of the quantum-mechanical tunnel effect and
of fuzzy dark matter in active fluids. We investigate the active tunnel effect

M Check for updates

analytically and via numerical continuation.

The study of active particles has become one of the fastest-growing
fields of research in soft matter physics and statistical mechanics due
to the enormous number of interesting effects that active matter can
exhibit. Among these effects are a plethora of analogies between active
matter and quantum mechanics. This includes Bose-Einstein
condensation'®, Fermi-Dirac statistics applied to polymer loops*,
Hall viscosities™®, orientational order in systems of fully symmetric
particles’®, Schrédinger-type dynamics in polar liquids®, spin-orbit
coupling®, stationary Schrodinger equations for velocity
distributions", time crystals™, and topological effects®™. A very simple
yet extremely powerful description for active matter is given by scalar
active field theories such as active model B (AMB)* and the more
general active model B+ (AMB+)". These provide a minimal description
for effects such as active phase separation and have led to crucial
insights into the thermodynamics of active matter'®%’,

While such field theories have also been coupled to the
momentum-conserving dynamics of the solvent®'**??, the inertia
of the active particles themselves has been ignored in this context.

However, recent experiments”* have found that the inertia of
active particles is important in a variety of contexts. Moreover,
theoretical and experimental studies have found a number of unu-
sual effects associated with inertial active matter®, ranging from
self-sustained temperature gradients” through restored equili-
brium crystallization®® to damping-dependent phase boundaries®.
Consequently, there has been a strongly increasing recent interest
in inertial active matter®*~*,

Field theories for inertial active matter have been derived in pre-
vious work*?>*¢ as extensions of the active phase field crystal (PFC)
model”*°, Active PFC models can be derived as an approximation of
dynamical density functional theory (DDFT)*, and have two dis-
advantages compared to AMB+. First, they rely on the close-to-
equilibrium (adiabatic) approximation that DDFT is based on, and
second, they require two order parameter fields (density p and
polarization P) rather than just one, making them more complex. In
contrast to PFC models, to the best of our knowledge, no extension of
AMB-+ to the underdamped case has been derived yet. A second gap is
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that up to now formal analogies between quantum mechanics and
active matter, which are known to be useful in other contexts*", have
not been exploited for the collective dynamics of inertial active matter.

In this work, we close both of these gaps. The first main result is an
extension of AMB+ to particles with inertia that we refer to as active
model I+, It is found that thermodynamic and mechanical definitions
of the velocity field lead to different results in the active case, and that
the density-dependent swimming speed of active particles gives rise to
an effective viscosity of the active fluid. As a second main result, we
show that active model I (the underdamped analogon of AMB) con-
tains, as a limiting case, hydrodynamic equations that are formally
equivalent to the Madelung equations*>*}, which constitute a hydro-
dynamic representation of the Schrodinger equation®*, This allows
us to find analoga of fuzzy dark matter and the quantum-mechanical
tunnel effect in an active fluid. A numerical investigation of the active
tunnel effect using continuation methods shows that it also occurs
when the approximations required for the active-quantum mapping
are not exactly satisfied. This implies its robustness as physical phe-
nomenon. In the Methods, we present a microscopic derivation of
active model I+ using the well-established interaction-expansion
method**™*,

Results
Active model 1+
In this section, we introduce active model I+.
Our starting point is AMB+", which is given by

p=V. (Mp(\nf;(p) — KV p+A(Vp)}) — f(vzp)vm) D

with a local particle number density p(r, £) depending on position r and
time ¢, a mobility parameter M, an (overdamped) free-energy density
fo(p) typically assumed to be a fourth-order polynomial, the notation
f;,=apfo, and constants k, A, and & An overdot denotes a partial
derivative with respect to ¢. The model (1) is overdamped. Typically,
one introduces AMB+ with a constant mobility M, rather than with a
density-dependent mobility Mp as done here. The assumption of a
constant mobility is valid only for uniform states or close to a critical
point, but qualitatively reasonable also in other cases. The purpose of
this approximation is to get a noise that is additive rather than
multiplicative”®. Here, we do not have a noise term since our
microscopic derivation interprets p as an ensemble-averaged density®’.
By setting €=0 in Eq. (1), one obtains AMB'. AMB, in turn, can be
thought of as a minimal extension of the Cahn-Hilliard equation®” to
the active case. The name “active model B” is based on the
classification of Hohenberg and Halperin®’, where AMB is a model of
type B (conserved scalar order parameter).

An important feature of AMB and AMB+, which distinguishes
them from passive field theories, is that the right-hand side of Eq. (1)
cannot be written as a gradient dynamics, i.e., in terms of the func-
tional derivative of a free energy"***. In addition, AMB+ allows (unlike
AMB) for circulating currents in steady state”. One can derive AMB+
either phenomenologically by writing down a general theory of a
certain order in gradients and fields (top-down approach) or micro-
scopically by explicit coarse-graining of the microscopic equations of
motion of active particles (bottom-up approach)®. Here, the bottom-
up approach has the advantage of providing explicit expressions for
the coefficients appearing in the model (predictive theory)***° and
giving a clearer insight into the origin of the various terms and the
approximations required to get them.

Since AMB+ is overdamped, it does not take the inertia of the
active particles into account. In this work, we obtain via a microscopic
derivation an extension of AMB+ to the underdamped case, which we
will refer to as active model I+ (AMI+), with “I” standing for “inertial”. It

is given by

. 1
p= =V (pV)+ 55-V - g(P)Vui(p)p), @)
R

VEV-VIVE L ()~ k9 AT + Uy

3)
B @) o2, € o2
yv+ y Vive - (Vp)Vp

with the velocity field v, the rotational diffusion coefficient Dg, the free

energy density f, its derivative f' = 0, f, the particle mass m, the friction

coefficient y=1/(mM), and the local density-dependent swimming

speed

A
Via(P)=vo — y_rilp‘ *)

Here, vy is the propulsion speed of a free particle and A; is a constant
(see Eq. (83)). We have also included an external potential U, for gen-
erality. The form (4) agrees with the expression derived by Bickmann
and Wittkowski*’, who considered an overdamped system. In over-
damped active matter, the existence of a density-dependent swimming
speed—that can arise, e.g., from particle collisions in the case of active
Brownian particles (ABPs) considered here or from quorum-sensing in
the case of bacteria—is essential for the phenomenon of motility-
induced phase separation (MIPS), where repulsively interacting
particles phase-separate (which would not be possible in a passive
system)”. From AMI+, we can see that vi4(p) plays two roles in the
underdamped case: First, it leads to a second term in the continuity
equation (2) in addition to the well-known passive term V-(pv). This
second term is related to the self-propulsion term known from the
active PFC model (see Methods). Second, it gives rise to an effective
viscosity viq(p)%/y. This implies that a system of underdamped active
particles should behave more like a viscous fluid for larger activity
(larger vi4) and more like an ideal fluid for larger density (smaller vyq).

See Bir et al.> for a discussion of other forms of effective viscosity
in active matter.

AMI+ contains AMB+ as a limiting case. Showing this requires two
approximations: First, we assume the system to be overdamped (large
1), i.e., we set the material derivative v + (v - V)v in Eq. (3) to zero, solve
the resulting equation for v and insert the result into Eq. (2). (This is
analogous to the procedure required for deriving overdamped from
underdamped DDFT*). Second, using Eq. (4), we write in Eq. (2)

1 /
D, V- 04(0)Vug(p)p) =V - (MpYVf ,(p)) + O(p?) Q)
with the effective free energy density

_ 1 2 2 3vA;
fe= m (Uop (In(/\ p)— 1) - 2y—mp , (6)

where A is the (irrelevant) thermal de Broglie wavelength, and then
define f,=f+f.andf, = 0, f - Equation (6) shows that we can interpret
v3/(2MDgkg) with Boltzmann constant ks as a shift of the
temperature”’, since the first term on the right-hand side has the form
of an ideal gas free energy.

As shown in the Methods, the microscopic derivation reveals
another form of effective temperature that is a feature of inertial active
matter. The free energy density f appearing in Eq. (3) and micro-
scopically determined by Eq. (111) in the Methods has, as a prefactor in
the ideal gas term, a factor ki T + mu3 /2 with temperature T rather than
kgT as in the passive case. This shows that the active kinetic energy
mu3 /2 plays the role of a thermal energy in inertial active matter.

