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Introduction

Lagrangian Statistics of

Compressible Turbulence

@ Interstellar Matter

Gaseous Pillars - M16 HST - WFPC2

C. Schwarz, C. Beetz, J. Dreher, R. Grauer Statistics of 3d compressible turbulence



Introduction

Lagrangian Statistics of Average gas density
Compressible Turbulence ~ latom cm™2 ~ limit of high

o Interstellar Matter Reynoldsnumber Re ~ 10%

o low density
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Introduction

Lagrangian Statistics of rms Mach number of order 20 |

Compressible Turbulence

@ Interstellar Matter

o low density
@ high Mach number
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Introduction

Lagrangian Statistics of thermal equilibrium time is

Compressible Turbulence shorter than hydrodynamical time
o Interstellar Matter scale

o low density
@ high Mach number
@ isothermal
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Introduction

Lagrangian Statistics of Amstrong et. al. 1995

Compressible Turbulence scaling behaviour

@ Interstellar Matter

o low density L \
@ high Mach number )
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o isothermal
o turbulent motion
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Introduction

Lagrangian Statistics of Lagrangian viewpoint J

Compressible Turbulence

@ Interstellar Matter

©

low density

<

high Mach number

¢

isothermal

turbulent motion

¢

o star formation
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Introduction

Lagrangian Statistics of @ important for star formation

Compressible Turbulence process

@ Interstellar Matter

@ even weak magnetic fields

@ low density modify supersonic turbulent

@ high Mach number flows

o isothermal
o turbulent motion

o star formation

@ magnetic fields
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

@ isothermal Euler equations

@ isothermal ideal MHD equations
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

@ isothermal Euler equations

@ isothermal ideal MHD equations
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

@ Euler equations in primitive variables

@ density p
s flow velocity v

Il
o

8tp+V : (pv)
v+ (v-Viv=—=Vp+ —f
p p

poxp

o f external force
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

@ Euler equations in primitive variables

Op+ V- (pv) =0

1 1
ov+ (v-V)v=—=Vp+ —f
p P

@ Euler equations in conservative variables

o density p

s flow momentum u = pv

Il
o

8tp+V'U

a,u+v-(%) —Vp+f

C. Schwarz, C. Beetz, J. Dreher, R. Grauer Statistics of 3d compressible turbulence



Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

@ Euler equations in primitive variables

Op+ V- (pv) =0
1

1
ov+ (v-V)v=—=Vp+ —f
p p
@ Euler equations in conservative variables
atp + V -u=0
uu
atu—l-V-(?) =-Vp+f

@ Euler equations in In(p)

Ie(lnp)+v-V(np)+V-v=0
Ov+ V- (w)+aV(lnp) =k
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Numerics

Physics / Equations
Central scheme
CWENO

Constraint Transport

Same Type of Differential Equati

1
atV+8x§V2 =0

o’

Simulation with finite differences

1
0 5001000 50@00@50300350&00&50&000
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Existence and uniqueness of solutions for quasilinear partial
differential equations of first order are ensured only in a certain
neighbourhood of the initial manifold.

~~ \Weak Solutions for 'real world’-problems )
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Weak Solution
Multiply equation by arbitrary test-function with compact support

d(x,t) € () Q2= {(x,t)}x € R,t >0}
and integrate by parts over Q:

Bev + B f(v) =0
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Weak Solution
Multiply equation by arbitrary test-function with compact support

O(x,t) € Q) Q2 ={(xt)lx €R,t >0}
and integrate by parts over Q:

/ SO + SAF(v)d(x, t) = 0
Q
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Weak Solution
Multiply equation by arbitrary test-function with compact support

O(x,t) € CHQ) Q= {(x,t)]x € R, t >0}

and integrate by parts over Q:

—+00

/ V0D + F(v)DPd(x, t) + / vo(x)®(x, 0)dx = 0
Q

—00
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Weak Solution

+oo
/ vOr® + f(v)0xPd(x, t) + / vo(x)®(x,0)dx =0
Q

— O
every v which fulfill this equation is called a weak solution of
Orv + Oxf(v) = 0 and need not necessarily be smooth.

