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 � � �	 � � � � �
LQCD =

∑

f

ψ̄f{γµ(∂µ−i gAµ)+mf}ψf +
1

4
F i

µνF
i
µν , f = 1, . . . Nf � � � � � � �

� � � � � � � � �	 � � �� � � � � ∼ �� � � � �	 � � 	 � g → � 	 �� � � � � � � � � � 	 � �

� � ��� � � � � � � � � �	 � � � � � �� �� � � � � �� � � �� � � � �� 	 � �� �� � � � � � � � �
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� � � �� � � � � �	 � �

� � � �	 � � � � � � 	 � � a
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x µ

ν U     =xµν
a gF   xµν(  )i 2

e

� 	 � � � � � � �	 � � �

L = (m0 +
4

a
)ψ̄xψx −

1

2a

∑

µ

{

ψ̄x+µ(1 + γµ)Uxµψx + ψ̄x(1− γµ)U+
xµψx+µ

}

−
2

a4g2

∑

µ<ν

� �� � Uxµν

' ψ̄(γµDµ +mq)ψ −
1

2a
ψ̄DµDµψ +

1

4
F i

µνF
i
µν

� �� �� � � � � m0 = mc +mq



� �� � � 	 � � � 	 � � � � �	 �� �	 � � � �� 
 �� � � �� 
� � �� �� � � � � 	 � � � � �� � � � � �	 � � � � � � � �

� �� � � �� 	 � � � � � � �� �� � � � ��

• � � 	 � � a �� � � �	 � � � � � � 	 � � � �� �� � � �

• � � 	 � � � �� � � �	 � � �	� � � �� �� � � �

• �� � � � � �� �� � � � � � �


 �� � � � � � � � � � mu = 5� � � , md = 9� � � , ms = 175� � �

� � � � � 
 � � � � � �� �� 	 � � � � � � ∝ mp
q , p = 2− 3

	 � �� � � �� � �	 � � � � �� � � � mq → � � 	 � � � � � � � � � � � �	 � � �� � � � � � χ � � �

� � � 	 � � � � �
 � � � � � � � � � � �� �� � � � � � � � � � � � � � �	 � � � � � � � � � � 	 � � � � 	 � 	 � � mq = 0



� � � �	 � � � � � � 	 � � a

X(a) = X(� � � �	 � � �� ) + c1a+ c2a
2 + . . .

� �� � � � 	� � � 	 � � � � � �� � � � � � � � � � � � c1 → 0 � c2 → 0 � � � �

� � �� �� �

� � 	 � � �� � � � � � � � �	 � � 
 
� ��� � �� � � � �	 � � � � � �	 � � 	 � � � � � 	 �� � � � � �	 �

→ O(a)	 � � � � � �� � � �



	 � � 
 � 	 � � � � �� � � � 	 � � �� � � � � 
 �� � � � � � � �	 � �

� �� � � �� � � �� 	 � � � 	 � � � �� � � � �	 � � � �� �� � �� � � � �� � 
� 	 � � � � � � � � �� � � � � � �

� �� 	 � � � � �� � � � � � � � � � � 	 � � 	 � � � � � �� � � � �	 � � � � 	 � � � �� � � �� � � � � 	� � �

� � �� � � � � � � � � � � � � � � �� � � � � �� � � � � � � � � � � � 	 � � � � �� � � �	 � �� � 	 � 
 �� � � � 	 � � �

� �� � �� 	 � � 
 �� 	 � � � �� � � �� � � � �� � � � �� � � � � � � � � � � � �� 	 �� � � � � � � �

� � � � � 	 � � � � � � � � � 	 � � � � � � 	 � � � �� � � � � � � � �� �
 � � �� � 
 � 	 � � � � � � � � 
 � � � � �	 �

� � �� � �� � � � � � �� � � � � � � � � � �� 	 � � � � � � � � � 	 � �� � �� � � � � � � � � � 
 �� � � � � �	 � � �


