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QCD Continuums QCD and Symmetries

QCD-Lagrangian
QCD is the gauge theory of strong interaction with colour SU(3) as
underlying gauge group.

QCD-Lagrangian

LQCD =
∑

f

q̄f (iγµDµ −mf ) qf −
1
4
Fµν,aFµνa

Covariant derivative and field
strength tensor

Dµ = ∂µ − ig
8∑

a=1

λa

2
Aµ,a

Fµν,a = ∂µAν,a − ∂νAµ,a
+ gfabcAµ,bAν,c

qf : quark fields
Dµ: covariant derivative
Aµ,a: gauge fields
g : coupling constant
Fµν,a: field strength tensor
mf : quark mass



QCD Continuums QCD and Symmetries

QCD-Lagrangian in the chiral limit
two groups of quark flavours:mu = 0.005GeV

md = 0.009GeV
ms = 0.175GeV

� 1GeV ≤

mc = (1.15− 1.35) GeV
mb = (4.0− 4.4) GeV

mt = 174GeV


low energy QCD:

restriction to light quarks qu, qd and qs

chiral limit mu,md ,ms → 0
⇒ SU (3)L × SU (3)R × U (1)V

QCD-Lagrangian in the chiral limit

LQCD =
∑

f =u,d ,s

(
q̄R,f iγµDµqR,f + q̄L,f iγµDµqL,f

)
− 1

4
Fµν,aFµνa

non-zero quark masses: LM = −q̄Mq = −q̄RMqL − q̄LMqR
result in an explicit breaking of the chiral symmetries



QCD Continuums QCD and Symmetries

Symmetry breaking in QCD

Spontaneous symmetry breaking in QCD in the chiral limit
ground state of QCD is necessarily invariant under SU(3)V×U(1)V
Vafa and Witten (1984)

SU(3)A is not a symmetry of the
ground state
→ symmetry spontaneously

broken
8 Goldstone-Bosones have to
exist
explicit breaking of symmetry
due to the mass
→ Goldstone-Bosones gain mass
the pseudo scalar mesons are
candidates for these
Goldstone-Bosones



QCD QCD on a Lattice

Lattice-QCD - Wilson action and Symanzik action
Wilson action

SWilson = a4
∑
x

ψ̄(x)(DW + m0)ψ(x) +
1
g2
0

∑
p

Tr [1− U(p)]

DW =
1
2
[
γµ
(
∇∗µ +∇µ

)
− a∇∗µ∇µ

]
Wilson-Term breaks chiral symmetry explicitly

Symanzik effective action

S = S0 + aS1 + a2S2 + · · · . Sk =

∫
d4xLk(x)

Improved lattice action

Simp = SWilson + a5∑
x cSW ψ̄σµν F̂µνψ

Effective lattice action
S = S0 + acSW ψ̄σµνFµνψ

O(a) term breaks chiral symmetry as well as the mass term



QCD Twisted Mass QCD

Twisted Mass QCD
Twisted Mass in the continuum preserves physics

LQCD,m = χ̄Meiωγ5τ3
χ = χ̄(m̃ + iγ5µ)χ = ψ̄Mψ

Wilson Twisted Mass

S tw
F = a4

∑
x

χ̄(x)

(
1
2
(
γµ
(
∇∗µ +∇µ

)
− ar∇∗µ∇µ

)
+ m0eiωγ5τ3

)
χ(x)

Sph
F = a4

∑
x

ψ̄(x)

(
1
2

(
γµ
(
∇∗µ +∇µ

)
− ar∇∗µ∇µe−iωγ5τ3

)
+ m0

)
ψ(x)

Wilson term is not invariant under axial flavour transformations

Advantages of tmQCD
a twist of ω = π

2 results in an automatic O(a) improvement
tmQCD avoids quark zero modes of the Wilson-Dirac operator



QCD Twisted Mass QCD
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Chiral Perturbation Theory Transformation Properties of the Goldstone Bosons

Chiral Perturbation Theory

Effective field theory for QCD at low energies
the effective Lagrangian is expressed in terms of hadronic degrees of
freedom
at low energies these are the members of the pseudoscalar octet (π,
K, η)
they are regarded as the Goldstone bosons of the spontaneous
breaking of the chiral SU(3)L × SU(3)R symmetry down to SU(3)V

the explicit symmetry breaking by the mass term in QCD is related to
the masses of light pseudoscalars in the ”real” world
in addition to the mass term, Pauli-Term also breaks chiral symmetry.



