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QCD-Lagrangian

QCD is the gauge theory of strong interaction with colour SU(3) as
underlying gauge group.

QCD-Lagrangian

_ . 1
Lacp = Zf: ar (" D — me) a5 — 3 FuvaF4”

Covariant derivative and field

. quark fields
strength tensor ar- 9

D,,: covariant derivative
A, st gauge fields

8
, A
D,=0,—1ig E fAu,a g: coupling constant
a=1

F,uu,a = 8MA1/,a - al/Au,a
+ gf:?bcAu,bAu,c

Fuv,a: field strength tensor

myg: quark mass




Caminnis QED el Syiamsiies
QCD-Lagrangian in the chiral limit

two groups of quark flavours:

m, = 0.005GeV me = (1.15 — 1.35) GeV
myg = 0.009GeV | < 1GeV < | mp = (4.0 — 4.4) GeV
ms = 0.175GeV my = 174GeV

low energy QCD:
@ restriction to light quarks q,, g4 and gs

o chiral limit m,,mg,ms — 0
= SU(3), x SU(3)r x U(1)y,

QCD-Lagrangian in the chiral limit

_ . . 1
Locp = Z (Gr,F V" Duar,f + ariv" Duqus) — ZFMV73F5V
f=u,d,s

@ non-zero quark masses: Ly = —gMqg = —grMq, — g, Mqgr
result in an explicit breaking of the chiral symmetries
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Symmetry breaking in QCD

Spontaneous symmetry breaking in QCD in the chiral limit

ground state of QCD is necessarily invariant under SU(3)y xU(1)y
Vafa and Witten (1984)

@ SU(3)4 is not a symmetry of the
ground state Y
— symmetry spontaneously

broken

@ 8 Goldstone-Bosones have to
exist

@ explicit breaking of symmetry
due to the mass
— Goldstone-Bosones gain mass

@ the pseudo scalar mesons are
candidates for these
Goldstone-Bosones




QED e & Lekite
Lattice-QCD - Wilson action and Symanzik action

Wilson action

SWilson = 34 Zd—}( DW + m0)¢ 2 Z Tr[l -

1
Dy = -
=

@ Wilson-Term breaks chiral symmetry explicitly

[W (V; + Vu) — aVZV,J

Symanzik effective action

S=S+aS +a°S+---. Sk:/d4x£k(x)
Improved lattice action Effective lattice action
Simp = SWilson + ‘95 ZX Cswizouylf:;ww J S= 50 + aCSWl/_)UHVFMVwJ

e (O(a) term breaks chiral symmetry as well as the mass term
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Twisted Mass QCD

o Twisted Mass in the continuum preserves physics
g iwmer3 P -
Lqocp,m = XMe™“ ™ x = X(M + ivsp)x = v My

Wilson Twisted Mass

St = gt Zx(x) ( (v (Vi + Vi) —arVyv,) + moei“””a) X(x)

TS

w

@ Wilson term is not invariant under axial flavour transformations

Advantages of tmQCD
@ a twist of w = 7 results in an automatic O(a) improvement

@ tmQCD avoids quark zero modes of the Wilson-Dirac operator
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Chiral Perturbation Theory

Effective field theory for QCD at low energies

the effective Lagrangian is expressed in terms of hadronic degrees of
freedom

at low energies these are the members of the pseudoscalar octet (7,
K., )

they are regarded as the Goldstone bosons of the spontaneous
breaking of the chiral SU(3),. x SU(3)g symmetry down to SU(3)v

the explicit symmetry breaking by the mass term in QCD is related to
the masses of light pseudoscalars in the "real” world

in addition to the mass term, Pauli-Term also breaks chiral symmetry.




(S HEINSSHTCETC M A Transformation Properties of the Goldstone Bosons

Transformation properties of the Goldstone bosons

M Goldstone fields
symmetry group of the Lagrangian G and of the ground state H:

G =SU(3), x SU(3)r = {(L,R)|L € SU(3).,R € SU(3)&}
H={(V,V)|V e SUR)v} = 5U(3)v

o definition: left coset of H: gH = {gh|h € H}

o element § = ([,R) € G

o left coset gH = (LV,RV) is isomorphic to one

@ ZH is uniquely characterized through the SU(3) matrix U = RILt

(LV,RV)=(LV,R['LV) = (1,RL"(LV,LV) = gH=1,RL)H
—— \_’J

€eH

Transformation behavior of U

gé&H = (L,RRL"H = (1,RRLTLN(L,L)H = (1,R(RLT)LT)H
U — RULT




Transformation Properties of the Goldstone Bosons

Exponential parameterization of U

Matrix U
U(x) = exp (i%)
. 0+ \%n V2rt V2K
$(x) = Xapa=| V2r a1+ Jen V2KO
pest Vak-  VaRD —Zy
The result for Nf = 2 reads:

0

P(x) = i:mﬁ; = (\/gﬂ_ \/_577:0+)

@ transformation behavior of the ground state Up = 1:
VUV = wi=1=1(,
AUpA = AA £ Uy



(L HTEI NGRS Construction of the Chiral Lagrangian

Weinberg's Power Counting Scheme

Steven Weinberg:

Phenomenological Lagrangians (1979)

“...if one writes down the most general possible Lagrangian, including all
terms consistent with assumed symmetry principles, and then calculates
matrix elements [...], the result will simply be the most general possible
S-matrix consistent with analyticity, perturbative unitarity, cluster
decomposition and the assumed symmetry principles.”

— dynamics of the Goldstone bosons is organized as a string of terms:

L=Ly+ L4+ Le+ -
expanding parameters are:
@ quark mass myq LO: Ly ~ O(p?,m,a)

o lattice parameter a NLO: L4~ O(p4,m2,a2,am,p2m)
@ momenta p2



Construction of the Chiral Lagrangian
Construction of the chiral Lagrangian

invariant terms of invariant objects (building blocks: A, B, C,...) are of
the form:

LO: Tr(AB')  NLO: Tr(AB'CD"), Tr(ABY)Tr(CD),

building blocks:

@ matrix U and 9, U are @ not invariant objects, using spurion
invariant objects: analysis:
U+— RULT mass: y — RyL
ouU — RO, uLt discretization errors: acsy ~ A— RALT

Possible non-zero or non-constant terms up to O(p?)

Te[0,U(0"U)T], Tr(xU'), Tr(Ux'), Tr(AU"), Tr(UAT)




(L HTEI NGRS Construction of the Chiral Lagrangian

LO chiral Lagrangian and Twisted-Mass
with

x = 2ByM, M = diag(my,,mg,ms), A=p=2Wpal

LO chiral Lagrangian for WxPT

Lr= %02 <aﬂuaﬂuf> - FT°2 <XUT + UXT> - %02 <puT + Upf> :

next-to-leading order (NLO):
e up to O(p*)
o 16 additional terms with 16 Low-Energy-Constants L;, W;, W/

with a twist of the mass Term (m, = my = mq # ms):

Nf=2: xr x(w)=2Bymge ™™ = {1 +ix573
Nf=3: x— x(w)=xe ¥ = 2By(diag(m,m,ms) — ius)



a9 Construction of the Chiral Lagrangian

Potential in NLO

V(U) = — FTOQ (xUt+ Uyt - 702 (pUt + Up")
~ L <XUT + UXT> . <><UT + UXT> <pTU + UT,o>
W <pTU+ UTp> - L7< ut - UXT>2
W <XUT - UXT> <pTU - UTp> W <pTU - UTp>2
— Ls (xTUxTU + UTxUtY) — We (o Ut U + UtpUt)

- Wy <pTUpTU IF UTpUJ'p>

L ~ O(m?), W; ~ O(am), W! ~ O(a?)
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Potential of two flavour yPT

direction of the vacuum: 73

LU = oiesTs <cos w3 — isinws 0 )

0 cosws + isinws.

choose parameterization:

U=uwl+inms = ‘uozcosug7 U3:sinw3‘

Potential in NLO

2 2
V(up,u3) = —crup + couy + c3uz + caus + csupuz + Leonst-

c1 = 2F¢(Bomgo + Woa) = 2FZBomyx i, 3 = 2F¢Bopx i

restrict discussion to V/(up,u3) = —ciup + ¢ ug + c3u3
c1 is proportional to the shifted u- and d-quark mass i’
3 is proportional to the twisted mass /

sign of ¢, is not known - two possible scenarios



Phase Structure of Wilson Lattice QCD in xPT for Np =2 Phase Structure for Two Quark Flavours