Disadvantage: loss of uniqueness.

0.1

0 5001000 50@00@50300350&00&50&000
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Uniqueness (example)

atV a4 axf(V) =0

0 5001004 50200250300350@ 00508000

Velocity v of shock can be determined analytically

Rankine-Hugoniot condition:

(vi—v)v =1(v) — f(v)
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Loss of Uniqueness (example)

Rankine-Hugoniot condition for Burgers shock

1
atV‘{‘axEVZ =0
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

ss of Uniqueness (example)

Rankine-Hugoniot condition for Burgers shock

1
atV‘{‘axEVZ =0
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Loss of Uniqueness (example)

Rankine-Hugoniot condition for Burgers shock

1
1 ~,2 2
atv+ax§V2:O 8tv+8x2v 0 |-v
1 1
1 6t§V3+ZaXV4:0 |U:V3
= V:E(v/—kvr) 5
8tu +axZU4/3 =0
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

ss niqueness (example)

Rankine-Hugoniot condition for Burgers shock

1 3
(9tv—|—3X§v2:O 3tu+3XZu4/3:O
= . 3vi=v

=>Vv==(vy+v = /==
(v 4 ) Y 4vP—v3
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Loss of Uniqueness (example)

Rankine-Hugoniot condition for Burgers shock

4 _ 4

1 . 3v/—v
=Vv==(vy—v =>V=-5—"
2(’ r) 4vP—v3

v
wiu)

0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Loss of Uniqueness

Physics must tell right solution
@ propper derivation of Fluid-equations from Vlasov-equation
(including collision-term)
@ additional entropy condition O;s + Jx(vs) > 0

@ limit of vanishing dissipation pdxxv — 0

| \

~~ right Euler equations in conservative formulation
8tp +V-u=0

@tU—I—V'(%):—Vp-i—f

poxp
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

Why a central scheme

@ no (approximate) Rieman solver needed
@ dimension by dimension approach
@ high order

@ monotone, WENO, TVD reconstruction possible

@ easy for complex problems
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Kurganov Levy (2001)

First, consider a 1D conservation law

Orv(x,t) + Oxf(v(x,t)) =0
discretization using cell averages

v/ = v(jAx, nAt)

1 Xj+1/2
A_ / V(X, tn ) dX
X Jx;

j—1/2

=n
Y
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Kurganov Levy (2001)

fully discrete scheme

tn+1

o = - / [F(v(511/257)) = F(v(xi1/2))] d

n
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

Kurganov Levy (2001)

fully discrete scheme

g+l

o = = o / [F(v(64172:)) = F(v(xi1/2))] dT

n

needed: reconstruction of v(x) from cell averages
v(x, t") = 7(x,t") = Z Pj(X)X[Xj—1/27Xj+1/2]
J

use non-oscillating parabolic reconstruction to achive third order
scheme (e.g. CWENO).
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

@ ¥(x,t") are discontinous at
cell boundaries x;, 1 /5.
@ upper bound for propagation
speed of this discontinuities
n
3jt+1/2 U )
@ integrate smooth and -

non-smooth regions
independently
—n+1 n+1
v follow from Wil 2 by

reconstruction or weighted

averaging. J
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

v(x,t") are discontinous at
cell boundaries x;, 1 /5.

upper bound for propagation
speed of this discontinuities

i -
aj+1/2 Y1 Lc U

integrate smooth and -

non-smooth regions
independently

—n+1 n+1

v follow from Wil 2 by
reconstruction or weighted

averaging.
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Numerics

¥(x, t") are discontinous at

cell boundaries x;, 1 /5.

upper bound for propagation

speed of this discontinuities
n

aj+1/2

integrate smooth and

non-smooth regions

independently

—n+1 n+1

v follow from Wil 2 by

reconstruction or weighted

averaging.