Chiral Perturbation Theory Transformation Properties of the Goldstone Bosons

Transformation properties of the Goldstone bosons
~Π Goldstone fields
symmetry group of the Lagrangian G and of the ground state H:

G =SU(3)L × SU(3)R = {(L,R)|L ∈ SU(3)L,R ∈ SU(3)R}
H ={(V ,V )|V ∈ SU(3)V } ∼= SU(3)V

definition: left coset of H: gH = {gh|h ∈ H}
element g̃ = (L̃, R̃) ∈ G
left coset g̃H = (L̃V ,R̃V ) is isomorphic to one ~Π
g̃H is uniquely characterized through the SU(3) matrix U = R̃L̃†

(L̃V ,R̃V ) = (L̃V , R̃L̃†L̃V ) = (1,R̃L̃†) (L̃V ,L̃V )︸ ︷︷ ︸
∈H

⇒ g̃H = (1, R̃L̃†︸︷︷︸
=U

)H

Transformation behavior of U

gg̃H = (L,RR̃L̃†)H = (1,RR̃L̃†L†)(L,L)H = (1,R(R̃L̃†)L†)H

U ′ 7→ RUL†



Chiral Perturbation Theory Transformation Properties of the Goldstone Bosons

Exponential parameterization of U
Matrix U

U(x) = exp
(

i
φ(x)

F0

)

φ(x) =
8∑

a=1

λaφa ≡

π
0 + 1√

3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η
√
2K 0

√
2K−

√
2K̄ 0 − 2√

3
η


The result for Nf = 2 reads:

φ(x) =
3∑
i=

τiφi ≡
(

π0
√
2π+

√
2π− −π0

)

transformation behavior of the ground state U0 = 1:

VU0V † = VV † = 1 = U0

AU0A = AA 6= U0



Chiral Perturbation Theory Construction of the Chiral Lagrangian

Weinberg’s Power Counting Scheme

Steven Weinberg:
Phenomenological Lagrangians (1979)

“...if one writes down the most general possible Lagrangian, including all
terms consistent with assumed symmetry principles, and then calculates
matrix elements [...], the result will simply be the most general possible
S-matrix consistent with analyticity, perturbative unitarity, cluster
decomposition and the assumed symmetry principles.”

→ dynamics of the Goldstone bosons is organized as a string of terms:

L = L2 + L4 + L6 + · · ·
expanding parameters are:

quark mass m0

lattice parameter a
momenta p2

LO: L2 ∼ O(p2,m,a)

NLO: L4 ∼ O(p4,m2,a2,am,p2m)



Chiral Perturbation Theory Construction of the Chiral Lagrangian

Construction of the chiral Lagrangian

invariant terms of invariant objects (building blocks: A, B , C ,. . .) are of
the form:

LO: Tr(AB†) NLO: Tr(AB†CD†), Tr(AB†)Tr(CD†), . . .

building blocks:

matrix U and ∂µU are
invariant objects:

U 7→ RUL†

∂µU 7→ R∂µUL†

not invariant objects, using spurion
analysis:

mass: χ 7→ RχL†

discretization errors: acSW ∼ A 7→ RAL†

Possible non-zero or non-constant terms up to O(p2)

Tr[∂µU(∂µU)†], Tr(χU†), Tr(Uχ†), Tr(AU†), Tr(UA†)



Chiral Perturbation Theory Construction of the Chiral Lagrangian

LO chiral Lagrangian and Twisted-Mass
with

χ = 2B0M, M = diag(mu,md ,ms), A = ρ = 2W0a1

LO chiral Lagrangian for WχPT

L2 =
F 2

0
4

〈
∂µU∂µU†

〉
− F 2

0
4

〈
χU† + Uχ†

〉
− F 2

0
4

〈
ρU† + Uρ†

〉
.

next-to-leading order (NLO):
up to O(p4)

16 additional terms with 16 Low-Energy-Constants Li , Wi , W ′
i

with a twist of the mass Term (mu = md = mq 6= ms):

Nf = 2 : χ 7→ χ(ω) = 2B0mqe−iωτ3 = χ̃1 + iχ′3τ3
Nf = 3 : χ 7→ χ(ω) = χe−iωλ3 = 2B0(diag(m̃,m̃,ms)− iµλ3)



Chiral Perturbation Theory Construction of the Chiral Lagrangian

Potential in NLO

V (U) =− F 2
0
4

〈
χU† + Uχ†

〉
− F 2

0
4

〈
ρU† + Uρ†

〉
− L6

〈
χU† + Uχ†

〉2
−W6

〈
χU† + Uχ†

〉〈
ρ†U + U†ρ

〉
−W ′

6

〈
ρ†U + U†ρ

〉2
− L7

〈
χU† − Uχ†

〉2

−W7

〈
χU† − Uχ†

〉〈
ρ†U − U†ρ

〉
−W ′

7

〈
ρ†U − U†ρ

〉2

− L8

〈
χ†Uχ†U + U†χU†χ

〉
−W8

〈
ρ†Uχ†U + U†ρU†χ

〉
−W ′

8

〈
ρ†Uρ†U + U†ρU†ρ

〉

Li ∼ O(m2), Wi ∼ O(am), W ′
i ∼ O(a2)



