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Abstract

We recall and partially expand four versions of smooth, non-abelian gerbes: Cech cocycles,
classifying maps, bundle gerbes, and principal 2-bundles. We prove that all these four ver-
sions are equivalent, and so establish new relations between interesting recent developments.
Prominent partial results we prove are a bijection between continuous and smooth non-abelian
cohomology, and an explicit equivalence between bundle gerbes and principal 2-bundles as
2-stacks.
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1 Introduction

Let G be a Lie group and M be a smooth manifold. There are (among others) the following four
ways to say what a “smooth G-bundle” over M is:

(1) Cech 1-Cocycles: an open cover {U;} of M, and for each non-empty intersection U; N U; a
smooth map g;; : U; NU; —= G satisfying the cocycle condition

9ij * 9k = Yik-
(2) Classifying maps: a continuous map
f+M— BG
to the classifying space BG of the group G.

(3) Bundle 0-gerbes: a surjective submersion 7 : Y — M and a smoothmap g:Y xp Y — G
satisfying

* * ok
T129 - T93g = T139,

-



where ;Y xp Y Xy Y —= Y X Y denotes the projection to the ith and the jth factor.

(4) Principal bundles: a surjective submersion 7 : P — M with a smooth action of G on P that

preserves 7, such that the map
PxG —= PxyP:(pg) — (p,p.9)

is a diffeomorphism.

It is well-known that these four versions of “smooth G-bundles” are all equivalent. Indeed, (1)
and (2) form the smooth and continuous G-valued Cech cohomology in degree one, respectively,
and these coincide. Further, (3) and (4) form equivalent categories; and isomorphism classes of the

objects (3) are in bijection with equivalence classes of the cocycles (1).

In this article we provide an analogous picture for “smooth I'-gerbes”, where I is a strict Lie
2-group. In particular, I' can be the automorphism 2-group of an ordinary Lie group G, in which

case the term “non-abelian G-gerbe” is commonly used. We compare the following four versions:

Version I: Smooth, non-abelian Cech T-cocycles (Definition . These form the classical, smooth
groupoid-valued cohomology H'(M,T) in the sense of Giraud [Gir71] and Breen [Bre94],
[Bre90, Ch. 4].

Version II: Classifying maps (Definition [4.4)). These are continuous maps f : M — B|T'| to the
classifying space of the geometric realization of I'; such maps have been introduced and studied
by Baez and Stevenson [BS09].

Version IIT: T-bundle gerbes (Definition [5.1.1)). These have been developed by Aschieri, Cantini and
Jurco [ACJ05] as a generalization of the abelian bundle gerbes of Murray [Mur96]. Here we
present an equivalent but more conceptual definition by applying a higher categorical version

INS11] of Grothendieck’s stackification construction to the monoidal pre-2-stack of principal
I'-bundles.

Version IV: Principal T'-2-bundles (Definition . We give a new definition which is stricter
than the original one of Bartels [Bar04], but more general than the one of Wockel [Woc]. In
more detail, our principal 2-bundles carry strict I'-actions, whereas local trivializations are
so-called anafunctors.

Apart from improving the existing definitions of Versions III and IV, the main contribution of
this article is to prove that all four versions listed above are equivalent. We follow the same line of
arguments as in the case of G-bundles outlined before:

e Baez and Stevenson have shown that homotopy classes of classifying maps of Version II

are in bijection with the continuous groupoid-valued Cech cohomology I;I:; (M,T). We prove
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(Proposition that the inclusion of smooth into continuous Cech T-cocycles induces a
bijection H(M,T) = H'(M,T). These two results establish the equivalence between our
Versions I and II (Theorem [4.6)).

e I-bundle gerbes and principal I'-2-bundles over M form bicategories. We prove (Theorem
that these bicategories are equivalent, and so establish the equivalence between Versions
IIT and IV in the strongest possible sense. Our proof provides explicit 2-functors in both

directions.

e We prove the equivalence between Versions I and IIT by showing that non-abelian I'-bundle
gerbes are classified by the non-abelian cohomology H'(M,T) (Theorem [5.3.2).

The aim of this paper is to simplify and clarify the notion of a non-abelian gerbe, and to make it
possible to compare and transfer available results between the various versions. As an example, we
use Theorem [7.1] - the equivalence between I'-bundle gerbes and principal I-2-bundles — in order

to carry two facts about I'-bundle gerbes over to principal I'-2-bundles. We prove:

1. Principal T'-2-bundles form a 2-stack over smooth manifolds (Theorem [6.2.1)). This is a new
and evidently important result, since it explains precisely in which way one can glue 2-bundles

from local patches.

2. If T" and Q are weakly equivalent Lie 2-groups, the 2-stacks of principal I'-2-bundles and prin-
cipal Q-2-bundles are equivalent (Theorem [6.2.2]). This is another new result that generalizes
the well-known fact that principal G-bundles and principal H-bundles form equivalent stacks,

whenever G and H are isomorphic Lie groups.

The two facts about I'-bundle gerbes (Theorems and on which these results are based
are proved in an outmost abstract way: the first is a mere consequence of the definition of I'-bundle
gerbes we give, namely via a 2-stackification procedure for principal I'-bundles. The second follows
from the fact that principal I'-bundles and principal 2-bundles form equivalent monoidal pre-2-
stacks, which is in turn a simple corollary of their description by anafunctors that we frequently

use.

The present paper is part of a larger program. In a forthcoming paper, we address the discussion
of non-abelian lifting problems, in particular string structures. In a second forthcoming paper
we will present the picture of four equivalent versions in a setting with connections, based on
the results of the present paper. Our motivation is to understand the role of 2-bundles with
connections in higher gauge theories, where they serve as “B-fields”. Here, two (non-abelian) 2-
groups are especially important, namely the string group [BCSS07] and the Jandl group [NSII].
More precisely, string-2-bundles appear in supersymmetric sigma models that describe fermionic
string theories [Bun|; while Jandl-2-bundles appear in unoriented sigma models that describe e.g.
bosonic type I string theories [SSWOT].



This paper is organized as follows. In Section [2] we recall and summarize the theory of principal
groupoid bundles and their description by anafunctors. The rest of the paper is based on this
theory. In Sections [3] [} [ and [6] we introduce our four versions of smooth I'-gerbes, and establish
all but one equivalence. The remaining equivalence, the one between bundle gerbes and principal

2-bundles, is discussed in Section [7]
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2 Preliminaries

There is no claim of originality in this section. Our sources are Lerman [Lex], Metzler [Met], Heinloth
[Hei04] and Moerdijk-Mréun [MMO03]. A slightly different but equivalent approach is developed in
[MRS].

2.1 Lie Groupoids and Groupoid Actions on Manifolds

We assume that the reader is familiar with the notions of Lie groupoids, smooth functors and

smooth natural transformations. In this paper, the following examples of Lie groupoids appear:

Example 2.1.1.

(a) Every smooth manifold M defines a Lie groupoid denoted My;s whose objects and morphisms

are M, and all whose structure maps are identities.

(b) Every Lie group G defines a Lie groupoid denoted BG, with one object, with G as its smooth
manifold of morphisms, and with the composition gz o g1 := g291.

(¢) Suppose X is a smooth manifold and p : H x X — X is a smooth left action of a Lie group
H on X. Then, a Lie groupoid X/ H is defined with objects X and morphisms H x X, and
with

s(hyx):=x , th,z):=plh,z) and id, := (1,2).
The composition is

(ha,z2) o (h1,21) := (hahy, 11),

where o2 = p(hy,21). The Lie groupoid X/ H is called the action groupoid of the action of H
on X.



(d) Let t : H — G be a homomorphism of Lie groups. Then,
p:HxG — G:(h,g)— (t(h)g)
defines a smooth left action of H on G. Thus, we have a Lie groupoid G/ H.

(e) To every Lie groupoid I' one can associate an opposite Lie groupoid I'°P which has the source

and the target map exchanged.

We say that a right action of a Lie groupoid I' on a smooth manifold M is a pair («, p) consisting

of smooth maps o« : M — I'gand p: M ,x; 'y — M such that

p(p(x,9),h) =p(x,goh) , px,idee) =2 and  a(p(z,g)) = s(g)

for all possible g,h € I'1, p € 'y and « € M. The map « is called anchor. Later on we will replace
the letter p for the action by the symbol o that denotes the composition of the groupoid. A left
action of I on M is a right action of the opposite Lie groupoid I'°°?. A smooth map f: M — M’

between I'-spaces with actions (a, p) and (o, p') is called T'-equivariant, if

a'of=a and f(p(z,9)) =p'(f(2),9)

Example 2.1.2.

(a) Let I' be a Lie groupoid. Then, I" acts on right on its morphisms I'; by a:= s and p:=o . It

acts on the left on its morphisms by o :=t and p :=o.

(b) Let G be a Lie group. Then, a right/left action of the Lie groupoid BG (see Example [®))
on M is the same as an ordinary smooth right/left action of G on M.

(¢) Let X be a smooth manifold. A right/left action of X4 (see Example (@) on M is the
same as a smooth map a: M — X.

2.2 Principal Groupoid Bundles

We give the definition of a principal bundle in exactly the same way as we are going to define

principal 2-bundles in Section [6]

Definition 2.2.1. Let M be a smooth manifold, and let T" be a Lie groupoid.

1. A principal T-bundle over M is a smooth manifold P with a surjective submersion m :

P — M and a right T-action («, p) that respects the projection 7, such that

T:Poxy Ty —= Pxp P:(p,g) — (p,p(p:9))

is a diffeomorphism.



2. Let Py and Py be principal T'-bundles over M. A morphism ¢ : Py — Py is a I'-equivariant

smooth map that respects the projections to M.

Principal I'-bundles over M form a category Bunp(M). In fact, this category is a groupoid, i.e.
all morphisms between principal I'-bundles are invertible. There is an evident notion of a pullback
f*P of a principal I'-bundle P over M along a smooth map f : X — M, and similarly, morphisms
between principal I'-bundles pull back. These define a functor

[ Bunp (M) — Bunp(X).

These functors make principal I'-bundles a prestack over smooth manifolds. One can easily show

that this prestack is a stack (for the Grothendieck topology of surjective submersions).

Example 2.2.2 (Ordinary principal bundles). For G a Lie group, we have an equality of categories
Bunga(M) = Bung (M),

i.e. Definition reduces consistently to the definition of an ordinary principal G-bundle.

Example 2.2.3 (Trivial principal groupoid bundles). For M a smooth manifold and f : M — Ty
a smooth map, P := M sx;I'; and 7(m, g) := m define a surjective submersion, and a(m, g) := s(g)
and p((m, g), h) := (m, g o h) define a right action of I on P that preserves the fibers. The map 7
we have to look at has the inverse

T_l P XM P — P’ﬂ'Xt Fl : ((m7gl)7(mag2)) — ((mvgl)vgfl 092)7

which is smooth. Thus we have defined a principal I'-bundle, which is denoted I¢ and called the
trivial bundle for the map f. Any bundle that is isomorphic to a trivial bundle is called trivializable.

Example 2.2.4 (Discrete structure groupoids). For X a smooth manifold, we have an equivalence
of categories
Buny,, (M) = C™ (M, X)is-

Indeed, for a given principal Xg;s-bundle P one observes that the anchor o : P — X descends
along the bundle projection to a smooth map f : M —= X, and that isomorphic bundles determine
the same map. Conversely, one associates to a smooth map f : M — X the trivial principal X g;s-
bundle I+ over M.

Example 2.2.5 (Exact sequences). Let

t p

1 H G K 1 (2.2.1)

be an exact sequence of Lie groups, and let I := G/ H be the action groupoid associated to the Lie
group homomorphism ¢ : H — G as explained in Example @ In this situation, p: G — K
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is a surjective submersion, and
a:G—=To:gr>g and p:Gax; 1 — G:(g,(h,¢")) —¢
define a smooth right action of T" on G that preserves p. The inverse of the map 7 is
TG xk G — GaxyT1:(g1,92) > (g1, (6 (9195 1), 92)),
which is smooth because ¢ is an embedding. Thus, G is a principal I'-bundle over K.
Next we provide some elementary statements about trivial principal I'-bundles.

Lemma 2.2.6. A principal T'-bundle over M is trivializable if and only if it has a smooth section.

Proof. A trivial bundle Iy has the section
spiM — Ip:x = (2,idsy));

and so any trivializable bundle has a section. Conversely, suppose a principal I'-bundle P has a

smooth section s : M — P. Then, with f:=«aos,
¢:1y — P:(m,g) > p(s(m),g)
is an isomorphism. O

The following consequence shows that principal I'-bundles of Definition [2.2.1| are locally trivial-

izable in the usual sense.

Corollary 2.2.7. Let P be a principal I'-bundle over M. Then, every point x € M has an open
neighborhood U over which P has a trivialization: a smooth map f : U — T'g and a morphism

p:1Iy — Ply.

Proof. One can choose U such that the surjective submersion 7w : U — P has a smooth section.
Then, Lemma applies to the restriction P|y. O

We determine the Hom-set Hom(Iy,,Iy,) between trivial principal I'-bundles defined by smooth
maps f1, fo : M — I'g. To a bundle morphism ¢ : Iy, — I, one associates the smooth function

g : M — T'y; which is uniquely defined by the condition
(posp)(x) =sp,(x)og(x).
for all x € M. It is straightforward to see that
Lemma 2.2.8. The above construction defines a bijection
Hom(Iy, ,Ip,) — {g€ C®(M,T1)|sog=fi and tog= fo},
under which identity morphisms correspond to constant maps and the composition of bundle mor-

phisms corresponds to the point-wise composition of functions.
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Finally, we consider the case of principal bundles for action groupoids.

Lemma 2.2.9. Suppose X /JH is a smooth action groupoid. The category Bunx//H(M) 1s equivalent

to a category with

Objects: principal H-bundles Py over M together with a smooth, H-anti-equivariant map
f:Py — X, ie f(p-h)=h"1f(p).

Morphisms: bundle morphisms oy : Py — Pj; that respect the maps f and f'.

Proof. For a principal X/ H-bundle (P, a, p) we set Py := P with the given projection to M. The
action of H on Py is defined by

pxh:=p(p,(h,h~" - a(p))).

This action is smooth, and it follows from the axioms of the principal bundle P that it is principal.
The map f : Py — X is the anchor «. The remaining steps are straightforward and left as an

exercise. 0

2.3 Anafunctors

An anafunctor is a generalization of a smooth functor between Lie groupoids, similar to a Morita
equivalence, and also known as a Hilsum-Skandalis morphism. The idea goes back to Benabou
[Bén73], also see [Joh77|]. The references for the following definitions are [Ler| [Met].

Definition 2.3.1. Let X and Y be Lie groupoids.

1. An anafunctor F : X — ) is a smooth manifold F, a left action (ay, p;) of X on F, and
a right action (o, pr) of Y on F such that the actions commute and o : F — Xy is a

principal Y-bundle over Xj.

2. A transformation between anafunctors f: F => F' is a smooth map f : F — F’ which is

X -equivariant, YV-equivariant, and satisfies oo f = oy and ol o f = .

The smooth manifold F' of an anafunctor is called its total space. Notice that the condition that
the two actions on F' commute implies that each respects the anchor of the other. For fixed Lie
groupoids X and Y, anafunctors F': X — ) and transformations form a category Ana™(X,)).
Since transformations are in particular morphisms between principal Y-bundles, every transforma-
tion is invertible so that Ana®(X,}Y) is in fact a groupoid.

Example 2.3.2 (Anafunctors from ordinary functors). Given a smooth functor ¢ : X — ), we

obtain an anafunctor in the following way. We set F':= Xj 4x; V1 with anchors oy : F' — &j and

-9 -



ay : F — Y defined by o;(x,g) := x and «a,(x,g) := s(g), and actions
pr:Xisxg F—F and p,:Fq. x: Y1 — F

defined by p;(f, (z,9)) := (t(f),d(f) o g) and p.((x,g), f) :== (z,g o f). In the same way, a smooth
natural transformation 1 : ¢ => ¢’ defines a transformation f, : F => F’ by f,(x,g) := (z,n(x) o
g). Conversely, one can show that an anafunctor comes from a smooth functor, if its principal
I-bundle has a smooth section.

