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Lattice Quantum Chromodynamics
with a chirally twisted mass term
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1. Introduction

Quantum Chromodynamics

Continuum:

7 : |
Lqocp = Zwf{vu(ﬁu—lgAM)+mf}¢f+ZFWFW, f=1,...N; flavours
f

Perturbation theory ~ expansion in ¢ —  high energy regime
Non-perturbative problems: spectrum, matrix elements, ...

—  QCD on the lattice
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Lattice QCD
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Numerical investigations of Quantum Chromodynamics on the lattice have to

fight against problems from
e finite a (lattice spacing) effects,

e finite L (lattice size) effects,

e small quark masses

Quark masses: m,, = 5MeV, myg=9MeV, my = 175MeV

Monte Carlo: slowing down ocmb, p=2—-3

Extrapolation to small m, —  chiral perturbation theory (xPT)
(Weinberg; Gasser, Leutwyler, ...): expansion around chiral limit, m, =0



Lattice spacing a

X (a) = X (continuum) + cia + cpa® + . ..

Symanzik’s improvement program: c¢; — 0, co — 0, ...
Ansatz:
Twisted mass lattice QCD (Frezzotti, Grassi, Sint, Weisz, Rossi)

— (O(a) improvement
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2. Chiral symmetry of Quantum Chromodynamics

Continuum:

7 - |

Lqocp = Z¢f{7u(5u_1914u)+mf}¢f+ZFWFu,w f=1,...Ny flavours
f

1

V=3 (1), wr= 31+

—  Lq=v7.Dubr + ory, DR + me(Yrivr + Yrir)
mqg =0 —  chiral symmetry SU(N;)r ® SUNf)r @ U(1)y ® U(1)4

v, — LY, 1Yr — RYr with LESU(Nf)L, RGSU(Nf)R

spontaneously broken to SU(Ny)y , (L =R)

Goldstone bosons = pseudoscalar mesons: pions, Kaons, n

explicitely broken by quark masses m, # 0
Goldstone bosons — light Pseudo-Goldstone bosons

For Ny =2: Pseudo-Goldstone bosons = pions m,, b=1,2,3

Gell-Mann, Oakes, Renner: m?2 = Bg(m, + myg)



3. Twisted mass lattice QCD

Frezzotti, Grassi, Sint, Weisz, Rossi
Consider Ny =2, My, = Mg = My

Parameters: quark mass m,, gauge coupling g

Mass term v M (w) ¢ with

M(w) =m,e“?™ =m +iuysts, where m = mgcos(w), g = mysin(w)
Continuum: no effect, remove w by chiral rotation: ¢ = e~ iwYsTs/2 Y’

Lattice: dependence on w due to explicit breaking of chiral symmetry through

Wilson term

Promising approach for reducing lattice effects in numerical simulations

Full O(a) improvement for w = 5 (Frezzotti, Rossi)



4. Low-energy effective Lagrangean for pions

Phase structure, chiral perturbation theory
—  Low-energy effective Lagrangean

in terms of U(x) = exp (FL 7Tb(.fl?)7'b>
0

transforms as U— LUR™ !, (L,R) € SU(Nf)r ® SU(N#)r

Continuum:

F? Fy
Leading order Lo = IO Tr ((%UT 0“U) — IO TIr (XUT + UXT)
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Expansion: Lo =

with pion masses m2 = Bo(my, +myg) ( F¢By = —(uu) )



Higher orders: terms with more fields and/or derivatives

Next-to-leading order (NLO)

Fg n_ o } }
£4:ITT(8MU0MU)_ITT<XU —|—Ux)

— L, [Tx (8,U08,U")]* = L, Tr (8,U8,U") Tr (8,U0,U")
LTy ([@LU@MUT] 2) + Ly Tr (8,U8,U1) Tr (xUT 4 UxT)
+Ls Tr (9,U0,U" [xUT + Ux']) = Lg [Tr (xUt + UXT)]
—L; [Tr (xUT = UxD)]* = L Tr (xU YU + UXTUX)

Gasser-Leutwyler coefficients L;

L non-renormalizable, Weinberg power counting scheme



Lattice:
Symanzik’s effective action: Lrgcp = Lqoep +a L1 +... in the continuum

— effective chiral Lagrangean £ including lattice artifacts

~ terms in L proportional to powers of a

Fg f Fg f n_Fo f f
Lo = ITr((?“U 6’“U) — ITT<XU +Ux ) —ITr(pU +Up )
where
X = 2Bom,, p=2Wsa
Expansion: Lo = 3(0,7)(0,Tq) + 3ME TqTq + ...
with pion masses mz =2Bom,, + 2Wy a = 2Bym,,