C. Schwarz, C. Beetz, J. Dreher, R. Grauer

Physics / Equations
Central scheme

CWENO
Constraint Transport

— max
n

of )
abs [ —(v
ve(vj ) <3V( )

T n,
+1/2:Vjr1/2
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

¥(x, t") are discontinous at

cell boundaries x;, 1 /5.
upper bound for propagation
speed of this discontinuities

n
3172
integrate smooth and

non-smooth regions Y ~ ™ &y

independently i

—n+1 n+1
v follow from Wil 2 by
reconstruction or weighted

averaging.
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

¥(x, t") are discontinous at
cell boundaries x;, 1 /5.
upper bound for propagation uj
speed of this discontinuities |

a_}'+1/2 = Hial
integrate smooth and

non-smooth regions B ~ T

independently j

—n+1 n+1
7 follow from Wit 2) by
reconstruction or weighted

averaging.
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

consider the limit of At — 0 to derive the semi-discrete scheme:

+1 n
d v.n — V:
vi(t) = lim -2 4
dt (1) At—0 At )
[Result ...
dv; 1

L = o [ p () + F(55(8)

— £ o(8) + F(v 4 (0)]

ajy1/2(t) _
oA |:vj_:-1/2(t) + i1 (t)

a8+ v o(2)]
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

central Weighted ENO

reconstruct quadratic polynomial approximation to real solution

from cell averages
Pi(x) = wi P (x) + wr Pr(x) + wcPc(x)

with positive weights w; > 0 and > ; w; = 1, where i € L, R, C.
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

central Weighted ENO

reconstruct quadratic polynomial approximation to real solution

from cell averages

Pj(x) = wiPy(x) + wrPr(X) + wcPc(x)

with positive weights w; > 0 and > ; w; = 1, where i € L, R, C.

@ left one-sided linear reconstruction

O =n =n
vl —v!
_ -1
PLX :V-"—I—% X — Xi
(0 =7 + L (x =~ x)
@ uniquely determined, conserve on-sided cell-averages _j"_l, Vj".
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

central Weighted ENO

reconstruct quadratic polynomial approximation to real solution

from cell averages

Pi(x) = w P (x) + wr Pr(x) + wcPc(x)

with positive weights w; > 0 and > ; w; = 1, where i € L, R, C.
>
@ right one-sided linear reconstruction

o -

L(x — )
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Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

central Weighted ENO
reconstruct quadratic polynomial approximation to real solution

from cell averages

Pi(x) = w P (x) + wr Pr(x) + wcPc(x)

with positive weights w; > 0 and ) ; w; = 1, where j € L, R, C.

Pc
@ centered parabola, chosen so as to satisfy
Pexacr(x) = c Pi(x) + crPr(x) + (1 — cL — cr)Pc(x)

@ Pgxacrt is the unique parabola that conserves the

=n =n =n
three-cell-average, Vi1V and Vi

C. Schwarz, C. Beetz, J. Dreher, R. Grauer Statistics of 3d compressible turbulence



Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

central Weighted ENO

reconstruct quadratic polynomial approximation to real solution

from cell averages

Pi(x) = w P (x) + wr Pr(x) + wc Pc(x)

with positive weights w; > 0 and > ; w; = 1, where j € L, R, C.

\

Weights

@ automatically adapt reconstruction to smoothness of solution
@ smooth regions: third order for max. precision

@ non-smooth regions: second order to provide essentially
non-oscillating behaviour

C. Schwarz, C. Beetz, J. Dreher, R. Grauer Statistics of 3d compressible turbulence



Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

CWENQO reconstruction

40 1 cell averages  * 1
S Pr
PI
35 Pc o 1
CWENO =
E 30 1
25t 1
20 R
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

@ isothermal Euler equations

@ isothermal ideal MHD equations

C. Schwarz, C. Beetz, J. Dreher, R. Grauer Statistics of 3d compressible turbulence



Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

ideal MHD-equations (isothermal)