Example 2.3.3 (Anafunctors with discrete source). For M a smooth manifold and I' a Lie

groupoid, we have an equality of categories
Bunp(M) = Ana®™ (Mg, ).

Further, trivial principal I'-bundles correspond to smooth functors. In particular, with Example

we have,

(a) For G a Lie group and M a smooth manifold, an anafunctor F' : My — BG is the same as

an ordinary principal G-bundle over M.

(b) For M and X smooth manifolds, an anafunctor F' : My;s — Xg;s is the same as a smooth

map.

Example 2.3.4 (Anafunctors with discrete target). For I a Lie groupoid and M a smooth manifold,

we have an equivalence of categories
Anaoo(F, M) ~ (O (Fo, M)dis-

In order to see this, we insert the groupoid Bun,,  (To) in the middle, which is equivalent to
C> (T, M)a;is according to Example On the other side, the obvious functor

Ana™(I', M) — Buny,, (To)
that forgets the I'-action on the total space of an anafunctor, is an equivalence of categories.

For the following definition, we suppose X, ) and Z are Lie groupoids, and F : X — ) and
G : Y — Z are anafunctors given by F = (F, «y, pi, ., pr) and G = (G, By, 71, Br, Tr)-

Definition 2.3.5. The composition G o F' : X — Z is the anafunctor defined in the following

way:

1. Its total space is
E = (Farxﬁz G)/ ~

where (f,71(h,g)) ~ (pr(f, h),g) for all h € Y1 with a.(f) = t(h) and Gi(g) = s(h).

— 10 —



2. The anchors are (f,g) > ay(f) and (f,g) —= Br(g)-

3. The actions Xy 4 xo FF —= E and Fgx; Z1 — E are given, respectively, by
(v (£,9) == (p(v: £)rg9)  and  ((f,9),7) = (f,7(9,7))-

Remark 2.3.6. Lie groupoids, anafunctors and transformations form a bicategory. This bicategory

is equivalent to the bicategory of differentiable stacks [Pro96].

In this article, anafunctors serve for two purposes. The first is that one can use conveniently

the composition of anafunctors to define extensions of principal groupoid bundles:

Definition 2.3.7. If P : Mys — T is a principal I'-bundle over M, and A : T' — Q is an
anafunctor, then the principal Q-bundle

AP :=AoP: My, — Q

18 called the extension of P along A.

Unwinding this definition, the principal Q-bundle AP has the total space
AP=(Paxo, N) /) ~ (2.3.1)

where (p, pi(7, X)) ~ (p(p,7), A) for all p € P, A € A and v € T’y with a(p) = t() and oy (A) = s(7).
Here « is the anchor and p is the action of P, and A = (A, oy, ar, p1, pr). The bundle projection
is (p, \) = m(p), where 7 is the bundle projection of P, the anchor is (p,\) —> «,(}\), and the
action is (p,\) ow = (p, pr(A,w)).

Extensions of bundles are accompanied by extensions of bundle morphisms. If o : P, — Py isa
morphism between I'-bundles, a morphism Ay : APy, — AP, is defined by Ap(p1, ) := (¢(p1), )
in terms of (2.3.1). Summarizing, we have

Lemma 2.3.8. Let M be a smooth manifold and A : T' —= Q be an anafunctor. Then, extension

along A is a functor
A Bunp (M) — Bung(M).

Moreover, it commutes with pullbacks and so extends to a morphism between stacks.

Next we suppose that ¢t : H — G is a Lie group homomorphism, and G/ H is the associated
action groupoid of Example (d). We look at the functor © : GJ/H — BH which is defined
by O(h, g) := h. Combining Lemma with the extension along ©, we obtain

Lemma 2.3.9. The category BunG//H(M) of principal G | H-bundles over a smooth manifold M is

equivalent to a category with

- 11 —



Objects: principal H-bundles Py over M together with a section of © Py .

Morphisms: morphisms ¢ of H-bundles so that ©p preserves the sections.

The second motivation for introducing anafunctors is that they provide the inverses to certain

smooth functors which are not necessarily equivalences of categories.

Definition 2.3.10. A smooth functor or anafunctor F : X —= Y is called a weak equivalence, if

there exists an anafunctor G : Y —= X together with transformations GoF = idy and FoG = idy.

We have the following immediate consequence for the stack morphisms of Lemma [2:3.8]

Corollary 2.3.11. Let A : T' — Q be a weak equivalence between Lie groupoids. Then, extension
of principal bundles along A is an equivalence A : Bunp (M) — Bung (M) of categories. Moreover,

these define an equivalence between the stacks Buny and Bung,.

Concerning the claimed generalization of invertibility, we have the following well-known theorem,
see [Ler, Lemma 3.34], [Met], Proposition 60].

Theorem 2.3.12. A smooth functor F : X — Y is a weak equivalence if and only if the following
two conditions are satisfied:

(a) it is smoothly essentially surjective: the map
sopry: Xo gy, Xt Y1 —= Mo
18 a surjective submersion.

(b) it is smoothly fully faithful: the diagram

X1

s a pullback diagram.

Remark 2.3.13. It is worth noting that any smooth functor F' : X — ) that is a weak equivalence

actually has a canonical inverse anafunctor.

- 12 —



2.4 Lie 2-Groups and crossed Modules

A (strict) Lie 2-group is a Lie groupoid I whose objects and morphisms are Lie groups, and all whose
structure maps are Lie group homomorphisms. One can conveniently bundle the multiplications

and the inversions into smooth functors
m:I'xI' —= T and ¢:T' — T.

Example 2.4.1. For A an abelian Lie group, the Lie groupoid BA from Example (b) is a Lie
2-group. The condition that A is abelian is necessary.

Example 2.4.2. Let t : H — G be a homomorphism of Lie groups, and let G/ H be the cor-
responding Lie groupoid from Example @ This Lie groupoid becomes a Lie 2-group if the
following structure is given: a smooth left action of G on H by Lie group homomorphisms, denoted
(g9,h) > 9h, satisfying

t(%h) = gt(h)g™* and ‘Mg = hah?

for all g € G and h,z € H. Indeed, the objects G of G/ H already form a Lie group, and the
multiplication on the morphisms H x G of G/ H is the semi-direct product

(h2,92) - (h1,91) = (ha 9%h1, g2g1). (2.4.1)

The homomorphism ¢t : H — G together with the action of G on H is called a smooth crossed

module. Summarizing, every smooth crossed module defines a Lie 2-group.

Remark 2.4.3. Every Lie 2-group I' can be obtained from a smooth crossed module. Indeed, one
puts G :=T'g and H := ker(s), equipped with the Lie group structures defined by the multiplication
functor m of I'. The homomorphism ¢ : H — G is the target map ¢ : ['y — Ty, and the action
of G on H is given by the formula %y := id, - v -idy-1 for g € T'g and v € ker(s). These two
constructions are inverse to each other (up to canonical Lie group isomorphisms and strict Lie

2-group isomorphisms, respectively).

Example 2.4.4. Counsider a connected Lie group H, so that its automorphism group Aut(H)
is again a Lie group [OV91]. Then, we have a smooth crossed module (Aut(H), H,i,ev), where
i: H — Aut(H) is the assignment of inner automorphisms to group elements, and ev : Aut(H) x
H — H is the evaluation action. The associated Lie 2-group is denoted AUT(H) and is called
the automorphism 2-group of H.

Example 2.4.5. Let

1 H—t>g-LtsK 1

be an exact sequence of Lie groups, i.e. an exact sequence in which p is a submersion and t is an
embedding. The homomorphisms ¢ : H — G and p: G — K define action groupoids G/ H and

- 13 —



K //G as explained in Example The first one is even a Lie 2-group: the action of G on H is
defined by % :=t=1(gt(h)g~?'). This is well-defined: since

p(gt(h)g~") = p(g)p(t(h))p(g~") = p(g)p(9) ™' =1,

the element gt(h)g~! lies in the image of ¢, and has a unique preimage. The action is smooth

because t is an embedding. The axioms of a crossed module are obviously satisfied.

If a Lie groupoid T is a Lie 2-group in virtue of a multiplication functor m : I' x ' — T, then

the category Bunp(M) of principal I'-bundles over a smooth manifold M is monoidal:

Definition 2.4.6. Let P : Mg;s — T and Q : My;s — T be principal I'-bundles. The tensor
product P ® Q is the anafunctor

di PxQ
B My X Mgy ——% o xT — ™ o T,

Mdis

Example 2.4.7.

(a) Since trivial principal I'-bundles I; correspond to smooth functors f : My, — I' (Example
2.3.3), it is clear that Iy @ I, = Iy,.

(b) Unwinding Definition in the general case, the tensor product of two principal I'-bundles
P, and P, with anchors oy and s, respectively, and actions p; and ps, respectively, is given
by

P1® Py = ((Py X P2) mo(ar xaz) Xt T'1) / ~, (2.4.2)
where

(plap27 m(’yla 72) o 7) ~ (pl (pla 71)7 pQ(an 72)7 P)/) (243)
for all p; € Pi, po € P, and morphisms v, 7v1,7v2 € I'y satisfying t(y;) = a;(p;) for i = 1,2
and s(v1)s(v2) = t(v). The bundle projection is 7(p1,p2,7y) := 71 (p1) = m2(p2), the anchor is
a(p1,p2,7) = s(7), and the I'-action is given by 4((p1,p2,7),7') = (p1,p2,7 2 7).

As a consequence of Lemma [2.3.8/and the fact that the composition of anafunctors is associative

up to coherent transformations, we have
Proposition 2.4.8. For M a smooth manifold and I' a Lie 2-group, the tensor product
® : Bunp (M) x Bunp(M) — Bunp(M)

equips the groupoid of principal T'-bundles over M with a monoidal structure. Moreover, it turns

the stack Bunp into a monoidal stack.

,14,



Notice that the tensor unit of the monoidal groupoid Bunp. (M) is the trivial principal I'-bundle
I, associated to the constant map 1 : M — Ty, or, in terms of anafunctors, the one associated to
the constant functor 1: M — T.

A (weak) Lie 2-group homomorphism between Lie 2-groups (I', mp) and (€2, mg) is an anafunctor

A:T — Q together with a transformation

Ixl—2 s7p
/l
AxXA n A

e

QXQT)Q

(2.4.4)

A Lie 2-group homomorphism is called weak equivalence, if the anafunctor A is a weak equiva-
lence. Since extensions and tensor products are both defined via composition of anafunctors, we
immediately obtain

Proposition 2.4.9. Eztension along a Lie 2-group homomorphism A : T' — Q between Lie 2-
groups is a monoidal functor

A Bunp (M) — Bung(M)

between monoidal categories. Moreover, these form a monoidal morphism between monoidal stacks.

Since a monoidal functor is an equivalence of monoidal categories if it is an equivalence of the
underlying categories, Corollary [2.3.11]implies:

Corollary 2.4.10. For A : T' — Q a weak equivalence between Lie 2-groups, the monoidal functor
of Proposition [2.].9 is an equivalence of monoidal categories. Moreover, these form a monoidal
equivalence between monoidal stacks.

If we represent the Lie 2-group I' by a smooth crossed module ¢t : H — G as described in
Example we want to determine explicitly how the tensor product looks like under the corres-
pondence of G/ H-bundles and principal H-bundles with anti-equivariant maps to G, see Lemma
2.2.9

Lemma 2.4.11. Lett : H — G be a crossed module and let P and Q be G/ H-bundles over M.
Let (Pw, f) and (Qm,g) be the principal H-bundles together with their H-anti-equivariant maps
that belong to P and Q, respectively, under the equivalence of Lemma [2.2.9. Then, the principal
H-bundle that corresponds to the tensor product P ® Q) is given by

(PoQ)u=(PxnQ)/~ where (pxh,q)~ (p.ax(F® h)).

The action of H on (P®Q) g is [(p, q)]*h = [(p*h, q)], and the H-anti-equivariant map of (PRQ)x
is [(p, Q)] == f(p) - 9(q)-
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Similar to the tensor product of principal I'-bundles, the dual P of a principal I'-bundle P over
M is the extension of P along the inversion ¢ : ' — T' of the 2-group, PV := i(P). The equality
mo (id,7) = 1 of functors M — T induces a “death map” d : P ® PV — I;. We are going to
use this bundle morphism in Section [5.2] but omit a further systematical treatment of duals for the
sake of brevity.

3 Version I: Groupoid-valued Cohomology

We have already mentioned group valued Cech 1-cocycles in the introduction. They consist of an
open cover % = {U,;}ier of M and smooth functions g¢;; : U; N U; — G satisfying the cocycle
condition g;; - g;x = gix. Segal realized [Seg68] that this is the same as a smooth functor

g:C(%) — BG

where BG denotes the one-object groupoid introduced in Example (]E[) and C(% ) denotes the

Cech groupoid corresponding to the cover % . It has objects | |, ; Ui and morphisms | | U;NU;,

el i,5€1

and its structure maps are
8(.’L‘,i,j) = (.Z‘,Z) ’ t(l’,l,j) = (LU,]) ; ld(m,z) = (.T,Z,Z) and (-'L',j7 k) © (LU,Z,]) = (.’E,Z,k‘)

Analogously, smooth natural transformations between smooth functors C(%) — BG give rise
to Cech coboundaries. Thus the set [é (%), BG] of equivalence classes of smooth functors equals
the usual first Cech cohomology with respect to the cover % . The classical first Cech-cohomology
H'(M,G) of M is hence given by the colimit over all open covers % of M

H'(M,G) = lim [C(%), BG].

1
%
We use this coincidence in order to define the 0-th Cech cohomology with coefficients in a general
Lie groupoid T
Definition 3.1. If T is a Lie groupoid we set

HO(M,T) :=lim [C(%),T]
w

where the colimit is taken over all covers % of M and [C’(%)J‘] denotes the set of equivalence

classes of smooth functors C(%) — T.

Remark 3.2. The choice of the degree is such that HO(M ,I') agrees in the case I' = Gy;5 (Example
(a)) with the classical 0-th Cech-cohomology H(M, G) of M with values in G.

— 16 —



The geometrical meaning of the set is given in the following well-known theorem, which can be

proved e.g. using Lemma [2.2.8

Theorem 3.3. There is a bijection

O(M,T) = { Isomorphism classes of }

principal T'-bundles over M

If T is not only a Lie 2-groupoid but a Lie 2-group one can also define a first cohomology group
H'(M,T). Indeed, consider the Lie 2-groupoid BI" with one object, morphisms I'y and 2-morphisms
I';. Multiplication in I' gives the composition of morphisms in BI". Let [é (%), BT'] denote the set of
equivalence classes of smooth, weak 2-functors from the Cech-groupoid C(%) to the Lie 2-groupoid

BI'. For the definition of weak functors see [Bén67] — below we will determine this set explicitly.
Definition 3.4. For a 2-group I' we set

H'(M,T) :=lim [C(%), BT].

—
4

Remark 3.5. This agrees for I' = G4;s with the classical ﬁl(M ,G). Furthermore, for an abelian
Lie group A the Lie groupoid BA is even a 2-group and H'(M, BA) agrees with the classical Cech-
cohomology H?(M, A).

Unwinding the above definition, we get Version I of smooth I'-gerbes:

Definition 3.6. Let I' be a Lie 2-group, and let % = {Ua},c4 be an open cover of M.

1. A T-1-cocycle with respect to % is a pair (fas, gasy) of smooth maps
fap :UaNUg — T'yg  and  gapy: UaNUgNUg — I'y
satisfying s(gapy) = fay - fap and t(gapy) = fary, and
9aps © (9pys ~1df,;) = gans © (idg s - gapy)- (3.1)
Here, the symbols o and - stand for the composition and multiplication of T, respectively.

2. Two T'-1-cocycles (fop, gapy) and (flg, 9hp,) are equivalent, if there exist smooth maps hy, :

Uy — To and sop : Uy NUg — T'1 with

S(Saﬁ) = g(lyﬁ “ha t(saﬁ) = hﬁ *9ap
and (idhW 'gaﬂv) © (Sﬁv ) idfaﬁ) o (idfﬁ'v “8ag) = Say © (g/aﬁ'y “idp,,)-

— 17 —



Remark 3.7. For a crossed module ¢t : G — H and I' := G//H the associated Lie 2-group
(Example [2.4.2)) one can reduce I'-1-cocycles to pairs

fop :UaNUs — G and  Japy : UsNUsNUs — H

which satisfies then a cocycle condition similar to (3.1). Analogously, coboundaries can be reduced
to pairs

ho :Uy — G and 35,3:U,NUg — H.