 � � � � � � � � � � � � � � 	� � � � � � � � � � � �

� � � � 	 � � � � � �� � �	 � � � � � � �� � � � � � � � � � � � � �� �� � � 	 � � � � � �� �� 	 � � � � �� � � � � � � �

� � � � � � � � � � � 	 �� � � � �� � � � � � � �� � 
 � � �� � 	 � � � � � � � �� � � � � � � � �� �� �

� � � 	 � � 	 � � � 	 � � � � � � � � ��� � � �� � � �� � � 	 � �
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 �� � � �� 
� � �� �� � � � � 	 � �


 � � �	 � � � � �
LQCD =

∑

f

ψ̄f{γµ(∂µ−i gAµ)+mf}ψf +
1

4
F i

µνF
i
µν , f = 1, . . . Nf � � � � � � �

ψL ≡
1

2
(1− γ5)ψ , ψR ≡

1

2
(1 + γ5)ψ

→ Lq = ψ̄LγµDµψL + ψ̄RγµDµψR +mq(ψ̄LψR + ψ̄RψL)

mq = 0 → � � 	 � � � � �� � � �� � � � (Nf )L ⊗ � � (Nf )R ⊗ � (1)V ⊗ � (1)A

ψL → LψL , ψR → RψR � 	 �� L ∈ � � (Nf )L, R ∈ � � (Nf )R

� � � � �� � � � � �� � � � �� � � � � � � (Nf )V , (L ≡ R)

� �� � � � � � � � � � � � ��� � � � � � � �� � � � � � � � � � � � � 	 � � � � � � � � � � η

�� � � 	 � 	 � �� � � � �� � � � � � � � �� � � � � � � mq 6= 0

� �� � � � � � � � � � � � � →� 	 �� � � � � � � �� � �� � � � � � � � � � � � �

� � � Nf = 2 � � � � � � �� � �� � � � � � � � � � � � �� � 	 � � � πb , b = 1, 2, 3

� �� �� � � � � � � � � � � � � � � � � � � m2
π = B0(mu +md)
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� � �� � � � �	 � � � � � �	 � � 	 � � � � � 	 �� � � � � �	


 � � �	 � � � Nf = 2, mu = md ≡ mq

� � � � � � � � � � � � �� � � � � � � mq � �� � � � � � � �� 	 � � g

� � � � � � � � ψ̄ M(ω)ψ� 	 ��
M(ω) = mq ei ωγ5τ3 = m+ iµγ5τ3 , � � � � � m = mq cos(ω), µ = mq sin(ω)


 � � �	 � � � � � � � �� �� � � � �� � � � ω � � � � 	 � � � � � �� �	 � � � ψ = e−iωγ5τ3/2 ψ′

� � � �	 � � � � � � � � � � � � � � � ω� � � � � � � �� 	 � 	 � � � �� � 	 � � �� � � 	 � � � � �� � � �� � �� � � � ��

� 	 � � � � � � � �

� � �� 	 �	 � � � � � � �� � � � � � � �� �� 	 � � � � � �	 � � � � �� � � 	 � � �� � � 	 � � � �	 � �� � �	 � � �

� �� � O(a)	 � � � � � �� � � � � � � ω = π
2 ��� � �� � � � �	 � � � � �	 �



� � � � � � � � � � � � �� �� �	 � � � � � � � � � �� � � � � � 	 � � �

�� � � � � �� �� � � � � � � � 	 � � � � � � � � � � � �	 � � �� � � � �

−→ � �� � � � � � � � � � �� �	 � � � � � � � � � �� �

	 � � � � � � �� U(x) = exp

(

i

F0

πb(x)τb

)

�� � � �� � � � � � � U → LUR−1 � (L,R) ∈ � � (Nf )L ⊗ � � (Nf )R


 � � �	 � � � � �

� �� � 	 � � � � � � � L2 =
F 2

0

4
� �

(

∂µU
† ∂µU

)

−
F 2

0

4

� �

(

χU † + Uχ†
)

χ = 2B0M , M =

(

mu 0

0 md

)