Aoki scenario, ¢ < 0

A. Twisted mass =0

u

) V(UO) = —Ci1Ug + C2ug m
h

.. _a B
® minimum at € = 2|C2| Aoki Scenario
1. lel >1 2. el <1
@ minimum at: @ minimum at: ug = € and
m>0: =1 U=1 uz3 =1 — €2
~/ . i —
m<0:uw=-1,U=-1] 4 symmetry spontaneously broken
@ symmetry of the ground to U(1) — Aoki phase
state: SU(2)v @ non-vanishing us corresponds to
@ Pion masses: (XY513X) # 0
2 _ 1
mz = Fg(‘cll —202) @ my, m massless,
2 2 2
my, = Figz(l —€%)




Phase Structure of Wilson Lattice QCD in xPT for Np =2 Phase Structure for Two Quark Flavours

Aoki scenario, ¢ < 0

Aoki Scenario

L ..

*—0 m,

B

Aoki Scenario

B. Twisted mass p # 0, positive

° V(UO,U3) = —C1lUg + C2ug + c3U3
@ shift of the minimum in 3
direction

e SU(2) symmetry explicitly
broken

@ all pions are massive
@ ug changes continuously
@ u3 jumps crossing the Aoki phase

@ for 1 # 0 no phase transition



Phase Structure of Wilson Lattice QCD in xPT for Np =2 Phase Structure for Two Quark Flavours

Normal scenario, ¢ > 0

A. Twisted mass ;=0

V(UO) = —C1ug + Czug
=1form >0
—1form <0

minimum at: wug
lp

m =0 — up jumps from +1 to -1

SU(2), pion masses are non-zero

u
y

r

l }'HD

B. Twisted mass p # 0

V(up,u3) = —ciup + U3 + uzcs

minimum at: |up| < 1 and u3 # 0

SU(2) symmetry explicitly broken

for M =0 and pc <

to

e

all pions are massive

F2Bo

~ a% jumps

- ]

normal scenario



Phase Structure of Wilson Lattice QCD in xPT for Np =2 Phase Structure for Two Quark Flavours

Contents

O QCD
@ Continuums QCD and Symmetries
@ QCD on a Lattice
@ Twisted Mass QCD

© Chiral Perturbation Theory
@ Transformation Properties of the Goldstone Bosons
@ Construction of the Chiral Lagrangian

© Phase Structure of Wilson Lattice QCD in xPT for N = 2
@ Potential of two Flavour xPT
@ Phase Structure for Two Quark Flavours

@ Phase Structure of Wilson Lattice QCD in xPT for Ny = 3
@ Potential of three Flavour xPT
@ Phase Structure for Three Quark Flavours



Phase Structure of Wilson Lattice QCD in xPT for Ny = 3 Potential of three Flavour xPT

Ground state for Nf = 3

minimum may have components in A3 and Ag direction:

ground state for Ny = 3

U = l(#323+¢8)s)

cos(¢3 — ¢8) —isin(¢3 — ¢s) 0 0
= cos(¢3 + ¢g) +isin(¢p3 + ¢g) 0
0 0 cos(2¢g) — isin(2¢s)

= U= ul + i(U3)\3 + U3)\3)

@ potential too complicated — choose a different parameterization
New Parameterization

a 00 a1 +iap 0 0
U=1|0 b 0] = 0 by +iby 0
0 0 c 0 0 ca +ic




Phase Structure of Wilson Lattice QCD in xPT for Ny = 3 Potential of three Flavour xPT

Potential in terms of the parameters a, b, ¢

° ap=uy/1— a3, by = vy/1— b3, o =wy/l-c?
1 = —32b2+31b1
@ ambiguity of the signs: |u| = |v| = |w| =1

‘ V(31,32,b1,b2,C1,C2) — V(al,bl,U,V,W)‘

Full potential in NLO

(abC) A(m') (a1 + b1) + Ac (ms)C1+B("'»M)(a1+b ) + Be(my)ci
( )albl + Cc ( s)(al i b1)C1 ar D(,u)(ag — b2)

E(m M)alaz + F(m »M)32b1 + Fe(m,p)ci(az — bo)
G(M'p)arby + Ge(m,p)ca(ar — br) + H(i',u) brbo

+ J( J)azby + Je(i',mi)cx(az + b2) + Const.