Otp+V-pv=0
1
Ov+ V- (pw) = —Vp+ (V x B) x M_B
0
0B =V x (v xB)

pop

additional initial condition : divB =0

C. Schwarz, C. Beetz, J. Dreher, R. Grauer Statistics of 3d compressible turbulence



Physics / Equations
Numerics Central scheme

CWENO

Constraint Transport

ideal MHD-equations (isothermal) conservative formulation

(9tp—|—Vu:0
1 1
&u+v-Fﬂ+@+~—§ﬂ——BB]:0
p 2 %
&B+Vx€x8ﬁﬂ

poxp
divB =0
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Physics / Equations

Numerics Central scheme

CWENO
Constraint Transport

staggered collocation of magnetic
field components as face averages

i

_ 1

Bri-1/2jk = 7 A, / B(x, y, z)dydz
Y. 1% 1

i-3"k-3

_y,i,j—1/2,k:“' ‘T‘ "
B B

B, ijk—1/2=

Statistics of 3d compressible turbulence

reher, R. Grauer

C. Schwarz, C. Beetz, J.



Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

Bz,ijk+l/2

4

B .
. L +142k
reconstruction of B to edges J ! 7 ”/ A
A
BL‘;1/2jk —_
By,i—l/z,j—l/z,kZCWENo ! B/ s (/
S Pyt
—t ¢
Bz,ljk—l/Z
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

average to face centered J

B 1
vi—L.ik "3

(B

+B

i—1; 1
yi—g.d—5k

yi-1+3 k) |
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

calculation of electric field fluxes

with Kurganov central scheme ] Exk» | B

X X
£ Lk

x
1 .,.=V. 1., XB
'—Edyk '—Edyk
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

| X -
t!';Ej/—/l/ijﬂ

X
A Fi—1/2j+1k

face to edge interpolation of

electric field components

E LEx
vi-Lak-1 = 7Btk
E; -
. o i
+E i1 k-1 i
_EI d

x,ijk—%

z
7Ex,i—1,j,k—%)
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

face to edge interpolation of | PV

electric field components

Ey,i—1/2j+1/2k
1

= _ x
B izik-1=7E; 1,4 E
= v i-l/2i—1/2k
z,i—%,j,k—l
.
’Ex,i,i,k—%
. 4
B i1ik-1) E

z,i—1/2jk—1/2

. Schwarz, C. Beetz, J. Dreher, R. Grauer
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Numerics

update magnetic field

components
d _ ’ x
IBx,i—l/z,j,k =— / V x E*(t)dydz

¥,z

B Ez,i—l/Z,j+1/2,k(t) - Ez,i—l/z,j—l/z,k(t)
Sy

E-y,i71/2,j,k+1/2(‘) - E-y,i71/2,j,k71/2("’)
6z

NS

C. Schwarz, C. Beetz, J. Dreher, R. Grauer

Physics / Equations
Central scheme

CWENO
Constraint Transport

+_1|> / Bn+l
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

evolution of divergence ? |

d _ d
—divB = — / V - Bdxdydz
dt dt &
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Numerics

Constraint Transport

evolution of divergence ? |
d _ d
— divB = — BdF
dt dt
ov

C. Schwarz, C. Beetz, ) Statistics of 3d compressible turbulence



evolution of divergence ?

Numerics

d _
—divB =
dt

d B _d
dt x,i+%,i,k dt

Bri-1ik

Ax

d 5 J
d By itk T &

B ..
y.ij—% .k

Ay

d B _d
dt Bz,i,j,k+% de

x,ijk—%

Az

Physics / Equations
Central scheme

CWENO
Constraint Transport

C. Schwarz, C. Beetz,

reher, R. Grauer
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Physics / Equations
Numerics Central scheme