This yields the common definition of non-abelian cocycles, which can for example be found in
[Bre9Q] or [BS09].

4 Version II: Classifying Maps

It is well known that for a Lie group G the smooth Cech-cohomology I:II(M ,G) and the continuous
Cech-cohomology H!(M,G) agree if M is a smooth manifold (in particular paracompact). This
can e.g. be shown by locally approximating continuous cocycles by smooth ones without changing
the cohomology class — see [MWQ9] (even for G infinite-dimensional). Below we generalize this fact
to certain Lie groupoids I'. Here the continuous Cech-cohomology I:Ii(M ,I') is defined in the same
way as the smooth one (Definition but with all maps continuous instead of smooth. A Lie
groupoid I' is called smoothly separable, if the set myI" of isomorphism classes of objects is a smooth

manifold for which the projection I'y — I is a submersion.

Proposition 4.1. Let M be a smooth manifold and let T be a smoothly separable Lie 2-group.
Then, the inclusion
HY(M,T) — HL(M,T)

of smooth into continuous Cech cohomology is a bijection.

Remark 4.2. It is possible that the assumption of being smoothly separable is not necessary, but
a proof not assuming this would certainly be more involved than ours. Moreover, all Lie 2-groups

we are interested in are smoothly separable.

Proof of Proposition We denote by m;I" the Lie subgroup of I'; consisting of automorphisms
of 1 € T'y. Since it has two commuting group structures — composition and multiplication — it is
abelian. The idea of the proof is to reduce the statement via long exact sequences to statements

proved in [MWO09]. The exact sequence we need can be found in [Bre90):
HO(M, (zoD)ais) —= H'(M, BmyI) —= H'(M,T) — H'(M, (mo[)ais) — H*(M,Br,T).

Note that H'(M,T) and H'(M, (z,")ais) do not have group structures, hence exactness is only

meant as exactness of pointed sets. But we actually have more structure, namely an action of
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HY(M, Bx,T) on H'(M,T). This action factors to an action of
C = coker (HO(M, (zmoD)ais) — H (M, Bﬂll")).

In fact on the non-empty fibres of the morphism H'(M,T) — H'(M, (7,T")4:s) this action is simply

transitive. In other words: H'(M,T') is a C-Torsor over
K = ker(Hl(M, (moD)ais) — H2(M, Bﬁﬂ‘)).
The same type of sequence also exists in continuous cohomology
H2(M, (D) ais) —= He(M,Bmy 1) — Ho(M,T) — Hy(M, (zo)ais) — HZ(M,Bm,T).
With

o o= coker(Hg(]\/L (mol)ais) —= Hi(M,BﬂJ‘))

K/

ker (FE(M, (m)ais) —= H2(M, Br,T)),

we exhibit H.(M,T) as a C’-Torsor over K.

The natural inclusions of smooth into continuous cohomology form a chain map between the
two sequences. From [MWO09] we know that they are isomorphisms on the second, fourth and fifth
factor. In particular we have an induced isomorphism K — s K’. Lemma below additionally
shows that also the induced morphism C — (' is an isomorphisms. Using these isomorphisms
we see that H'(M,T') and H.(M,T) are both C-torsors over K and that the natural map

is a morphism of torsors. But each morphism of group torsors is bijective, which concludes the

proof. O

Lemma 4.3. The images of
f O, (xoD)ais) — H'(M,Bx,T) and f' s BO(M, (z,T)gis) —= HL(M, Br,T)
are isomorphic.

Proof. HO(M, (7o) ais) is the group of smooth maps s : M — m,I' and HO(M, (7 T)ais) is
the group of continuous maps t : M —= m,I'. The groups H'(M,Br,I') = H*(M,x,T) and
H(M,Bxr,T) = H2(M,r,T") are isomorphic by the result of [MW09]. Under the connecting homo-
morphism

H® (oL, (mD)ais) — H'(moT, By T)
the identity id, r is send to a class §p with the property that f(s) = s*¢r and f'(t) = ¢*{p. Hence it
suffices to show that for each continuous map ¢t : M — m,I" there is a smooth map s : M — m,I’
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with s*épr = t*&p. It is well know that for each continuous map ¢ between smooth manifolds a homo-
topic smooth map s exists. It remains to show that the pullback ﬁl(ﬁof‘, Bm,T') — H(M, Br,T)
along smooth maps is homotopy invariant. This can e.g. be seen by choosing smooth (abelian)
Br,-bundle gerbes as representatives, in which case the homotopy invariance can be deduced from

the existence of connections. O

It is a standard result in topology that the continuous G-valued Cech cohomology of paracompact
spaces is in bijection with homotopy classes of maps to the classifying space BG of the group G.
A model for the classifying space BG is for example the geometric realization of the nerve of the
groupoid BG, or Milnor’s join construction [Mil56].

Now let T' be a Lie 2-group, and let |T'| denote the geometric realization of the nerve of T'. Since
the nerve is a simplicial topological group, |T'| is a topological group. Version II for smooth I'-gerbes
is:

Definition 4.4 ([BS09]). A classifying map for a smooth I'-gerbe is a continuous map

f:M — B

We denote by [M , %|I‘|] the set of homotopy classes of classifying maps.
Proposition 4.5 ([BS09, Theorem 1]). Let T be a Lie 2-group. Then there is a bijection
(0T = [0, BT
where the topological group |T'| is the geometric realization of the nerve of T

Note that the assumption of [BS09, Theorem 1] that I' is well-pointed is automatically satisfied
because Lie groups are well-pointed. Propositions and imply the following equivalence
theorem between Version I and Version II.

Theorem 4.6. For M a smooth manifold and T' a smoothly separable Lie 2-group, there is a
bijection

H'(M,T) = [M,B[T]].
Remark 4.7. Baez and Stevenson argue in [BS09, Section 5.2.] that the space B|T'| is homotopy
equivalent to a certain geometric realization of the Lie 2-groupoid |BT'| from Section Baas, Bostedt

and Kro have shown [BBK] that |BI'| classifies concordance classes of “charted I'-2-bundles”. In

particular, charted I'-2-bundles are a further equivalent version of smooth I'-gerbes.
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5 Version III: Groupoid Bundle Gerbes

Several definitions of “non-abelian bundle gerbes” have appeared in literature so far [ACJ05] [Jurl
MRS]|. The approach we give here not only shows a conceptually clear way to define non-abelian
bundle gerbes, but also produces systematically a whole bicategory. Moreover, these bicategories

form a 2-stack over smooth manifolds (with the Grothendieck topology of surjective submersions).

5.1 Definition via the Plus Construction
Recall that the stack Bunp of principal I'-bundles is monoidal if " is a Lie 2-group (Proposition
2.4.8]). Associated to the monoidal stack Bun we have a pre-2-stack

TrivGrbr = B(Buny)

of trivial T'-gerbes. Explicitly, there is one trivial I'-gerbe Z over every smooth manifold M. The
1-morphisms from Z to Z are principal I'-bundles over M, and the 2-morphisms between those
are morphisms of principal I'-bundles. Horizontal composition is given by the tensor product of

principal I’-bundles, and vertical composition is the ordinary composition of I'-bundle morphisms.

Now we apply the plus construction of [NS11] in order to stackify this pre-2-stack. The resulting
2-stack is by definition the 2-stack of I'-bundle gerbes, i.e.

Grbp == (Trivgrip) ™t .

Unwinding the details of the plus construction, we obtain the following definitions:

Definition 5.1.1. Let M be a smooth manifold. A I'-bundle gerbe over M is a surjective submersion

7Y — M, a principal T-bundle P over Y2 and an associative morphism
p: o3P @iy P —= misP
of T-bundles over Y3,

The morphism p is called the bundle gerbe product. Its associativity is the evident condition for

bundle morphisms over Y4,

In order to proceed with the 1-morphisms, we say that a common refinement of two surjective
submersions 7 : Y7 — M and 7y : Yo — M is a smooth manifold Z together with surjective

submersions Z — Y; and Z — Y5 such that the diagram
Z
Yi Y5
AN S
M
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is commutative.

We fix the following convention: suppose P; and P, are I'-bundles over surjective submersions
U, and Us, respectively, and V' is a common refinement of U; and U;. Then, a bundle morphism
¢ : P, — P, is understood to be a bundle morphism between the pullbacks of P; and P, to the
common refinement V. For example, in the following definition this convention applies to Uy = Y1[2],
Uy =Y and V = 71,

Definition 5.1.2. Let G; and Gy be I'-bundle gerbes over M. A 1-morphism A : Gi — G5 is a
common refinement Z of the surjective submersions of G1 and Go together with a principal T'-bundle

Q@ over Z and a morphism
B:P®GQ — G

of T-bundles over Z2, where (1, (s : Z12 — Z are the two projections, such that o is compatible

with the bundle gerbe products p1 and po.

The compatibility of o with @1 and ps means that the diagram

5P @ TP © (1Q — 22 > 1P © (1Q
id®(¢y,8

T33P ® (GQ @ iy Py ClB (5.1.1)
¢338®id

C;Q ® 7T§3P1 ®7TT2P1 s —

5Q @ iy P
o $Q@ TN

of morphisms of I-bundles over ZI3! is commutative.

If A : G1 — Go and Asz : Gy —= G3 are 1-morphisms between bundle gerbes over M, the
composition Az 0 A19 1 Gi —= Gs is given by the fibre product Z := Zas Xy, Z12, the principal
I-bundle @ := Q23 ® Q12 over Z, and the morphism

B23®id id®p12

Py Q (3Q23 ® Py ® (F Q12 GQR P.

The identity 1-morphism idg associated to a I'-bundle gerbe G is given by Y regarded as a common
refinement of 7 : Y — M with itself, the trivial I-bundle I; (the tensor unit of Buny(Y")), and
the evident morphism Iy @ P — P ® I;.

In order to define 2-morphisms, suppose that 71 : Y7 — M and 75 : Yo —= M are surjective
submersions, and that Z and Z’ are common refinements of m; and m. Let W be a common

refinement of Z and Z’ with surjective submersions r : W — Z and ' : W — Z’. We obtain
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two maps
s51:W—">7—=YV; and t W —=7 ——=Y,

and analogously, two maps ss,ts : W — Y5. These patch together to maps
rw = (s1,t1) + W — Yixu Y and  yw = (s2,t2) : W —= Yo X Y.

Definition 5.1.3. Let G; and Gy be T'-bundle gerbes over M, and let A, A" : G — Gy be 1-
morphisms. A 2-morphism ¢ : A => A’ is a common refinement W of the common refinements
Z and Z', together with a morphism

gy P @r'Q — 1" Q @y Py
of T-bundles over W that is compatible with the morphisms 5 and (3.
2]

The compatibility means that a certain diagram over W'¥! commutes. Fibrewise over a point

(w,w') € W xr W this diagram looks as follows:

Pal ey ) taur) ® Polsau) sa(w) ® @low) —= Polaaur) o) ® Qlrur) ® Piley(w) o1 ()
p2®id P®id
Palsy(w),ta2(w) ® Qlr(w) Q'lr () ® Prlsy ()t (w') @ Pilsy (w),s: (w)
1y '®id id®pn (5.1.2)
Palts (w).ta(w) © Polss(w).ta(w) © Qlrcu) Q' (wry © Pl (w) s (w)
id®y id®uy

Palty(w) 2 (w) @ Q' (w) ® Pilsy (w),t1 (w) Q' (w) ® Pty (w),t1 (w) @ Pilsy (w) b1 (w)

_—
B’ ®id

Finally we identify two 2-morphisms (Wy,71, 7], ¢1) and (Wa, ra, 75, ) if the pullbacks of ;1 and
w2 to W X zx, 7z W’ agree. Explicitly, this condition means that for all w; € Wy and we € Wh
with 71 (w1) = r2(w2) and r{(wy) = ry(ws), and for all py € yiy, Po = vy, P2 and ¢ € r1Q = 735Q
we have ¢1(p2, q) = ¢2(p2, q).

Remark 5.1.4.

e In the above situation of a common refinement W of two common refinements Z, Z’ of sur-
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jective submersions Y7, Y5, the diagram

Z
Y, %% Ys (5.1.3)
Z/
is mot necessarily commutative. In fact, diagram (5.1.3) commutes if and only if the two
maps xw : W — Y1 X Y7 and yw : W — Y5 Xy Y5 factor through the diagonal maps
Y1 — Y7 xp Y1 and Yo — Y5 X, Yo, respectively.

e In the case that a 2-morphism ¢ is defined on a common refinement Z for which diagram
does commute, Definition can be simplified. As remarked before, the two maps
zw and yw factor through the diagonals, over which the bundles P, and P, have canonical
trivializations (see Corollary . Under these trivializations, ¢ can be identified with a
bundle morphism

p:Q — Q.
Furthermore, the compatibility diagram (b.1.2)) simplifies to the diagram

* 8 *
P@nQ ——— Q@b

id®ny ¢ 15 e®id (514)

P @niQ ——> Q'@ P

Next we define the vertical composition @23 ® 15 : Ay => A3 of 2-morphisms @15 : A = A,
and a3 : Ay => Aj3. The refinement is the fibre product W := Wiy x z, Wag of the covers of ¢12

and o3. The bundle gerbe products induce isomorphisms
ryw P Eay, Py, Pr and  yp P Sy, Py, P

over W. Under these identifications, the morphism ¥}, Po ® Q1 — @3z}, P for the 2-morphism
P23 ® 12 is defined as

id®ep12 p23®id

Yivps 12 @ Ypy, P2 © Q1 Yy 12 © Q2 @ 23y, Py

Q3 ® 3?%23]31 &® xa/lzPl.

The identity for vertical composition is just the identity refinement and the identity morphism.

Finally we come to the horizontal composition

@23 0 P12+ Agz 0 A1g => Agz 0 Al
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of 2-morphisms @15 : Ajs => Al and a3 : Agz => Abg: its refinement W is given by Wia X (v, xv,)
Was. We look at the three relevant maps xw : W — Y7 X Y1, yw : W — Y5 x5y Yo and
zw W — Y3 X Y3. The morphism ¢ of the 2-morphism 23 0 15 is defined as the composition

. ®id . id® .
2y Ps @ Qa3 @ Qra — > Qs ® Yty P2 ® Qra ——— > Q3 ® Q' @ iy 1.

It follows from the properties of the plus construction [NS11] that (a) these definitions fit together
into a bicategory Grbr (M), and that (b) these form a pre-2-stack Grbr over smooth manifolds. That

means, there are pullback 2-functors
f*:Grbp(N) — Grbp(M)

associated to smooth maps f : M — N, and that these are compatible with the composition of
smooth maps. Pullbacks of I'-bundle gerbes, 1-morphisms, and 2-morphisms are obtained by just

taking the pullbacks of all involved data. Finally, the plus construction implies (c):
Theorem 5.1.5 ([NS11l, Theorem 3.3]). The pre-2-stack Grbr of T'-bundle gerbes is a 2-stack.

In the remainder of this section we give some examples and describe relations between the

definitions given here and existing ones.

Example 5.1.6. Let A be an abelian Lie group, for instance U(1). Then, BA-bundle gerbes are
the same as the well-known A-bundle gerbes [Mur96].

Example 5.1.7. Let (G, H,t,«) be a smooth crossed module, and let G/ H the associated action
groupoid. Then, a (G H)-bundle gerbe is the same as a crossed module bundle gerbe in the sense
of Jurco [Jur]. The equivalence relation “stably isomorphic” of [Jur] is given by “l-isomorphic” in
terms of the bicategory constructed here. These coincidences come from the equivalence between
(G//H)-bundles and so-called G-H-bundles used in [Jur, [ACJ05] expressed by Lemma [2.3.9 In
particular, in case of the automorphism 2-group AUT(H) of a connected Lie group H, a AUT(H)-
bundle gerbe is the same as a H-bibundle gerbe in the sense of Aschieri, Cantini and Jurco [ACJ05].