Phase Structure of Wilson Lattice QCD in xPT for Ny = 3 Potential of three Flavour xPT
Approximation of V/(a,b,c)

e V(a,b,c) depends on 3 known and 6 unknown LECs
@ approximation for small masses cancels 6 terms
@ shift of the masses by pg ~ a

X0 = Xo + po = 2By’
Xs = Xs + po = 2Bom

e standardization with FZBy

Potential for small masses

V(a,b,c) = — A (a1 + b1) — micy + p(az — by) — Ko(a3 + b3) — Koc?
— 2Kia1by — 2K (a1 + b1)cr + 2Koaby + 2Koco(az + bo)

2
Ko ~ 2K1 ~ 2Ko = 4X .
0 1 2 W55 F2 By ~a




Phase Structure of Wilson Lattice QCD in xPT for Ny = 3 ESCIENEIRTETECN S EWCTITPY o )

Restriction to the predominant constant Kj

potential for K; = K, =0

V(al,bl,u,v) = —ﬁv’(al -+ bl) = m;(—uv\/ 1-— a%\/ 1-— b% T albl)
+u(uy/1 — a2 — vy/1 — b2) — Ko(a? + b?)

—Ko(—uv\/ 1-— a%\/ 1-— b% + alb1)2




P SIS U7 Uhes CUErt b
1.a: Potential with Ky >0, 4 =10

B:: U = diag(1, 1, 1) J B,: U =diag(—1, —1,1)
4,_ ' ! " ' -
2r s, 1 A U=diag(-1,1, —1)and
g ot - U= diag(l, — 1, — 1)
2r A | @ border to B: |@'| = |m.|
4k _

. . - s : @ no jump in A for @ =0

my'



Phase Structure of Wilson Lattice QCD in xPT for N =3 Phase Structure for Three Quark Flavours

1.b: Potential with Ko > 0, u© # 0

behavior for p # 0

@ 4 # 0 shifts minimum away from |a] = |b| = |c| =1

@ jump of the minimum from Bj to B, for M’ = 0 vanishes for

|Nc’ = 2Ko

@ variation of y leads to a jump from A to B

0.7 T

0.6 T~

0.4

0.3

0.2

01 F

05 T

T

1,92682*(-mg)°% ———-

0 L
-0.1 -0.08




Phase Structure of Wilson Lattice QCD in xPT for N =3 Phase Structure for Three Quark Flavours

2.a: Potential with Ko < 0, u =0
A, Bl and Bz

5
; e B;: U =diag(1, 1, 1)
o 12 By: U =diag(—1, —1,1)
o e A: one minimum at a; = by (u=v)
3 jump for m., > Kj
T mlo, 2 s @ border A to B; and By:
° m, = £1/ — 3Kp
Cand D Y =
e C: one minimum at a; = by '
(u=—-v) 5
e D: two minima |a;| # |b1| \ )
o border C and D to B: m, = |AY| A e
@ jump of the minimum at m" = 0 for e m(:;’ o
mfs < |KO‘ ] behavior of u; in sector C




(Pligce Siusiuse (a7 e Quar: Hhvems
2.b: Potential with Ky < 0, i # 0

behavior for p # 0

@ 1 # 0 shifts minimum away from |a| = |b| (sectors A,B,C)

@ jump of the minimum at p = 0 (sectors A,C,D)

@ jump of the minimum at p # 0 (sectors A,D)

@ jump for " =0 by m, < 0 and p # 0 (sector A)

0.7 T T T
06
05 o

04 F o °.

03 M. Cop %e
02 F teealiCoocite
0.1

XXX KX XX XXX
0 pxxxxxxx ARARARASARARA

Aay

KKK KKK KKK KKK KKK X

0.1 1 1 1

e 0o m B x X +

0 0.1
Mo

s

02 03 04 05 06 07

Ab,

0.9

T T T T T T
. me=0,2 -+ |
x, x
oK Xy mS=0,0 x
o * x + -
"SEDEHXXX*M mg=-0,2 x
-999955?\35'*’& *a mg=-0,4 o -
P Eain;x:xx*,+ m.=-0.6 . |
T oms08 o
B Uz ami=1 . 7
L iig;;:sx*n i
- GED*:X *. .
5§Dx"x +
L ARSI
= "ox -
x
1 1 1 1 1 Sk
0 01 02 03 04 05 06
my’

0.7
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