|OP Series in Coherent Sources, Quantum Fundamentals, and Applications

Innovative Quantum
Computing




Innovative Quantum Computing

Steven Duplij
Center for Information Processing WWU IT, University of Miinster,
48149 Miinster, Germany

Raimund Vogl

Center for Information Processing WWU IT, University of Miinster,
48149 Miinster, Germany

IOP Publishing, Bristol, UK



© IOP Publishing Ltd 2023

All rights reserved. No part of this publication may be reproduced, stored in a retrieval system
or transmitted in any form or by any means, electronic, mechanical, photocopying, recording
or otherwise, without the prior permission of the publisher, or as expressly permitted by law or
under terms agreed with the appropriate rights organization. Multiple copying is permitted in
accordance with the terms of licences issued by the Copyright Licensing Agency, the Copyright
Clearance Centre and other reproduction rights organizations.

Permission to make use of IOP Publishing content other than as set out above may be sought
at permissions@ioppublishing.org.

Steven Duplij and Raimund Vogl have asserted their right to be identified as the authors of this
work in accordance with sections 77 and 78 of the Copyright, Designs and Patents Act 1988.

ISBN 978-0-7503-5281-9 (ebook)
ISBN  978-0-7503-5279-6 (print)
ISBN  978-0-7503-5282-6 (myPrint)
ISBN 978-0-7503-5280-2 (mobi)
DOI 10.1088/978-0-7503-5281-9
Version: 20231101

IOP ebooks

British Library Cataloguing-in-Publication Data: A catalogue record for this book is available
from the British Library.

Published by IOP Publishing, wholly owned by The Institute of Physics, London
IOP Publishing, No.2 The Distillery, Glassfields, Avon Street, Bristol, BS2 0GR, UK

US Oftice: IOP Publishing, Inc., 190 North Independence Mall West, Suite 601, Philadelphia,
PA 19106, USA



Preface

Contents

Author biographies

1

1.1
1.2
1.3
1.4
1.5
1.6
1.7
1.8

2.2
2.3

Obscure qubits and membership amplitudes

Preliminaries

Membership amplitudes

Transformations of obscure qubits

Kronecker obscure qubits

Obscure-quantum measurement

Kronecker obscure-quantum gates

Double entanglement

Conclusions

References

Higher braid quantum gates

Yang—Baxter operators

2.1.1
2.1.2
2.13
2.14

2.1.5
2.1.6
2.1.7

Yang-Baxter maps and braid group
Constant matrix solutions to the Yang—Baxter equation
Partial identity and unitarity

Permutation and parameter-permutation 4-vertex
Yang—Baxter maps

Group structure of 4-vertex and 8-vertex matrices
Star 8-vertex and circle 8-vertex Yang—Baxter maps
Triangle invertible 9- and 10-vertex solutions

Polyadic braid operators and higher braid equations

Solutions to the ternary braid equations

2.3.1
232
233
234
235

2.3.6

2.3.7

Constant matrix solutions

Permutation and parameter-permutation 8-vertex solutions
Group structure of the star and circle 8-vertex matrices
Group structure of the star and circle 16-vertex matrices

Pauli matrix presentation of the star and circle 16-vertex
constant matrices

Invertible and noninvertible 16-vertex solutions to the
ternary braid equations

Higher 2"-vertex constant solutions to n-ary braid equations

vil

ix

1-1
1-2
1-2
1-6
1-7
1-10
1-13
1-14
1-17
1-18

2-3



24
2.5
2.6
2.7

3.1
3.2
33
3.4
3.5

4.1
4.2
4.3

Innovative Quantum Computing

Invertible and noninvertible quantum gates
Binary braiding quantum gates

Higher braiding quantum gates

Entangling braiding gates

2.7.1 Entangling binary braiding gates
2.7.2 Entangling ternary braiding gates
References

Supersymmetry and quantum computing

Superspaces and supermatrices
Super Hilbert spaces and operators
Qubits and superqubits
Multi-(super)qubit states
Innovations

References

Duality quantum computing

Duality computing and polyadic operations
Higher duality computing

Duality quantum mode

References

Measurement-based quantum computing

References

Quantum walks

Discrete quantum walks

6.1.1 Polyander visualization of quantum walks

6.1.2 Methods of final states computation

6.1.3 Generalizations of discrete-time quantum walks

References

viii

2-49
2-53
2-54
2-57
2-58
2-59
2-60

3-1
3-6
3-8
3-12
3-16
3-19

4-1

4-1
4-10
4-14
4-17

5-1
5-5

6-1

6-7
6-9
6-12
6-13



Preface

This book is devoted to the study of exotic and non-standard mathematical methods
in quantum computing. The principal ingredients of quantum computation are
qubits and their transformations, which can be provided in different ways: first
mathematically, and they can then be further realized in hardware.