CWENO
Constraint Transport

-—
luti f di ?
evolution o lvergence ! /
) 2 S
—»
ve s I
d oy e Oxied ik~ d i1k T i T
dt Ax i i
d g d g
N ﬁBy,i,jJr%,k - IBy,i,j—%,k
Ay -
%Ez,i,j,kJr% - % _x,i,j,k—% / —
+ Az / //
-0 i
~ —

reher, R. Grauer Statistics of 3d compressible turbulence
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Setup
Log-Normal
Free Parameter (3

Density Distribution
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Setup

Log-Normal

Density Distribution Free Parameter 3

@ three runs for isothermal compressible euler equations and
mean Mach numbers M of 0.4, 1.4, 4.6
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Setup
Log-Normal

Density Distribution Free Parameter 3

@ three runs for isothermal compressible euler equations and
mean Mach numbers M of 0.4, 1.4, 4.6

@ periodic boundary conditions and a resolution of 5123
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Setup

Log-Normal

Density Distribution Free Parameter 3

@ three runs for isothermal compressible euler equations and
mean Mach numbers M of 0.4, 1.4, 4.6

@ periodic boundary conditions and a resolution of 5123

@ Orszag-Tang like initial condition for u and p =1

C. Schwarz, C. Beetz, J. Dreher, R. Grauer
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Setup
Log-Normal

Density Distribution Free Parameter 3

@ three runs for isothermal compressible euler equations and
mean Mach numbers M of 0.4, 1.4, 4.6

@ periodic boundary conditions and a resolution of 5123
@ Orszag-Tang like initial condition for u and p =1

@ integrated by a third order Runke-Kutta scheme

C. Schwarz, C. Beetz, J. Dreher, R. Grauer Statistics of 3d compressible turbulence



Setup
Log-Normal

Density Distribution Free Parameter 3

100

K!85p(k)

Y C | Reynolds
0.4 007 250

) 1.4 026 | 700
46050 | 1756

0.001
1 10
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Setup
Log-Normal
Free Parameter (3

Density Distribution
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Setup
Log-Normal

Densut)f Distribution Free Parameter 3

log-normal

@ Passot & Vazquez-Semadeni and also Nordlund & Paduan

found a log-normal density distribution for isothermal

compressible flows
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Setup
Log-Normal

Densut)f Distribution Free Parameter 3

log-normal
@ Passot & Vazquez-Semadeni and also Nordlund & Paduan

found a log-normal density distribution for isothermal

compressible flows

@ central idee: isothermal < p=ap
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Setup
Log-Normal

Densut)f Distribution Free Parameter 3

log-normal

@ Passot & Vazquez-Semadeni and also Nordlund & Paduan

found a log-normal density distribution for isothermal

compressible flows
@ central idee: isothermal < p=ap

@ euler equations with In p:

O¢(Inp)+v-V(lnp)+V-v = 0
Ov+V-(w)+aV(lnp) = k
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Setup
Log-Normal

Densut)f Distribution Free Parameter 3

log-normal

@ Passot & Vazquez-Semadeni and also Nordlund & Paduan

found a log-normal density distribution for isothermal

compressible flows
@ central idee: isothermal < p=ap

@ euler equations with In p:

O¢(Inp)+v-V(lnp)+V-v = 0
Ov+V-(w)+aV(lnp) = k

@ only derivatives of In p
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Setup
Log-Normal

Density Distribution Free Parameter 3

og-normal

@ only derivatives of In p
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Setup

Log-Normal

Densuty Distribution Free Parameter 3

log-normal

@ only derivatives of In p

@ euler equations invariant under Inp — Inp+InK or p — Kp
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log-normal

@ only derivatives of In p
@ euler equations invariant under Inp — Inp+InK or p — Kp

@ shocks increase or decrease the density in a local area
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log-normal

@ only derivatives of In p
@ euler equations invariant under Inp — Inp+InK or p — Kp
@ shocks increase or decrease the density in a local area

@ in each area Inp is random variable around a mean value
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Log-Normal

Densuty Distribution Free Parameter 3

log-normal

@ only derivatives of In p

@ euler equations invariant under Inp — Inp+InK or p — Kp
@ shocks increase or decrease the density in a local area