Chiral Perturbation Theory Construction of the Chiral Lagrangian
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Phase Structure of Wilson Lattice QCD in χPT for Nf = 2 Potential of two Flavour χPT

Potential of two flavour χPT
direction of the vacuum: τ3

⇒ U = eiω3τ3 =

(
cosω3 − isinω3 0

0 cosω3 + isinω3.

)
choose parameterization:

U = u01 + iu3τ3 ⇒ u0 = cosω3, u3 = sinω3

Potential in NLO

V (u0,u3) = −c1u0 + c2u2
0 + c3u3 + c4u2

3 + c5u0u3 + Lconst .

c1 = 2F 2
0 (B0mq0 + W0a) = 2F 2

0 B0m′0∝ m̃′, c3 = 2F 2
0 B0µ∝ µ

restrict discussion to V (u0,u3) = −c1u0 + c2u2
0 + c3u3

c1 is proportional to the shifted u- and d-quark mass m̃′

c3 is proportional to the twisted mass µ
sign of c2 is not known - two possible scenarios



Phase Structure of Wilson Lattice QCD in χPT for Nf = 2 Phase Structure for Two Quark Flavours

Aoki scenario, c2 < 0
A. Twisted mass µ = 0

V (u0) = −c1u0 + c2u2
0

minimum at ε = c1
2|c2| Aoki Scenario

1. |ε| > 1

minimum at:
m̃′ > 0 : u0 = 1, U = 1
m̃′ < 0 : u0 = −1, U = −1
symmetry of the ground
state: SU(2)V

Pion masses:
m2
π = 1

F 2
0

(|c1| − 2c2)

2. |ε| < 1

minimum at: u0 = ε and
u3 =

√
1− ε2

symmetry spontaneously broken
to U(1) → Aoki phase
non-vanishing u3 corresponds to
〈χ̄γ5τ3χ〉 6= 0
π1, π2 massless,
m2
π3

= 2c2
F 2

0
(1− ε2)



Phase Structure of Wilson Lattice QCD in χPT for Nf = 2 Phase Structure for Two Quark Flavours

Aoki scenario, c2 < 0

Aoki Scenario Aoki Scenario

B. Twisted mass µ 6= 0, positive

V (u0,u3) = −c1u0 + c2u2
0 + c3u3

shift of the minimum in τ3
direction
SU(2) symmetry explicitly
broken

all pions are massive
u0 changes continuously
u3 jumps crossing the Aoki phase
for µ 6= 0 no phase transition



Phase Structure of Wilson Lattice QCD in χPT for Nf = 2 Phase Structure for Two Quark Flavours

Normal scenario, c2 > 0
A. Twisted mass µ = 0

V (u0) = −c1u0 + c2u2
0

minimum at: u0 = 1 for m̃′ > 0
u0 = −1 for m̃′ < 0

m̃′ = 0 → u0 jumps from +1 to -1
SU(2), pion masses are non-zero

B. Twisted mass µ 6= 0
V (u0,u3) = −c1u0 + c2u2

0 + u3c3

minimum at: |u0| < 1 and u3 6= 0
SU(2) symmetry explicitly broken

for m̃′ = 0 and µc <
|c2|

F 2
0 B0
∼ a2 jumps

u0

all pions are massive normal scenario



Phase Structure of Wilson Lattice QCD in χPT for Nf = 2 Phase Structure for Two Quark Flavours
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Phase Structure of Wilson Lattice QCD in χPT for Nf = 3 Potential of three Flavour χPT

Ground state for Nf = 3
minimum may have components in λ3 and λ8 direction:

ground state for Nf = 3

U = ei(φ3λ3+φ8λ8)

=

cos(φ3 − φ8)− i sin(φ3 − φ8) 0 0
0 cos(φ3 + φ8) + i sin(φ3 + φ8) 0
0 0 cos(2φ8)− i sin(2φ8)


⇒ U = u01 + i(u3λ3 + u8λ8)

potential too complicated → choose a different parameterization
New Parameterization

U =

a 0 0
0 b 0
0 0 c

 =

a1 + ia2 0 0
0 b1 + ib2 0
0 0 c1 + ic2





Phase Structure of Wilson Lattice QCD in χPT for Nf = 3 Potential of three Flavour χPT