In this book we consider various extensions of the qubit concept per se, starting
from the obscure qubits introduced by the authors, and other fundamental general-
izations. We then introduce a new kind of gate, higher braiding gates, which are
implemented for topological quantum computations, as well as unconventional
computing, when computational complexity is affected by its environment, which
needs an additional stage of computation. Other generalizations are also considered
and explained in a widely accessible and easy to understand style.

This book will be useful for graduate students and last year students for
additional advanced chapters of lecture courses in quantum computer science and
information theory.

Steven Duplij and Raimund Vogl

Miinster, Germany
August 2023
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Chapter 1

Obscure qubits and membership amplitudes

Nowadays, the development of quantum computing technique is governed by
theoretical extensions of its ground concepts (Nielsen and Chuang 2000, Kaye
et al 2007, Williams and Clearwater 1998). One of these extensions is to allow two
kinds of uncertainty, sometimes called randomness and vagueness/fuzziness (for a
review, see, Goodman and Nguyen 2002), which leads to the formulation of
combined probability and possibility theories (Dubois et al 2000) (see, also,
Bélohlavek 2002, Dubois and Prade 2000, Smith 2008, Zimmermann 2011).
Various interconnections between vagueness and quantum probability calculus
were considered in Pykacz (2015), Dvureéenskij and Chovanec (1988), Bartkova
et al (2017), and Granik (1994), including the treatment of inaccuracy in measure-
ments (Gudder 1988, 2005), non-sharp amplitude densities (Gudder 1989), and the
related concept of partial Hilbert spaces (Gudder 1986).

Relations between truth values and probabilities were also given in Bolotin
(2018). The hardware realization of computations with vagueness was considered in
Hirota and Ozawa (1989), and Virant (2000). On the fundamental physics side, it
was shown that the discretization of space-time at small distances can lead to a
discrete (or fuzzy) character for the quantum states themselves.

With a view to applications of these ideas in quantum computing, we introduce a
definition of quantum state that is described by both a quantum probability and a
membership function (Duplij and Vogl 2021), and thereby incorporate vagueness/
fuzziness directly into the formalism. In addition to the probability amplitude, we
will define a membership amplitude, and such a state will be called an obscure/fuzzy
qubit (or qudit) (Duplij and Vogl 2021).

In general, the Born rule will apply to the quantum probability alone, while the
membership function can be taken to be an arbitrary function of all of the
amplitudes fixed by the chosen model of vagueness. Two different models of
obscure-quantum computations with truth are proposed below: (1) a Product
obscure qubit, in which the resulting amplitude is the product (in C) of the quantum

doi:10.1088/978-0-7503-5281-9ch1 1-1 © IOP Publishing Ltd 2023
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amplitude and the membership amplitude; and (2) a Kronecker obscure qubit, for
which computations are performed in parallel, so that quantum amplitudes and the
membership amplitudes form vectors, which we will call obscure-quantum ampli-
tudes. In the latter case, which we call a double obscure-quantum computation, the
protocol of measurement depends on both the quantum and obscure amplitudes. In
this case, the density matrix need not be idempotent. We define a new kind of gate,
namely, obscure-quantum gates, which are linear transformations in the direct
product (not in the tensor product) of spaces: a quantum Hilbert space and a so-
called membership space having special fuzzy properties (Duplij and Vogl 2021). We
then introduce a new concept of double (obscure-quantum) entanglement, in which
vector and scalar concurrences are defined and computed for concrete examples.

1.1 Preliminaries

To establish a notation standard in the literature (see, e.g. Nielsen and Chuang 2000,
Kaye et al 2007), we present the following definitions. In an underlying d-dimen-
sional Hilbert space, the standard qudit (using the computational basis and Dirac
notation) H c(ld) is given by

d-1
|y @)y = Yaili), aeC,|iye (1.1)
i=0

where a; is a probability amplitude of the state| i). (For a review, see, e.g. Genovese
and Traina 2008, Wang et al 2020.) The probability ,; to measure the ith state is
p=F(a,...,a,), 0<p <1, 0<i<d- 1 The shape of the functions F, is
;1:0 D
(L = 1) quantum gate is a unitary transformation U?): J éd) - K éd) described by
unitary d X d complex matrices acting on the vector (1.1), and for a register containing
L qudits quantum gates are unitary d* x d* matrices. The quantum circuit model
(Deutsch 1985, Barenco et al 1995) forms the basis for the standard concept of
quantum computing. Here the quantum algorithms are compiled as a sequence of
elementary gates acting on a register containing L qubits (or qudits), followed by a
measurement to yield the result (Lloyd 1995, Brylinski and Brylinski 1994).