Nature Communications | (2023)14:1302



Article

https://doi.org/10.1038/s41467-022-35635-1

By taking the curl of Eq. (3) and defining the vorticity @ =V x v, we
can obtain the active vorticity equation

2
D= — (V-V)o+ (@ V)V — (V- v)+ U'“‘T(p)vzw
(7)
+ % (Voi(0)) X V2V — ye — %(Vp) x(VV2p).

Starting from AMI+, we can again make two approximations: First,
we assume that vj4(p) is small. From Eq. (4), we can see that this
assumption is justified if vy and A; are both small (i.e., in the case of
weak activity) or, for larger activities, if vy = A;p/(ym). Second, we drop
the term proportional to &, such that the material derivative of v is
given by the sum of the gradient of a generalized chemical potential
and a damping term. Setting £ =0 is the usual approximation by which
one gets from AMB+ to AMB.

We then obtain the simpler active model I (AMI), which is given by

p==V-(pv), ®

VH(V-V)v= —%V(f’(p) — KV p+A(Vp+Up—pv. (9

Equation (9) can be written as

V+(V-V)v:—%v;1—yv (10)
with a generalized chemical potential
u=f'(p) — KV’p+A(Vp)* + U;. (11)

It is straightforward to obtain AMB from AMI by taking the
overdamped limit.

AMI+ constitutes our first main result. The relations of the various
models are illustrated in Fig. 1. This figure also shows the main steps of
the microscopic derivation of AMI+, which is performed in the
Methods.

Mechanical vs thermodynamic velocity
Before we proceed with the main part of the discussion by deriving an
analog of the Schrodinger equation from AMI, it is worth discussing
two interesting features of the microscopic derivation of AMI+, namely
its relation to the Mori-Zwanzig formalism and the fact that it implies a
difference between two types of velocity. (The full microscopic deri-
vation is shown in the Methods).

It is common in the theory of passive fluids, where the one-body
distribution function P; depends only on position r and momentum p,
to apply the local equilibrium approximation®®*’

_ 2
PO o ®=mvin?)
2mmkgT 2mkyT

The ansatz (12) (with p(r) replaced by an orientation-dependent

density o(r,01)) has also been used in active matter physics®. Here, we
apply the generalized local equilibrium approximation

Py(rp)= 12)

Py(r,p,0)=

oo (_ P®- mn(r.ﬂ)f) )

2mmkgT 2mkgT

with a generalized velocity field v(r,t) instead. (The motivation for this
change is discussed below).

Using an ansatz of the form (13) (or (12) for a passive fluid) is
required because the interaction-expansion method is (like many
microscopic derivation methods) based on integrating an exact

microscopic theory over the coordinates of all particles except for one,
which leads to a dynamic equation for the order parameter fields that
requires one or several closures. Equation (13) provides such a closure.
We will now briefly discuss a different derivation method by which
AMI+ can also be obtained, and explain how Eq. (13) can be understood
in this formalism.

Among the most general methods for microscopic derivations is
the Mori-Zwanzig formalism®®*, which allows one to obtain transport
equations for an arbitrary set of slow variables by projecting the
complete microscopic dynamics onto their subdynamics. This form-
alism can be applied also to active matter’ and thus represents an
alternative route for a derivation of AMI+. In the Mori-Zwanzig form-
alism, one introduces a relevant distribution Py, that has the form®°°

14)

_ H-YY, dA
PNocexp<— Zl—lal 1>

kgT

with the Hamiltonian H, the thermodynamic conjugates af of the mean
values q; of the relevant variables A;, and the number of relevant
variables w. The Hamiltonian typically has the form
H=U({r}H+ Z?’:l p?/(2m) with the potential U and the position r; and
momentum p; of the i-th particle. While Eq. (14) also has a local equi-
librium form, it is not assumed that the actual N-particle distribution Py
actually looks like this®”. In fact, calculating deviations of Py from P, is
an essential part of the formalism®. The form (14) is chosen for
information-theoretical reasons®*“%, as it maximizes the informational
entropy based on our macroscopically available knowledge®’.

In fluid mechanics, one uses as a relevant variable the total
momentum density operator g(r)= Zf-vzl p;6(r — r;) with the Dirac
delta distribution & (g is the ensemble average of g). Inserting Kl =g
into Eq. (14), writing v for g*, and integrating over the phase-space
coordinates of all except for one particle gives a distribution propor-
tional to the distribution (12). Thus, the velocity field v is simply the
thermodynamic conjugate for the momentum density®. In the active
case, however, additional variables can become relevant. An essential
parameter for active phase separation in overdamped” and
underdamped?” active fluids is the average of u - p (which corresponds
to the average of the projection of the particle momentum onto the
direction of self-propulsion). Motivated by this observation, we use
the momentum density polarization g,(r)= >N 4; @ p6(r — 1) with
the orientation vector of the i-th particle &; and the dyadic pro-
duct ® as a relevant variable in addition to g. Using the same steps as
before, Eq. (14) then gives the relevant one-body distribution function

_ 1 /p? .
PIO(eXp<—kB—T <ﬁ—Vp—2p(u®p)>)r

where : denotes a double tensor contraction. Here, the local velocity
polarization vy is the thermodynamic conjugate for gp. The form (15)
corresponds to our generalized local equilibrium form (13), as can be
seen by inserting the orientational expansion (75) (see Methods) into
Eq. (13). Note that Eq. (15) also explains why the density-dependent
swimming speed (which comes from vp, see Methods) gives rise to an
effective viscosity: Viscous terms arise from deviations of P; from the
form (12)*%, and such a deviation arises here from activity in the form of
Up. Moreover, since Eq. (15) reduces to the local equilibrium form (12)
for vp = 0, the term involving vp accounts for the deviation of the active
system from local equilibrium and detailed balance.

Note that differences between the relevant and the actual dis-
tribution (deviations from the generalized local equilibrium (13)) may
lead to differences in the precise form of the transport equations by
giving rise to additional viscous terms in the dynamic equation for v
(Eq. (69) in the Methods). In the interaction-expansion method, this
could be incorporated by expanding a general distribution P; around
the distribution (13) (a procedure also employed in passive fluids®®).

as)
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Exact microscopic dynamics

Langevin equations (55)-(57)

statistically equivalent

Fokker-Planck equation (62)

local equilibrium approximation (13)
A

| Nonlocal field theory for underdamped ABPs (68) and (69) |

orientational expansions (74) and (75)
Taylor expansions in P (80) and (81)
| gradient expansion (82)

| Local field theory for underdamped ABPs (87)-(90) |

quasi-stationary approximations (91) and (96)
dropping terms of higher order in gradients and fields
,assumption of constant k

| Active Model I+ (2) and (3) |

£€=0
vld:O
Y

Active Model T

(8) and (9)

small deviations from reference density (19)
5= —Apo (20)
substitution (23))

Y

overdamped limit

Nonlinear Schréodinger
equation with
damping (34)

Generalized Madelung
> equations with
damping (24) and (33)

Madelung
transformations

(26) and (28)

no damping no damping

A Y

Y
Active Model B+ (1)

overdamped limit

Nonlinear Schrodinger
equation without

Generalized Madelung
equations without

A
Y

£=0

damping (31) Madelung damping (24) and (30)
transformations
gradient (26) and (28) gradient
terms terms
, dominate y dominate

Y
Active Model B }‘

Schrédinger equation
(29)

Madelung equations
(24) and (25)

Madelung

Fig. 1| Illustration of the microscopic derivation and relations of the various
models considered in this article. Starting from the microscopic dynamics of
inertial active particles, a series of approximations leads to active models I and I+.

transformations
(26) and (28)

More general models are obtained by omitting some approximations. Active
models I and I+ contain an analog of the Schrédinger equation as well as the
overdamped active models B and B+ as limiting cases.

Why including an additional relevant variable related to activity is
useful can be seen when analyzing what happens if it is not done, i.e., if
we use the ansatz (12) instead of (13). In passive fluids, the local equi-
librium approximation (12) can be rigorously justified because it arises
as the zeroth-order expression in the Chapman-Enskog expansion’.
The derivation for passive fluids uses the fact that the distribution (12)
satisfies the requirement of detailed balance’. In active matter, how-
ever, detailed balance is violated™.

We can nevertheless try to use the ansatz (12) also in the active
case, since it might still be a good approximation for small activities.
Integrating the microscopic dynamics of P; (Eq. (64) from the Meth-
ods) over p using Eq. (12) (with p replaced by @) yields

Q)= — V- (Q(r,@)v(r)) + Dpdpo(r, ). (16)
A problem with the result (16) is that it is known from overdamped
models®” that the governing equation for o should contain a term
—vol - Vg on the right-hand side which accounts for self-propulsion.

Such a term cannot be obtained from Eq. (16) since v does not depend
on u. To avoid this problem and to get an ansatz that has both the
correct equilibrium and the correct overdamped limit, we use the
generalized local equilibrium approximation (13) instead.