Example 5.1.8. Let G be a Lie group, so that G, is a Lie 2-group. Then, there is an equivalence
of 2-categories
gTbGdis (M) =~ BunBG(M)dls.

Indeed, if G is a Gg;s-bundle gerbe over M, its principal Gg;s-bundle over y2

is by Example
just a smooth map « : Y2 — @G, and its bundle gerbe product degenerates to an equality
Thear - iy = wigar for functions on Y In other words, a Gg;-bundle gerbe is the same as
a so-called “G-bundle 0-gerbe”. These form a category that is equivalent to the one of ordinary

principal G-bundles, as pointed out in Section [T}
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Remark 5.1.9. There are two differences between the definitions given here (for I' = BA) and
the ones of Murray et al. [Mur96, MS00, [Ste00]. Firstly, we have a slightly different ordering of
tensor products of bundles. These orderings are not essential in the case of abelian groups because
the tensor category of ordinary A-bundles is symmetric. In the non-abelian case, a consistent
theory requires the conventions we have chosen here. Secondly, the definitions of 1-morphisms and

2-morphisms have been generalized step by step:

1. In [Mur96], 1-morphisms did not include a common refinement, but rather required that the
surjective submersion of one bundle gerbe refines the other. This definition is too restrictive
in the sense that e.g. U(1)-bundle gerbes are not classified by H3(M, Z), as desired.

2. In [MSQ0Q], 1-morphisms were defined on the canonical refinement Z := Y; X5 Ys of the
surjective submersions of the bundle gerbes. This definition solves the previous problems
concerning the classification of bundle gerbes, but makes the composition of 1-morphisms
quite involved [Ste00].

3. In [Wal07], 1-morphisms were defined on refinements ¢ : Z — Y7 x s Y5. This generalization
allows the same elegant definition of composition we have given here, and results in the same
isomorphism classes of bundle gerbes. Moreover, 2-morphisms are defined with commutative
diagrams — this makes the structure of the bicategory outmost simple (see Remark
5.1.4)).

4. In the present article we have allowed for a yet more general refinement in the definition of
1-morphisms. Its achievement is that bundle gerbes come out as an example of a more general
concept — the plus construction — and we get e.g. Theorem for free.

Despite of these different definitions of 1-morphisms and 2-morphisms, the resulting bicategories of
BA-bundle gerbes in 2., 3. and 4. are all equivalent (see [Wal07, Theorem 1], [NS11, Remark 4.5
and Lemma below).

5.2 Properties of Groupoid Bundle Gerbes

We recall that a homomorphism A : I' —  between Lie 2-groups is an anafunctor and a trans-
formation (2.4.4) describing its compatibility with the multiplications. We recall further from
Proposition [2.4.9] that extension along A is a 1-morphism

A Bunp — Bung,
between monoidal stacks over smooth manifolds. That is, extension along A is compatible with pull-
backs, tensor products, and morphisms between principal I’-bundles. Applying it to the principal
I’-bundle P of a I'-bundle gerbe G, and also to the bundle gerbe product p, we obtain immediately

an 2-bundle gerbe AG. The same is evidently true for morphisms and 2-morphisms. Summarizing,
we get:
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Proposition 5.2.1. Extension of bundle gerbes along a homomorphism A : I' —= Q between Lie
2-groups defines a 1-morphism

A Grbr — Grbg

of 2-stacks over smooth manifolds.

We recall that a weak equivalence between Lie 2-groups is a homomorphism A : I' — € that
is a weak equivalence (see Definition [2.3.10]). We have:

Theorem 5.2.2. Suppose A : ' — Q is a weak equivalence between Lie 2-groups. Then, the
1-morphism A : Grbp — Grbg of Proposition[5.2.1] is an equivalence of 2-stacks.

Proof. The monoidal equivalence A : Bunp — Bung, between the monoidal stacks (Corollary
2.4.10)) induces an equivalence TrivGrbr (M) — TrivGrby (M) between pre-2-stacks. Since the plus
construction is functorial, this induces in turn the claimed equivalence of 2-stacks. O

Next we generalize a couple of well-known result from abelian to non-abelian bundle gerbes.
We say a refinement of a surjective submersion 7w : Y — M is another surjective submersion
w: W — M together with a smooth map f : W — Y such that ( = 7w o f. Notice that such

(%]

a refinement induces smooth maps fj, : W* — V¥ that commute with the various projections

Wiy ..qp, and g,

Lemma 5.2.3. Suppose G = (Y1, Pi,u1) and Gy = (Ya, Pa, us) are T-bundle gerbes over M,
f Y1 — Ys is a refinement of surjective submersions, and ¢ : f5 Py — Pi is an isomorphism
of T'-bundles over Ylm that is compatible with the bundle gerbe products 1 and po in the sense that
the diagram

fip
* * * * * *
T3 f3 Pa @ Mo fo Py ———— 73 f3 P>

T33PRm o Tiap
* * *
T3 Pr @ T Py - T3P
is commutative. Then, G1 and Go are isomorphic.

The proof works just the same way as in the abelian case: one constructs the 1-isomorphism

over the common refinement Z := Y] X s Y5 in a straightforward way. As a consequence of Lemma,

B23] we have

Proposition 5.2.4. Let G = (Y, P,u) be a T-bundle gerbe over M, and let f : W — Y be a
refinement of its surjective submersion w:Y —> M. Then, (W, f5 P, f5u) is a T-bundle gerbe over

M, and is isomorphic to G.
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Lemma 5.2.5. Let G = (Y, P,u) be a T-bundle gerbe over M. Then, there exist unique smooth
maps i: P — P andt:Y — P such that

(i) the diagrams

P o P P
t
X X  and X
y'12) i yl2 Y di—ag> y(2]

are commutative.

(i) the map t is neutral with respect to the bundle gerbe product p, i.e.

p(t(y2),p) = p = (P, t(y1)).

for all p € P with x(p) = (y1,y2)-

(iii) the map i provides inverses with respect to the bundle gerbe product p, i.e.

w(i(p),p) =t(y1) and  u(p,i(p)) = t(y2)

for all p € P with x(p) = (y1,y2)-

Moreover, a(t(y)) =1 and a(i(p)) = a(p)~! forallpe P andy € Y.

Proof. Concerning uniqueness, suppose (¢,i) and (t',4') are pairs of maps satisfying (i), (ii) and
(iil). Firstly, we have ¢'(y) = u(t(y),t'(y)) = t(y) and so t = t'. Then, u(i(p),p) = t(y1) =t'(y1) =
w(?'(p), p) implies i(p) = #'(p), and so ¢ = i’. In order to see the existence of ¢ and i, denote by
Q := diag® P the pullback of P to Y, denote by QV the dual bundle and by d : Q ® Q¥ —= I, the
death map. Consider the smooth map

I ! ®i diag

-1 ®idgv i
Y43>11L>Q®QV4Q>Q®Q®QVﬂ)11®QgQ4>P

where s : Y — I is the canonical section (see the proof of Lemma [2.2.6)). It is straightforward
to see that this satisfies the properties of the map ¢. Since all maps in the above sequence are
(anchor-preserving) bundle morphisms, it is clear that ¢ o a = 1. O

Corollary 5.2.6. Let G = (Y, P, i) be a T'-bundle gerbe over M, and let t and i be the unique maps
of Lemma[5.2.5 Then,

(i) t is a section of diag* P, and defines a trivialization diag"P = 1.

(1) i is a bundle isomorphism i : P¥ — flip* P.
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(iii) Co :=Y and Cy := P define a Lie groupoid with source and target maps m o x and 7 o X,

respectively, composition i, identities t and inversion i.

The following statement is well-known for abelian gerbes; the general version can be proved by

a straightforward generalization of the constructions given in the proof of [Wal07, Proposition 3].
Lemma 5.2.7. Every 1-morphism A : G — H between I'-bundle gerbes over M is invertible.

The last statement of this section shows a way to bring l-morphisms and 2-morphisms into
a simpler form (see Remark . For bundle gerbes G; and G, with surjective submersions
7 YT — M and 7y : Yo — M we denote by Hom(Gi,Gs) the Hom-category in the bicategory
Gror (M), and by Hom(G1,G2)F'F the category whose objects are those 1-morphisms whose common
refinement is Z := Y7 X s Y3, and whose 2-morphisms are those 2-morphisms whose refinement is
W :=Y; xr Ys with the maps r,7' : W — Z the identity maps.

Lemma 5.2.8. The inclusion Hom(Gy,Go)F'" —= Hom(G1,Gs) is an equivalence of categories.

Proof. First we show that it is essentially surjective. We assume A : G; — G5 is a general
1-morphism with a principal I'-bundle @) over a common refinement Z of the surjective submersions
m YT — M and 7y : Yo —= M of the two bundle gerbes. We look at the principal I'-bundle

Q= k3P, @ praQ @ k1 Py

over Z :=Y1 Xy Z Xz Ys, where

ki:Z — Y (g1, 2 ) > (1,(2) and ke : Z —= YaT i (g1, 2, 42) > (ya(2), 92).

The projection prys : 7 — Y1 Xp Yo is a surjective submersion, and over Z XYy x 11 Ya 7 we
have a bundle morphism « : pr’{@ — pr§C~2 defined over a point (Z,2’) with Z = (y1, 2,y2) and

Z = (ylazlay2) by

Q: == Paly(2).y. ® @z ® Prly, y1(»)
iu;1®id®id
P2|y2(z’)’y2 ® P2|y2(2‘),y2(z’) Q. P1|y1,y1(z)
iid@ﬁ@id
P2|y2(2’)7y2 ®Qx® P1|y1(2),y1(Z’) ® Pl‘yl,yl(Z)
iid@id@ul
P2|y2(2')7y2 ®Qx® Pl‘ylvyl(zl) - Q2’~
The compatibility condition (5.1.1]) implies a cocycle condition for « over the three-fold fibre product

of Z over Yi X ; Ya, and since principal I-bundles form a stack, the pair (Q, «) defines a principal T-
bundle Q¥F over ZFF := Y] x 3y Y. It is now straightforward to show that the bundle isomorphism
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3 itself descends to a bundle isomorphism B¥F over ZFF x,; ZFP in such a way that the triple
(ZFP QFP BEP) forms a 1-morphism AFF : G, — Gs.

In order to show that AP is an essential preimage of A, it remains to construct a 2-morphism
gaip : A = AFP. In the terminology of Definition , we choose W = Z with r := pry :
W — Z and 7/ := pry3 : W — ZFP. Note that diagram (5.1.3) does not commute. The
maps rw : W — Ylm and yw : W — Y2[2] are given by zw = so ky; and yw = ko, where
s Ylm — Ylm switches the factors. Now, the bundle isomorphism of the 2-morphism @5 we

want to construct is a bundle isomorphism
oYy P ®rQ — Q@i P
over W, and is fibrewise over a point w = (y1, 2, y2) given by

ididet ™!
Polys ()0 ® Qz —————> Palyy ()50 ® Q2 ® Py, (2) 1 (2)
l/id@id@ufl

P2|y2(2)7y2 ® QZ ® Pl‘yl;yl(z) ® P1|y1(2)7y1 Qw ® P1|s(y1,y1(z))a

where ¢ is the trivialization of diag™P of Corollary The compatibility condition is
straightforward to check.

Now we show that the inclusion Hom(G1,Ga)*F —= Hom(Gi, Go) is full and faithful. Since it is
clearly faithful, it only remains to show that it is full. Given a morphism A — A’ in Hom/(G1, Go),
i.e. a common refinement W of Y; X, Yo with itself and a bundle morphism ¢, we have to find
a morphism in Hom(Gy, G2)F' " such that the two morphisms are identified under the equivalence
relation on bundle gerbe 2-morphisms. We denote the bundles over Y7 x; Y5 corresponding to A
and A’ by @ and @’. The refinement maps are denoted as before by r = (s1,82) : W — Y] X3 Y5
and 1" = (t1,t2) : W — Y7 x s Ya. Then we obtain an isomorphism 7*@Q — r*@Q’ fibrewise over

a point w € W by

d~'®id
Q‘Sl(ﬂ)),SQ(w) —— PZ\/‘sz(w),tz(w) ® P2|S2(w),t2(w) ® Q|sl(w),32(w)
\Lid@:p
Py | s, (w)ta(w) @ Q'lt; (w) ta(w) @ Pils; (w),t1 (w) (5.2.1)
J/id@ﬁlil

d®id

P2v‘82(w)7tz(w) ® P2|52(w),t2(w) Y Q/|s1(w),sz(w) Ql|s1(w)752(w)

where d : Py/|s,(w)ts(w) @ P2lsy(w)t2(w) — I1 is the death map. One can use the compatibility
condition for ¢ to show that this morphism descents to a morphism @ : @ —= Q' which is a
morphism in Hom(Gy,G2)F'F. The two morphisms (W, ) and (Y; xas Ya, @) are identified if their
pullbacks to

W X (vi xmYaxmYixaYe) (Y1 X0 Y2) = {w € W | r(w) =7"(w)} = Wy
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are equal. On the one side, the map W, —= W is the inclusion and the map Wy — Y7 X, Y5 is
equal to r. The pullback of v along r is by construction the map r*Q — 7*@Q’ from . On
the other side, bundles zf;, Py and yj;, P> over Wy have canonical trivializations (Lemma (E))
under which ¢ becomes also equal to the morphism . O

5.3 Classification by Cech Cohomology

In this Section we prove that Versions I (Cech T-1-cocycles) and ITI (T-bundle gerbes) are equivalent.
For this purpose, we extract a Cech cocycle from a I-bundle gerbe G over M, and prove that this
procedure defines a bijection on the level of equivalence classes (Theorem below). First we
have to assure the existence of appropriate open covers.

Lemma 5.3.1. For every I-bundle gerbe G = (Y, P, u) over M there exists an open cover % =
{Ui}iel of Mwith sections o; : Uy —= Y, such that the principal I'-bundles (o; x 0;)* P over U;NU;
are trivializable.

Proof. Omne can choose an open cover such that the 2-fold intersections U; N U; are contractible.
Since every Lie 2-group is a crossed module G/H (Remark 7 and G //H-bundles are ordinary
H-bundles (Lemma [2.2.9), these will admit sections over contractible smooth manifolds. But a
section is enough to trivialize the original I-bundle (Lemma . O

Let G be a I'-bundle gerbe over M, and let % = {U;},,
Lemma [5.3.1] We denote by My the disjoint union of all the open sets U;, and by o : Mgy, — Y

be an open cover with the properties of

the union of the sections ;. Then, o is a refinement of 7 : Y — M, and we have a I'-bundle
gerbe G , that is isomorphic to G (Proposition [5.2.4)).

The principal I'-bundle P;; of G4 , over the component U; N Uj is by assumption trivializable.
Thus there exists a trivialization t;; : P;; — Iy, for smooth functions f;; : U; N U; —= T'o. We

define an isomorphism ;5 between trivial bundles such that the diagram
Pj ® Pjj ——= Py,
1k ®tij tik
Ifjk ® Ifij TM) Ifik

is commutative. Now we are in the situation of Lemma which implies that the I'-bundle gerbe
G ot = (May, 1y, , juiji) is still isomorphic to G.

Combining Lemma with Example (fa), we see that the isomorphisms ;5 correspond
to smooth maps g1 : U; N U; N U — T’y such that s(gijx) = fjx - fij and t(gijx) = fir. The
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associativity condition for y;, implies moreover that

Garys © (Gapy - idyg,5) = gaps © (ids,s - 98vs)-
Hence, the collection {fi;, gijx} is a I'-1-cocycle on M with respect to the open cover % .