	 � � � � �	 � � � L2 = 1
2
(∂µπa)(∂µπa) + 1

2
B0(mu +md)πaπa � � � �

� 	 �� � 	 � � � � � � � � m2
π = B0(mu +md) ( F 2

0B0 = −〈ūu〉 )



� 	 �� � � � � � � � � � � � � � � � 	 �� � � � � � �� � � � � � � � � � � � 	 �� �	 � � �

� �� �� � �� � �� � 	 � � � � � � � � � � � �

L4 =
F 2

0

4

� �

(

∂µU∂µU
†
)

−
F 2

0

4

� �

(

χU † + Uχ†
)

−L1

[� �

(

∂µU∂µU
†
)]2
− L2� �

(

∂µU∂νU
†
)� �

(

∂µU∂νU
†
)

−L3� �
(

[

∂µU∂µU
†
]2
)

+ L4� �

(

∂µU∂µU
†
)� �

(

χU † + Uχ†
)

+L5� �
(

∂µU∂µU
†
[

χU † + Uχ†
])

− L6

[� �

(

χU † + Uχ†
)]2

−L7

[� �

(

χU † − Uχ†
)]2
− L8� �

(

χU †χU † + Uχ†Uχ†
)

� � � � � �� � � � �� �� � � � � �� � 	 � � � � Li

L � � ��� � � � � � � � � 	� � �� � � � � 	 � � � � � � �� � � � � � � �	 � � �� � �� �



� � � �	 � � �

� �� � � � 	� � � � � �� �	 � � � � �	 � � � LLQCD = LQCD + aL1 + . . . 	 � �� � � � � �	 � � ��

→ �� �� �	 � � � � 	 � � � � � � � � � � �� � L	 � � � � � 	 � � � � � �	 � � � � �	 � � � � �

∼ � � � � � 	 � L � � � � � � �	 � � � � � � � �� � � � �� a

L2 =
F 2

0

4

� �
(

∂µU
† ∂µU

)

−
F 2

0

4

� �

(

χU † + Uχ†
)

−
F 2

0

4

� �

(

ρU † + Uρ†
)

� � � � �

χ = 2B0m
′
q , ρ = 2W0 a

	 � � � � �	 � � � L2 = 1
2
(∂µπa)(∂µπa) + 1

2
m2

π πaπa � � � �

� 	 �� � 	 � � � � � � � � m2
π =2B0m

′
q + 2W0 a = 2B0mq


 � � � �� � � � m2
π � Fπ � � �� � 	 � � �� � � � �� mq ∼ χ �� �� 	 � �� � � � � �� � 	 �� � � �

� � � a ∼ ρ

� �� �� � �� � �� � 	 � � � � � � � � � � � � � � �� � � � �� O(a)
 � � � � � � � � � � �� � � � �� O(a2)

� � � � � 
 � � � � → � � � � � �� � � � �� �� � � � � �� � 	 � � � � �� χ � �



�� 	 � � �� � � � � � � � �	 � � 
 
� �

� � 	 � �	 � � �� �� � � � � � � � � �

χ→ χ(ω) = 2B0m
′
q e−iωτ3

� �� � 	 � � � � � � �

L2 =
F 2

0

4

� �
(

∂µU
† ∂µU

)

−
F 2

0

4

� �

(

(χ(ω) + ρ)U † + U(χ(ω) + ρ)†
)



� �� �� � �� � �� � 	 � � � � � � � � � � � � � � O(a2)

L4 =
F 2

0

4

� �

(

∂µU∂µU
†
)

−
F 2

0

4

� �

(

χU † + Uχ†
)

−
F 2

0

4

� �

(

ρU † + Uρ†
)

−L1

[� �

(

∂µU∂µU
†
)]2
− L2� �

(

∂µU∂νU
†
)� �

(

∂µU∂νU
†
)

−L3� �
(

[

∂µU∂µU
†
]2
)

+L4� �
(

∂µU∂µU
†
)� �

(

χU † + Uχ†
)

+W4� �

(

∂µU∂µU
†
)� �

(

ρU † + Uρ†
)

+L5� �

(

∂µU∂µU
†
[

χU † + Uχ†
])