Calculate m?2, F,, etc. in powers of m, ~ Yy (modified by logarithms)

and an~ p

Next-to-leading order: Rupak, Shoresh O(a); Bar, Rupak, Shoresh O(a?)
Monte Carlo —  Gasser-Leutwyler coefficients of yPT



twisted mass lattice QCD:

Twisting of the mass term
x — x(w) = 2By mg e 1T
Leading order

Lo = FIgTr ((%UJr 8”U) — FIOQ Tr ((X(w) + ) UT + U(x(w) —I-,O)T)



Next-to-leading order (NLO) to O(a?)

Fg N i Fg i i
L4 = 4Tr(8U(9U) 4T(XU —I—Ux) 4TI‘(,OU —I—Up)

—Ly [Tr (8,U00,U1)]* = Ly Tr (8,U8,U") Tr (0,U0,U")

Ly T ([0,U0,U1]°)

+Ly Tr (0,U0,U") Tr (xUT + Ux)

+Wy Tr (0,U0,U") Tr (pU' + Up')

+Ls Tr (0,U0,UT [xUT + Ux']) + W5 Tr (0,U0,U" [pUT + Up'])
—Lg [Tr (xUT + UxH)]’

W Tr (XU + Ux") Tr (pUT + Upt) — W [Tr (pU + Up')]
L7 [Tr (xUT = UX))°

W7 Tr (xUT = Ux") Tr (pUT — Up") — Wi [Tr (pUT — Up")]
—Ls Tr (xUUT + Ux'UX")

~Ws Tr (xUTpUT + UpTUxT) — W{ Tr (pUTpUT + Up'UpT)
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Vacuum ~ minimum of £

at non-vanishing pion field (explicit flavour and parity breaking)
Pion mass splitting at O(a?)

Expansion around vacuum

—  chiral perturbation theory for twisted mass lattice QCD
(Miinster, Schmidt, Scholz, Hofmann, Sudmann,

Scorzato, Sharpe, Wu, Aoki, Bér ...)



5. Phase structure

»The first thing to do is to look for phase transitions* (G. Parisi, 1988)

old folklore, see textbooks
mo = Me + My

g — 0: continuum limit ~ free quarks «— m,=0

1

(0.4340 g% + ...)
a

perturbation theory for quark self-energy: m, =

g — 00: Me=——-2 +—— my=20



my>0
am
0 UW<o
O_
Py
O g (0.0)

physical region: m, >0, ) # 0,

at m.: my; =0, spontaneously broken chiral symmetry
Analogy: Ising model QCD

magnetic field A quark mass m,

magnetization M (A0



This picture is wrong.

More careful look (Aoki 1984, ...)

Discuss symmetry breaking.

For Nf = 2: SU(Q)L 0 SU(Q)R ~ 80(4), SU(Q)V ~ SO(S)
Zo (Ising) — SO(4) (Heisenberg model)

No Goldstone bosons at my; =0 7



Phase structure of tmQCD G.M., JHEP 09 (2004) 035, hep-lat /0407006
Visualize the potential.

SO(4) description: U = ug + iue7e, |u|*> =1, 2x + 2p = ho + ihsTs
Tr (U (xT + pT)) =u-h — magnetic field in O(4) Heisenberg model

Potential in next-to-leading order:

2 2
V = —cirug+coup+ czusg+ cquz + csuous

C1 ~ My, co = O(a®) for small m,, C3 ~ [



Scenarios at u > 0: co <0

mg >0 mg =0 mg <0

1St 2Ild

order phase transition, order end point . ~ a
H
A

normal scenario:

=M,




minimal m? ~ a?
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from F. Farchioni et al., Eur. Phys. J. C42 (2005) 73-87
(DBW2 action)



Scenarios at u > 0:

Aoki scenario:

co >0

—



The crucial parameter ¢, depends on g°, action

Monte Carlo calculations
Miiller-Preufker et al.: large g> <+  Aoki scenario

QCD™ (Montvay, Farchioni, Jansen et al.): small g? «<» normal scenario

[ Aoki phase
I 18t order phase transition plane




6. Chiral perturbation theory for twisted mass lattice QCD

Twisting of the mass term

—iw7'3

X — X(w) =2Bymge
shifted to the lattice term by chiral rotation

p N p(CL)) — eingp — eiw7'3 QWOCL

Vacuum ~ minimum of £

at non-vanishing pion field

Woa . 8X0 2
Bom, sinw |1 — F—O2(4L6 + 2Lg — 2Ws — W) | + O(a”)

ms = Fy

Expansion around vacuum —  chiral perturbation theory
powers of m, ~ y (modified by logarithms) and

powers of a/m,, to O(a?)