Theorem 5.3.2. Let M be a smooth manifold and let " be a Lie 2-group. The above construction

defines a bijection
{ Isomorphism classes of

} =~ H'(M,T).
I'-bundle gerbes over M
Proof. In order to prove that we have a well-defined map, we make the claim that I'-bundle gerbes
(Mo, Xy, pijr) and (My, I, vijk) are isomorphic if and only if the corresponding I'-1-cocycles
are equivalent. This proves at the same time that the choices of open covers and sections we have
made during the construction do not matter, that the resulting map is well-defined on isomorphism
classes, and that this map is injective. Surjectivity follows by assigning to a I'-1-cocycle (fi;, gijx)
with respect to some cover % the I'-bundle gerbe (M, Iy,., jtijx) With pi;5 determined by Lemma
2.2.8

It remains to prove that claim. We assume A = (Z,Q, «) is a l-isomorphism between the T'-
bundle gerbes (Ma, Iy, , ptijr) and (My Iy, ;, vijr). Similarly to Lemma one can show that
there exists a cover # of M by open sets W; that refines both % and 7', and that allows smooth
sections w; : W; — Z for which the I'-bundle w; @ is trivializable. In the terminology of the above
construction, choosing a trivialization t : w*@ — I, with smooth maps h; : W; — TI'g over My
converts the isomorphism « into smooth functions s;; : W; N W; — I'; satisfying s(sij) = ggj - h;
and t(s;;) = h; - gij. The compatibility diagram implies the remaining condition that makes
(hi, si5) an equivalence between the I'-2-cocycles (fij, gijx) and (£}, ggjk). O

.

6 Version IV: Principal 2-Bundles

The basic idea of a smooth 2-bundle is that it gives for every point x in the base manifold M a
Lie groupoid P, varying smoothly with . Numerous different versions have appeared so far in the
literature, e.g [Bar04, BS07, Wod, [SP]. The main objective of our version of principal 2-bundles is
to make the definition of the objects (i.e. the 2-bundles) as simple as possible, while keeping their
isomorphism classes in bijection with non-abelian cohomology. Thus, our principal 2-bundles will
be defined using strict actions of Lie 2-groups on Lie groupoids, and not using anafunctors. The

necessary “weakness” will be pushed into the definition of 1-morphisms.
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6.1 Definition of Principal 2-Bundles

As an important prerequisite for principal 2-bundles we have to discuss actions of Lie 2-groups on
Lie groupoids, and equivariant anafunctors.

Definition 6.1.1. Let P be a Lie groupoid, and let T be a Lie 2-group. A smooth right action of T'
on P is a smooth functor R : P x I' — P such that R(p,1) = p and R(p,id1) = p for all p € Py
and p € P1, and the diagram

PxIxT dxm PxT
Rxid R
,PXFm;>'P

of smooth functors is commutative (strictly, on the nose).

For example, every Lie 2-group acts on itself via multiplication. Note that due to strict com-
mutativity, one has R(R(p,g),g~ ') = p and R(R(p,~),i(y)) = p for all g € Ty, p € Py, v € I'; and
p € P

Remark 6.1.2. This definition could be weakened in two steps. First, one could allow a natural
transformation in the above diagram instead of commutativity. Secondly, one could allow R to be
an anafunctor instead of an ordinary functor. It turns out that for our purposes the above definition
is sufficient.

Definition 6.1.3. Let X and Y be Lie groupoids with smooth actions (R1,p1), (Re, p2) of a Lie
2-group I'. An equivariant structure on an anafunctor F : X —= ) is a transformation

XXFL

7

Fxid A F
IXT ==Y
satisfying the following condition:
idxm idxm
XXX — X xT XXxI'x — X xT
\1><i\i Y] \Rl
Fxidxid X xI' —Ri—— X Fxidxid Fxi X
Z / i 7
xid / = IQ)\
YxI'xT Fxid hy F VXTI xTI'—idsm—=Y xT F
“k
R% l/ szkx Y
YxT y yxTr y
2 2
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An anafunctor together with a T'-equivariant structure is called T'-equivariant anafunctor.

In Appendix [A| we translate this abstract (but evidently correct) definition of equivariance into

more concrete terms involving a I'j-action on the total space of the anafunctor.

Definition 6.1.4. If (F,)\) : X — Y and (G,v) : X — Y are T'-equivariant anafunctors, a

transformation n : F => G is called I'-equivariant, if the following equality of transformation holds:
R
< T B Py X xT : X

X /
Gxidénxid;,”id/ Fo— o /V%H%F

Ry ny‘—>R2 Yy

It follows from abstract nonsense in the bicategory of Lie groupoids, anafunctors and transfor-

mations that we have another bicategory with

e objects: Lie groupoids with smooth right I'-actions.
e l-morphisms: I'-equivariant anafunctors.

e 2-morphisms: I'-equivariant transformations.

We need three further notions for the definition of a principal 2-bundle. Let M be a smooth
manifold, and let P be a Lie groupoid. We say that a smooth functor 7 : P —= My, is a surjective
submersion functor, if m : Py — M is a surjective submersion. Let 7 : P — My, be a surjective
submersion functor, and let Q be a Lie groupoid with some smooth functor x : @ — My;s. Then,
the fibre product P xj; Q is defined to be the full subcategory of P x Q over the submanifold
Po xnr Qo C Py x Qp.

Definition 6.1.5. Let M be a smooth manifold and let T be a Lie 2-group.

(a) A principal T-2-bundle over M is a Lie groupoid P, a surjective submersion functor m :

P — Myis, and a smooth right action R of T' on P that preserves m, such that the smooth
functor
7:=(pr;,R): PxT — PxyP

18 a weak equivalence.
(b) A 1-morphism between principal T'-2-bundles is a T-equivariant anafunctor
F: ’Pl I 772

that respects the surjective submersion functors to M.
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(¢c) A 2-morphism between 1-morphisms is a I'-equivariant transformation between these.

Remark 6.1.6.

(a) The condition in (a) that the action R preserves the surjective submersion functor m means

that the diagram of functors

P xT

P

P Mdis

s

is commutative.
(b) The condition in (b) that the anafunctor F respects the surjective submersion functors means
in the first place that there exists a transformation

Py a

P

Mdis-

However, since the target of the anafunctors m; and 75 o F' is the discrete groupoid My;s, the
equivalence of Example applies, and implies that if such a transformation exists, it is
unique. Indeed, it is easy to see that an anafunctor F': P — Q with anchors a; : FF — Py
and «, : ' — Q) respects smooth functors 7 : P —= My;s and x : @ — My;, if and only

if Toa; = xoa.
Example 6.1.7. The trivial I'-2-bundle over M is defined by
Pi=MgsxI' |, w:=pr; , R:=idy xm.

Here, the smooth functor 7 even has a smooth inverse functor. In the following we denote the
trivial I'-2-bundle by 7.

6.2 Properties of Principal 2-Bundles

Principal I'-2-bundles over M form a bicategory denoted 2-Bunp(M). There is an evident pullback
2-functor
[ 2-Bunp(N) — 2-Bunp(M)

associated to smooth maps f : M — N, and these make 2-Bun a pre-2-stack over smooth
manifolds. We deduce the following important two theorems about this pre-2-stack. The first
asserts that it actually a 2-stack:
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Theorem 6.2.1. Principal I'-2-bundles form a 2-stack 2-Bunp over smooth manifolds.

Proof. This follows from Theorem (T-bundle gerbes form a 2-stack) and Theorem (the
equivalence Grop = 2-Buny) we prove in Section O

The second concerns a homomorphism A : I' — Q of Lie 2-groups, which induces the extension
A : Grbp — Grbg between 2-stacks of bundle gerbes (Proposition [5.2.1). Combined with the
equivalence Grbr & 2-Bunp of Theorem it defines a 1-morphism

A 2-Bunp — 2-Bung
between 2-stacks of principal 2-bundles. Now we get as a direct consequence of Theorem [5.2.2

Theorem 6.2.2. If A: T — Q is a weak equivalence between Lie 2-groups, then the 1-morphism

A 1 2-Bunp — 2-Bung, is an equivalence of 2-stacks.
A third consequence of the equivalence of Theorem in combination with Lemma is

Corollary 6.2.3. FEvery I-morphism F : Py —= Po between principal T'-2-bundles over M is
invertible.

The following discussion centers around local trivializability that is implicitly contained in Def-
inition A principal T-2-bundle that is isomorphic to the trivial I-2-bundle Z introduced in
Example is called trivializable. A section of a principal I'-2-bundle P over M is an anafunctor
S : Mg;s — P such that moS =idp,,, (recall that an anafunctor moS : M — M is the same as
a smooth map). One can show that every point € M has an open neighborhood U together with
a section s : Ug;s — P|y. Such sections can even be chosen to be smooth functors, rather then

anafunctors, namely simply as ordinary sections of the surjective submersion 7 : (P|y)o — Uyss.
Lemma 6.2.4. A principal I'-2-bundle over M is trivializable if and only if it has a smooth section.

Proof. The trivial I-2-bundle Z has the section S(m) := (m, 1), where 1 denotes the unit of I'y. If
P is trivializable, and F' : Z — P is an isomorphism, then, F o S is a section of P. Conversely,

suppose P has a section S : My, — P. Then, we get the anafunctor

T=MuxIT—% o pyr— 8 . p (6.2.1)

It has an evident I'-equivariant structure and respects the projections to M. According to Corollary
this is sufficient to have a 1-isomorphism. O

Corollary 6.2.5. Every principal I'-2-bundle is locally trivializable, i.e. every point x € M has an
open neighborhood U and a 1-morphism T : T — Ply.
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Remark 6.2.6. In Wockel’s version [Wod| of principal 2-bundles, local trivializations are required
to be smooth functors and to be invertible as smooth functors, rather than allowing anafunctors.
This version turns out to be too restrictive in the sense that the resulting bicategory receives no

2-functor from the bicategory Grbr (M) of I-bundle gerbes that establishes an equivalence.

It is also possible to reformulate our definition of principal 2-bundles in terms of local trivializa-
tions. This reformulation gives us criteria which might be easier to check than the actual definition,

similar to the case of ordinary principal bundles.

Proposition 6.2.7. Let P be a Lie groupoid, m: P —= My;s be a surjective submersion functor,
and R be a smooth right action of I' on P that preserves w. Suppose every point x € M has an
open neighborhood U together with a T-equivariant anafunctor T : T — P|y that respects the
projections. Then, w: P —= Mgy;s is a principal I'-2-bundle over M.

Proof. We only have to prove that the functor 7 is a weak equivalence, and we use Theorem
Since all morphisms of P have source and target in the same fibre of w : Py — My;s, we may
check the two conditions of Theorem locally, i.e. for P|y, where U; is an open cover of M.
Using local trivializations 7; : Z — P|y,, the smooth functor 7 translates into the smooth functor
(id,pry,m) : Mgis X I' x ' — (My;s x T') X pr (Myis x T'). This functor is an isomorphism of Lie

groupoids, and hence essentially surjective and fully faithful. O

7 Equivalence between Bundle Gerbes and 2-Bundles

In this section we show that Versions III and IV of smooth I'-gerbes are equivalent in the strongest

possible sense:

Theorem 7.1. For M a smooth manifold and " a Lie 2-group, there is an equivalence of bicategories
Gror(M) = 2-Bunp(M).

This equivalence is natural in M, i.e. it is an equivalence between pre-2-stacks.

The following outlines the proof of Theorem In Section we construct explicitly a 2-
functor
&y 2-Bunp (M) — Grbp(M).

We then use a general criterion assuring that &), is an equivalence of bicategories. This criterion
is stated in Lemma it requires (A) that &y is fully faithful on Hom-categories, and (B) to
choose certain preimages of objects and 1-morphisms under &j;. Under these circumstances, Lemma

constructs an inverse 2-functor #Z); together with the required pseudonatural transformations
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assuring that &y and Z); form an equivalence of bicategories. Condition (A) is proved as Lemma
in Section The choices (B) are constructed in Section

In order to prove that the 2-functors &3, extend to the claimed equivalence between pre-2-stacks,
we use another criterion stated in Lemma The only additional assumption of Lemma is
that the given 2-functors &), form a 1-morphism of pre-2-stacks; this is proved in Proposition
Then, the inverse 2-functors Z); obtained before form an inverse 1-morphism between pre-2-stacks.

7.1 From Principal 2-Bundles to Bundle Gerbes

In this section we define the 2-functor &y : 2-Bunp (M) — Grop(M).

Definition of &), on objects

Let P be a principal I'-2-bundle over M, with projection 7w : P — M and right action R of I" on
P. The first ingredient of the I'-bundle gerbe &;(P) is the surjective submersion 7 : Py — M.
The second ingredient is a principal I'-bundle P over 73([)2]. We put

P .= P1 X Fo.
Bundle projection, anchor and I'-action are given, respectively, by
x(p,9) = (t(p), R(s(p),g™")) , alp,g) =g
and (p7g) o= (R(paidg*1 ’Y),S('Y)) (711)

These definitions are motivated by Remark [7.1.2] below.
Lemma 7.1.1. This defines a principal I'-bundle over 77([)2],

Proof. First we check that x : P — 79(?] is a surjective submersion. Since the functor 7 = (id, R)

is a weak equivalence, we know from Theorem [2.3.12] that
J (Po X Do) rxxt PP —= PE 2 (9. p1. pa2) = (s(p1), 5(p2))
is a surjective submersion. Now consider the smooth surjective map
g (PoxTo)rxexe 731[2} — Py x Lo : (p,g,p1,p2) > (p1' 0 R(p2,idg-1),g7").

We have x o g = f; thus, x is a surjective submersion. Next we check that we have defined an
action. Suppose (p,g) € P and v € 'y such that a(p,g9) = g = t(y). Then, a((p,g) o7y) = s(7).
Moreover, suppose 71,72 € I'1 with ¢(y1) = g and ¢(y2) = s(y1). Then,

((p,g) °o71) 072 = (R(p,idg-1 - 71),8(71)) © 72
= (R(p,idg-1 - 71 - idg(yp)-1 - 72)58(12)) = (p, 9) © (71 0 72),
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where we have used that v1 o y2 = 71 - idg(y,)-1 - 72 in any 2-group. It remains to check that the
smooth map

TiPaxi 'y — Pyxy P:((p,9),7) == ((p,9);(p,9) 07)

is a diffeomorphism. For this purpose, we consider the diagram
Py
sXt (7.1.2)

(P() X Fo) X (PO X Fo)

G

TXT

and claim that (a) Ny := P % I'y is a pullback of (7.1.2)), (b) Ny := P xy P is a pullback of
, and (c) that the unique map Ny — N is 7. Thus, 7 is a diffeomorphism.

In order to prove claim (a) we use again that the functor 7 = (id, R) is a weak equivalence, so
that by Theoremthe triple (P; xT'y, 7, 8 x t) is a pullback of . We consider the smooth
map

§: N1 — PrxTi:((pg),7) = (R(p,idg-1),7)
which is a diffeomorphism because (p,y) == ((R(p,id(y)),t(7)),) is a smooth map which is inverse

to . Thus, putting f1 :=70& and g1 := (s x t) 0 £ we see that (N1, f1,¢1) is a pullback of (7.1.2]).
In order to prove claim (b), we put

fo((p1,91), (p2,92)) = (R(p1,id 1), p2)
92((p1:91): (p2,92)) == (R(s(p), 91 "), 92, R(t(p1), 91 1), 91),

and it is straightforward to check that the cone (Na, f2, g2) makes commutative. The triple
(Na, fa,g2) is also universal: in order to see this suppose N’ is any smooth manifold with smooth
maps ' : N/ — ’PI[Q] and ¢’ : N' — (PyxTg)x (PyxTp) so that is commutative. For n €
N, we write f'(n) = (p1, p2) and g'(n) = (p1,91,p2,92). Then, o(n) := ((R(p1,id 1), g2), (P2, 91))
defines a smooth map o : N’ — P, x, P. One checks that fo 00 = f" and g2 0 0 = ¢/, and that
o is the only smooth map satisfying these equations. This proves that (Na, f2,g2) is a pullback.
We are left with claim (c). Here one only has to check that 7 : Ny — Ns satisfies fo = f1 o7 and
g2 =010T. O

Remark 7.1.2. The smooth functor 7 = (id, R) : P x I' — P x s P is a weak equivalence, and
so has a canonical inverse anafunctor 7=! (Remark [2.3.13). The anafunctor

P — o P xy P —> P xy PP x T —2> T,

where c is the functor that switches the factors, corresponds to a principal I'-bundle over 73([)2] that

is canonically isomorphic to the bundle P defined above.