The seemingly minor difference between Egs. (12) and (13) has
profound implications for the definition of the velocity field v. In the
theory of classical passive fluids, v can be defined in two ways:

First, there is the mechanical definition: The density p obeys a
continuity equation mp= —V.g with the momentum density
g(r) =J d’p pPy(r,p). We can then define the velocity field as mv = g/p®,
implying that

—V-(pv). 17)

Second, there is the thermodynamical definition: We use for the
one-body distribution function P; the local equilibrium form (12) and
then define the velocity field to be the field v appearing in Eq. (12)%.

Nature Communications | (2023)14:1302
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Table 1| Correspondences between variables and terms in AMI and in the Schrédinger equation

AMI (Egs. (8) and (9)) Schrodinger equation (Eq. (29)) Relation

Particle density p probability density pq = |y[® Pq=2p

Velocity v phase of the wavefunction S v=VS/m
Interaction/activity parameters k, A reduced Planck constant # Kpo= —Ap}=H/(2m)
Generalized chemical potential p energy E u=E

Interaction/activity
contributions - kKV2p + A (Vp)?

quantum potential —(4* /(2m)(V2 /Bg)/ \/Pq

Derivable via 2p=pq In(pq/po)

Multiplying the dynamic equation for P; by p, inserting Eq. (12), and
integrating over p also leads to Eq. (17).

Since both definitions give the same result (17) in the passive case,
their difference is usually not even mentioned. However, they are not
equivalent for the active fluid considered here, which is assumed to be
in a generalized local equilibrium of the form (13). While the
mechanical route leads to Eq. (17) also in the active case, the thermo-
dynamic route considered here gives the different result (2). Note that,
since this difference arises both in the interaction-expansion method
and in the Mori-Zwanzig formalism (where it is not assumed that the
distribution actually has the form (13)), it is not an artifact of choosing
the ansatz (13).

Derivation of the Schrodinger equation
Now, we derive an equation that is formally equivalent to the Schro-
dinger equation from AMI given by Egs. (8) and (9).

For this purpose, we assume f'(p) =0 and y=0. (More precisely,
since the microscopic model (Egs. (55)-(61) from the Methods)
becomes passive if y is exactly zero, we assume a small but finite y
combined with a strong activity. A detailed discussion of this limit can
be found in the Methods.) Then, Eq. (9) reads

VH(V-V)v= — %V(—szp +A(Vp)2 +U)). (18)

We define pq=2p (pq will later be interpreted as the quantum-
mechanical density) and assume that pq has only small deviations from
a spatially and temporally constant reference density po. Noting that
adding a constant to pq has no influence on the dynamics of v once we
have set f' =0, we can then approximately write

1, _PoPa _ Po, (Pa)
P=5Pq 2 9o > In . + irrelevant constant. 19)

AsEq. (8) islinear in p, it is left unchanged by the replacement p > py/2,
i.e., it holds for pq in exactly the same way as for p. In Eq. (18), we
replace p by pg In(p,/po)/2 (motivated by Eq. (19)) and assume

where § is a function, and the fact that In(8) =2 In(v/9). Moreover, we
set
hZ
o (23)
m Kpo
with the reduced Planck constant 7. We then arrive at the Madelung
equations®

Pq=—V-(PgV), (24)
2 y2
v+(v-V)v=lv . qu_UI . (25)
m 2m . /pq
Next, we assume that v is a potential flow such that we can write
1
v=—Vs, (26)
m

with a phase S, and that v satisfies the condition (see the article by
Wallstrom’?)

m?{ dl-v=2mnh (27)
L

with a closed loop £, a differential line element dl, and n € Z. We can
then substitute

(28)

9= \/bqe”,
where ¢ is (an analog of) the wave function and i is the imaginary unit.
Combining Egs. (24)-(26) and (28) then finally yields
=" (29)

ihg=— ﬂv Y+UY,

which is mathematically identical to the Schrédinger equation. The

K= —Apg. (20) transformations required to obtain Eq. (29) from Egs. (8) and (9) are
summarized in Table 1. Equation (29) and its derivation from AMI+
This gives constitute our second main result.
It is also instructive to see what happens if we do not set f'(p) = 0.
2 In this case, Eq. (21) reads
vev-wyv="Poy <v21n<%>+1 <Vln<§—q)) )-lvu1 d
2m o) 2 o m R
(21) ve/
1 V2. /Pq VHV- D= 2V (kpy 2L f (&> Y
=V |kpg -U . m VPq 2
m /Pq
Applying the substitutions (23), (26), and (28) then gives the nonlinear
The last step uses the identity** Schrédinger equation”
VZS ) 2 2
VY i)+ (VIn®)?, (22) inp= — 1 w2gruprr (Y0 g, 31)
9 2m 2
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For example, if we set f'=ap, with a constant a, we find™*

2
= — 1y U+ algly,

2m ©2)
which is the Gross-Pitaevskii equation. This equation has a wide range
of applications, such as modeling Bose-Einstein condensates (see the
article by Mocz and Succi’* and references therein).
In the considered active matter system, an even more realistic
case would be to also have y# 0. In this case, Eq. (21) reads

vZ
\/_\p/pq _f (%) - U1> —pv. (33)
q

The Madelung transformations then lead to”

2 2 .
ihp= — VS <"’;'> vrvw-"Ym( %),

. 1
v+(v-V)v—EV (Kpo

- v (34)

which is the Schrédinger-Langevin equation’ (transformed into local
form, without the noise term, and with an additional nonlinear
term f'¢).

The derivation of the (analog of the) Schrodinger equation (29)
and its generalizations (31) and (34) from AMI is visualized in Fig. 1.

Physical significance of the active-quantum mapping

Having established the mathematical relation between AMI and the
Schrodinger equation, we now discuss the physical significance of the
active-quantum mapping.

Mathematically, the fact that AMI allows one to derive the
Madelung equations is essentially a consequence of the fact that
AMl is a compressible Euler equation with the pressure being given
by the most general expression of a certain order in gradients and
densities. Since the Madelung equations are of this order in gra-
dients and densities (if we can approximate densities by their
logarithm), they must be contained in AMI. Moreover, we cannot
use AMI+ since it leads to velocity fields with non-vanishing rota-
tion, which does not make sense if we want to interpret the velocity
as the gradient of a phase. In the overdamped case, it has been
shown that the rotational terms constituting the difference between
AMB and AMB+ are not relevant for quorum-sensing bacteria®,
which therefore constitute a promising model system for our pur-
poses. To obtain a more general model, we could also have included
the terms —Vf'(p)/m (with f'(p) =kgT In(A’p)), —pv, and vZ,(p)V>V/y
from AMI+. In this case, we would have obtained a model similiar to
the isothermal quantum Navier-Stokes equation, where the viscos-
ity also depends on the density (although in a different way)”’. Of
course, this viscosity has a different physical interpretation since it
does not arise from a density-dependent swimming speed. Instead,
the viscous terms are obtained in the standard way from a
Chapman-Enskog expansion”’.

It should be noted that, strictly speaking, we have not derived the
Schrodinger equation (since quantum physics is not a description of
the dynamics of active classical particles), but an active field theory
that has the same form as the Schrodinger equation. This is important
for the physical interpretation. If we want to think of Eq. (29) as a
limiting case of AMI, then |y is proportional to the particle density of a
classical many-body system. In contrast, if we think of Eq. (29) as the
quantum-mechanical Schrodinger equation, then |¢? is the probability
density of a single quantum-mechanical particle.

Equation (25) contains a term (i”/2m*))V((V?, /pq)/ \/Pg)—Pro-
portional to the gradient of the quantum potential
—(H*/(2m))(V? /Pa)/\/Pq, which gives rise to a quantum pressure’*—
on the right-hand side. This term, which disappears in the classical limit
fi- 0, translates into the term—(#%/(2m))V*p in Eq. (29) after the

transformations (26) and (28). From a quantum-mechanical point of
view, this term arises from the momentum operator appearing in the
kinetic part of the quantum Hamiltonian. From a classical point of
view, however, this term arises from the terms — kV*p + A(Vp)? in Eq. (9)
(which come from activity and interactions), combined with the
assumption (20). We will later demonstrate numerically that this
assumption can also be relaxed. Consequently, the classical limit in
quantum mechanics corresponds to the passive noninteracting limit in
active matter.

The usefulness of this mapping lies in two aspects. First, the
analogy to soft matter can be used to better understand effects that
are associated with the Schrodinger equation. This will be illustrated
below using the example of dark matter. Second, we can reproduce
effects known from quantum mechanics, which arise as a consequence
of the quantum potential, in a classical soft matter system, where they
arise from activity and/or interactions. In particular, our knowledge
about the numerous quantum-mechanical phenomena that arise from
the interplay with external fields can be used to better understand the
behavior of active matter in external fields, a topic currently of high
interest>’. As an example, we will later use the mapping to find an active
analog of the tunnel effect.