@ in each area Inp is random variable around a mean value

@ summation over areas yields normal distribution for In p
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Log-Normal
Free Parameter (3

Density Distribution

log-normal

@ only derivatives of In p

@ euler equations invariant under Inp — Inp+InK or p — Kp
@ shocks increase or decrease the density in a local area

@ in each area Inp is random variable around a mean value

@ summation over areas yields normal distribution for In p

= p is log-normal distributed
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og-normal distribution

with  pn, = E(Inp)

and Uﬁ]p = V(lnp)

>
log-normal parameters '
b
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Setup
Log-Normal

Densut)f Distribution Free Parameter 3

og-normal distribution

with  pn, = E(Inp)
and Uﬁ]p = V(lnp)

>
log-normal parameters

E(L) = ehin p 00 /2

V(L) = e‘u'"f’+aﬁw/2 (eglznp—l) = 0
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Density Distribution

log-normal p eters
E (L) = ebinr™ino/?
V(L) = el‘|..p+0|2,|p/2 (eolznp — 1) = U;%
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Log-Normal
Free Parameter 3

Density Distribution

log-normal p eters
E (L) = ebinr™ino/?
V(L) = el‘|..p+0|2,|p/2 (eolznp — 1) = U;%

oIEpE
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Densut)f Distribution i Feremeiey &

log-normal parameters

E (L) = ebinr™ino/?
V(L) = el‘|..p+0|2,|p/2 (eolznp — 1) = g2

o E, = = an:—alznp/2
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Setup
Log-Normal

Densut)f Distribution i Feremeiey &

log-normal parameters

E (L) = et h,/2

V(L) = el‘|..p+0|2,|p/2 (eolznp — 1) = U;%
o E,= = ,UJInp:_O'Iznp/2
2

@ variance o is related to compressibility and mean Mach

P
number M
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Setup

. . Log-Normal
Densut)f Distribution i Feremeiey &

log-normal parameters
B (L) = enot7h /2

V(L) = etinpln /2 (eolznp — 1) = 0'5
_ _ 2
o E, = = flinp = —Ojp ,/2
@ variance ag is related to compressibility and mean Mach

number M

@ observation: o, ~ M, 0,2) = 2M?
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. R Log-Normal
Densut)f Distribution i Feremeiey &

log-normal parameters
B (L) = enot7h /2

V(L) = etinpln /2 (eolznp — 1) = 0'5

o E, = = u|np:—a|2np/2

@ variance ag is related to compressibility and mean Mach
number

@ observation: o, ~ M, 0,2) = 2M?

= alznp =In (1 +le\~/12)
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Setup
Log-Normal

Densut)f Distribution i Feremeiey &

log-normal parameters

E (L) = et h,/2

V(L) = e“'“ﬂ+0|2nﬂ/2 (eolznp = 1) = 0'5

o E, = = u|np:—a|2np/2

@ variance ag is related to compressibility and mean Mach
number

@ observation: o, ~ M, af) = 52I\~42
= alznp =In (1 +le\~/12)

@ only one free parameter (3 determined by fitting to the three
runs, obtaining 5 ~ 0.37
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Setup
Log-Normal

Densut)f Distribution i Feremeiey &

log-normal parameters

E (L) = et h,/2

V(L) = e“'“ﬂ+0|2nﬂ/2 (eolznp = 1) = 0'5

o E, = = u|np:—a|2np/2

@ variance ag is related to compressibility and mean Mach
number

@ observation: o, ~ M, af) = 52I\~42
= alznp =In (1 +le\~/12)

@ only one free parameter (3 determined by fitting to the three
runs, obtaining 5 ~ 0.37

o Kritsuk et al. 5 =0.26
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Density Distribution

pdf
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icle distributio
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ensit Solution
Particle Distribution Clustering Time

particle distributi
@ N =2000000 tracer particles inserted radomly and advected

by v
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particle distribution and it's dynamics
@ N =2000000 tracer particles inserted radomly and advected

by v

@ divide the box into n = 403 subdomains
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particle distribution and it's dynamics
@ N =2000000 tracer particles inserted radomly and advected

by v
@ divide the box into n = 403 subdomains

@ How many particles are in a subdomain?
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particle distribution and it's dynamics
@ N =2000000 tracer particles inserted radomly and advected
by v
o divide the box into n = 403 subdomains
@ How many particles are in a subdomain?