- 39 —



It remains to provide the bundle gerbe product
p: TogP @y P —> w3 P,
which we define by the formula

1((p2s, 923), (P12, 912)) = (p12 0 R(pas,idy,, ), g23g12)- (7.1.3)

Lemma 7.1.3. defines an isomorphism p : w53 P @ w7y P — w3 P of principal I'-bundles

over 77[3] .

Proof.  First of all, we recall from Example that an element in the tensor product

T33P @7, P is represented by a triple (pa3, p12,y) where paz, p1o € P with m1(x(p23)) = m2(x(p12)),
and a(p23)-a(pi2) = t(y). In (7.1.3) we refer to triples where v = idg,,,,, and this definition extends
to triples with general v € I'; by employing the equivalence relation

(plap27'y) ~ (pl © (’Y ' ida(pQ)*1)7p27idS(’y))' (714)

The complete formula for p is then

1((p23, 923), (P12, 912),7) = (P12 © R(p23,id -1 - 7), s(7))- (7.1.5)

Next we check that (7.1.5)) is well-defined under the equivalence relation (7.1.4)):

(235 923); (P12, 912),7)) = (P12 © R(pas,id 1 - 7),s(7))

= (p12o R(p23 0 R(idR(S(p23)7g;3l)’ v idg;;)’ idg12)7 s(7))
= jl(p23 0 R(id (g 1) 7 i, 1) 81912 (P12, 912) 1))
= (((p23,923) 0 (7~ idgl—;), (P12, 912),idg(4)))-

Now we have shown that p is a well-defined map from 733 P®@ 7}, P to 73 P, and it remains to prove

that it is a bundle morphism. Checking that it preserves fibres and anchors is straightforward. It
remains to check that (7.1.5) preserves the I'-action. We calculate

1(((p23; g23), (P12, 912),7) ©7) = 1((p23; g23), (P12, 912), 7 © )
(P23 © R(p12,idg,, - i(y 7)), (7))

(p23 0 R(R(p12,idgy,),i(7) 0 i(7)), (7))

= (p23 0 R(R(p12,1dgy,),i(7))) © R(idR(s(p12),g)- 1 (7)), 8(7))
( (7)) © R(dR(s(p12),9)+ 1(7)), (7))
(p2 i(y (

= 1((p23, 923), (P12, 912),7) ©

Summarizing, p is a morphism of I'-bundles over 73[3]. O

P23 © R(pu’ 1d912 "l
P23 © R(pm, ldg12 7
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In order to finish the definition of the I'-bundle gerbe &, (P) it remains to verify the following

assertion, which merely uses the definitions and can be left for the reader.

Lemma 7.1.4. The bundle morphism p is associative.

Definition of &; on 1-morphisms

We define a 1-morphism &y (F) : v (P) — Em(P’) between I'-bundle gerbes from a 1-morphism
F : P — P’ between principal I'-2-bundles. The refinement of the surjective submersions 7 :
P — M and ' : P’ — M is the fibre product Z := Py x5 Pj. Its principal I-bundle has the
total space

Q:=F xTy,

and its projection, anchor and ['-action are given, respectively, by

x(f.9) = (u(f), R(ar(f),97") » alfg)=g
and  (f,g) o7 := (p(f,idg-1 - 7),5(7)), (7.1.6)
where p : F x I'y — F denotes the I'y-action on F' that comes from the given I'-equivariant
structure on F' (see Appendix .
Lemma 7.1.5. This defines a principal I'-bundle Q over Z.
Proof. We show first the the projection x : Q@ — Z is a surjective submersion. Since the functor

7' P'x T — P xp P is a weak equivalence, we have by Theorem [2.3.12] a pullback

X (Py xTo) rxt (P Xar P1)

I3 sopry

Fﬂ"OOAL(f)Xﬂ', ,P[/) P(l) XM P(l)

along the bottom map (f,p’) — (c..(f),p’), which is well-defined because the anafunctor F' pre-
serves the projections to M (see Remark @) In particular, the map & is a surjective sub-
mersion. It is easy to see that the smooth map

k:X — FxTo:((f,0), (phs 9,0, 5) = (fop ' oR(pidy-1),97")

is surjective. Now we consider the commutative diagram

X b F x T,

F‘n”oocl(f) Xt Po W PO XM P(l)
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The surjectivity of k£ and the fact that £ and a; x id are surjective submersions shows that x is one,
too.
Next, one checks (similarly as in the proof of Lemma/|7.1.1)) that the T'-action on @ defined above

is well-defined and preserves the projection. Then it remains to check that the smooth map

f : ant Fl - Q X'PDXMP('J Q : (fvga’}/) — (f)gap(.ﬁidg*l 7)75(7))

is a diffeomorphism. An inverse map is given as follows. Given an element (f1, g1, f2,92) on the
right hand side, we have a;(f1) = a;(f2), so that there exists a unique element p’ € P; such
that f1 o p’ = fo. One calculates that (p’,g2) and (ida,(f,),91) are elements of the principal I'-
bundle P’ x T'g over 736[2] of Lemma Thus, there exists a unique element v € I'; such that
(¢, 92) = (ida,(f,), 91) 0. Clearly, t(y) = g1 and s(y) = g2, and we have p’ = R(idq4, (), idy— ).
We define £71(f1, g1, f2, 92) = (f1,91,7). The calculation that £~ is an inverse for £ uses property
(ii) of Definition for the action p, and is left to the reader. O

The next step in the definition of the 1-morphism &(F') is to define the bundle morphism
B:PeiQ— GRaP

over Z X pr Z. We use the notation of Example (]E[) for elements of tensor products of principal
I-bundles; in this notation, the morphism 3 in the fibre over a point ((p1,9}), (p2,p5)) € Z xp Z
is given by

B:((0',9), (f,9),7) = ((f,g'gh), (5, h™"), ),

where h € Ty and p € P} are chosen such that s(p) = R(p2, h~ ') and ¢(p) = pi1, and

Fimp(57 o o R(p,idy), id). (7.1.7)
Lemma 7.1.6. This defines an isomorphism between principal I'-bundles.

Proof. The existence of choices of p, h follows because the functor 7 : P/ x I' — P’ xy P is
smoothly essentially surjective (Theorem ; in particular, one can choose them locally in a
smooth way. We claim that the equivalence relation on (5 ® P identifies different choices; thus, we
have a well-defined smooth map. In order to prove this claim, we assume other choices ', h’. The
pairs (5, h™1) and (§', h’~1) are elements in the principal I-bundle P’ over P} x ps P}y and sit over
the same fibre; thus, there exists a unique 4 € I'y such that (5,h~1) 05 = (§/, '), in particular,
R(p,idp - 4) = p'. Now we have

((f? g,gh)’ (ﬁv hil)v 7) = ((f’ g/gh)v (ﬁv hil)’ (ldt(’y) : 7’('?) ’ :Y) © 7)
~ ((f7 g/gh) o (ldt('y) : Z(;?))v (p~7 h_l) o :Y’ '7)
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so that it suffices to calculate

(f.g'gh) o (i -i(7) = (p(f,idp-1 -i(%)),9'gl’)
= (p(p~" o foR(p,idy),i(7)), g’ gh')
= (p(R(ﬁilv Z(;y) : idh’*l) © f © R(p/a idg)v idh/)?.g/gh,)a

where the last step uses the compatibility condition for p from Definition (ii). In any 2-group,
we have () - idy(5) = (id¢(5)-2 - )", in which case the last line is exactly the formula (7.1.7) for
the pair (p', h').

Next we check that 3 is well-defined under the equivalence relation on the tensor product
P’ ® (;Q. We have

z:=((p",9):(f,9), (1 -72) 0 7) ~ (¢ 9") o, (f.9) 072, 7) =2 2

for 41,72 € T'y such that t(y1) = ¢, t(72) = g and s(v1)s(y2) = t(vy). Taking advantage of the fact
that we can make the same choice of (p,h) for both representatives z and a’, it is straightforward
to show that 8(x) = B(2’). Finally, it is obvious from the definition of 8 that it is anchor-preserving
and I'-equivariant. O

In order to show that the triple (Z, @, ) defines a 1-morphism between bundle gerbes, it remaind
to verify the following fact, which is straightforward and left to the reader:

Lemma 7.1.7. The bundle isomorphism (8 is compatible the with the bundle gerbe products p, and

o in the sense of diagram .

Definition of &; on 2-morphisms, compositors and unitors

Let Fy, Fy : P — P’ be 1-morphisms between principal I'-bundles over M, and let n : F = G
be a 2-morphism. Between the I'-bundles @1 and ()2, which live over the same common refinement

Z =Py xp P}, we find immediately the smooth map

n:Q1 — Q2:(f1,9) — (n(f1),9)

which is easily verified to be a bundle morphism. Its compatibility with the bundle morphisms (;
and (3 in the sense of the simplified diagram (5.1.4)) is also easy to check. Thus, we have defined a
2-morphism &y (n) : Ey(F1) = Ep(Fy).

The compositor for 1-morphisms F; : P — P’ and Fy : P’ — P” is a bundle gerbe 2-
morphism
CF17F2 : gM(FQ o Fl) — gM(Fg) o gM(Fl)

Employing the above constructions, the 1-morphism & (F» o Fy) is defined on the common refine-
ment Z12 := Py X pr Py and has the I'-bundle Q12 = (Fy Xpy F5) /Py x Ty, whereas the 1-morphism
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Eri (F2) o Epr(FY) is defined on the common refinement Z := Py X pr P X ar Pfj and has the T-bundle
Q2 ® Q1 with Qr = Fj, x I'y. The compositor cp, r, is defined over the refinement Z with the
obvious refinement maps pry3 : Z — Zj2 and id : Z — Z making diagram (5 commutative.
It is thus a bundle morphism cp, r, : prizQi2 — Q2 ® Q1. For elements in a tensor product of
I'-bundles we use the notation of Example (]ED Then, we define cg, g, by

((pap/ap/,)’(fth?g)) ((pQ( B Of271dh) gh)a(flo[%hil%idg)’ (718)

where h € T'g and j: R(p’,h™ ') — a,.(f1) = ay(f2) are chosen in the same way as in the proof of
Lemma The assignment does not depend on the choices of h and p, and also not on the
choice of the representative (f1, f2) in (F1 xp; F2)/Pj. It is obvious that is anchor-preserving,
and its I'-equivariance can be seen by choosing (4, k) in order to compute cg, g, (0, ', "), (f1, f2,9))
and (¢, h) with 5’ := R(p,id,-1-y~!) in order to compute cg, g, (((p, o', p"), (f1, f2,9))o7). In order
to complete the construction of the bundle gerbe 2-morphism ¢, , we have to prove that the bundle
morphism cp, p, is compatible with the isomorphisms B12 of &y (Fs 0 Fy) and (id ® £1) o (82 ® id)
of &v(F2) o &y (F1) in the sense of diagram (5.1.4). We start with an element ((p”, g"), (fi2,9)) €
En(P") ® (FQ12, where fio = (f1, f2). We have

Bia((p", "), (f12,9)) = (fr2, 9" gh, 5, h™Y)

upon choosing (p, h) as required in the definition of &y (F3 o Fy). Writing ﬁ; = (f1, fo) further we
have

(C;cFl,Fz ®1d)((f1/27.q//gh7p~v h_l)) (p2( 0f271dh2) Ighh27f1 Oﬁ27h51aﬁa h_l) (719)

upon choosing appropriate (p2, ho) as required in the definition of c¢p, g,. This is the result of the

clockwise composition of diagram (5.1.4). Counter-clockwise, we first get

(ld ® CTCF17F2)((p”7.g”)7 (f127g)) = (puvgﬂv f//aghh f/7 hl_l)

for choices (p1, 1), where f” := po(py ' o fa,idp,) and f' := f10p;. Next we apply the isomorphism
B2 of &y (Fy) and get

(ﬁ? ®id)(p//7g//7f//ughhf{?h; ) (fll g”ghh27P7 7f17h1 )

where we have used the choices (p,h) defined by p := R(p7*, hy) o R(p2, h='hy) and h := h7'hhs.
The last step is to apply the isomorphism (1 of &y (F») which gives

(id @ B1)(f", " ghha, p,h™Y, f1, 071 = (7, " ghha, [, hy Y, 5, A1), (7.1.10)

where we have used the choices (g, h) from above. Comparing (7.1.9) and (7.1.10 m, we have obviously
coincidence in all but the first and the third component. For these remaining factors, coincidence

follows from the definitions of the various variables.
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Finally, we have to construct unitors. The unitor for a principal I'-2-bundle P over M is a
bundle gerbe 2-morphism
up : gM(idp) = idgM(p).

Abstractly, one can associate to id,, (py the 1-morphism idf;f; (p) constructed in the proof of Lemma,
and then notice that idglf (py and &y (idp) are canonically 2-isomorphic. In more concrete

terms, the unitor up has the refinement W := ([)3]

with the surjective submersions r := prj,
and 1’ := pry to the refinements Z = 7)0[2] and Z' = Py of the 1-morphisms &y (idp) and ide,, (p),
respectively. The relevant maps zyw and yy are pry; and prys, respectively. The principal I'-bundle
of the 1-morphism idg,, (py is the trivial bundle Q" = I,. We claim that the principal I'-bundle @
of &y (idp) is the bundle P of the bundle gerbe &) (P). Indeed, the formulae reduce for the

identity anafunctor idp to those of (7.1.1). Now, the bundle isomorphism of the unitor up is
Yiy P @1°Q = prigP @ pripP —> pri;P = 1" Q' @}y P,

where p is the bundle gerbe product of &y (P). The commutativity of diagram ([5.1.2) follows from

the associativity of u.

Proposition 7.1.8. The assignments &y for objects, 1-morphisms and 2-morphisms, together with

the compositors and unitors defined above, define a 2-functor

Eni 2 2-Bunp (M) — Grbp(M).

Proof. A list of axioms for a 2-functor with the same conventions as we use here can be found in
[SW], Appendix A]. The first axiom requires that the 2-functor &s respects the vertical composition
of 2-morphisms — this follows immediately from the definition.

The second axiom requires that the compositors respect the horizontal composition of 2-
morphisms. To see this, let Fy, F| : P — P’ and Fy, Fj : P’ — P” be l-morphisms between
principal I'-2-bundles, and let n; : Fy => F| and 72 : F» => Fj be 2-morphisms. Then, the

diagram
& o
Eni(Fy o ) == n(Fyo F))
CFy,Fp Cr{,Fy
éaM(Fz) ° éaM(Fl) Env (m)oén (n2) éaM(le) ° éaM(Fl,)

has to commute. Indeed, in order to compute c¢p, r, and cp/ r; one can make the same choice of
(p, h), because the transformations n and 7 preserve the anchors. Then, commutativity follows
from the fact that 77 and 72 commute with the groupoid actions and the I'j-action according to
Definition [A 1]
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The third axiom describes the compatibility of the compositors with the composition of 1-

morphisms in the sense that the diagram

CFy0F,F3

gM(Fg,OFQOFl) éaM(Fg)OéaM(FQOFl)

CF30Fy,F] idocr,, Fy

gM(Fzg o FQ) o éo]\/j(Fl) — éaM(Fg) (¢} éoM(Fg) o éoM(Fl)

CFy, Fyoid

is commutative. In order to verify this, one starts with an element (f1, f2, f3,¢9) in &y (F30Fy0 FY).

In order to go clockwise, one chooses pairs (p12,3, h12.3) and (P12, h1,2) and gets from the definitions

CW = ((p3(pras © f3,idn,,5), gh12,3), (p2(13 © f2 © Pr2s,idn, ), hig sh12), (f1 0 f1,2, 1))

Counter-clockwise, one can choose firstly again the pair (p12,h1,2) and then the pair (P23, ho3)

with p~2’3 = R(ﬁlg’g, idhl,g) and h213 S hi%hlz’g. Then, one gets

CCW = ((pS(ﬁié o p3(f3a idh1,2)7 idh2,3)a gh1,2h2,3)7
(p2(1 3 © f2,1dn, ,) © P23, ha'h), (f10 12, h1h)),
where one has to use formula (A.2)) for the I';-action on the composition of equivariant anafunctors.
Using the definitions of ho 3 and po 3 as well as the axiom of Definition (ii) one can show that
CW = CCW.