Analogy to dark matter

In this section, we use the active-quantum mapping derived above to
establish a relation between inertial active matter and dark matter. This
illustrates the usefulness of this mapping, as it shows that active matter
can be used as a model for dark matter (for example in analog
experiments) and that our understanding of pattern formation can
become useful for astrophysics.

An important field of application for the Madelung equations is
the study of dark matter’®. Recently, there has been an increase of
interest in so-called fuzzy dark matter (FDM), which consists of ultra-
light scalar particles. It was introduced to avoid the problem that the
standard cold dark matter models predicted cuspy halos and excessive
small-scale structures, in conflict with observations’*. Further moti-
vations for research on FDM are the lack of evidence for other dark
matter candidates and the fact that such ultralight particles are pre-
dicted by various models from particle physics (such as string
theory)®.

On galactic scales, one can neglect self-interactions of the real
scalar field representing dark matter and use a simple quadratic action
functional®. In the nonrelativistic limit, the real scalar field can be re-
written using a complex field ¢ that obeys a Schrédinger equation with
modifications accounting for cosmic expansion®. These modifications
can be neglected on galactic scales® and are also neglected here. The
FDM particles are mostly in the ground state and can thus be described
by a single macroscopic wavefunction as in a Bose-Einstein
condensate®. It is very common in dark matter physics to transform
from the Schrodinger equation to the Madelung equations since this
allows to use hydrodynamic codes®’. FDM can then be described by the
Madelung equations (24) and (25) coupled to the Poisson equation®

V2U, =4nGm?p, (35)
with the gravitational constant G. Equation (35) determines U;, which is
here the gravitational potential, via the density pq.

Let us now consider the dynamics of a system of ABPs with an
electric charge g. Its dynamics would be given by AMl in the limit where
viq and € are small. The (electrostatic) potential U; could be calculated
from the charge distribution p via the Poisson equation

. T 36)
ViU, = - e P

with the permittivity €.
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As shown above, AMI contains the Madelung equations as a lim-
iting case. Therefore, in the quantum limit, an underdamped charged
active matter system would be described by equations of the same
form as a fuzzy dark matter system, suggesting an interesting parallel
between active and astrophysical systems.

The analogy between dark and active matter is further supported
by the fact that (as mentioned above) fuzzy dark matter models are
based on Bose-Einstein condensates, which have been found also in
active matter'>. Also, the full governing equations for dark matter
contain an additional nonlinearity as in Eq. (32)’%, just as the full gov-
erning equations for active matter contain an additional nonlinearity
due to the nonzero function f'. These nonlinearities have a different
physical interpretation in the two contexts. If Eq. (31) is applied to
active matter, the function f primarily arises from the temperature
(see Eq. (111)). In FDM, however, it would describe self-interactions’®.

Note, however, that there is also an important difference, namely
the fact that the density appears with a different sign in the gravita-
tional Poisson equation (35) and the electrostatic Poisson equation
(36). This is a consequence of the fact that gravity is a purely attractive
force, whereas electrostatic forces are repulsive for particles of the
same charge. Therefore, the patterns observed in fuzzy dark matter
and in charged active systems might be quite different. Schrédinger
equations coupled to electrostatic Poisson equations of the form (36)
are used in the theory of quantum plasmas®‘. Note that both dark
matter® and quantum plasmas® can be found to exhibit solitonic
solutions in a Schrodinger-Poisson model, such that solitons are likely
to be observed also in charged inertial active matter.

When comparing the use of Eq. (29) in standard quantum
mechanics and in FDM, two important differences should be noted.
First, in the context of FDM, ¢ describes the density of a many-body
system, not of a single particle. Second, Eq. (29) is only approximately
valid for dark matter, both due to cosmic expansion® and due to the
presence of nonlinear terms as in Eq. (32). Notably, FDM has in com-
mon with active matter both the many-body interpretation and the
larger complexity of the actual governing equations.

FDM constitutes an important example for a system where the
mapping to a soft matter system can contribute to a better physical
understanding of the Schrodinger equation. Recall that FDM was
introduced because existing dark matter models predict excessive
small-scale structures®. The suppression of small-scale structure in
FDM is a consequence of quantum pressure®. In our mapping, the
quantum pressure corresponds to the gradient terms in the chemical
potential (11). This result gives a good physical intuition for why FDM
does better than older dark matter models regarding the small-scale
problem: It is well known that gradient terms in the chemical potential
suppress the formation of small-scale structure, since they (if they have
the right sign) lead to an energetic penalty for interfaces. Using the
active-quantum mapping developed here, such standard insights from
pattern formation theory in soft matter physics can become fruitful
also for astrophysics. In particular, knowledge of pattern formation
effects from soft matter can be used to develop more sophisticated
models for astrophysical pattern formation.

Tunnel effect
After having introduced the general theories AMI and AMI+ and
establishing a mapping between AMI and the Schrédinger equation,
we now turn to an application of this mapping by deriving and inves-
tigating an active analogon of the tunnel effect. In this section, we
restrict ourselves to one-dimensional systems.

Time-independent problems in quantum mechanics can be
described by the stationary Schrédinger equation

2
Ep= — ;‘—ma§¢+ Uy (37)

with the energy E. A central phenomenon of quantum mechanics is the
tunnel effect, where a particle has non-zero probability of traveling
through a potential barrier that it could not pass through classically. It
can be described theoretically by solving Eq. (37) for the potential

0 forx<—1L,
Uix)=1< V, for —L<x<lL, (38)
0 for x>1L,

where Vj is the height and 2L the width of the potential barrier. As
is well known, the solution of Eq. (37) with the potential (38) is
given by

ekx + R e~ikx forx<—1L,
Px)={ Tre ™ +Rye~* for —L<x<lL, 39)
T,ekx for x>1L
with the wavenumbers
k= ﬁ (40)
h
x= /W, (41)

the transmission coefficients 7, and T3, and the reflection coefficients
R; and R,. (Explicit expressions for these coefficients are given in
the article by Heifetz and Plochotnikov®®). The physical interpretation
of the solution (39) is that it describes the wavefunction of a particle
with energy E that approaches a rectangular potential barrier of height
Vo > E from the left, decays within the barrier, and continues to travel
as a wave on the right of the barrier. The density pq(x) = [p(x)|* gives the
probability that the particle is found at a certain position x in a position
measurement. Since this probability is non-zero for x>L, there is a
non-zero probability that the particle passes through a barrier that it
could not have passed through classically. This phenomenon is known
as the tunnel effect.
Due to the linearity of Eq. (37), another solution is given by

J5 @+ R +T3)e ™) forx<—L,

L(Ty+Ry)(e ™ +e%)
L+ (R + Ty)e)

Y= for —L<x<lI, (42)

for x>1L,

which is simply the superposition of the solution given by Eq. (39) and
the same solution mirror reflected at x = O (corresponding to a particle
coming from the right). Such a symmetric tunneling solution has
advantages in a numerical treatment (as it allows to use periodic
boundary conditions) and captures the same physics. The quantum-
mechanical density pq = |(|* for the solution (42) is given by

1(1+R*+2R cos(2kx — a))
T, +R,|*(cosh(2xx) +1)
1(1+R? + 2R cos(2kx + a))

forx<—1L,
for —L<x<l, (43)

for x>1L,

Pq(x)=

where we have written R; + T5 = Ré® with the modulus R and the phase a
of the complex number R; + T5.

Using the Madelung transform, the nondimensionalized form of
Eq. (37) for v=0 reads (see Methods)

E=—h—2 Lo o)+ L@, (o)) +u (44)
2m (2% NPT 4 (0 Pq 8
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Fig. 2 | Results of the numerical continuation of Eq. (53). a-c Numerical con-

tinuation with control parameter a with fixed parameter values k = - 1=1. The plots
show a the L,-norm of p as a function of a, b the chemical potential x as a function
of a, and ¢ density profiles for selected parameter values as indicated by circles of
corresponding colors in a and b, compared to the analytical solution (47) (dashed

curve), which is used as the starting point for the continuation. d-f Like a-c, but
with varying k and fixed a = 0 and 1=-1. g-i Like a-c, but with varying A and fixed
a=0 and k = 1. Note that the general form of the analytical solution persists also for
other parameter values, indicating that the tunnel effect in model (53) is a robust
phenomenon.

We now show how an analogon of the tunnel effect can be found in
active matter. For simplicity, we set v=0, such that AMI reduces to
p=const. with u given by Eq. (11). Solutions of Eq. (11) with g = const.
are also stationary solutions of AMB, such that all of the following
considerations apply to both AMI and AMB.