For further details on qudits and their transformations, see for example the
reviews by Genovese and Traina (2008) and Wang et al (2020) and the references
therein.

governed by the Born rule F(ay, ..., a) =|a; |, and ) = 1. A one-qudit

1.2 Membership amplitudes

Innovation 1.1. We define an obscure qudit with d states via the following super-
position (in place of that given in (1.1))

d-1
|wid) = Yaail i), (1.2)
i=0

1-2
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where a; is a (complex) probability amplitude a; € C, and we have introduced a (real)
membership amplitude a;, with a; € [0, 1],0<i<d - 1.

The probability ,; to find the ith state upon measurement and the membership
function y; (of truth) for the ith state are both functions of the corresponding
amplitudes, as follows

pi = F}Ji(a(]a LRI ad—l)’ 0 <p, < 1) (13)

Hi = F;t[(a()a LRRE) ad—l)a 0 < Hi < 1. (14)

The dependence of the probabilities of the ith states upon the amplitudes, i.e., the
form of the function F, is fixed by the Born rule

F}),»(ab LRI an) = | a; |2a (15)

while the form of F, will vary according to different obscurity assumptions. In this
paper we consider only real membership amplitudes and membership functions—
complex obscure sets and numbers were considered in Buckley (1989), Ramot ef al
(2002), and Garrido (2012). In this context, the real functions F, and F,
0 < i £ d - 1will contain complete information about the obscure qudit (1.2).

We impose the normalization conditions

d-1
dYp=1. (1.6)
i=0

d—1
=1 (1.7)
i=0

where the first condition is standard in quantum mechanics, while the second
condition is taken to hold by analogy. Although (1.7) may not be satisfied, we will
not consider that case.

For d = 2, we obtain for the obscure qubit the general form, instead of that in

(1.2),

| Wé§)> =aao | 0) + aar | 1), (1.8)
F,(ay, @) + F,(a, a) = 1, (1.9)
E, (a0, &) + F, (a0, 1) = 1. (1.10)

The Born probabilities to observe the states | 0) and | 1) are

Py = Fp a0, a) =l ag P, p, = F,""(ao, @) = | a . (1.11)

1-3
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Innovation 1.2. The membership functions are

Ho = E(ao, o), py = F,(ao, a). (1.12)

If we assume the Born rule (1.11) for the membership functions as well
m,(ao, ) = 0102, Et,(ao, ) = 0512, (1.13)

which is one of various possibilities depending on the chosen model, then

laoP +|ar P =1, (1.14)

ag + af = 1. (1.15)

Using (1.14)—(1.15) we can parameterize (1.8) as
6, 6,
|1//(fﬁ)>—cos—cos—|0>+e"”s1n§s1n5| 1), (1.16)

0<0<n, 0<¢@<2r, 0<6g,<m (1.17)

Therefore, obscure qubits (with Born-like rule for the membership functions) are
geometrically described by a pair of vectors, each inside a Bloch ball (and not as
vectors on the boundary spheres, because ‘| sin |, | cos |<1 °), where one is for the
probability amplitude (an ellipsoid inside the Bloch ball with §, = const;) and the
other is for the membership amplitude (which is reduced to an ellipse, being a slice
inside the Bloch ball with = const,, ¢ = const;). However, the norm of the obscure
qubits is not constant because

(2)
<Wob

In the case where 0 = §,, the norm (1.18) becomes1 — % sin” @, reaching its minimum
%When9=0”= >

Note that for complicated functions F, (ao, ), the condition (1.15) may be not
satisfied but the condition (1.7) should nevertheless always be valid. The concrete
form of the functions F, (@, ) depends upon the chosen model. In the simplest

case, we can identify two arcs on the Bloch ellipse for aj, a; with the membership
functions and obtain

1 1 1
‘//o(ﬁ)> 5+ cos (6+6,)+ 7 °08 (60 - 6,). (1.18)

2

F, (a0, @) = = arctan =, (1.19)
T Qg
2

F, (g, ay) = = arctan 22, (1.20)
T a

1-4
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such that p, + 4, = 1, as in (1.7).

In Mannucci (2006) and Maron et al (2013) a two stage special construction of
quantum obscure/fuzzy sets was considered. The so-called classical-quantum
obscure/fuzzy registers were introduced in the first step (for » = 2, the minimal

case) as
|s)r =T =f10)+ Jf 1), (1.21)
|s)g=1/1—g|0)+@|1), (1.22)

where 1, g € [0, 1] are the relevant classical-quantum membership functions. In the
second step their quantum superposition is defined by

| s) =cr|s); + cgls)e, (1.23)

where ¢, and ¢, are the probability amplitudes of the fuzzy states | s), and | s),,
respectively. It can be seen that the state (1.23) is a particular case of (1.8) with

aoty = cpy1 — f + ¢l — g, (1.24)

oqa; = C/\/7 + Cg\/g. (125)

This gives explicit connection of our double amplitude description of obscure
qubits with the approach (Mannucci 2006, Maron et a/ 2013) which uses probability
amplitudes and the membership functions. It is important to note that the use of the
membership amplitudes introduced here «; and (1.2) allows us to exploit the
standard quantum gates but not to define new special ones, as in Mannucci
(2006) and Maron et al (2013).