The fourth and last axiom requires that compositors and unitors are compatible with each other

in the sense that for each 1-morphism F : P —= P’ the 2-morphisms

Cidp ,F idoup

En(F) = i (F oidp) =ZZ= 63(F) 0 &y (idp) Eu(F) oidg,,(p) = Eni (F)

and

CF,id.p, Upsoid

are the identity 2-morphisms. We prove this for the first one and leave the second as an exercise.
Using the definitions, we see that the 2-morphism has the refinement W := Py x 5y Py X ps P with
r = pryz and 1’ = prys. The maps zw : W — Py xar Po and yw : W — Py x s Py are pry, and
A o pry, respectively, where A is the diagonal map. Its bundle morphism is a morphism

@ priz@ — prazQ @ pri P,

where Q = F x Ty is the principal I'-bundle of &, (F), and P = P; x Iy is the principal I'-bundle

of &(P). Over a point (p1,p2,p) and (f,g) € priz@Q, i.e. ai(f) =p1 and R(a,(f),g7") =p', the
bundle morphism ¢ is given by

(f?g) — (p(ﬁil ofvidh)7gha ﬁa hil)a
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where h € Ty, and p € Py with s(p) = R(p2,h™!) and t(p) = cy(f). We have to compare (W, p)
with the identity 2-morphism of &y, (F), which has the refinement Z with » = ' = id and the
identity bundle morphism. According to the equivalence relation on bundle gerbe 2-morphisms we
have to evaluate ¢ over a point w € W with r(w) = r’(w), i.e. w is of the form w = (p,p,p’). Here
we can choose h =1 and p = id,, in which case we have ¢(f,g) = ((f,9), (idp,1)). This is indeed
the identity on Q. O

Properties of the 2-functor &),
For the proof of Theorem we provide the following two statements.
Lemma 7.1.9. The 2-functor &y is fully faithful on Hom-categories.

Proof. Let P,P’ be principal I'-2-bundles over M, let Fy,F, : P — P’ be l-morphisms. By
Lemma every 2-morphism 7 : &y (F1) => &y (F») can be represented by one whose refinement
is Py X ar P}, so that its bundle isomorphism is 7 : Q1 — @2, where Qy := F, x I" for k = 1,2.
We can read of a map n: F} — F5, and it is easy to see that this is a 2-morphism 7 : F} => F5.

This procedure is clearly inverse to the 2-functor &»; on 2-morphisms. O

Proposition 7.1.10. The 2-functors &y form a 1-morphism between pre-2-stacks.

Proof. For a smooth map f: M — N, we have to look at the diagram

*

2-Bunp(N) A 2-Bunp(M)
én Em

Gror(N)

= Grie (1)
of 2-functors. For P a principal I'-2-bundle over N, the I-bundle gerbe &y (f*P) has the surjective
submersion pr, : Y := M xy Py —= M, the principal I-bundle P := M xx P; x Iy over Y2,
and a bundle gerbe product p defined as in that ignores the M-factor. On the other
hand, the T-bundle gerbe f*&n(P) has the same surjective submersion, and — up to canonical
identifications between fibre products — the same I'-bundle and the same bundle gerbe product.
These canonical identifications make up a pseudonatural transformation that renders the above

diagram commutative. O
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7.2 From Bundle Gerbes to Principal 2-Bundles

In this section we provide the data we will feed into Lemma [B.1] in order to produce a 2-functor
Xy Grip(M) — 2-Bunp (M) that is inverse to the 2-functor & constructed in the previous

section. These data are:

1. A principal I'-2-bundle Zg for each I'-bundle gerbe G over M.
2. A l-isomorphism Ag : G — &y (Zg) for each I'-bundle gerbe G over M.

3. A l-morphism Z 4 : P —= P’ for all principal I'-2-bundles P, P’ over M and all bundle gerbe
1-morphisms A : &y (P) — Ev(P).

Construction of the principal I'-2-bundle %

We assume that G consists of a surjective submersion 7 : Y — M, a principal I'-bundle P over
Y2 and a bundle gerbe product p. Let a : P — T be the anchor of P, and let x : P — Y[
be the bundle projection.

The Lie groupoid P of the principal 2-bundle % is defined by
Py:=Y xI'y and P;:=P xTy;
source map, target maps, and composition are given by, respectively,

s(p,g) == (m2(x(p)),9) . tp,g) = (m(x(p)),(p)"" - 9)

and  (p2,92) © (p1,91) == (W(p1,p2),91). (7.2.1)

The identity morphism of an object (y,g) € Py is (ty,g) € P1, where t,, denotes the unit element in
P over the point (y,y), see Lemmam The inverse of a morphism (p, g) € Py is (i(p), a(p) " tg),
where ¢ : P — P is the map from Lemma [5.2.5 The bundle projection is 7(y, g) := w(y). The

action is given on objects and morphisms by
Ro((y.9),9') == (y,99') and  Ri((p,9),7) = (po (idg -7+ idi(y)-1g-1a())- 9 5(7))- (7.2.2)
Lemma 7.2.1. This defines a functor R: P xI' — P, and R is an action of I" on P.

Proof. We assume that ¢t : H — G is a smooth crossed module, and that I' is the Lie 2-group
associated to it, see Example 2.4.2] and Remark [2:4.3] Then we use the correspondence between
principal I'-bundles and principal H-bundles with H-anti-equivariant maps to G' of Lemma [2.2.9
Writing v = (h, ¢’), we have

Ri((p, 9),7) = (p**h, 99").
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With this simple formula at hand it is straightforward to show that R respects source and tar-
get maps and satisfies the axiom of an action. For the composition, we assume composable

(p2,92), (p1,91) € P1, ie. g2 = a(p1) g1, and composable (ha, g5), (h1,97) € T'1, i.e. gy = t(h1)g].
Then we have

R((p2,92) © (1, 91)s (h2, g5) 0 (h1,91)) = R((u(p1,p2): 91), (hah1, 1))
(1(p1,p2) * 91 (h2h1), 9191)
(1(p1 * Pha, p2) x 11, g1}
= (ulp1,p2 * Ph) * 9*hy, g197)
(1(p1 * Th1, p2 x Pha), g191)
(p2 * 2, g25) © (p1* "*h1, 9191)
= R((p2,92), (h2,95)) © R((p1, 91), (h1, 91)),

finishing the proof. O

It is obvious that the action R preserves the projection w. Thus, in order to complete the
construction of the principal 2-bundle %g it remains to show that the functor 7 = (pry, R) is a
weak equivalence. This is the content of the following two lemmata in connection with Theorem
2.0.12

Lemma 7.2.2. 7 is smoothly essentially surjective.
Proof. The condition we have to check is whether or not the map

(sxs)opry

(Y xTg x I'o) 7 x¢ (P x Tg) xar (P x To)) (Y x To) xn (Y x Tg)

is a surjective submersion. The left hand side is diffeomorphic to (P X I'g) r, X, (P X I'g) via pry,

so that this is equivalent to checking that
§% 81 (P XxT0) riox Xmox (P xTo) — (Y xTg) xpr (Y xT)

is a surjective submersion. Since the I'p-factors are just spectators, this is in turn equivalent to
checking that
(2 X m2) 0 (X X X) : Pryoy Xmoy P —= Y1
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is a surjective submersion. It fits into the pullback diagram

P7T10X><7T10X P:—>P><P
XXX XXX

vl X yRIC s yi2]  yi2]

1

T X T T X T2

yRe———— VY xY

which has a surjective submersion on the right hand side; hence, also the map on the left hand side

must be a surjective submersion. O

Lemma 7.2.3. 7 is smoothly fully faithful.

Proof. We assume a smooth manifold N with two smooth maps
fi:N — (PoxTg)x (PyxTy) and g¢g:N — Py xyP:

such that the diagram

N Pl XMpl

(PQ X Fo) X (7)0 X Fo) T4> (Po XM 730) X (Po XM Po)

XT

is commutative. For a fixed point n € N we put

((p1,91), (P2, 92)) := g(n) € (P xTg) xps (P x To)

and
(v,9,9), (', d',3)) :== f(n) € (Y x Ty xT) x (Y x Ty x Tp).

The commutativity of the diagram implies x(p1) = x(p2) = (¥, y), so that there exists 7" € I'y
a(p2)~1gz> which yields a morphism v € I'; satisfying
T(p1,91,7) = (P1,91,P2,92) = g(n). On the other hand, we check that

with po = p1 0+'. We define ~ := idgfl -~ -id

(s(p1,91,7): t(p1,91.7)) = (m2(p1), 91, 5(7), m1(p1), a(p1) g1, (7)) = f(n),

1go. Summarizing, we have defined a smooth

using that s(y) = gflgg and t(y) = gfla(pl)a(pg)_
map

c:N— P xT1:nt+—> (p1,01,7)

- 50 —



such that Too =g and (s x t) oo = f. Now let ¢/ : N — P; x I'; be another such map, and
let o'(n) =: (p},91,7"). The condition that 7(c(n)) = g(n) = 7(c’(n)) shows immediately that
p1 = p} and g1 = ¢, and then that p; o v = p; o 4'. But since the I'-action on P is principal, we
have v = 4/. This shows 0 = ¢’/. Summarizing, P; x I'; is a pullback. O

Example 7.2.4. Suppose I' = BU(1), see Example|2.1.1 @), and suppose G is a I'-bundle gerbe over
M, also known as a U(1)-bundle gerbe, see Example [5.1.6] Then, the associated principal BU(1)-
2-bundle #Z¢g has the groupoid P with Py =Y and P; = P, source and target maps s = my o x and

t = 7 o x, and composition ps o p1 = u(p1,p2). The action of BU(1) on P is trivial on the level
of objects and the given U(1)-action on P on the level of morphisms. The same applies for general

abelian Lie groups A instead of U(1).

Construction of the 1-isomorphism Ag : G — &y (%g)

The T-bundle gerbe &y(%Zg) has the surjective submersion Y := Y x Ty with 7(y, g) := 7(y). The
total space of its T-bundle P is P := P x Iy x I'p; it has the anchor a(p,g,h) = h, the bundle

projection

X: P — YP(p,g,h) — ((m(x(p), alp)'9), (r2(x(p)), g™ ")),
the T-action is
(p.g:h) oy (2, 9) © R((tmax(p)» 9h™1)5 1) 5(7))
=2 (0,9) 0 (bratxp © (idgn1 -7 - 1dg1), gh ™ s(7)), 5())
22 (ltmaiey © (g -7 - idg 1), ), gh ™" s(3), 5())
BID ()6 (dyps - idyra) 00 5(2), 5(2)),

and its bundle gerbe product f is given by

_ ) ,
A((p23, 923, h2s), (P12, 912, h12)) = ((P12,912) © R((P23, 923),idn,, ), hashiz)
)
== ((p12, 912) © (P23, g2shi2), haghi2)

21)
= (u(p23,p12), 923h12, hashi2).

In order to compare the bundle gerbes G and &) (Zg) we consider the smooth maps o : Y — Y X
[p and & : P — P that are defined by o(y) := (y,1) and &(p) := (p, a(p), a(p)).

Lemma 7.2.5. ¢ defines an isomorphism ¢ : P — (o X U)*I5 of T'-bundles over Y. Moreover,
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the diagram

@6 . = . =
T3P @ g P ——— 75, P @ 7}, P

. L
7T13P ~ 7T13P
is commutative.

Proof. For the first part it suffices to prove that & is I'-equivariant, preserves the anchors, and that

the diagram

vl — = yl2)

agXo

is commutative. Indeed, the commutativity of the diagram is obvious, and also that the anchors

are preserved. For the I'-equivariance, we have

g(poy)=(pov,s(7),s(7) = (p,alp), alp)) oy = G(p) o .
Finally, we calculate
(P23, a(p23), a(p23)), (P12, a(pi2), a(p12))) = (p(p23, p12), a(pas)a(piz), a(p2s)a(pi2))
= (u(p23, p12), a(p(p23, p12)), a(p(p23, p12)))

which shows the commutativity of the diagram. O

Via Lemma[5.2.7) the bundle morphism & defines the required 1-morphism Ag, and Lemmal[5.2.3]

guarantees that Ag is a 1-isomorphism.

Construction of the 1-morphism Z4 : P — P’

Let A : &y (P) — Em(P’) be a 1-morphism between I'-bundle gerbes obtained from principal
I'-2-bundles P and P’ over M. By Lemma we can assume that A consists of a principal
I-bundle x : Q — Z with Z = Py x 5; P)), and some isomorphism 3 over Z?. For preparation, we
consider the fibre products Z, := Py X us 776[2] and Z; := ([)2] X pr P, with the obvious embeddings
t: 2y — Zand , : Z, — Z obtained by doubling elements. Together with the trivialization of
Corollary the pullbacks of 8 along ¢; and ¢, yield bundle morphisms

B =18 :prisQ — prysQ @ pris P and B, =1 3 : pras P’ @ pri,Q — pri;Q,

— 52 —



where P := Py x I’y and P’ := P’ x 'y are the principal I-bundles of the T-bundle gerbes &y (P)
and &y (P’), respectively.

Lemma 7.2.6. The bundle morphisms 8; and (B, have the following properties:
(i) They commute with each other in these sense that the diagram

’ Br
Pp’1 Db ® Qphp’l qup’z

id®s; \B\ '

sz,p/z & Ppupz

P P,
Pl Dl ® mep’l @ Lpi,po 5 oid

is commutative for all ((p1,p)), (p2, b)) € Z12.

(ii) By is compatible with the bundle gerbe product u in the sense that
Bilprps,p = (A @ tpy 1py.ps) © (Bilps.ps,pr @ 1d) © Bilpy p

fOT a‘” (p17p27p3ap/) € 7)([)3] S Pé

(#ii) B, is compatible with the bundle gerbe product u' in the sense that

ﬂr|p,p’1 05 © (M;Q Dbl ®id) = 5r|p,p’2,pg o (id® S P,py ,p;)

for all (p, 'y, Py, Ply) € Po x Py,

Proof. The identities (ii) and (iii) follow by restricting the commutative diagram 1' to the sub-
manifolds 73([]3] x Pl and Py x 73(')[3] of ZB3l, respectively. Similarly, the commutativity of the two trian-
gular subdiagrams in (i) follows by restricting 1D along appropriate embeddings Z12 — ZBI

O

Now we are in position to define the anafunctor Z 4. First, we consider the left action

Bo:ToxQ — Q:(g,9) — B3((id, 9),q)

that satisfies a(08o(g,q)) = ga(q). The action [y is properly discontinuous and free because 3, is a
bundle isomorphism. The quotient F' := @Q/T'y is the total space of the anafunctor #4 we want to
construct. Left and right anchor of an element ¢ € F with x(¢) = (p,p’) are given by

a(q):=p and a.(q) = R(p',a(q)).

The actions are defined by

pu(p,q) =B (a,(p,1)) and  p.(q,p) = Br((R(p,idn(g)-1), 1), ).
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The left action is invariant under the action 3y because of Lemma (i). For the right action,
invariance follows from Lemma (ii) and the identity

713

:U’/((R(plvida(q)—lg_l) ) (ld )) ((d g) (R(plvidoz(q)—l)vl))'

Lemma 7.2.7. The above formulas define an anafunctor F' : P — P’.

Proof. The compatibility between anchors and actions is easy to check. The axiom for the actions
pi and p, follows from Lemma (ii) and (iii). Lemma (i) shows that the actions commute.
It remains to prove that a; : I —= Py is a principal P’-bundle. Since «; is a composition of

surjective submersions, we only have to show that the map

T:iF o x¢ P — Fo %o Fi(g,p)— (¢p-(q,0))

is a diffeomorphism. We construct an inverse map 7! as follows. For (q1,¢2) with x(q1) = (p,p’)

and x(g2) = (p,p’), choose a representative

((7,9),0) = Brly 5 (a2)-

Such choices can be made locally in a smooth way, and the result will not depend on them. We
have x(¢) = (p,p’) that that there exists a unique v € I'y such that ¢g; = § o y. Now we put

a1, ¢2) == (q1, R(7',771).