< What is the propability T (k) to find k particles in one of the

boxes?
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particle distribution and it's dynamics
@ N =2000000 tracer particles inserted radomly and advected

by v
o divide the box into n = 403 subdomains
@ How many particles are in a subdomain?

< What is the propability T (k) to find k particles in one of the

boxes?

o what we know: expected value E(T) =%
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particle distribution and it's dynamics
@ N =2000000 tracer particles inserted radomly and advected

by v
o divide the box into n = 403 subdomains
@ How many particles are in a subdomain?
< What is the propability T (k) to find k particles in one of the
boxes?

N

@ what we know: expected value E(T) =

@ conservated property arbitrary of the distribution
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Poisson Distribution
Change by Compressibility
Solution

Clustering Time

initally

@ initially particles are randomly distributed over the boxes
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Poisson Distribution
Change by Compressibility
Solution

Clustering Time

initally

@ initially particles are randomly distributed over the boxes

= Binomial distribution:
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initally

@ initially particles are randomly distributed over the boxes

= Binomial distribution:

N
Bn.n (k) =

k
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initally

@ initially particles are randomly distributed over the boxes

= Binomial distribution:

N
Bn.n (k) =

k

oset)\:ZF
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initally

@ initially particles are randomly distributed over the boxes

= Binomial distribution:

N
Bn.n (k) =

k

oset)\::%

Bw.n (k) LE2N ’,\(—Te_)‘ = Py (k) Poisson distribution
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Change by Compressibility
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initally
@ initially particles are randomly distributed over the boxes

= Binomial distribution:

N
Bn.n (k) =

k

oset)\::%

Bw.n (k) LE2N ’,\(—Te_)‘ = Py (k) Poisson distribution

@ variance: V (k) = A
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incompressible turbulence
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Poisson Distribution
Change by Compressibility

Solution
Particle Distribution Clustering Time

incompressible turbulence
@ in incompressible turbulence with V - v =0 and p = const the

distribution is always the same Poissonian
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Poisson Distribution
Change by Compressibility
Solution

Particle Distribution Clustering Time

incompressible turbulence
@ in incompressible turbulence with V - v =0 and p = const the

distribution is always the same Poissonian

@ in compressible turbulence a different behaviour is expected
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% of the particles)

Teilchenposition nach T=1.7
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Solu

Clustering Time

Particle Distribution

particle distribution after T=0.00
0.1 T
binomial distribution
, particle distribution
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particle distribution after T=0.02
aN binomial distribution
\\ particle distribution
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particle distribution after T=0.10
0.1 T
/\ binomial distribution
/ \\ particle distribution
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0.1
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particle distribution after T=0.20
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tribution

Clustering Time

0.1

0.01

0.001

0.0001

1e-005

particle distribution after T=1.72

1e-006

/\ binomial distribution
\\ particle distribution
/
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@ density and particle distribution become stationary
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Poisson Distribution
Change by Compressibility

Particle Distribution

@ density and particle distribution become stationary

@ these distributions should be correlated

C. Schwarz, C. Beetz, J. Dreher, R. Grauer Statistics of 3d compressible turbulence
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‘ property ‘ density PDF R (p ‘ particle PDF T(k) ‘
expexted values E(R) = po E(T)=x=14
continues in p discrete in k
incompressible
turbulence d(p—po) P (k)= i‘je A
p = const
compressible (o P—mnp)z
turbulence —L e *inp 77
- p\/27ra|np
high M
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@ mapping R — T as
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@ mapping R — T as