Another possible form of F, (ao, a1) (1.12), with the corresponding membership
functions satisfying the standard fuzziness rules, can be found using a standard
homeomorphism between the circle and the square. In Hannachi et a/ (2007b) and
Rybalov et al (2014), this transformation was applied to the probability amplitudes
do, 1.

Innovation 1.3. Here we exploit it for the membership amplitudes a4

2 . 2 .
E, (a0, o) = garcsin\/ agsign ay — agsign ap + 1 ’ (1.26)
T 2
2 . 2 .
F, (a, @) = %arcsin\/ oSign ao + ;‘1 signog + 1 (1.27)
/s

So for positive ag, |, we obtain (cf Hannachi et a/ 2007b)

1-5
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2 . lag—af+1
F, (a0, a1)=;arcsm %, (1.28)

F,(a, ) = 1. (1.29)
The equivalent membership functions for the outcome are

max (min (E.(@o, @), 1 = E,(a, @), min (1 = E, (a0, @), F, (o, al)), (1.30)

min (max (Fufao, a), 1 = E,(ao, o)), max (1 = E, (a0, @), F, (@, al)). (1.31)

There are many different models for F, (a, ) which can be introduced in such
a way that they satisfy the obscure set axioms (Dubois and Prade 2000,
Zimmermann 2011).

1.3 Transformations of obscure qubits

Let us consider the obscure qubits in the vector representation, such that

10 =(g) 1v=(%) (13)

are basis vectors of the two-dimensional Hilbert space J éz). A standard quantum
computational process in the quantum register with L obscure qubits (qudits (1.1)) is
performed by sequences of unitary matrices U of size 2L x 2L (nl x nt), U'U = |,
which are called quantum gates (| is the unit matrix). Thus, for one obscure qubit, the
quantum gates are 2 X 2 unitary complex matrices.

Innovation 1.4. In the vector representation, an obscure qubit differs from the
standard qubit (1.8) by a 2 X 2 invertible diagonal (not necessarily unitary) matrix

| w ) = Mo, @) | y?), (1.33)
M(ao, a1) = ((Z)O 21)- (1.34)

We call M(a, o) @ membership matrix which can optionally have the property
trM? =1, (1.395)

if (1.15) holds.
Let us introduce the orthogonal commuting projection operators

P, = ((1) 8) P, = (8 ‘1)) (1.36)

1-6
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P; =P, P}=P, PP, =PP,=0, (1.37)

where 0 is the 2 X 2 zero matrix. Well-known properties of the projections are that
Poly®)=ag|0), Pily®)=al0), (1.38)

WO Py ) =lag P, @PIPy?)=]al. (1.39)

Innovation 1.5. The membership matrix (1.34) can be defined as a linear combination
of the projection operators with the membership amplitudes as coefficients

M(a(), a) = aoPy + oyP;. (140)
We compute

Mao. @) ) = agao | 0) + afa | 1). (1.41)

We can therefore treat the application of the membership matrix (1.33) as
providing the origin of a reversible but non-unitary obscure measurement on the
standard qubit to obtain an obscure qubit—cf the mirror measurement (Battilotti
and Zizzi 2004, Zizzi 2005) and also the origin of ordinary qubit states on the fuzzy
sphere (Zizzi and Pessa 2014).

An obscure analog of the density operator (for a pure state) is the following form
for the density matrix in the vector representation

2 2 *

@ _ 1,2 @] _|% | a0 |° apagaian

p& = v (ws | = Lo (1.42)
agdoua; oy | a |

with the obvious standard singularity property detp!? =0. But trp() =
ag |ag? + af | a; > # 1, and here there is no idempotence (pcff’)f + péﬁ), which
can distinct p éﬁ) from the standard density operator.

1.4 Kronecker obscure qubits

We next introduce an analog of quantum superposition for membership amplitudes,
called ‘obscure superposition’ (cf Cunha et al/ 2019, and also Toffano and Dubois
2017).