+W5� �

(

∂µU∂µU
†
[

ρU † + Uρ†
])

−L6

[� �

(

χU † + Uχ†
)]2

−W6� �

(

χU † + Uχ†
)� �

(

ρU † + Uρ†
)

−W ′
6

[� �

(

ρU † + Uρ†
)]2

−L7

[� �

(

χU † − Uχ†
)]2

−W7� �

(

χU † − Uχ†
)� �

(

ρU † − Uρ†
)

−W ′
7

[� �

(

ρU † − Uρ†
)]2

−L8� �

(

χU †χU † + Uχ†Uχ†
)

−W8� �

(

χU †ρU † + Uρ†Uχ†
)

−W ′
8� �

(

ρU †ρU † + Uρ†Uρ†
)



� � � � �� ∼� 	 � 	 � � � �� L
� � � � ��� �� � 	 �� 	 � � � 	 � � � �� � � �� �� 	 � 	 � � � � � � � � � � � � � 	 � � � � �� � 	 � � �

� 	 � � � � � � � �� 	 � �	 � � � � O(a2)

	 � � � � �	 � � � � � � � � �� � � ��
→ � � 	 � � � � � � � � � � � �	 � � �� � � � � � � � �� 	 � � �� � � � � � � � �	 � � 
 
�

�� � � � � � � � �� � � 	 � � � �� � �� � � � �� � � � � � � � � � � � � �

�� � � � � � � � �� � � � � � � � � � �� 	 � � � � � � � �



� � �� � � � � �� �� � � � �

�� � � � � � � �� 	 � � � � � � 	 � � � � � �� � � � �� � � � �� � � �	 �	 � � � 
 � � � � � � 	 �	 � � �� � �

�� � � �� � � � � � � � � � � �� � � � �� �

m0 = mc +mq

g → 0 � � � � �	 � � �� � 	 � 	 � ∼� � � � � �� � � � ←→ mc = 0

� � � � � � � � �	 � � �� � � � � � � � � �� � � � �� �� � � � � � � � mc = −
1

a
(0.4340 g2 + . . .)

g →∞ � mc = −
1

a
· 2 ←→ mπ = 0



g0 ∞

0

m  < 0

ψψ > 0

m  > 0

ψψ < 0
am0

-2q

q

�� � �	 � � � � � � 	 � � � mq ≥ 0 � ψ̄ψ 6= 0 �

� � mc � mπ = 0 � � � � � �� � � � � �� � � � �� � � � � 	 � � � � �� � � � � �

� � � � � � � � � �	 � � � �� �� 
 
�

� � � � � �	 � � �� � h � �� � � � � � � mq

� � � � � �	 � � �	 � � M ψ̄ψ



�� � � � � � �� �� � � � � �� ��

� � � � � � � �� �� � � �� � � �� 	 � �� � � � � � �

� 	 �� � � � � �� � � �� � � � �� � 	 � � �

� � � Nf = 2 � � � (2)L ⊗ � � (2)R ∼ � � (4) � � � (2)V ∼ � � (3)

� 2 � � �	 � � � −→ � � (4) �� � 	 � � � � � � � � �� �� �

� � � �� � � � � � � � � � � � � � � mq = 0�
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� �� � � ��� �� � 	
 �
� 	 	� � 	�� ��� � ��� � �� � 	� 	� 	 	�

� 	 � �� � 	� � �� � � � � � � �	 � � �

� � � � � � � �� � 	 � �	 � � � U = u0 + iuaτa , |u|2 = 1 , 2χ+ 2ρ ≡ h0 + ih3τ3

� �

(

U(χ† + ρ†)
)

= u ·h ←→ � � � � � �	 � � �� � 	 � � � � � � � 	 � � � � � � � � �� ��

� � � � � �	 � � 	 � � �� �� � �� � �� � 	 � � � � � � � �

V = −c1 u0 + c2 u
2
0 + c3 u3 + c4 u

2
3 + c5 u0u3

c1 ∼ mq, c2 = O(a2) � � � �� � � � mq, c3 ∼ µ



�� � � � � 	 � � � � µ > 0 � c2 < 0

mq > 0 mq = 0 mq < 0

� � � � � � � � �� � � � � � � � �	 �	 � � � � � � � � � � � � � � � � 	 � � µc ∼ a
2