Potential in terms of the parameters a, b, c

a2 = u
√

1− a2
1, b2 = v

√
1− b2

1, c2 = w
√

1− c2
1

c1 = −a2b2 + a1b1

ambiguity of the signs: |u| = |v | = |w | = 1

V (a1,a2,b1,b2,c1,c2) = V (a1,b1,u,v ,w)

Full potential in NLO

V (a,b,c) = A(m̃′)(a1 + b1) + Ac(m′s)c1 + B(m̃′,µ)(a2
1 + b2

1) + Bc(m′s)c2
1

+ C (m̃′,µ)a1b1 + Cc(m̃′,m′s)(a1 + b1)c1 + D(µ)(a2 − b2)

+ E (m̃′,µ)a1a2 + F (m̃′,µ)a2b1 + Fc(m′s ,µ)c1(a2 − b2)

+ G (m̃′,µ)a1b2 + Gc(m′s ,µ)c2(a1 − b1) + H(m̃′,µ)b1b2

+ J(m̃′,µ)a2b2 + Jc(m̃′,m′s)c2(a2 + b2) + Const.



Phase Structure of Wilson Lattice QCD in χPT for Nf = 3 Potential of three Flavour χPT

Approximation of V (a,b,c)

V (a,b,c) depends on 3 known and 6 unknown LECs
approximation for small masses cancels 6 terms
shift of the masses by ρ0 ∼ a

χ′0 = χ0 + ρ0 = 2B0m̃′

χ′s = χs + ρ0 = 2B0m′s

standardization with F 2
0 B0

Potential for small masses

V (a,b,c) =− m̃′(a1 + b1)−m′sc1 + µ(a2 − b2)− K0(a2
1 + b2

1)− K0c2
1

− 2K1a1b1 − 2K1(a1 + b1)c1 + 2K2a2b2 + 2K2c2(a2 + b2)

K0 ∼ 2K1 ∼ 2K2 = 4XLW
ρ2
0

F 2
0 B0

∼ a2



Phase Structure of Wilson Lattice QCD in χPT for Nf = 3 Potential of three Flavour χPT

Restriction to the predominant constant K0

potential for K1 = K2 = 0

V (a1,b1,u,v) = −m̃′(a1 + b1)−m′s(−uv
√

1− a2
1

√
1− b2

1 + a1b1)

+µ(u
√

1− a2 − v
√

1− b2
1)− K0(a2

1 + b2
1)

−K0(−uv
√

1− a2
1

√
1− b2

1 + a1b1)2



Phase Structure of Wilson Lattice QCD in χPT for Nf = 3 Phase Structure for Three Quark Flavours

1.a: Potential with K0 > 0, µ = 0

B1: U = diag(1, 1, 1) B2: U = diag(−1, − 1, 1)

A: U = diag(−1, 1, − 1) and
U = diag(1, − 1, − 1)
border to B : |m̃′| = |m′s |
no jump in A for m̃′ = 0



Phase Structure of Wilson Lattice QCD in χPT for Nf = 3 Phase Structure for Three Quark Flavours

1.b: Potential with K0 > 0, µ 6= 0

behavior for µ 6= 0
µ 6= 0 shifts minimum away from |a| = |b| = |c | = 1
jump of the minimum from B1 to B2 for m̃′ = 0 vanishes for

|µc | = 2K0

variation of µ leads to a jump from A to B



Phase Structure of Wilson Lattice QCD in χPT for Nf = 3 Phase Structure for Three Quark Flavours

2.a: Potential with K0 < 0, µ = 0

A, B1 and B2

B1: U = diag(1, 1, 1)
B2: U = diag(−1, − 1, 1)

A: one minimum at a1 = b1 (u = v)
jump for m′s > K0

border A to B1 and B2:
m′s = ±1

2m̃′ − 3K0

C and D
C: one minimum at a1 = b1
(u = −v)

D: two minima |a1| 6= |b1|
border C and D to B: m′s = |m̃′|
jump of the minimum at m̃′ = 0 for
m′s < |K0| behavior of ui in sector C



Phase Structure of Wilson Lattice QCD in χPT for Nf = 3 Phase Structure for Three Quark Flavours

2.b: Potential with K0 < 0, µ 6= 0

behavior for µ 6= 0
µ 6= 0 shifts minimum away from |a| = |b| (sectors A,B,C )

jump of the minimum at µ = 0 (sectors A,C ,D)

jump of the minimum at µ 6= 0 (sectors A,D)

jump for m̃′ = 0 by m′s < 0 and µ 6= 0 (sector A)
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