Innovation 1.6. Quantum amplitudes and membership amplitudes will here be
considered separately in order to define an obscure qubit taking the form of a double
superposition (cf (1.8), and a generalized analog for qudits (1.1) is straightforward)
Aol 0) + A1)

\/5 s

| Wob) = (1.43)

1-7
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where the two-dimensional vectors
do, 1
Ao 1= [ao’ 1] (1.44)
are the (double) obscure-quantum amplitudes of the generalized states | 0), | 1).
For the conjugate of an obscure qubit we put (informally)

AG(O | + A1
\/5 s

where we denote Aj | = [ao’"l ap, 1 |, such that A5 Ag 1 =|ao > + ao% - The

(Yoo | = (1.45)

(double) obscure qubit is normalized in such a way that, if the conditions (1.14)-
(1.15) hold, then

2 2
| ao P + | a | ay + o
2 2

(Woo| o) = =1. (1.46)

Innovation 1.7. A measurement should be made separately and independently in the
probability space and the membership space, which can be represented using an analog
of the Kronecker product.

Indeed, in the vector representation (1.32) for the quantum states and for the
direct product amplitudes (1.44) we should have

1
| Wob)o) = on Qx ((1)) + A ®x ((1)), (1.47)

where the (left) Kronecker product is defined by (see (1.32))

[

€ = ((1)), € = ((1)), €0,1 € %éz)-

Informally, the wave function of the obscure qubit, in the vector representation,
now lives in the four-dimensional space of (1.48), which has two two-dimensional
spaces as blocks. The upper block, the quantum subspace, is the ordinary Hilbert
space H 0(12), but the lower block should have special (fuzzy) properties, if it is treated
(@]

memb*

_ [a(ceo + del)]

a(cey + del) (1.48)

as an obscure (membership) subspace V

where lives ’ ‘Pfﬁ», is not an ordinary tensor product of vector spaces because of

Thus, the four-dimensional space,

(1.48) and the vector A on the lhs has entries of different natures, i.e., the quantum

1-8



Innovative Quantum Computing

amplitudes @y ; and the membership amplitudes a,_ ;. Despite the unit vectors in
H C(lz) and Vrfe)mb having the same form (1.32), they belong to different spaces (because
they are vector spaces over different fields). Therefore, instead of (1.48), we

introduce a Kronecker-like product ® y by

al = c a(cey + dey)
— 1.49
[a] ®x (d) [ alcey + dey) ]’ (1.49)
ey = ((1)) e = ((1)) 1€ HY, (1.50)
(1) ()
a=(y) " a=()" aie v (1.51)

In this way, the obscure qubit (1.43) can be presented in the from

O], o]0
| o) = —= ao((l))(ﬂ) iG] al((l))“‘) (1.52)

_ L]y Lfae)
— /2 Laogo J2 Laa [
Therefore, we call the double obscure qubit (1.52) a Kronecker obscure qubit to

distinguish it from the obscure qubit (1.8). It can be also presented using the
Hadamard product (the element-wise or Schur product)

[e]@n(3)= 2] (1.53)

i Rl
NG 7

where the unit vectors of the total four-dimensional space are

in the following form

| Yop) = —=Ao ®y Eo + —=A ®y Ei, (1.54)

e
Eo.1 = [ °’1] € HP X Vi (1.55)

€0, 1

The probabilities p, | and membership functions y, , of the states| 0) and| 1) are
computed through the corresponding amplitudes by (1.11) and (1.12)

p[ = | a; |2’ ﬂj = El,-(a(h al)a l: 05 15 (156)

and in the particular case by (1.13) satisfying (1.15).



Innovative Quantum Computing

By way of example, consider a Kronecker obscure qubit (with a real quantum
part) with probability p and membership function u (measure of trust) of the state
| 0), and of the state| 1) given by 1 — p and 1 — y, respectively. In the model (1.19)-
(1.20) for y,; (which is not Born-like) we obtain

)]l
vyl 0 1 t=r
| ob>_ﬁ Coszlu w | + ﬁ 0 ()
02 Sin%,u (1.57)

1 [ N/ 1 el —p

— +
J2 | € cos %/4 J2 | & sin %,u

where €; and ¢; are unit vectors defined in (1.50) and (1.51).

This can be compared, e.g., with the classical-quantum approach (1.23), and
Mannucci (2006) and Maron et al (2013), in which the elements of the columns are
multiplied, while we consider them independently and separately.