T = [ P_an, (WR(p) dp
E(R)

C. Schwarz, C. Beetz, J. Dreher, R. Grauer Statistics of 3d compressible turbulence



Poisson Distribution
Change by Compressibility

ensit Solution
Particle Distribution Clustering Time

@ mapping R — T as

T (k) = / P _un (K)R(p) dp = (R® Py) (K)
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@ mapping R — T as

)= [ Pram, (DR () dpi= (R Py) (K

@ solves the problem for incompressibility, because for
R (p) =6 (p — po) holds
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@ mapping R — T as

T (k) = / P _un (K)R(p) dp = (R®@ Py) (K)

E(R) P

@ solves the problem for incompressibility, because for
R (p) =6 (p — po) holds

Po
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@ mapping R — T as

T (k) = / P _un (K)R(p) dp = (R® Py) (K)

E(R) P

@ solves the problem for incompressibility, because for
R (p) =6 (p — po) holds

/PA—”/O"p(kM(p—po)dp = Prx=n/n (k)
= T(k)
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@ Each distribution can be approximated by weighted sum over

delta distributions.
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@ Each distribution can be approximated by weighted sum over

delta distributions.

o T (k) = (R® Py) (k) should hold for every density distribution
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@ Each distribution can be approximated by weighted sum over

delta distributions.
o T (k) = (R® Py) (k) should hold for every density distribution

@ test it with log-normal distributions for isothermal flows

- SR (In p— fiin )’
T (k) = — [ prt - . —E
(k) Varom, K O/p exp( 22, p| dp
_ E(R)
~ E(7)
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@ Each distribution can be approximated by weighted sum over
delta distributions.

o T (k) = (R® Py) (k) should hold for every density distribution

@ test it with log-normal distributions for isothermal flows

- SR (In p— fiin )’
T (k) = — [ prt - . —E
(k) Varom, K O/p exp( 22, p| dp
_ E(R)
~ E(7)

@ note: [ is the only fit-parameter and we found before 3 ~ 0.37
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question

What is the characteristic time for T = P — T7?
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What is the characteristic time for T = P — T7?

or: How long does the clustering take?
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o assume: T (k,t) is a linear combination of Py (k) and T (k)
with time depending coefficient a(t)
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o assume: T (k,t) is a linear combination of Py (k) and T (k)

with time depending coefficient a(t)
T (k,t) = a(t)Px(k) + [1 — a(t)] T(k)
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o assume: T (k,t) is a linear combination of Py (k) and T (k)
with time depending coefficient a(t)
T (k,t) = a(t)Pa(k) + [L - a(t)] T(k)

@ a(t) starts at 1 and drop down close to 0
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o assume: T (k,t) is a linear combination of Py (k) and T (k)
with time depending coefficient a(t)
T (k,t) = a(t)Px(k) + [1 — a(t)] T(k)
@ a(t) starts at 1 and drop down close to 0

@ time evolution of particle-distribution is reduced to a real

function
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summary
o fitting a damped oscillating function yields a typical time scale

ts
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summary
o fitting a damped oscillating function yields a typical time scale
ts
@ low Mach numbers (less compressibility) cause strong

oscillations
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summary
o fitting a damped oscillating function yields a typical time scale

ts
@ low Mach numbers (less compressibility) cause strong

oscillations

@ rough estimate possible
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summary

o fitting a damped oscillating function yields a typical time scale
ts

@ low Mach numbers (less compressibility) cause strong
oscillations

@ rough estimate possible

M | tayn | ts
04| 7.8 1.0
14| 2.2 | 0.33
46 | 0.62 | 0.11
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summary

o fitting a damped oscillating function yields a typical time scale
ts
@ low Mach numbers (less compressibility) cause strong

oscillations

@ rough estimate possible

M | tayn | ts

04| 7.8 1.0
14| 2.2 | 0.33
46 | 0.62 | 0.11

@ note: ts K tgy, = L/ZM
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