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Introdu
tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al method Langmuir-Blodgett-FilmsExperiment
Quote by Benjamin Franklin (1774)...I fet
hed out a 
ruet of oil, and dropped a little of it on thewater. I saw it spread itself with surprising swiftness upon thesurfa
e...the oil, though not more than a teaspoonful, produ
edan instant 
alm over a spa
e several yards square,whi
h spreadamazingly and extended itself gradually until it rea
hed theleeside.
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Introdu
tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al method Langmuir-Blodgett-FilmsExperimentSpreading of a drop

Equilibrium 
osϕ =
σ212 − (σ213 + σ223)2σ13σ23For |σ12| > |σ13| + |σ23| spreading of the drop to a monolayer arises.Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 4



Introdu
tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al method Langmuir-Blodgett-FilmsExperimentLangmuir-Blodgett-Filmsbuilt up from monolayer, whi
h are spread at air-water interfa
emostly amphiphili
 substan
es (whi
h 
onsist of a hydrophili
headgroup and hydrophobi
 hydro
arbon 
hains) are used to bespread
Figure: S
hemati
 illustration of a spread monolayerto superimpose the organi
 mole
ules on the water interfa
e, oftenwater insoluble surfa
tants are needed (e.g. DPPC in 
hloroform)Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 5
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al method Langmuir-Blodgett-FilmsExperimentExperimentExperimental setup

Figure: Experimental setup [1℄

barriers are used to maintain thelateral pressure and to adjustdi�erent phases of the monolayerdeposition of monolayer on solidsubstrate by dipping the substrateup
Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 6
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tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al method Langmuir-Blodgett-FilmsExperimentPhases a

ording to lateral pressure
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Introdu
tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al method Langmuir-Blodgett-FilmsExperimentOne 
ould assume the monolayer to be deposed homogenously on thesubstrate but under 
ir
umstan
es (e.g. de
omposition is 
arried out inliquid-expanded phase regime) stripe pattern 
an be observed.

Figure: Stripe pattern [2℄Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 8
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tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al methodThin liquid �lmsNavier-Stokes equation
̺(∂t~v + (~v∇)~v) − µ∆~v = −∇p + ~F

~F is 
onservative for
e (~F = −∇φ)�uid assumed to be in
ompressible (∇~v = 0)
~v = (u,w) = (vx , vz)with generalized pressure P = p + φ:

̺(∂t~v + (~v∇)~v) − µ∆~v = −∇PThomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 9
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al method
z

xddt h(x(t), t) !
= vz |h

⇔ ∂th = vz |h − vx |h∂xhIntegrating the 
ontinuity equation with respe
t to z and using boundary
ondition vz (z = 0) = 0 leads to:
∂th = −∂x h(x,t)∫0 vxdzThomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 10



Introdu
tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al methodLubri
ation approximationConsider 
ases where the length-s
ales (λ) of the emerging patterns arelarge 
ompared to the �lm mean thi
kness (h0). Afterintrodu
ing a small parameter ε = h0/λ ands
alingone obtains: x = εh0 x̃ z = h0z̃ t = τ t̃U0 = λ
τ u = λ

τ ṽx w = λ
τ εṽz P = µ

ε2τ P̃Dropping the �∼� yields:
εRe(∂tu + u∂xu + w∂zu) = −∂xP + ε2∂2xu + ∂2z u

ε3Re(∂tw + u∂xw + w∂zw) = −∂zP + ε2(ε2∂2xw + ∂2zw)Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 11
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e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al methodDropping the �∼� yields:
εRe(∂tu + u∂xu + w∂zu) = −∂xP + ε2∂2xu + ∂2z u

ε3Re(∂tw + u∂xw + w∂zw) = −∂zP + ε2(ε2∂2xw + ∂2zw)lim
ε→0:

∂2z u = −∂xP0 = ∂zP
⇒ P independent of z

⇒ u(x , z) = f (x)z +
12(∂xP(x))z2Estimation of f (x) by boundary 
onditions (e.g. µ∂zu|h = ∂xγ)Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 11
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tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al methodvx (x , z) = u(x , z) = f (x)z +
12(∂xP(x))z2

∂th = −∂x h(x,t)∫0 vxdz
⇒ ∂th = −∂x h(x,t)∫0 (f (x)z +

12(∂xP(x))z2)dzEvolution equation for thin liquid �lms:
∂th = −∂x(12 f (x)h2 +

16h3∂x(P(x))Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 12
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e tensionSurfa
e tension
σ = ∆W