A nondimensionalization (see Methods) gives

H=f(p) — K02 +A@,p)* + U, (45)

which is simply Eq. (11) in dimensionless form.

We now consider the special case with k=-A and f' =0, in which
Eq. (45) reduces to

= —K@3p+@:p)) + Uy, (46)
A solution of Eq. (46) for the potential (38) is given by
In(cos(k(x+L)+a))+A forx<—1L,
p(x)= ¢ In(cosh(xx))+B for —L<x<IL, 47)
In(cos(k(x — L) —a))+A for x>L

with the wavenumbers

k= \/E (48)

K
wei[Yo—H 49)

K

the phase shift
x

a = arctan (E tanh(xL)) , (50)

and two constants A and B that satisfy
A — B=In(cosh(xL)) — In(cos(a)). (51)

Equations (50) and (51) ensure that p and d,p are continuous at the
boundaries of the potential barrier. We have thus found an analytical
solution of Eq. (46) for an active system at a potential barrier, namely
Eq. (47). At the boundary of the potential barrier, a discontinuity in
Kaf(p balances the discontinuity in U; and thereby ensures that u is
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Fig. 3 | Possible experimental realization of the active tunnel effect. Active
dielectric spheres (with orientations indicated by arrows) are immersed in a solvent
and illuminated by a laser beam with rectangular intensity profile. The intensity
gradient at the boundaries of the beam gives rise to a force pushing the particles
outwards. Due to activity and interactions, the density decays smoothly at the beam
boundaries, i.e., it is low also in the vicinity of the beam and not only in the
illuminated area.

constant (as required for a stationary solution). Following the analysis
by Heifetz and Plochotnikov®, we can define /= A(d,p)* (which is here
the active term) and a pressure = — pka,z(p. I is the pressure one
would get from the thermodynamic expression up —f** for =0 and
f=0. (Here, we have 1#0, so I is in general not equal to the thermo-
dynamic or mechanical pressure in the active system.) With these
definitions, Eq. (45) gives for f =0

H= g+ U, 52)

At the boundaries of the potential barrier, p and / are continuous. The
tunneling is thus a consequence of a pressure jump All=pV, at the
boundaries.

The stationary Madelung equation (44) coincides with the sta-
tionary form of AMI or AMB given by Eq. (46) if we identify p = In(p)/2
(cf. Eq. (19)), k= h*/(2m) (cf. Eq. (23)), and u=E. Therefore, we do not
even need to employ the approximation (19) from the dynamical case,
we can just straightforwardly map the quantum onto the classical
problem. Taking the logarithm of the quantum solution (43) does
indeed give us something that (apart from phases and prefactors)
looks like Eq. (47), indicating that similar physical mechanisms act
here. In particular, the change in the potential leads to a shift in the
wavenumber from k to x that gives a density decay within the barrier
for p<Vy (or E<Vp) both in the quantum and in the active case
(compare Eqgs. (40) and (41) to Egs. (48) and (49)).

Numerical continuation

The strong mathematical analogy between AMI and the Madelung
equations (or between AMB and the stationary Schrédinger equation)
holds only for the rather special case f'(p)=0 and k=-A. In a real
experiment, these equalities will, of course, be realized at most
approximately. Therefore, it is investigated in this section how robust

the analogy between active matter and quantum mechanics is if these
equalities are modified.

For this purpose, we consider the more general model

p=ap — kOip+A0,p) +U,, (53)
where U is still given by Eq. (38). For a=0 and k= -4, the analytical
solution (47) is known. Starting from these parameter values and this
solution, we can find solutions for Eq. (53) for other parameter values
via numerical continuation (see Methods).

We wish to ensure that the density p is always positive and that p
and 0,p take identical values on both boundaries of the domain,
allowing us to use periodic boundary conditions. This determines the
one-dimensional domain Q=[-a/k-L, L+ a/k]. Furthermore, we set
k=1, Vo=5, u=1, and a=mn/4 and use the analytical solution (47) as
starting solution for the continuation. Using Eqs. (48)-(50) we obtain
L=arctanh(1/2)/2. Moreover, we set B=0.5 (an arbitrary positive
constant can be chosen here); A is then determined by Eq. (51). Note
that with this also the averaged rescaled particle density is determined
asp= [,dxp(x)/1Q| = 0.7945 (where |Q] is the domain length). It can be
chosen arbitrarily using different values of B. Hence, the following
result does not depend on the particle number. The starting state is
now continued, changing various parameters while keeping p fixed.
This in turn determines u as corresponding Lagrange multiplier.
Alternatively, one could keep u fix, in which case p would change
during the continuation. However, this is not pursued here.

Figure 2 shows bifurcation diagrams and solution profiles that
illustrate the tunnel effect that can be observed in model (53). In

Fig. 2a, d, g and Fig. 2b, e, h we see how the L,-norm / [,dxp?(x)/|Q|
and the generalized chemical potential y, respectively, depend on the
parameters (panels a, b) a, (panels d, e) k, and (panels g, h) A. Finally,
Fig. 2¢, f, i present solution profiles for the states indicated by orange
and blue circles in the corresponding bifurcation diagrams to their left.
The dashed black curve in each solution plot indicates the analytical
solution given by Eq. (47) for comparison.

The solution profiles show that the general form does not change
significantly if the parameter values are not exactly those used for the
analytical mapping. This indicates that the tunnel effect, and the
general active-quantum analogy presented here, are not an artifact of
picking the parameter values in such a way that it works, but rather a
robust phenomenon that can be investigated also in microscopic
simulations and experiments. Furthermore, according to a linear sta-
bility analysis that is performed during the continuation (see Meth-
ods), the solution is linearly stable with respect to perturbations
compatible with mass conservation for all considered parameter
values. Despite this limitation and the fact that we consider a small
domain, the stability of all solutions emphasizes the relevance for
experiments.

We can also get a more detailed idea of the effect that changing the
various parameters has on the solution (47). In general, a steep decrease
of p towards x = 0 indicates that the field cannot penetrate far into the
potential barrier, whereas a more flat curve is a sign of a strong tunnel
effect. Changing A has no strong effect on the form of the solution
(Fig. 2i). The tunnel effect becomes more pronounced for positive
values of a, whereas it is suppressed by negative ones (Fig. 2c). Since
positive values of a are more plausible on physical grounds (one would
typically expand f around a local minimum rather than around a local
maximum), we can expect this tunneling to be even more significant in
real systems. Note that for sufficiently large values of a, we get u>V,,
such that strictly speaking we do not have tunneling anymore (since
tunneling requires E < Vo and u corresponds to E). For i > Vo, x becomes
imaginary (see Eq. (49)) such that p has the form In(cos(x)) also within
the barrier. The strongest effect can be found by varying x (Fig. 2f). If it is
small (close to zero), we observe a sharp decrease and thus very weak
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Fig. 4 | Visualization of the microscopic setup considered in the derivation.
Here, x and y are the components of r and €, is the unit vector in x direction. Each
particle’s state is characterized by the degrees of freedom r; (position), p;
(momentum), and u; (orientation). By exploiting the symmetries of the system, we
can pass to a reduced description in terms of the vector ri(gy) pointing from
particle 1 to particle 2 and the angles 6, and 6, defined relative to the orientation of
particle 1. A force arises at the boundary of the potential barrier inside of which
U, = Vp. The setup is a generalization of the overdamped one shown in Fig. 1 of the
article by Jeggle et al.”.

tunneling. For larger k, on the other hand, the field can pass through the
barrier much more easily. This result is plausible since, as indicated
above, it is the discontinuity in the x term that balances the dis-
continuity of the potential. Also, larger values of kx imply that gradients,
which are smaller if the fluid passes through the barrier (i.e., if the tunnel
effect is present), are associated with an energetic cost, implying that
tunneling is more likely to occur for larger k.

Physical interpretation of the active tunnel effect
Finally, we turn to a physical discussion of the active tunnel effect.

A first question that is relevant here is what one has to look at if
one wants to see this effect, i.e., what a possible experimental reali-
zation could be. While many realizations are conceivable, we turn for
concreteness to a system of dielectric spherical (active) particles with
effective polarizability po illuminated by a laser beam with intensity
haser(r), giving rise to a gradient force Fye,q =poV/jyse;/4°” and thereby
to a potential U;=— poliaser/4. We assume po <0, such that particles
move towards low-intensity regions, and use an intensity profile cor-
responding to the potential (38). If, as assumed in many theoretical
studies of such systems, the particles are passive and noninteracting,
the density profile of the particles in case of a beam profile of the form

smoother one as shown in Fig. 2. Interacting active particles are thus
more likely to be found in the illuminated region than passive particles.
A visualization of this proposed experiment can be found in Fig. 3.