� � � � � � �� � � � � 	 � �

m0

µ

µc



� 	 � 	 � � � m2
π ∼ a

2

0

0.2

0.4

0.6

0.8

1

1.2

2.8 2.85 2.9 2.95 3 3.05 3.1

(a
m

π)
2

µκ = (2κ)-1

123x24 lattice
β = 0.67
κ = 0.165 - 0.175
c1=-1.4088

(amπ)2min=0.0881

� � �� � � � � � � � 	 � � 	 � � � � � � 	 � � � �� � � � � � 
 � � � � � � � � � �� � �

�� � � � � � �	 � � �



�� � � � � 	 � � � � µ > 0 � c2 > 0
� �� 	 �� � � � � 	 � �

m0

µ

B



� � � � � � � 	 � � � � � � � � � � � c2� � � � � � � � � g2 �� � �	 � �

� � � � � 
 � � � � � � � � �� � �	 � � �

� �� � � �� � � � �� � � � � � � � � � � � � � � g2 ↔ � �� 	 �� � � � � 	 �
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�

� � 	 � �	 � � �� �� � � � � � � � � �

χ→ χ(ω) = 2B0mq e−iωτ3

�� 	 � � �� � � �� � � � � �	 � � � � � � � � � � 	 � � � � � �� �	 � �

ρ→ ρ(ω) = eiωτ3ρ = eiωτ3 2W0 a

� � � � �� ∼� 	 � 	 � � � �� L

� � � � ��� �� � 	 �� 	 � � � 	 � � � �� �

π̃3 = F0

W0 a

B0mq
sinω

[

1−
8χ0

F 2
0

(4L6 + 2L8 − 2W6 −W8)

]

+O(a2)

	 � � � � �	 � � � � � � � � �� � � �� → � � 	 � � � � � � � � � � � �	 � � �� � � � �

� �� � � � �� mq ∼ χ �� �� 	 � �� � � � � �� � 	 �� � � � � � �

� �� � � � �� a/mq � � � O(a2)



� � � � 	 � � � � � �

	 � � � � �	 � � �� L	 � � 	 � � � �� � �

L = K
1

2
{(∂µπa)(∂µπa) +m2

π( � � � � )πaπa}+ . . .

� � � � � � � � � 	 � � �	 � � � � � �� � � 	 � � � � � � � �� � � � � � �� �� � � � � � � �	 � � �

� �� � � � �	 � � � � � �� �� 	 � � �� �� � � � � � 	 �� �

= O(a2)



� � � �� � �
m2

π = χ0 + ρ0 + 8
χ2

0

F 2
0

(4Lr
6 + 2Lr

8 − 2Lr
4 − L

r
5)

+8
χ0ρ0

F 2
0

(4W r
6 + 2W r

8 − 2W r
4 −W

r
5 − 2Lr

4 − L
r
5)

+
(χ0 + ρ0)

2

32π2F 2
0

ln

(

χ0 + ρ0

Λ2

)

+O(a2)

� � � � �

χ0 = 2B0mq , ρ0 = 2W0 a cosω

Lr
k, W

r
k � � � � � � � � � 	 � �� � � 	 � � � � � � � � � � � � � � Λ� � � � � � � � � 	� � �	 � � �� � � �

� � � � � � � � � � � � ω � � � � � � � cosω � � � � � � � O(a) �

� � � 	 � � � �� 	 � � � ω = π/2 → �� � 	 �� 	 � � � � � �	 � � � � �	 � � � � � � � � � � � �� � � � �	 � � � � �	



� �� � 	 � � � �� � � � � � � �� � �

Fπ � 	 � � � � � 〈0|Jµ,a
A |πb(p)〉 = iFπp

µδab

� � 	 � � � � � � � � � Jµ,a
A � � � � �� � � � � �� �� � � � → �� � � � � �	 � � 	 � � � � � � � � � � 	 � �

� �� � �

 � � � � 	 � � �	 � � � �

�� � � � � � �� � � � � � � � � � �� �	 � � �

� � � � � � � � �� �	 � � � � � O(a2) �



� � � � � � � � �	 � � � � � � � � � � 	� � �	 � � �

� � � �� � �

Fπ = F0

(

1 +
4

F 2
0

[χ0 (2Lr
4 + Lr

5) + ρ0 (2W r
4 +W r

5 )]

−
1

16π2F 2
0

[

(χ0 + ρ0) ln
χ0 + ρ0

Λ2

])

+O(a2)

χ0 = 2B0mq , ρ0 = 2W0 a cosω



� � � � � � � � � � � � � � � � � � � �� � � � � � �

� �� � �� � � � � � � � � � �� 	 � � � � � � � � � � � � �� � �� � � � �� �� �� � �

� � Nf = 2, mu 6= md

� � � � � � � � M = (md +mu)1 + (md −mu)τ1

M(ω) = ei ωγ5τ3/2M ei ωγ5τ3/2

� � Nf = 3, mu = md 6= ms

m2
π � m2

K � m2
η � Fπ � FK � Fη 	 � � � 	 � � � � � � � � � � � �	 � � �� � � � �
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 � � � � � � � � �� � � � � � �� 	 � � � � � � � � � � � � �

� � � 
 � 	 �� � � �� � � � �	 � � � � � �� �	 � � �� � � � �� � � �� � �� � �

�� 	 � � �� � � � � � �� � � � � �� � � � � 	 � � � �� � � � � � � �� �� � � � � � 	 � � � � �� 	 �

� � � � � 	 �� � 	 � � � � � � � � � � � � � � � � �� � � � � � � � � � � � �



� 	 � �� � �	 � � � � 	 �� Nf = 2
	 � � � � � �� �� � � � � � �	 � � �

(1− 8b1) ( � � � � � � � � � ) + b1 (� � � �� � �� � � � � � � � )

� � � � � b1 = −1.4088

�� � �� � �� � � � � � �� � �� � � � 	� 	 � � � � � �� � b1 = − 1
12

� �� � �� � � � 	 � 	 � � � � 	 � � � � � � ↔ µc



� � � � � � �	 � �

� � � � � � � 	 � � 	 � � � � � � 	 � � � �� � � � � � 
 � � � � � � � � � � � �� � �� � � � �� � � � � � �

123 · 24 � a ≈ 0.19� � � 163 · 32 � a ≈ 0.12� � �

µ ≈ 11� � �

� 	 � 	 � � � mπ = 320� � �

� � � � � � 	 � � mc � mPCAC = 0

� � � � � �� �� � � � mπ � Fπ � Gπ � mPCAC � � 	 � � � � � � � �� 	 � �	 � � � � � �



� 	 � � � � � � 	 � � � � � � � � � � � �	 � � �� � � � � � � � � � �
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cos(ω) amq
PCAC

DBW2 gauge action
123×24, β=0.67, aµ=0.01
163×32, β=0.74, aµ=0.0075



	 � �	 � � � � � �� � �� � � � � � � � � � � � �� � � � �

70 MeV ≤ F0 ≤ 85 MeV

2.9 GeV ≤ B ≤ 3.5 GeV

4.0 ≤ Λ3/F0 ≤ 8.0

16.0 ≤ Λ4/F0 ≤ 19.0

�� � � �� � � �� � � 	 � � � �� � � � � � � �� � � � � �

F0 ≈ 86 MeV

2.3 ≤ Λ3/F0 ≤ 23.3

9.3 ≤ Λ4/F0 ≤ 22.1

Λ3 = 4πF0 exp(128π2(2L4 + L5 − 4L6 − 2L8))

Λ4 = 4πF0 exp(32π2(2L4 + L5))
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Nf = 2 � �� � �� �� � � � � � �	 � �

243 · 48 � 323 · 64

mπ� �� � � � � � � � � �
Nf = 2 + 1 + 1


