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Abstract:    The central extension of the (1+1)-dimensional Poincaré algebra by including fermionic charges which obey not 
supersymmetric algebra, but a special graded algebra containing in the right hand side a central element only is obtained. The 
corresponding theory being the fermionic extension of the lineal gravity is proposed. We considered the algebra of generators, the 
field transformations and found Lagrangian and equation of motion, then we derived the Casimir operator and obtained the con-
stant black hole mass. 
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INTRODUCTION 
 

The models of lineal gravity (the gravity theory 
in (1+1)-dimensions) are Liouville theory (Jackiw, 
1985), a simplest non-trivial theory based on the sca-
lar curvature R and additional scalar field, and 
so-called ‘string-inspired’ model (Cangemi and 
Jackiw, 1992; 1993), where scalar (dilaton) field 
arises from the string theory. Both models can also be 
obtained by dimensional reduction from (2+1)-di-
mensions (Achúcarro, 1993; Cangemi, 1992; Grig-
nani and Nardelli, 1994). 

In (Cangemi and Jackiw, 1992) it was shown 
that the lineal gravity in (1+1)-dimensional 
space-time (Verlinde, 1992; Callan et al., 1992) can 
be treated as a gauge theory with a central extension 
of the 2D Poincaré algebra taken as a gauge algebra. 
The quantization of lineal gravity was obtained in 
(Cangemi and Jackiw, 1994a; 1994b). Recently a 
possible fermionic generalization of the central ex-
tension of Poincaré algebra was proposed (Soroka 
and Soroka, 2005). By gauging of this algebra, we 
give here a special fermionic generalization of the 
lineal gravity model which differs from the standard 
supersymmetry. 

The central extension of the (1+1)-dimensional 
Poincaré algebra is given by (Cangemi and Jackiw, 
1994a; 1994b; Soroka and Soroka, 2005)  

 
[ , ] = , [ , ] = ,b

a b ab a a bP P Y P J Pε ε                        (1) 
[ , ] = 0, [ , ] = 0,aP Y J Y                                    (2) 
 

where Pa are translation generators, J is a Lorentz 
generator, Y is a central element  
 

Y=iΛI/2,                                         (3) 
 

here Λ is real constant, and εab=−εba, ε01=1 is the to-
tally antisymmetric 2D Levi-Civita tensor, the tan-
gent space indices a,b,c,…=(0,1) are lowered 

=b cb
a achε ε  by means of the flat metric hab=diag(−1, 

1). 
The shape of central tensor charges Zab for the 

Poincaré group in (1+1)-dimensions Zab=εabY, was 
introduced in (Cangemi and Jackiw, 1994a; 1994b) 
while investigating the string-inspired lineal gravity, 
and for any dimensions similar tensor charges were 
proposed in (Soroka and Soroka, 2005). 

If Zab=0, the standard way of the supersymmetric 
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extension of the Poincaré algebra Eqs.(1)~(2) is 
introducing some fermionic generators (0)Qα  which 
satisfy anticommuting relations  

 
(0) (0){ , } = 2i( ) .a

aQ Q Pα β αβ− Cγ                      (4) 

 
In case of nonvanishing tensor charges Zab≠0 the 

Jacobi identity and P-invariance forbid appearance of 
the standard terms with momenta Pa on the right hand 
side of Eq.(4). We here introduce fermionic genera-
tors with nonvanishing anticommutator in another 
way (Soroka and Soroka, 2005) (using the central 
element Y) which satisfies the graded algebra  

 

5 5{ , } = ( ) , [ , ] = ( ) / 2,Q Q q Y Q J Qα β αβ α α− Cγ γ    (5)  

[ , ] = 0, [ , ] = 0,aY Q P Qα α                                  (6) 
 

where C is the charge conjugation matrix, q is a con-
stant and γ5=εabγaγb/2, σab=[γa,γb]/4. We use here a 
real (Majorana) representation for the 2D γ-matrices 
and charge conjugation matrix C as follows: γ0=C= 
−CT=−iσ2, γ1=σ1, γ5=εabγaγb/2=σ3, {γa,γb}=2hab, h11= 
−h00=1, C−1γaC =−γa

T, where σi are Pauli matrices. 
The algebra Eqs.(1)~(2), (5)~(6) is not 

semi-simple, because it is a semi-direct sum of the 
subalgebra generated by the Lorentz generator J and 
the graded ideal consisting of momenta Pa, central 
charge Y and fermionic generators Qα, and it has the 
Casimir operator K=PaPa−2YJ−(2q)−1Qα(C−1)αβQβ. 

The expansion of the gauge 1-form A=dxµAµ(x) 
in terms of the generators is  

 

( ) = ( ) ( ) ( ) ( ) ,a
ax x P x J x Y x Qα

µ µ µ µ µ α+ + +A e wω ψ   (7) 
 

where ( )a xµe  is the zweibein which determines the 

metric tensor of space-time ( ) = ( ) ( ) ,a b
abx x xµν µ νg e e h  

ωµ(x) is the spin connection, wµ(x) is the gauge field 
corresponding to the central element Y and ( )xα

µψ  is 

the Grassmann Majorana “gravitino” field associated 
with Qα. Greek indices µ,ν,…=(0,1) referring to the 
world space. 