1.5 Obscure-quantum measurement

Let us consider the case of one Kronecker obscure qubit register L = 1 (see (1.47)), or
using (1.48) in the vector representation (1.52). The standard (double) orthogonal
commuting projection operators, Kronecker projections, are (cf (1.36))

p-| O po|0 O (1.58)
“Tlo Pyl o PRI '

where 0 is the 2 X 2 zero matrix, and ng)l are the projections in the membership

subspace Vr(nzgmb (of the same form as the ordinary quantum projections P, ; (1.36))

(1) ()
P =5 o) P=(0 )" PP cEnavR, )
P2 = Py, PP = P, PYPY = PPIPY) = 0. (1.60)
For the double projections we have (cf (1.37))
P;=R, P=P, RR=PPR =0, (1.61)

where 0 is the 4 X 4 zero matrix, and P, | act on the Kronecker qubit (1.58) in the
standard way (cf (1.38))

1-10
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1 QO((I)) o [aoeo]_L

Py | W) —2 (1)(”) = f ae | = \/EAO ®y Eo, (1.62)
Qo
0
1 al(?) 1 1
P W) = = - | o] - <5 O B (1.63)

S0

Observe that for Kronecker qubits there exist in addition to (1.58) the following
orthogonal commuting projection operators

p= | O po= | 0 (1.64)
01 0 PY‘) 5 10 O Pgl) 5 .

and we call these the crossed double projections. They satisfy the same relations as
(1.61)
P =By, Piy =Ry, PP = PP =0, (1.65)

but act on the obscure qubit in a different (mixing) way than (1.62), i.e.,

POll\I’ob>=% ZTES; =%[‘2§f] (1.66)
| 1 _

_al(o)_
1 1 1 e
P | W) = ——[“l 1].

A0€o

B _ao((l))_ -5 (1.67)

The multiplication of the crossed double projections (1.64) and the double
projections (1.58) is given by

_ _ [P O] _ _ N L
PPy = By = [0 0] =Q), PP =PPF = [0 Pgﬂ)] =Q/", (1.68)
0 0 P, O
- - =W - —|m —
PPy = BP = [O Pgt)] =Qy’, PP =PP, [O O] =Q, (1.69)

where the operators Q,, Q; and QY’, Q¥ satisfy
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Qi =Qy Qi =0Q;, QQy=QQ =0, (1.70)
Q(él)2 — le)’ Q{ﬂ)z QOt) Q(.M)Q(ﬂ) Q(ﬂ)Q(ﬂ (1'71)
Q’'Qy = Q§’'Q; = QIQY’ = QQ" =0, (1.72)

and we call these ‘half Kronecker (double) projections’.

These relations imply that the process of measurement when using Kronecker
obscure qubits (i.e. for quantum computation with truth or membership) is more
complicated than in the standard case.

To show this, let us calculate the obscure analogs of expected values for the
projections above. Using the notation

A= (T | A ¥p). (1.73)

Then, using (1.43)—(1.45) for the projection operators P, P;, Q;, QW, i, j=0,1,
i # j, we obtain (cf (1.39))

_ 2+ a’ . a; P +
Pj= |al| +a1 , sz | I a , (174)
2 2
~ _lal ~w _ o (1.75)
Ql 2 H [ 2 .

So follows the relation between the obscure analogs of expected values of the
projections

=Q+Q", P=Q +QV. (1.76)

Taking the ket corresponding to the bra Kronecker qubit (1.52) in the form
1 1
(¥ | = f[am 0), al 0]+ f[al*(o D, a0 D], (1.77)

a Kronecker (4 x 4) obscure analog of the density matrix for a pure state is given by
(cf (1.42))

| ao |2 apay”  agdy Ao

aa; | a |2 aay  ao

Pai = | Won) (op | = (1.78)

4 2 *
2 g apa @ Qo

; 2
mag g apon o

If the Born rule for the membership functions (1.13) and the conditions (1.14)—
(1.15) are satisfied, then the density matrix (1.78) is non-invertible because

det p'? = 0 and has unit trace trpy) = 1 but is not idempotent( (2>) # p? because
it holds for the ordinary quantum density matrix (Nielsen and Chuang 2000).
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1.6 Kronecker obscure-quantum gates

In general, (double) obscure-quantum computation with L Kronecker obscure
qubits (or qudits) can be performed by a product of unitary (block) matrices U of
the (double size to the standard one) size 2 x (2F x 2L) (or 2 x (nt x nl)), U'U =1
(here I is the unit matrix of the same size as U). We can also call such computation a
quantum computation with truth (or with membership).

Let us consider obscure-quantum computation with one Kronecker obscure
qubit. Informally, we can present the Kronecker obscure qubit (1.52) in the form

#(@) |
% (Z?)w

Innovation 1.8. The state | W,,) can be interpreted as a vector in the direct product

(not tensor product) space I, (;2) x VO . where H éz) is the standard two-dimensional
2)

Hilbert space of the qubit, and V2 . can be treated as the membership space, which
has a different nature from the qubit space and can have a more complex structure.

| Wop) = (1.79)

For discussion of similar spaces, see for example Dubois et al (2000), Bélohlavek
(2002), Smith (2008), and Zimmermann (2011). In general, one can consider
obscure-quantum computation as a set of abstract computational rules, independ-
ently of the introduction of the corresponding spaces.