Next, we discuss what the active tunnel effect adds to the existing
literature. First and most obviously, it constitutes an analytical solution
to AMB/AMI (namely Eq. (47)) that is analogous to a quantum-
mechanical one (namely Eq. (43)). Second, it shows how activity and
interactions affect the interaction with an external potential, namely
by smoothing the density profile at a sharp barrier (to see this, com-
pare Eqs. (47) and (54)). Third, it offers, as in the case of FDM, a soft-
matter-based physical intuition for where the tunnel effect comes
from. Tunneling is only possible for 7 > 0, and the terms proportional
to #* (quantum potential) correspond to the gradient terms in the
active matter model. Gradient terms penalize sharp interfaces and thus
lead to a smooth transition of the density at a potential barrier. But the
fact that the quantum-mechanical probability density decays smoothly
on a finite length scale » inside the barrier is precisely what is char-
acteristic of the tunnel effect in quantum mechanics. Hence, quantum
tunneling can be thought of as arising from the energetic cost of
density gradients.

Also, we should address the differences between the active and
the quantum-mechanical tunnel effect. An important one is the dif-
ferent physical interpretation. The active tunnel effect is related to the
density of classical particles, the quantum tunnel effect to the prob-
ability that a quantum-mechanical particle overcomes a potential
barrier. Moreover, the active tunnel effect is more complex since it can
be affected by a larger number of parameters (as illustrated in Fig. 2).
For example, by considering the more general case f'(p) # 0, where
AMI becomes an analog of the nonlinear Schrédinger equation (31)
instead, we can consider also nonlinear (soliton) tunneling”, an effect
that is of importance in optics®.

Discussion

In this work, we have systematically derived an extension of common
scalar active matter models to the underdamped case which we refer
to as active model I+. This model and its derivation reveal some
important properties of inertial active matter, such as the fact that
mechanical and thermodynamic definitions of the velocity give dif-
ferent results and that the particles’ density-dependent swimming
speed acts as an effective viscosity. Moreover, we have shown that
AMI+ contains (a nonlinear extension of) the Madelung equations and
therefore an analog of the (nonlinear) Schrédinger equation as a spe-
cial case, such that the Schrédinger equation can be seen as an active
field theory. This allows to study quantum effects in active-matter
systems, as has been demonstrated for the tunnel effect and for fuzzy
dark matter. A numerical investigation of the active tunnel effect
shows that this active-quantum analogy has no sensitive dependence
on the assumptions that have been made to derive it, indicating that it
is of broader relevance for both theory and experiment.

Methods
Microscopic derivation of active model I+
Here, we explain the microscopic derivation of AMI+. A visualization of
this derivation can be found in Fig. 1.

Microscopically, a two-dimensional system of N underdamped
ABPs is described by the Langevin equations™®

H H 90 .
(38) is given by i= &’ (55)

m

_ U -u
p=p(1-9F), (54) | A
B p;= —vp; — V., U({r) + myvou; +n;, (56)
where U is the spatial average of Uy. In our active interacting system,

however, the discontinuous transition in Eq. (54) is replaced by a @:=Xs (57)
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where r,(t), pt), and () are position, momentum, and orientation
(direction of self-propulsion force) of the i-th particle,
u;(@;) = (cos(,), sin((p,-))T is its orientation vector, m is its mass, vg is
its self-propulsion velocity, y is the translational friction coefficient,
and U= U, + U is the potential consisting of interaction potential U,
and external potential U;. The translational noises n; and the rotational
noises x;(t) have the properties

(1)) =0, (58)

(0 ® N(¢) =2ymky T16,6(¢ — t), (59)
Xi(©)=0, (60)

XiOx;(t)) =2DR6;6(¢ - 1), (61

with the ensemble average (-) and the unit matrix 1. This setup is
visualized in Fig. 4, which shows the independent degrees of freedom
of each particle (position, momentum, and orientation) and the forces
from an external potential (which in the figure has the form of a barrier
as in the active tunnel effect). The corresponding Fokker-Planck
equation is given by*

Pr((ry,pp0) =L((r, P, 0Py (1, ;. 0;), (62)
where Py, is the N-body probability distribution and
iL({r;,p;0;}) = i (* L V. +y+yp;- Vp (V. U) -V,
=T mo I ’ (63)

— myvou; - Vy, +ymkg TV, + DRaf,,)

is the Liouvillian. The dependence on ¢ is not written explicitly to
simplify the notation (except in Eqs. (58)-(61), where it is important).

By integrating Eq. (62) over the coordinates of all except for one
particle, we find®

Prp= (-2 viyrpp.v ey,

We now drop arguments of the fields unless unclear. Integrating
Eq. (64) over p and using Egs. (66) and (67) yields

¢= — V- (v) +Ddje. (68)

Similarly, we can multiply Eq. (64) by p/m, integrate over p, and use
Egs. (13) and (66)-(68) to get

: 00 o1
vp+(v-V)p= —DRUT—V”JrVUo“—EVUl

—kB—TVII'l(Q) 1z )
m mg
with the interaction term
Z(ra)= / d’r, /:” dg,0, (1,1, 0,0,) VU, (r), (70)

where @, = [ d?p[ d’p,P; is the two-particle density and r=|jr - 1|
with the Euclidean norm ||-|| is a distance. (From now on, we
ignore factors of A% or po required to make the argument of the
logarithm dimensionless.) The derivation of Eq. (69) generally
follows the standard procedure of deriving hydrodynamic
equations from microscopic dynamics®®. Our result differs from
the standard form of velocity transport equations by the
presence of the term —DRn(a;g)/g, which arises from the term
Drdje in Eq. (68).
We can define the pair-distribution function g as*®**

Q(I,1,,0,0)

R e S 71
o, Aa(t i) 7

g(rr,u,uy)=

Following the treatment by Bickmann and Wittkowski*’, we assume the
pair-distribution function to be translationally and rotationally
invariant, implying that it can be written as g(r, 6y, 8,) with the angles
6:=pr—@ and 6,=¢,-¢ and the parametrization r, — r=ru(gg).
These new variables are visualized in Fig. 4. Then, we can perform a
Fourier and a gradient expansion*** of g and find

. [es) 1 00 . , 21 . R
Z(r,0)= —;Eg(r,q))/o drr! 1U2(r)/0 depu(@g)((@y) - VY

— myvol -V, +ymkgTV2 +DR62>P1(r,p,ﬁ) (64) - .
. . o2
’ / &’r, / d’p, / dgy(VUy) - Vo Po(1,12,p,,,0,01) oz Z 8nyn, () COS(M 0 +1,0,)e(r,905)
0 10 o0
(72)
with V=V, and the n-body density defined as*®
with the r-dependent expansion coefficients*’
N! ) ) ) )
P=7/dr~-/dr,/dp~-/dp,
" (N=-n! b o ' v (65) _ gn de, gn d6, g(r,0,,0,) cos(n, 0, + n,0,) 73
2 n gnlnz(r)_ 12(1+6, ) 1+6, o) 73)
dg; - doy_nPy, m0 20
0 0
and U)(r)=dU,/dr.
where n€{l, ..., N}. The index 1 is dropped for the coordinates. We We now carry out the Cartesian orientational expansions’
define the particle density
o(r, @) =p(r)+u - P(r), (74)
ari= [ EpPirp0). (66)
’ o(r,U) =V(r) +u - vp(r) (75)
Moreover, we make the generalized local equilibrium approximation
(13) (see Results), which implies® with the non-orientational particle density
N N 2. P N 1 2
arieci= [ @pPprpa, ©67) o)=L [ dpotri), 76)
m 2n 0
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the local velocity

2
=__ 1 77
V=5, | devir, (77)
the local polarization
1 2
P(=— [ depugrm), (78)
TJo
and the local velocity polarization
1 2
(== [ doi o). (79)
mJo

Here, our treatment differs in an important way from standard treat-
ments of active overdamped*®*’, passive underdamped®®, and even
active underdamped® particles. Since we have a generalized velocity
field v that also depends on 1, we have to perform the orientational
expansion not only for the density, but also for the velocity.

We now insert Eq. (74) into In(g) and Taylor expand around P =0.
This gives

1

In@= In(p)+ —a- P= In(p) + Qiﬁ P, (80)
(0]

|

where we have replaced p by a spatially and temporally constant
reference density go in the last step. Similarly, we insert Egs. (74) and
(75) into U(B;Q) /e and Taylor expand around P =0 to find

(V+ﬁ'2p)‘?;(l7+ﬁ'p)z_(V+ﬁ'QP)ﬁ'P. (81)
ptu-P p
Finally, an orientational expansion of the interaction term gives
1, 2
~IT=Aup+A,Vp+A;V°P+24,V(V.P
0 1Up+AVp+A; 3V( ) 82)
+A AV p+24,V(V - t)p+ - --
with the coefficients
A= =2 [ im0l 8 100 (83)
A= —2m? / drr?Us(ngo,o(r), (84)
0
nZ * 3y
A== [ v 0 ve 1) (85)
”2 00 300
A= —7/0 drr>Uy(r)(gy,0(r) +8_1,0(r). (86)

These coefficients can be time-dependent by inheriting a time-
dependence of g*°, but we will assume them to be constant.