Infinitesimal gauge transformations corre-
sponding to the full algebra Eqs.(1)~(2),(5)~(6) are  

 

= d [ , ],Ω Ωδ +A A                                         (8) 

= ( ) ( ) ( ) ( ) ,a
ay x P x J z x Y x Qα

αΩ ϕ+ + + ε   (9) 
 

where ya(x) are space-time translations, ϕ(x) is the 
Lorentz boost parameter, z(x) is the central element 
translation and εα(x) is the fermionic translation. 
From Eqs.(1)~(2),(5)~(6) and (8) it follows  
 

5

5

( ) = [ ( ) ( ) ( ) ( )] ( ),

( ) = ( ),

( ) = ( ) ( ) ( ) ( )( ) ( ),

( ) = [ ( ) ( ) ( ) ( )]( ) / 2 ( ).

a a b b a
b

a b
ab

x x x y x x y x
x x

w x x y x q x x z x

x x x x x x

µ µ µ µ

µ µ

α β
µ µ µ αβ µ

α β β α α
µ µ µ β µ

ϕ ω

ω ϕ

ϕ ω

δ − + +∂

δ ∂

δ + +∂

δ − +∂

e e

e C

ε

ε ψ ε γ

ψ ψ ε γ ε
(10) 

 
The finite gauge transformations =→A A  

de e e eΩ Ω Ω Ω− −+ A  have the following component 
form:  

  
( ) ( ) ( )( ( ) ( ) ( ) ( ))

           ( ) ( ),

( ) ( ) ( ),

( ) ( ) ( ) ( )[ ( ) ( ) ( )

            ( )] 2 [ ( ) ( ) ( )

            2 ( )

a a a b b b c
b c

a

a b b
a b

b c
c

x x N x x x s x s x

s x x

x x x

x x s x N x x x s x

s x q x x x

x

µ µ µ µ µ

µ

µ µ µ

µ µ µ µ

α α
µ µ µ

γ
µ

ω

ϕ

ω ω ϕ

ω ω ω

ω ρ

ρ

= − − − ∂

+ ∂

= + ∂

= − −

− ∂ − −

+ ∂

e e e e

e

e ψ

5

5

( ) ] ( ) + ( )

            ( ) ( ) ( ) 2 ( ) ( ) ( ),

( ) ( ) [ ( ) ( ) ( ) 2 ( )( ) ]

             ( ) ( ) ( ),

a
a

T x z x

x s x s x q x x x

x x x x x x

T x x x

α β
γ α β µ

α
µ µ α

α α β β γ β
µ µ µ µ µ γ

α α
β µ

ρ

ϕ ϕ ρ ρ

ω ρ ρ

ϕ ρ

∂

− ∂ − ∂

= − − + ∂

× + ∂

γ

ψ ψ ψ γ

                                                                              (11) 
where the notations  
 

1( ) = ( ( )) , ( ) = ( ),

( ) ( )( ) = , ( ) = ,
( ) ( )

a a a
b b b

a
a

N x M x T x S x

x y xx s x
x x

β β β
α α α

α
α ερ

ϕ ϕ

−− −δ δ
   (12) 

 
with the finite Lorentz transformations for vectors 
and spinors respectively  
 

 
5

( ) = cosh ( ) sinh ( ),
( ) ( )( ) = cosh ( ) sinh
2 2

a a a
b b bM x x x

x xS xβ β β
α α α

ϕ ϕ
ϕ ϕ

+

+

δ ε

δ γ
    (13) 
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are introduced. The multiplet of the curvature 2-form 
is 
 

[ ] [ ]

1= d d ( ) = d
2
1   = d d [ ( ) ( ) ( )],
2

v

v

x x F x

x x A x A x A x

µ
µν

µ
µ ν µ ν

∧ + ∧

∧ ∂ +

F A A A
       (14) 

 
where antisymmentrization [µν] is implied without 
the factor 1/2. The field strength F can be expanded in 
terms of the generators  

 

( ) = ( ) ( ) ( ) ( ) ,a
ax x P x J x Y x Qα

µν µν µν µν µν α+ + +F f r v ξ  

(15) 
with  

[ ] [ ] [ ]( ) = ( ) ( ) ( ) ( ) ( ),a a a b f a
bx x x x xµν µ ν µ ν µ νω ω∂ + ≡f e e D eε  

(16) 

[ ]( ) = ( ),x xµν µ νω∂r                                                   (17) 

[ ] [ ]

[ ] 5

1( ) = ( ) ( ) ( )
2

             ( ) ( )( ) ,
2

a b
abx w x x x

q x x

µν µ ν µ ν

α β
µ ν αβ

∂ +

+

v e e

C

ε

ψ ψ γ
                    (18) 

[ ] [ ] 5 [ ]
1( ) = ( ) ( )( ) ( ) ( ),
2

x x x xα α β α ξ α
µν µ ν µ ν β µ νω ω∂ − ≡ Dξ ψ ψ γ ψ

(19) 
 

where ( )f
µ ωD  and ( )ξ

µ ωD  are covariant derivatives 

corresponding to boson and fermion translations, 
while rµν(x) is the strength tensor corresponding to the 
Lorentz boost, and vµν(x) is the strength tensor cor-
responding to the central element Y. 