An obscure-quantum gate will be defined as an elementary transformation on an
obscure qubit (1.79) and is performed by unitary (block) matrices of size 4 x 4 (over
C) acting in the total space (> x V{2

memb
= u o T =UU =
U_(O UW), UU'=UU =1, (1.80)
UU™ = UTU = |, UWUWT = UWiyw = I, U e End%?, UM € End V., (1.81)

where I is the unit 4 x 4 matrix, | is the unit 2 x 2 matrix, and U and U® are unitary
2 X 2 matrices acting on the probability and membership subspaces, respectively.
The matrix U (over C) will be called a quantum gate, and we call the matrix U® (over
R) an obscure gate. We assume that the obscure gates U® are of the same shape as
the standard quantum gates, but they act in the other (membership) space and have
only real elements (see, e.g. Nielsen and Chuang 2000). In this case, an obscure-
quantum gate is characterized by the pair {U, U%}, where the components are
known gates (in various combinations), e.g., for one qubit gates: Hadamard, Pauli-
X (NOT),Y,Z (or two qubit gates e.g. CNOT, SWAP, etc). The transformed qubit then
becomes (informally)
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U | ¥) = (1.82)

Thus, the quantum and the membership parts are transformed independently for the
block diagonal form (1.80). Some examples of this can be found, e.g., in Domenech
and Freytes (2006), Mannucci (2006), and Maron et a/ (2013). Differences between
the parts were mentioned in Kreinovich et a/ (2011). In this case, an obscure-
quantum network is physically realized by a device performing elementary oper-
ations in sequence on obscure qubits (by a product of matrices), such that the
quantum and membership parts are synchronized in time; for a discussion of the
obscure part of such physical devices, see Hirota and Ozawa (1989), Koczy and
Hirota (1990), Virant (2000), and Kosko (1997). Then, the result of the obscure-
quantum computation consists of the quantum probabilities of the states together
with the calculated level of truth for each of them (see, e.g. Bolotin 2018).

For example, the obscure-quantum gate Uy yor = {Hadamard, NOT} acts on the

state E, (1.55) as follows
o) | _|v2\

N~ | row
61 10)
It would be interesting to consider the case when U (1.80) is not block diagonal
and try to find possible physical interpretations of the non-diagonal blocks.

UH ,NOTEO = UH,NOT

1
| Feoten (1.83)

€1

1.7 Double entanglement

Let us introduce a register consisting of two obscure qubits (L = 2) in the
computational basis | ij’) = | i) ® | '), as follows

Boo’ [ 00) + By | 10") + Bo1/ | 01") + Byy [ 117)
7 ,

determined by two-dimensional vectors (encoding obscure-quantum amplitudes)

WL = 2)) = | Won(2) = (1.84)

by
By = [ﬁ/] Lj=0,1, j=0,1, (1.85)
g

where b; € C are probability amplitudes for a set of pure states and f3;, € R are the
corresponding membership amplitudes. By analogy with (1.43) and (1.46), the
normalization factor in (1.84) is chosen so that

(For(2)¥on(2)) = 1, (1.86)
if (cf (1.14)<(1.15))
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| boo P+ 1 b P + 1 bor P+ | b P =1, (1.87)

Bo: + Bio + Boy + B = 1. (1.88)

A state of two qubits is entangled if it cannot be decomposed as a product of two
one-qubit states, and otherwise it is separable (see, e.g. Nielsen and Chuang 2000).

Innovation 1.9. We define a product of two obscure qubits (1.43) as

_ Ao ®yg A 00") + Al @y Ap | 10y + Ag ® Af | 01) + A @ Af| 117)

1.
3 (1.89)

| Wob) ® | W)

where @y is the Hadamard product (1.53).

Comparing (1.84) and (1.89), we obtain two sets of relations, for probability
amplitudes and for membership amplitudes
1

b[/, = ﬁalaj,, (1.90)

1
ﬂzi’zf

In this case, the relations (1.14)—(1.15) give (1.87)—(1.88).

Two obscure-quantum qubits are entangled if their joint state (1.84) cannot be
presented as a product of one qubit states (1.89), and in the opposite case the states
are called totally separable. It follows from (1.90)—(1.91) that there are two general
conditions for obscure qubits to be entangled

wap, 0,j=0,1, j=0,1. (1.91)

bgo/bllf ?é bl()fb()l/, or deth 7é O, b= (bOO/ bm,), (192)
blO’ bll’

(1.93)

ﬂoo/ﬂll/ # ﬂlofﬁoys ordetf #0,f = (ﬁOO’ 'BOI,)'

ﬁlO/ ﬂll’

The first equation (1.92) is the entanglement relation for the standard qubit, while
the second condition (1.93) is for the membership amplitudes of the two obscure
qubit joint state (1.84). The presence of two different conditions (1.92)—(1.93) leads
to new additional possibilities (which do not exist for ordinary qubits) for partial
entanglement (or partial separability), when only one of them is fulfilled. In this case,
the states can be entangled in one subspace (quantum or membership) but not in the
other.