6.1 Pion mass

Expansion of £ in pion fields
1
L= K§{(8M7ra)(6’u7ra) + mZ (tree) mama ¥ + . ..

Loop contributions to the pion propagator from the LO vertices

New vertices from shifted vacuum yield




Result:

2
X T T T T
m2 = o+ po+ 8F—§(4L6 + 2L —2L% — LL)
+8X;§0 (AW + 2WT — 2WT — Wr —2L% — L")
0
(X0 + po)? X0 + P0 2
1 O
i 3212 F " A2 +0(a)

where

X0 — 2BO my , Po — 2W0 a COs w

L7, W[ renormalized chiral parameters, A = renormalization scale

Dependence on w: factor cosw (only at O(a))

Maximal twist, w =7/2 —  vanishing lattice artifacts, cp. Frezzotti, Rossi



6.2 Pion decay constant

F, given by  (0]J%

7Tb(p» — iFﬁp'ué‘ab

Axial current J%’“: Noether procedure ~—  expression in powers of pion
fields

Contributions:

tree level: B loop correction:

loop corrections at O(a?): —Q =




Wayve function renormalization: Q u

Result:

4
Fo = Fo (14 gl QLI+ L)+ po (2] + WD)
0

1 Xo + p
T 16m2Fp [(X0+p0)ln pE OD ok

X0 — 2B mg, pPo = 2Wo a cosw



6.3 Nondegenerate quark masses

G.M., T. Sudmann, JHEP 08 (2006) 085. hep-lat /0603019
a) Ny =2, My 7 My
Mass term M = (mg + my)1 + (mg — my )71
M (w) = o ©1573/2 ) 197573/2
b) Ny =3, My = Mg F Mg

m2, m#%, m,,27, Fr, Fi, F,, in chiral perturbation theory



7. Monte Carlo calculations

FEuropean Twisted Mass Collaboration
Quenched and unquenched calculations

Phase structure, spectrum, scaling, fits to chiral perturbation theory

Algorithms

improved HMC (Urbach, Jansen, Shindler, Wenger)
PHMC with stochastic correction (Montvay, Scholz)

twisted mass removes small eigenvalues from the fermion matrix

algorithmically favourable: safer and faster



Simulations with Ny = 2

improved gauge actions
(1 — 8b1) (plaquette) + by (double plaquette)
DBW2: b, = —1.4088

tISym = tree level Symanzik improved: b1 = —15

decrease minimal pion mass <« .



DBW2 action
F. Farchioni et al., Eur. Phys. J. C47 (2006) 453, hep-lat /0512017

123 .24, a ~ 0.19 fm, 162 -32, a ~ 0.12 fm,
111 MeV
minimal m, = 320 MeV

determine m.: Mpcac =0

observables: m,, Fr, G, Mpcac, plon mass splitting, ...



Fits to chiral perturbation theory, e.g.:

0.35

| DIBWZ galugel actilon | | | | | | | |
[ 123x24, B=0.67, au=0.01 —E—
03[ 163x32, B=0.74, au=0.0075 —— ]

0.25 [

(amn)2

0.15 [
0.1 I

0.05 [

O I 1 ] 1 ] 1 ] 1 ] 1 ] 1 ] 1 ] 1
-0.04 -0.03 -0.02 -0.01 0 0.01 0.02 0.03 0.04

cos(w) am 5 CAC




Estimates of low-energy constants:

70 MeV < Iy < 85MeV
2.9GeV < B <35GeV
4.0 < A3/Fy <8.0
16.0 < Ay/Fp <19.0

phenomenological values (S. Diirr):

Fy ~ 86 MeV
2.3 < A3/Fy < 23.3
0.3 < Ay/Fy < 22.1

As = 4nFyexp(12872(2L4 + Ls — 4Lg — 2Lg))
Ay = 4nFyexp(32n(2L4 + Ls))



Projects

Ny =2, tISym gauge action
243 .48, 323 -64
m, down to 280 MeV

Ny=24+1+1