The components of Fµν(x) Eqs.(16)~(19) are 
transformed by the adjoint representation of the fer-
mionic generalization Eqs.(5)~(6) of the centrally 
extended Poincaré group Eqs.(1)~(2) as follows  

  
( ) = ( ) ( )[ ( ) ( ) ( )],

( ) = ( ),

( ) = ( ) ( ) ( )[ ( ) ( ) ( )]

            2 [ ( ) ( ) ( )] ( ) ( ),

( ) = ( ) [ ( ) ( ) ( )] ( ).

a a a b b
b

a b b
a b

x x N x x x s x
x x

x x s x N x x x s x

q x x x T x x

x x x x x T x

µν µν µν µν

µν µν

µν µν µν µν

β β α
µν µν β α

α α β β α
µν µν µν µν β

ρ ρ

ρ

− −

− −

− −

− −

f f f r
r r

v v f r

r

r

ξ

ξ ξ ξ

 

(20) 
 

This transformation law can be expressed in the 

concise form  
 

1= ( )A A B
B

−F U F .                         (21) 
 

The invariant Lagrangian density can be con-
structed using a multiplet of Lagrange multipliers  

   

2

3

2 3

1 1= ( ) = [ ( ) ( )
2 2

      ( ) ( )],

( , , , ),

A a
A a

A a

x x x

x x

µν µν
µν µν µν

α
µν α µν

α

η η

η η

η η η η

+

+ +

=

F f r

v

L ε η ε

ξ

η

  (22) 

 
which  obey  the  coadjoint  transformation  law  =Aη  

B
B AUη . The corresponding equations of motion are 

 

( ) = 0,A xµνF                                                 (23) 

3= ( ( ) ( ) ) ,b b a
a bx xµ µ µη η ω η∂ +e ε                  (24) 

2 5
1= ( ) ( )( ) ,
2

a b
abx xβ α

µ µ µ β αη η η∂ −e ε ψ γ       (25) 

3 = 0,µη∂                                                     (26) 

3 5
1= ( ) ( ) ( ) .
2

x q xβ β α
µ α µ µ βη ω η η ∂ − 

 
ψ γ   (27) 

 
The fermionic generalization of the centrally 

extended Poincaré algebra Eqs.(1)~(2), (5)~(6) in the 
coadjoint representation possesses a nonsingular in-
variant graded metric ( )= ( 1) ,B A Cp p p D C

AB CD B A
+−h h U U  

which has the form  
 

0 0 0
0 1 0

= ( 1) = ,
0 1 0 0
0 0 0 2

A B

ab

p p
AB BA

h
u

qCαβ

+

 
 − −  −
  − 

h h   (28) 

 
where pA≡p(A) is a Grassmann parity of the quantity A 
and u is an arbitrary constant. The inverse metric hAB 
can be obtained from =AB A

BC Ch h δ  and has the prop-

erty = ( 1) A B A Bp p p pAB BA+ +−h h  (which can be used to 
upper the indices ηA=hABηB). 

In the compact notation XA={Pa,J,Y,Qα} the full 
algebra Eqs.(1)~(2), (5)~(6) can be presented as  

 
[ , ] ( 1) = ,A Bp p C

A B A B B A AB CX X X X X X f X≡ − −   (29) 
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where C
ABf  are the structure constants, and nonvan-

ishing ones have the form 
 

5 5= , = , = ( ) , = ( ) / 2.Y b b Y
ab ab aJ a Jf f f q f β β

αβ αβ α α− Cε ε γ γ
  

In terms of η=ηAXA the equations of motion 
Eqs.(24)~(27) can be written as dη+[A,η]=0, where 
A=ABXB. The invariant quantity  

 
1=

2
AB

A BM η η
Λ

− h                             (30) 

 
can be interpreted as the black-hole mass (Verlinde, 
1992), if it is constant (Λ is from Eq.(3)). Indeed, 
from the equations of motion we have 

 
1 1d = d = .A C B A

A A BCM fη η η η
Λ Λ

− A                (31) 

 
As a consequence of the structure constant 

properties we obtain = 0C B A
A BCfη η A , and therefore 

M=const. 
Using the inverse metric hAB, we can define the 

set of independent Casimir operators 
 

2( ) = ( 1) = ,A Bp p AB
h A BK u X X K uY+− −h        (32) 

 
which is marked by the additional parameter u from 
Eq.(28). 
 
 
CONCLUSION 
 

We propose here a special fermionic extension 
of the lineal gravity which is not the standard super-
symmetric 2D gravity (Cangemi and Leblanc, 1994),  

 
 
 
 
 
 
 
 
 
 

(because of absence of momenta on the right hand 
side of the fermionic anticommutator), which can be 
treated as a new kind of “degenerated” fer-
mionic-bosonic system. We considered the algebra of 
generators, the field transformations and found La-
grangian and equation of motion, then we derived the 
Casimir operator and obtained the constant black hole 
mass. 
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