The calculation of 7! o 7 is straightforward. For the calculation of (7 o 771)(q1,q2) we have to

compute in the second component

ﬂ'r((R(ﬁlv 771 : ida(ql)*l)a 1)7 CI1) = 67"((R( 1da(q1 )7 1) © (’7 : ida(qN)*l)v Q)
= ﬁr((ﬁlva( ) ( ) )
= Bolalg)a(@) g™ lﬁr((p 9),9))
= Bolalq)a(g ) g~ aCI2),
and this is equivalent to ¢o. O

In order to promote the anafunctor F' to a l-morphism between principal 2-bundles, we have
to do two things: we have to check that F' commutes with the projections of the bundle P; and
P, and we have to construct a I'-equivariant structure on F'. For the first point we use Remark
(]ED, whose criterion 7 o oy = 7 o ;- is clearly satisfied. For the second point we provide a
smooth action p: F' x 'y — F in the sense of Definition and use Lemma[A.2] which provides
a construction of a I'-equivariant structure. The action is defined by

p(q,7) = B; (g o (idagg) - ¥ - idsry-1)s (idR(ar(q),t(y))s E(1)))- (7.2.3)
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Lemma 7.2.8. This defines a smooth action of I'y on F' in the sense of Definition .
Proof. Smoothness is clear from the definition. The identity

p(pla,1),7v2) = B (g o (idagg) 71 - 72+ idi(re)-1e(r0)-1)s (i, (71 - 72))) = p(g, 71 - 72)

follows from the definition and the two identities

a(p(q,7)) = alg)s(y)  and
(1 - idy(y)=1) - (i) =72 - idiyn) 1) 1) = 7172 idyyn) -ty -1 (7:2:4)
The latter can easily be verified upon substituting a crossed module for I". Checking condition (i)
of Definition just uses the definitions. We check condition (ii) in two steps. First we prove the
identity
p(pi(p, @),y 0v) = pu(R(p, ), p(a,7))-
Main ingredient is the decomposition
idag) - (7 07) - ids(y) -1 = (idagg) =7+ idsy)-1) © (a(g)s(nrey -1 - W - idiy) 1) (7.2.5)
that can e.g. be verified in the crossed module language. Now we compute
ploc(psa)smon) = B (go (idagg - (1 07) -idyiyy 1), (R(p, t(m) t(m)))
= B g0 (idagq) -7 - idigp)-1)s (R(ps ), t())
= Pz(R(p,’)’z),p(q,’)’))

The second step is to show the identity
plor(q,p'), 7 0 ve) = pr(p(g,7), R(p', 7).
Here we use the decomposition
idagg) - (Yo ) -idyp)-1 = (idagg) ~ 7+ ids(y)-1) © (idaq) = - idyy)-1)- (7.2.6)

Then we compute

p(pr(a, ")y 0 )
= B B (R, idag)-1),1),q 0 (ida(q) - (v 0 ) - idy(py-1)), (id, (7))
=2 BB (RGP iy ta(e)-1): 1),
Bolalg)s(vr)s(v) " teq) ™" g o (idaq) - 7 - idiyy-1)))s (id, £(7)))
ﬂl’l(ﬁr((R(p', v 1da(p(giy))-1))s € © (ida(q) - 7 - 1ds(y)-1))s (id, £(7)))
= pelp(a,7), R, 1)),

where we have employed the equivalence relation on F' that was generated by the action of Gy. O
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Construction of a 2-isomorphism 14 : A => &y (X a)

We may again assume that the common refinement of A is the fibre product Py x 5y Pj; otherwise,
the proof of Lemma [5.2.8] provides a 2-isomorphism between A and one of these. Now, A and

En (Z.4) have the same common refinement, and 7.4 is given by the map
n:Q —= FxTo:qr> (q,a(q))

This is obviously smooth and respects the projections to the base: if x(q) = (p,p’), then

x(@ (@) B (an(a), R(an(a), ala)™Y)) = (0. ).

Further, it respects the I'-actions:

(7.1.6)

(id, 1)) B2 (o

n(goy) = (go7,5(7) =6 (g0, = (p(¢,ida(g)-1 *7),5(7)) n(q) ©v,

so that 7 is a bundle morphism. It remains to verify the commutativity of the compatibility diagram

(5.1.4). Let ((p',¢'),q") € P'®¢Q, and let (g, (p, g)) € (5Q® P be a representative for 5((p’, ¢’),q").
In particular, we have a(q)g = ¢’a(q’), since §,. is anchor-preserving. Then, we get clockwise

(m®@id)(B((r,9"),4)) = (¢, 2(a)), (p. 9))- (7.2.7)
Counter-clockwise, we have to use the isomorphism of Lemma that we call B here. Then,
Blad@n) (¢, 9),4") = B¢+ ) (', () = (3, 9'ald)g ™) (p, 9)) (7.2.8)

where the choices (p, h) we have to make for the definition of 3 are here (p, g~ 1), and ¢ is defined

in ((7.1.7), which gives here
d = 51_1(@(@/’ 1): ql)7 (R(p_la idgfl)ag_l))

Comparing ([7.2.7)) and ([7.2.8]) it remains to prove ¢ = § in F'. As F was the quotient of @ by the
action [y, it suffices to have

Bolg ) € gt

Be((p',9),d), (R(p™ ,idg-1),971))
B (4, (p.9)), (R(p~",idg-1),97 1))

This finishes the construction of the 2-isomorphism 7 4.
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A Equivariant Anafunctors and Group Actions

In this section we are concerned with a Lie 2-group I' and Lie groupoids X and ) with actions
Ry : XX — Xand Ry : Y xI' — .

Definition A.1. An action of the 2-group T on an anafunctor F : X — Y is an ordinary smooth

action p: F' x Ty — F of the group T'1 on the total space F' that

(i) preserves the anchors in the sense that the diagrams

FxI)—sp FxT;—2spF

ap xt o and o XS oy

XoxTyg—= X Yo x T'o ——= o
Rl RZ

are commutative.
(i) is compatible with the T-actions in the sense that the identity
p(xo fomnmovyoy)=Ri(x.)op(f.7)o Ra(n,7)
holds for all appropriately composable x € X1, n € Y1, f € F, and v;,7v,v- € I'1.

If F1,F5 : X — Y are anafunctors with T'-action, a transformation n : Fy => Fy is called T'-
equivariant if the map n : F1 — Fy between total spaces is 'y -equivariant in the ordinary sense.

Anafunctors X — Y with T'-actions together with T'-equivariant transformations form a
groupoid Anaf®(X,Y). On the other hand, there is another groupoid I'-Ana®> (X, Y) consisting of
I'-equivariant anafunctors (Definition [6.1.3)) and I'-equivariant transformations (Definition [6.1.4)).

Lemma A.2. The categories Ana(X,Y) and I'-Ana>(X,)Y) are canonically isomorphic.
Proof. We construct a functor
E: AnaX(X,Y) — T-Ana™(X,)). (A1)
Let F: X — ) be an anafunctor with I'-action p. We shall define a transformation
Ap: FoRy = Ryo (F xid).

First of all, the composite

xxT ey Foy
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is given by the total space (X x T'g) g, X, F, left and right anchors send an element (z, g, f) to

(x,9) and «a,.(f), respectively, and the actions are

oY) o (g, f) = (0):t(v), Ri(x,v) o f) and  (z,9,f)on=(z,9,fon).
On the other hand, the composite

XXFFXidyXF Ro y

is given by the total space ((F' X T'1) r,o0(a, xs) Xt Y1)/ ~ with the equivalence relation
(fon',yor'sm) ~ (f, v, Ra(n,7') o).

Left and right anchor send an element (f,~,n) to (a;(f), t(y)) and s(n), respectively, and the actions

are
06 e (frm) = (xofir oy,m) and  (f,v,m)on = (f,v,non’).

The inverse of the following map will define the transformation A:

(F X FI)RQO(OLTXS)Xt yl — (XO X FO)RI Xay F: (f7%77) — (al(f)vt(,Y)?p(fv'y) 077)

Condition (i) assures that this map ends in the correct fibre product, and condition (ii) assures that
it is well-defined under the equivalence relation ~. The left anchors are automatically respected,
and the right anchors require condition (i). Similarly, the left action is respected automatically,
and the right actions due to condition (ii). The axiom for a transformation is satisfied because p
is a group action. This defines the functor £ on objects. On morphisms, it is straightforward to
check that the conditions on both hand sides coincide; in particular, £ is full and faithful.

In order to prove that the functor £ is an isomorphism, we start with a given I'-equivariant

structure A on the anafunctor F. Then, an action p: F x 'y — F is defined by

(f7 ’Y) — prB()‘_l(fv Vs ing(ar(f),s('y))))

with prg : (Xg X Tg) g, Xq, F' — F the projection. The axiom for an action is satisfied due to the
identity A obeys. It is straightforward to verify conditions (i) and (ii) of Definition To close
the proof it suffices to notice that the two procedures we have defined are (strictly) inverse to each
other. 0

We are also concerned with the composition of anafunctors with I'-action. Suppose that Z is a
third Lie groupoid with a I'-action Rz, and F' : X — )Y and G : Y — Z are anafunctors with
I-actions p: F xI'y — F and 7: G xI'y — G. Then, the composition G o F' is equipped with
the I'-action defined by

(F' Xy, G) x Ty — (F Xy, G) : ((f,9),7) == (p(f,7),7(9,1ds(5)))- (A.2)

We leave it to the reader to check
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Lemma A.3. Let X, Y and Z be Lie groupoids with I'-actions Ry, Rs and Rs.

(a) Let F: X — Y and G : Y — Z be I'-equivariant anafunctors. If T'-equivariant structures on
F and G correspond to I'y-actions under the isomorphism of Lemma[A.3, then the I'-equivariant

structure on the composite F o G corresponds to the I'1-action defined above.

(b) The isomorphism of Lemma identifies the trivial T'-equivariant structure on the identity
anafunctor id : X — X with the I'1-action Ry : Xy x I'y — A&} on its total space X.

B Constructing Equivalences between 2-Stacks

Let C be a bicategory (we assume that associators and unifiers are invertible 2-morphisms). We
fix the following terminology: a l-isomorphism f : X; — X5 in C always includes the data of
an inverse 1-morphism f : Xy — X; and of 2-isomorphisms i : fo f => id and j :id => fo f
satisfying the zigzag identities. Let D be another bicategory. A 2-functor F' : C — D is assumed

to have invertible compositors and unitors.

The following lemma is certainly “well-known”, although we have not been able to find a refer-

ence for exactly this statement.

Lemma B.1. Let F : C — D be a 2-functor that is fully faithful on Hom-categories. Suppose one
has chosen:

1. for every object Y € D an object Gy € C and a I-isomorphism &y 1Y — F(Gy).

2. for all objects X1,Xs € C and all I-morphisms g : F(X1) — F(X32), a I-morphism G :
X1 — Xy in C together with a 2-isomorphism 14 : g => F(Gy). E|

Then, there is a 2-functor G : D — C and pseudonatural equivalences
a:idp = FoG and b:GoF = idc.
In particular, F is an equivalence of bicategories.

Proof. We recall our convention concerning 1l-isomorphisms: the 1-isomorphisms £y include
choices of inverse l1-morphisms &y together with 2-isomorphisms iy : & o &y => id and jy :

id => &y o &y satisfying the zigzag identities.

First we explicitly construct the 2-functor G. On objects, we put G(Y) := Gy. We use the
notation § := (£y, o g) o &y, for all 1-morphisms g : Y1 — Y3 in D, and define G(g) = G;. If

IMore accurately we should write Gx,,X4,9 and nx, x,,g, but we will suppress X7 and X2 in the notation.
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9,9 Y7 — Y5 are l-morphisms, and ¢ : ¢ => ¢’ is a 2-morphism, we consider the 2-morphism
1 defined by

n; ! _  (idow)oid - g’
F(Gf]) S (€Y2 © g) o £Y1 N (EYQ © g/) o §Y1 _ F(Gg/)
Since F is fully faithful on 2-morphisms, we may choose the unique 2-morphism G(v)
G(g) = G(g) such that F(G(¢)) = 9. In order to define the compositor of G we look at 1-

morphisms g2 : Y1 — Y5 and go3 : Yo — Y3. We consider the 2-morphism

-1
€G(g12),G(923)

F(G(923) o G(912)) F(G§23) © F(Gﬁlz)
((€vs © 923) 0 &vy) 0 ((Evy 0 g12) 0 &yy)

\U]a,iyz

(€v, 0 (923 © g12)) 0 &y, === F(G(g23 0 g12)):

17923 °g912

its unique preimage under the 2-functor F' is the compositor

Cgra,g25 - G(923) 0 G(g912) = G(g23 © g12)-

In order to define the unitor of G we consider an object Y € D and look at the 2-morphism

e Cga

Its unique preimage under the 2-functor F' is the unitor uy : G(idy) = idg(y). The second step
is to verify the axioms of a 2-functor. This is simple but extremely tedious and can only be left as

an exercise. The third step is to construct the pseudonatural transformation
a:idp = FoG.

Its component at an object Y in D is the I-morphism a(Y) := &y : Y — F(G(Y)). Its component
at a l-morphism g : Y7 — Y5 is the 2-morphism a(g) defined by

a(Yz)og ———=¢x, 09

ﬂidozgylzog
(£Y2 o g) oid
((€vy 09) 0 &yy) 0 &y,

\U]ng oid

F(Gg) o &y, =——=F(G(g)) o a(1).
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There are two axioms a pseudonatural transformation has to satisfy, and their proofs are again left
as an exercise. It is easy to see that a is a pseudonatural equivalence, with an inverse transformation
given by a(Y) := &. The fourth and last step is to construct the pseudonatural transformation

b:GoF = idc.

Its component at an object X is b(X) := G¢, ., : G(F(X)) — X. Its component at a 1-morphism
f: X5 — Xs is the 2-morphism

b(f) : b(X2) 0 G(F(f)) = fob(X1)

given as the unique preimage under F' of the 2-morphism

F(b(X2) 0 G(F(f))) === F(b(X2)) o F(G(F(f)))
”sj;(XQ)O";;f)ﬂ
gF(Xz) © ((fF(XQ) o F(f)) © §F(X1))
a7ip(x2)77‘\u/
F(f) © 5F(X1)
idF(f)"”EF(Xl)M/

E(f) o F(b(X1)) === F(f 0 b(X1)).

The proofs of the axioms are again left for the reader, and again it is easy to see that b is a

pseudonatural equivalence with an inverse transformation given by b(X) := Gepix)- O

As a consequence of Lemma we obtain the certainly well-known

Corollary B.2. Let F' : C — D be essentially surjective, and an equivalence on all Hom-

categories. Then, F' is an equivalence of bicategories.

Since we work with 2-stacks over manifolds, we need the following “stacky” extension of Lemma
B.1] For a pre-2-stack C, we denote by Cy; the 2-category it associates to a smooth manifold M, and
by ¥* : Cy —= Cjs the 2-functor it associates to a smooth map ¥ : M — N. The pseudonatural
equivalences ¥* o p* = (p 0 1)* will be suppressed from the notation in the following. If C and D
are pre-2-stacks, a I-morphism F : C — D associates 2-functors Fi; : Cpy —> Djs to a smooth

manifold M, pseudonatural equivalences
Fy:9"oFy — Faoy”

to smooth maps ¢ : M —= N, and certain modifications Fy , that control the relation between

Fy and F, for composable maps 1 and .

Lemma B.3. Suppose C and D are pre-2-stacks over smooth manifolds, and F' : C — D is a

1-morphism. Suppose that for every smooth manifold M
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1. the assumptions of Lemma[B] for the 2-functor Fy; are satisfied and
2. the data (Gy, &) and (Gg,ng) is chosen for all objects Y and 1-morphisms g in Dyy.

Then, there is a 1-morphism G : D — C of pre-2-stacks together with 2-isomorphisms
a:FoG=idp and b:GoF = id¢

such that for every smooth manifold M the 2-functor Gpr and the pseudonatural transformations

am and by are the ones of Lemma[B 1l In particular, F is an equivalence of pre-2-stacks.

For the proof one constructs the required pseudonatural equivalences G, and the modifications
Gy,, from the given ones, Fyy and Fy ., respectively, in a similar way as explained in the proof of
Lemma Since these constructions are straightforward to do but would consume many pages,
and the statement of the lemma is not too surprising and certainly well-known to many people, we

decided to leave these constructions for the interested reader.
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