The measure of entanglement is numerically characterized by the concurrence.
Taking into account the two conditions (1.92)-(1.93), we propose to generalize the
notion of concurrence for two obscure qubits in two ways. First, we introduce the
vector obscure concurrence
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C | detb |
Cia =| *[=2 , 1.94
t [Cm] [| det |] (199

where b and f are defined in (1.92)-(1.93), and 0 < C; < L0 K CW L L.

Innovation 1.10. The corresponding scalar obscure concurrence can be defined as

2 2
Csca1=\/|detb| ;"detﬁ' , (1.95)

such that 0 € Cyy < 1. Thus, two obscure qubits are totally separable, if Cyy = 0.

For instance, for an obscure analog of the (maximally entangled) Bell state

1 1
1|l v2 2 ,
) = | [ 100+ 119 (1.96)
2 2
we obtain
Cvect = I:i]’ Cscal = 1. (197)

A more interesting example is the intermediately entangled two obscure qubit
state, e.g.,

1 1 3 €
|\1!0b(2)>=% * 100 + fg 10+ 1 |10+ ? 1] (1.98)
2 4 22 4

where the amplitudes satisfy (1.87)—(1.88). If the Born-like rule (as in (1.13)) holds
for the membership amplitudes, then the probabilities and membership functions of
the states in (1.98) are

1 1 3 1

DPoor = Za Pro E’ Do = Ea P = E, (1.99)
1 5 1 1

Hoor = 3’ Hy = Ea Hopr = g’ Hyy = E (1.100)

This means that, e.g., that the state | 10’) will be measured with the quantum
probability 1/16 and the membership function (truth value) 5/16. For the entangled
obscure qubit (1.98) we obtain the concurrences

1-16
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1 1
2 - -3
c | 2 8 _ [0491]
vect — - ’

Las-La| o 1on

53 1 ]
Csca = — —J5 — —+/2+3 =0.348.
: Jms 16f_ mJir

In the vector representation (1.49)—(1.52), we have

e ®x ej] >

=0,1, /=0,1, 1.102
6 @y & J ( )

Iij’>=|i>®lj’>=[
where ®y is the Kronecker product (1.48), and e;, ¢; are defined in (1.50)—(1.51).

Using (1.85) and the Kronecker-like product (1.49), we put (informally, with no
summation)

=0,1, j/=0,1" (1.103)

b€ Q@ €
B.. | ii’) = ij 'j i
y | J > l[ij’gi ®K ej’l J

To clarify our model, we show here a manifest form of the two obscure qubit state
(1.98) in the vector representation

1 0 1 0

1fo 1 V3o R

2|1 4|1 4 720

I 0 0 1 I

| ¥or(2)) = NI N NI ) |

Lo V511 Lo 1
V2|1 4 [1 2420 4]0
0 0 RN I

Innovation 1.11. The states above may be called ‘symmetric two obscure qubit states’.
However, there are more general possibilities, as may be seen from the rhs of (1.103)
and (1.104), when the indices of the first and second rows do not coincide. This would
allow more possible states, which we call ‘non-symmetric two obscure qubit states’. It
would be worthwhile to establish their possible physical interpretation.

These constructions show that quantum computing using Kronecker obscure
qubits can involve a rich structure of states, giving a more detailed description with
additional variables reflecting vagueness.

1.8 Conclusions

We have proposed a new scheme for describing quantum computation bringing
vagueness into consideration, in which each state is characterized by a measure of

1-17
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truth. A membership amplitude is introduced in addition to the probability
amplitude in order to achieve this, and we are led thereby to the concept of an
obscure qubit. Two kinds of these are considered: the product obscure qubit, in
which the total amplitude is the product of the quantum and membership
amplitudes; and the Kronecker obscure qubit, where the amplitudes are manipu-
lated separately. In the latter case, the quantum part of the computation is based, as
usual, in Hilbert space, while the truth part requires a vague/fuzzy set formalism,
which can be performed in the framework of a corresponding fuzzy space. Obscure-
quantum computation may be considered as a set of rules (defining obscure-
quantum gates) for managing quantum and membership amplitudes independently
in different spaces. In this framework, we obtain not only the probabilities of final
states but also their membership functions, i.e., how much trust we should assign to
these probabilities. Our approach considerably extends the theory of quantum
computing by adding the logic part directly to the computation process. Future
challenges could lie in the direction of development of the corresponding logic
hardware in parallel with the quantum devices.
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