From Egs. (68), (69), (74), (75), and (80)-(82), we obtain the
general local field theory for underdamped ABPs

= V-V -2V (P up), 87)

P=—-V.(Vv®P)— V. (ovp) — DgP, (88)

V= (VY@ V) sV -2 9P
m (89)

P.y 1
+Dg zp—P—EV(kBTIn(p)+A2p+ 245(V-P)+Uy),
Up=—(0p - V)®V—(V-V)Up — ytp +yy,l
VOP kT 1 2 24, (90)
+Dg F; —Q()imV®P—E(A1P+A4VP)_WV®Vp‘

Starting from the very general model given by Egs. (87)-(90),
various approximations can be made. In most active matter models, it
is assumed that the polarization P is slow compared to the velocity v.
While this is reasonable for strongly damped systems, v should be slow
in a system with weak damping and activity because there the
momentum density is (almost) a conserved quantity (unlike P). In this
case, it is plausible to assume that v evolves slower than P. This limit,
which is less well understood, will be considered in this work.

Using the quasi-stationary approximation

=0, 91
Eq. (90) gives
Ay oo ) veP
Up= (VU -—V 1+D,
Up < 1d(@) ym P R0
—%V@)Vp—kB—TV@P (92)
ym Yeom

1 1
——Wp-V)QV—=(V-V)up,
V(,p ) V( p

where vyq is defined in Eq. (4). By inserting Eq. (92) recursively into itself
and neglecting terms of higher than second order in gradients, of
higher than first order in velocities, or that involve products of polar-
izations with velocities, we find

ooy i) e
vp= (u.dm) v p)ﬂ v

93
kgT Via(p) ©3)
14

A
VeoP - V®v+yz—m(v~V)le.

The motivation behind these approximations is that we wish to derive a
theory of third order in gradients and of second order in velocities and
that we assume both polarizations and velocities to be small. (By velo-
city, we mean v, whereas v, is always referred to as velocity polariza-
tion.) The velocity polarization vp appears in Eq. (89) only in the term
(vp - V) - vp/2 (quadratic in vp and of first order in gradients) and in the
term DyP - vp /(2p) (product with the small polarization). If we insert Eq.
(93) into Eq. (88) and drop again terms containing products of velocities
with polarizations (in particular the advection term), we find

. A
=~ Vipuap)+ (V(Vp)? +3p9¥%p + (Vp)(V2p)

kgT <V1d ()] )
+——V.- (pVeP)+V. | ——pVQRV 94
Yeorn (7 ) y P (94)
A
- yz—}n V(p((v - V)p)) — DgP,
where we used the vector identity
V. (pV® Vp)= %V(Vp)z +pVV2p. (95)

If we have vi4(p) = v, the first term on the right-hand side of Eq. (94)
reduces to the self-propulsion term known from the active PFC
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model”. We now make the further quasi-stationary
approximation®*¢*$499
P=0 (96)
and find
P=— LV(pvld(p)) +V. (U'd(p)pv ® v>
Dy yD
A4 2 2 2
* o (V) +3pYVp+ (Vp)V7p)) 97)
kgT Ay
+ V.- pVQP) — V(p((v-V)p)).
yeomDy p ) y2mDy p((v-V)p)

Inserting Eq. (97) into itself and neglecting terms of higher than third
order in gradients and second order in densities gives

= — 5 VetV - (142

pV®v>

2 2
o (V(V)? +3pVV2p +(Vp)(V?p))

UokgT 2
————(V(Vp)- +2pVV
oo Dz( (Vp)> +2pVV?p)

(98)

yZ V(p((V V)p)),
where we have used Eq. (95) again. This agrees with the result from
Bialké et al.” if we neglect terms of higher order in gradients and the
velocity term in Eq. (98). We can insert Eq. (98) into Eq. (93) and
neglect terms of higher than third order in gradients to get

2A vokp T
vp=up[p,v]l — (=2 0°B >V®V
Up =Up[p,V] (Vm yeomDg P
_ kgTA, V®Vp2—uld(p)V®
y?Qom?Dy y 99)
kgT
—-————VR(V- (v VRV
V2eomDy (V- (va(p)p )
kgTA,;
Veom2Dg V® V(v V)p)
with
UplpVl=v4(p) — — (100)

yzm (v-V)p.

Equation (100) provides a microscopic expression for the density-
dependent swimming speed vp in the active fluid. To see this, note that
one can calculate the density-dependent swimming speed from the
interaction-expansion method by looking for a contribution of the
form V - (vp[plig) in the dynamic equation for ¢*. Inserting Eq. (75)
into Eq. (68) gives

¢= — V- (vo)— V- (i1 - vpo) + Drdje. (101)
This shows that the role of the density-dependent swimming speed is,
in our extended theory, played by the tensorial quantity vp. The part of
vp that is proportional to 1 then directly gives us vp. Note that the fact
that vy gives rise to the density-dependent swimming speed (which is
responsible for MIPS®) is also plausible since, as discussed in the
Results, vp accounts for the violation of local equilibrium. Interest-
ingly, the density-dependent swimming speed depends not only on the
density p, but also on the velocity v. This suggests that v also has to be
taken into account when describing the emergence of MIPS in
underdamped active fluids.

Inserting Eqs. (98)-(100) into Eq. (87) and neglecting terms of
higher than second order in gradients gives Eq. (2). The reason that
terms of second order in gradients are sufficient is that all third-order
terms would include also v, which (as is evident from Eq. (3)) is of at
least first order in gradients.

Deriving Eq. (3) is slightly more involved. First, we deal with the
term DiP - vp/(2p) appearing in Eq. (89). Inserting Eqgs. (98)-(100),
dropping terms of higher than third order in gradients, terms quad-
ratic in v that are of higher than first order in gradients (since v is of
first order in gradients), terms of higher than second order in fields,
and products of density gradients and velocities (these approxima-
tions will be referred to as standard approximations from here on)
gives

DxP-vp _  v5Vp , 30,A\Vp A2,
2p 2p 2ym 2y?m?

2A, UOkBT> 2 UoAy 2
Yo (24 _ Yol \ggp2 4 Yola gy
n <ym )RR 3 (9o

VoA 2 2 2 102
* g (V9P +30V90+ (Vp)(Vp))
- % (V(Vp)* +2pV¥2p) + ”'zdz—(y”) Vv,
where we have used
(Ve Vp)-Vp= %V(Vp)z. (103)

We have not expanded the expression v4(p)* in the last term of Eq.
(102) to simplify the notation even though this term thereby contains
terms up to third order in fields. The first term on the right-hand side of
Eq. (102) can be rewritten using (Vp)/p =V In(p). In the fourth-from-
last, third-from-last, and penultimate terms, we replace p by go in the
denominator such that these terms are of second order in p as
required. This yields

Py 3u A A
ZEP = VI"(P) + S0 Vp " 212m2 vp?

+ <3VOA4 _ ”okB 2,

2ym  2ygoymD
A ZZ T | 104)

+ [ YoAs _ Uoz B V(Vp)?
ymeo - 2yegmDy

Lot 9w+ Py,

V

Next, we consider the term (vp - V) - vp /2. Inserting Egs. (4), (99) and
(100) gives with the standard approximations
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<2y2m2 2}/ZQOH’lzDR (p p) (105)
AA,  SueAksT )
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where we used Eq. (103) and

V2p?=2(pV2p+(Vp)*), (106)

pPVV2p=V(pVp) — (Vp)(V?p). (107)

Finally, using Egs. (98) and (106) and the standard approximations, we
find

A;VPP+24,V(V - P)= — 3voAs VV2p+ 645 V(pV%p+(Vp)?). (108)
Dy ymDy

Inserting Eqs. (104), (105), and (108) into Eq. (89) and collecting terms
results in

V= —(V-V)v—ypv
1 muv?
L ((kar+ ")
342,

2004,
+ - +
(A2 v )p ay2m”
2
B <3qu3 4 3VoAs vgky T) v
Dy 14 YeoDr

3vpA1kg T 2
+
2y2m  2y%gomDy V')

6445 3AA,

- (_ ymDyg
[ voAs , UBKeT | AA,
Yoo  2ygDr  2y*m
SvAtkgT . 6AA; )
Ykt i +
4y29omDyg  ymDy (Vor+ Uy
N AA,  voAkgT +110A4
y2m?2  2y2q,m2Dyp  ymg,
2
+ Uld(yp) Viv.