∆Aat the interfa
e of a �uid the di�eren
e between the stresses isbalan
ed by surfa
e tension(T � − T a)~n = [σ h′′(x,t)
(1+(h′(x,t))2)3/2 ]~n = σκ~nwith: T �ij = −P�δij + ̺µ[

∂vj
∂xi + ∂vi

∂xj ]
κ = h′′(x,t)

(1+(h′(x,t))2)3/2 is the lo
al 
urvaturenegle
ting stress due to vis
ous for
es:
−P� + Pa = σκThomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 13
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e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al method Additional surfa
e tensionSurfa
e tensionfree energyF (h(x)) = σ

∫ dA− p ∫ dV + g ∫ zdVF (h(x)) = σ

∫
√1 + h′(x)2dx − p ∫ dx h∫0 dz + g∫ dx h∫0 zdzVariation of fun
tional F (h(x)) =

∫ f (x , h(x), h′(x))dx (see analyti
alme
hani
s)
δF =

∫ dx(−σ
h′′(x)

(1 + h′(x))3/2 − P + gh)δh !
= 0Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 13



Introdu
tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al method Additional surfa
e tensionAdditional surfa
e tensionMotivation:

Similarity to de�e
tion of a thin beam (see membrane-physi
s)Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 14
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tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al method Additional surfa
e tension
Free energyF (h(x)) = σI ∫ dA + σII ∫

κ2dA− p ∫ dV + g ∫ zdVVariation of F (h(x)) leads to:
δF =

∫ dxδh[−σI h′′(x)

(1 + h′(x))3/2 − P + gh
+ σII ddx (2 h′′′(x)

(1 + h′(x)2)5/2 − 5 h′(x)h′′(x)2
(1 + h′(x)2)7/2

︸ ︷︷ ︸additional pressure )]
!
= 0
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h(x,t)Figure: Coordinate system rotated 
lo
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V

0

 g

z

x

h(x,t)

̺(∂t~v + (~v∇)~v ) − µ∆~v = −∇p + ~F
~F = −∇φ, φ = −̺g sinϕx + ̺g 
osϕz

~v = (u,w) = (vx , vz)Fluid is assumed to be in
ompressible: ⇒ ∂xu + ∂zw = 0Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 17
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e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al method
̺(∂t~v + (~v∇)~v) − µ∆~v = −∇PBoundary 
onditionsz = 0, u = −v0, w = 0z = h, dh(x , t)dt =u|z=h∂xh + ∂th !

= wT~n =κσI~n + σII ddx (2 h′′′
(1 + h′2)5/2 − 5 h′h′′2

(1 + h′2)7/2 )~n
+

∂σI
∂s ~t + a∂σII

∂s ~t + ~f
~f = π~n + τ~t : pres
ribed for
e at the interfa
e
κ: lo
al 
urvatureT : tension tensor of the �uidThomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 18
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e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al methodNavier-Stokes equation and boundary 
onditions are s
aled andlubri
ation approximation is performed (analogous to thin liquid�lms).S
aled equations in lubri
ation approximation
∂2zU = −∂xP0 = ∂zP
∂tH = −∂x( H∫ Udz)Boundary 
onditions provide an expression for P and ∂zU , thus theevolution equation 
an be obtained.Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 19
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al method
Evolution equationRes
aled evolution equation

µ∂th = −∂x [ − 13h3∂x{−π − σI∂2xh − 2σII∂4xh + φ|z=h}
+

12(∂x{σI + aσII} + τ)h2 − µv0h]
Thomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 20



Introdu
tionThin liquid �lmsSurfa
e tensionTheoreti
al model for Langmuir-Blodgett transfer systemsNumeri
al method Newton-Kantorovi
hConsider equations of type: ht + F (h) = 0, with F (h) = ∇f (h)(
onservative form).Time dis
retization by ba
kward Euler method:hn+1 − hn = −∆t · F (hn+1), hn = h(n∆t)Introdu
ing δ = hn+1 − hn yields:
⇒ δ = −∆t · F (δ + hn)Linearizing the right-hand side:

⇒ δ = −∆t · (F (hn) + Fh(hn)δ + O(δ2))
δ + ∆t · Fh(hn)δ = −∆t · F (hn)

⇒ δ ⇒ hn+1 = hn + δThomas Wulf Theory of pattern formation in Langmuir-Blodgett transfer systems 21
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∂th = ∂x [(−B0h3 +

BMh22(1 + Bh)2 )∂xh] + ∂x [h3∂3xh]L = 10, B0 = 0.1, B = 0.1, M = 25.0, ∆t = 0.001
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