(109)

) (Vp)V2p)

We have not dropped the higher-order contributions in p for the
logarithmic term, which is consistent with the fact that we do not make
a constant-mobility approximation®. It is interesting that, instead of
the thermal energy kg7 we would have in the passive case, the ideal gas
contribution f” is proportional to kg T + mv3 /2, implying that the active
contribution to the kinetic energy effectively shifts the temperature by
mu3 /(2kg). This is a different sort of effective temperature than the
one reported for active systems by Preisler and Dijkstra®’. The
additional term mv3 In(p),/2 originates from Eq. (104). Equation (109)
can be written in the form

. 1/,
VEV-VIVE =V (D) — (ko + oIV — PV
+20(VpP +U;) (110)
2
+ @Vzv + %(Vzp)Vp
with the function

, 2 20,A 342
F@= (keT+ 750 ingpy+ (4, - 208 )54 (4y2;n>p2

(111)

and the coefficients

Ko = 3vpA; | 30oAs _ v3kgT

, (112)
Dy 4 YeoDr

_6AA; 344, 3upAiksT

ymDg  2y?m  2y?qomDy’ )

¢c=

vos , U3KeT , Ahy
Yo  2ye3Dr  2y2m
_ SupdikyT |, 644

4y2gomDy  ymDy’

0= —
(114)

CAA, voAkgT

VoAy
2P 4T
y2m  2y2gomDy

Yo (115)

Finally, we separate the variational and non-variational dynamics
using an argument adapted from Wittkowski et al.'*. While —pV?p is
non-variational, one could write — (0V?p + (Vp)?/2) as a derivative of the
free energy density p(Vp)*/2. On this basis, we replace - ¢pV’*p by
- ¢pV?p - ¢(Vp)*/2+ ¢(Vp)*/2 and combine the last term (i.e., ¢(Vp)*/2)
with the term Ao(Vp)? already present to get a term (Ao + ¢/2)(Vp)?. The
remaining gradient contribution — (ko + ¢p)V?p — ¢(Vp)*/2 can be writ-
ten as a functional derivative of the passive free energy Fp= [ d’rk(p)
(Vp)?*/2 with k(p)=ko+¢p. As is standard in passive model B", we
make the simplifying assumption that « is constant. Also, we define
Ao +¢/2=A. Then, Eq. (110) reduces to Eq. (3) of AMI+. Note that, for
large values of v3kzT /o, Eq. (20) used in the derivation of Eq. (29)
follows from Egs. (112) and (114) together with po =2go (see Eq. (19)).
Hence, the choice of coefficients used in the derivation of an analog of
the Schrodinger equation is quite natural for large activities or
temperatures.

Having available a microscopic theory, we can now understand in
more detail the significance of the limit y > O that has been used above
to derive an analog of the Schrédinger equation. Simply setting y=0 is
problematic for two reasons: First, the microscopic model given by Egs.
(55)-(61) reduces to a passive system for y =0, which appears to be in
conflict with the fact that Eq. (18), whose derivation requires (among
other things) setting y = 0 in Eq. (9), still contains the active term A(Vp)~
Second, the microscopic definitions of f* and the model coefficients
given by Egs. (111)-(115) have y in the denominator in several terms.

To understand this issue, note first that in a passive system (which
we have if y is exactly zero), P and vp cannot influence the dynamics
since we have spherical particles. For determining the form of Eq. (9) in
the case y=0, the best strategy is thus to re-do the coarse graining
procedure with P=0 and v, =0, giving us

V+(v-V)v= —%V(f’(p)+U1). (116)

(This does not mean that there can be no gradient terms in the passive
case. These can be obtained by a more sophisticated treatment of
interaction terms).

Of course, the correct passive limit should also emerge from the full
theory (assuming that all approximations made during the derivation
remain valid in this limit). Whether this is the case is not obvious since
the coefficients A, ..., A4, which we have treated as constants, generally
vary if quantities like y or v change. While the precise dependencies
remain to be investigated, we may assume that A,, As, and A, become
small in a passive system due to the resulting approximate rotational
symmetry of g (see Eqgs. (83), (85), and (86)). Taking this into account, it
is easy to see from Eqs. (111)-(115) that Eq. (3) (and thus also Eq. (9))
indeed reduces to Eq. (116) (with an additional term —yv) for vg - O.

The case y > 0 is a bit more difficult since the microscopic deri-
vation of AMI+ involves divisions by y. This is the reason for why y
appears in the denominator in several terms of Eqs. (111)-(115), and this
also implies that we cannot simply set y = 0 since this would require a
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division by zero. Nevertheless, we can recover Eq. (116) if we first take
the limit vo~> 0 and then y-> 0. (Note that the blow-up apparently
occurring in Egs. (111)-(115) in the limit y > O will be compensated for
by the small values of A;, A3, and A4, and by the fact that the assumption
that the polarization relaxes very quickly implies a large value of Dg).

Here, however, we wish to study the effects of activity and are
therefore not interested in the limit (116). Instead, we consider a small
but finite y, and at the same time—to ensure that the terms propor-
tional k and A do not become negligible compared to f'—assume that
Vo is very large. In this case, we may assume (as done in Eq. (18)) that
the (partly) passive term involving f can be neglected compared to
the active terms. Consequently, the limit y > O that has been investi-
gated in the Results is not the rather trivial frictionless (passive) limit,
but the case of small but finite damping and strong activity. Interest-
ingly, our investigation of the active tunnel effect has solely relied on
the form (11) of u, which (as remarked above) also occurs in the
overdamped AMB. Consequently, this effect may occur both in weakly
damped and in overdamped active matter.

Nondimensionalization

Here, we derive the nondimensional static equations required for our
analysis of the tunnel effect, starting with the quantum model. Using
the Madelung transformations, Eq. (37) can be rewritten as®®

0=0,(pqv), 117)
m o1, 1 )
E=50 5 (5 3% In(pg) + 7 @ In(pg)) ) +U;.  (18)
For v=0, Eq. (118) simplifies to
E- 7 (L2t + Lo, npo?) + U 119)
= Tom (2% np,) Z( , In(pg)) 1

While v is not zero for the quantum-mechanical tunnel effect®, the
essential physics can still be captured in the simpler case v=0.
Defining E=EyE, U =EyU;, and x=x,X (where the tilde denotes
dimensionless quantities and £, and x, are constants) gives

W 1 .
E=— ﬁ (z a)g( ln(pq) + Z(a)"( In(pq))2> + Ul

(120)
with i /(2= h? /(2mE x3). Dropping all tildes results in Eq. (44).

Note that we have not nondimensionalized the density pq in
the argument of the logarithm since, strictly speaking, it is already
nondimensionalized (as noted above, In(p,) is a short notation for
In(p,/po)). Moreover, the wavefunctions and densities given in Egs.
(39), (42), and (43) are dimensionless (this is standard in treat-
ments of the tunnel effect and a consequence of the fact that plane
wave solutions of Eq. (37) cannot be normalized on infinite
domains).

Next, we turn to the static active matter model (11). Defining
p=pop, n=Eofi, f =Eof , Uy=EoU,, and x=x,% (the tildes again
denote dimensionless quantities and po is another constant) gives

i=F (p) - k&Lp+A@:p) + Uy a2
with & =Kkpy/(xo2Es) and A=Ap,? /(xo2E,). Dropping all tildes results in
Eq. (45). We could have eliminated the parameters x and A (corre-
sponding to #*/(2m) in Eq. (44)) by an appropriate choice of the con-
stants po, Eo, and xp, but we assume here that these constants have
already been used to eliminate other parameters, e.g., in the free
energy.

Numerical path continuation

To obtain the results shown in Fig. 2, we use numerical path con-
tinuation via the Matlab package pde2path’®, Starting from the analy-
tical solution (Eq. (47)) of model (53), pde2path subsequently applies
tangent predictors and Newton correctors to track a branch of steady
states through parameter space. A numerical linear stability analysis
during the continuation yields the stability of the corresponding
solution and enables the detection of bifurcations. Pde2path uses the
finite element method and the model is implemented in a weak for-
mulation. We have used a primary control parameter (a, k, or A) and the
chemical potential  as a secondary one which is adapted freely during
the continuation to ensure mass conservation.

Data availability

The data corresponding to Fig. 2 generated in this study have been
deposited in the Zenodo database under accession code https://doi.
0rg/10.5281/zenodo.6376060%°.

Code availability

The code used for the numerical continuation has been deposited in
the Zenodo database under accession code https://doi.org/10.5281/
zenodo.6376060%.
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