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We introduce “noninvertible” generalization of statistics - semistatistics replacing condition when double exchanging gives identity to
“regularity” condition. Then in categorical language we correspondingly generalize braidings and the quantum Yang-Baxter equation.
We define the doubly regul&-matrix and introduce obstructed regular bialgebras.
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Particle systems endowed with generalized statistics and its quantizations have been studied from different points
of view (for review see e.g. [1, 2]). The color statistics have been considered in [3] (and refs. therein), and the category
for color statistics has been described in details in [4]. The statistics in low dimensional spaces is based on the notion of
the braid group [5, 6] (see also [7] for its acyclic extension). The construction for the category corresponding to a given
triangular solution of the quantum Yang-Baxter equation has been given by Lyubashenko [8].The statistics corresponding
for arbitrary triangular solution of the quantum Yang-Baxter equation c8ligdtistics has been discussed by Gurevich [9].

The mathematical formalism for the description of particle system $4statistics is based on the theory of the tensor
(monoidal) symmetric categories of MacLane [10]. The mathematical formalism related to an arbitrary braid statistics has
been developed by Majid [11]. Such formalism is based on the concept of quasitensor (braided monoidal) categories which
has been introduced by Joyal and Street [12].

The previous generalizations are “invertible” in the following sense: having the two-particle exchange pibeess
21 (which in the simplest case usually yields the phase faetoor general anyonic factor [13]), then double exchanging
gives identityl2 — 12. Here we weaken this requirement by moving to nearest “noninvertible” generalization of statistics
— “regularity” as follows (symbolically)

12321 % 12-12% 12 “invertibility”, 1)
125 21 5 123 21=125 21eft regularity”, (2)
212128218 12-212 12 “right regularity”. 3

In this consideration we can treat usual statisticzssnorphisma, in other words, the representation of the morphism
a (becausd can be found from the “invertibility” condition (1) which &b = id symbolically) by various phase factors or
elements oR-matrix. Here we introduce the more abstract concept of “semistatisticspais af exchanging morphisms
a andb satisfying the “regularity” conditions (2)—(3) (symbolicaliys bo a = a, bo ao b = b). The general regularization
procedure for different systems was previously studied in [14-17].

We also introduce the notion of braid semistatistics and corresponding generalization of the quantum Yang-Baxter
equation.

BRAID SEMISTATISTICS AND REGULAR YANG-BAXTER EQUATION
Let € be a directed graph with objed®h¢ and arrowsMor€ [18, 19]. AnN-regular cocyclgXy, Xo..., f1, f2...)in
€, N=1,2,...,isasequence of arrows

Xy 5 X 5 I )

such that
fiofyo--rofpofy =1y
f20f10~~'0f30f2= fz,

®)

fNOfN,;LO"-Of]_OfN: fN.

*This is our last common article unfortunately unfinished.



We defineN obstructorsby
eg%) = fyo---o fro f; € ENd(Xy),
eg(z) = fl 0---0 f3 o f2 (S EndO(Z)’ (6)

eV = fyg 00 fio fy € End(Xy).

The corresponden&é?') : X € ObC - eg(“n') € End(X,),n=121,2,...,N, is called arN -regular cocyclebstruction
structureon (Xg, X, ..., Xn|fy, fo,..., fy) in €.
Let9M be a monoidal category [12,19] which abstractly defines the braid statistid$ -Aagularobstructed monoidal

category‘JJEg;%r can be defined as usual, but instead of the ideidity® id y = id xgy We have an obstruction structure
(

) = (e} € End(X,); N = 1, 2,...} satisfying the condition

N N N
Al =l o) 0
for every twoN -regular cocycle$Xy, Xo, ..., XnIf1, fo, ..., fn) @and(Yy, Yo, ..., YnIO1, G2, - . -, ON)-
In a monoidal categoryit for any two objects(, Y € obt and the produck®Y one can define a natural isomorphism
(“braiding” [12]) by Bxy : X® Y — Y ® X satisfying thesymmetry conditiof‘invertibility”)

Byx o Bxy = id xgy (8

which formally define8Bvyx = B;&Y :Y® X — X®Y. The simplest type of braiding is the usual transpositigh(X® y) =
y®X, wherex € X,y € Y. Nonsymmetric braidings in context of the noncommutative geometry were considered in [20,21]
(see also [7]). In the obstructed monoidal categmsz)sn we introduce a “regular” extension of the braidings as follows.
Let (X1, Xa, ..., XnIf1, T2, ..., fn) @nd (Y1, Ya, . .., YnIOL Q2. - . ., On) @re regular cocycles am&[\‘n), eg:) are corresponding
obstructors, then we have two sets of monoidal produdisdgular cocycleX; ® Y1, Xo® Y, ... Xn® Yy, f1®%;1, f,®0,
. fn® N, andY1 ® X1, Y2© Xa, ... YN ® Xn, 01 ® f1, 02 ® T2, ...gn ® fiy, and the obstructors satistf)’) @ e}V = V) .

An N-regular (“vector”) braiding B™ is a set of (h-component”) maps

(N).n
Xn®Yn

Xn®Yn — Yn®Xn

such that the following diagram

f f
X0 B XeY, 5 ... o XyeYy
(N).,n (N),n (N),n
XY, ¥ f Bxov, ¥ f By, |
® ®
Y1® X1 91_)1 Yo ® Xo gz_)z oo > Yn® Xy

is commutative. Instead of the symmetry condition (8) we introducegémeralized (1-star) inversh-regular braiding
B*(N) with components satisfying
(N),n «(N),n (N),n _ p(N),n
BXova © Bxusva © Bxova = Bxosva’ 9)

where in generaB;{ s # BEL

“braided” categories [12,19].
The prebraiding relations in a symmetric monoidal category are defined as [2,6,12]

. We call such a category a “regular” category [15, 16] to distinct from symmetric and

Bxevz = BX 2y © Bxyz, (10)
Bzxey = Bk zy © BRy2. (11)
Byyz = idx ® Byz, (12)
B,z = Bxy®idz, (13)

and prebraiding8xsvz andBz xgy Satisfy (for symmetric case) the “invertibility” property

Bxsvz © Bxevz = id xevaz,

whereB;éYqZ = Bzxey- IN this notations the standard “invertible” quantum Yang-Baxter equation takes the form [6, 21]



BQLX ° B\L(,X,Z °© B)R(,Y,Z = B%,X,Y ° Bizv © Bg(,v,z- (14)
For “noninvertible” braidings satisfying regularity (9) in search of the analogs of the definitions (12)—(13) itis naturally
to exploit the obstructore‘x’\n') instead of identityd x, (n = 1...N) which were introduced in [22,23]. They are defined as
self-mappinge}) : X, — X, satisfying closure conditions

e =idx,, (15)
e =gof, (16)
&) =hogof, (17)

whereg, h... are some morphisms (see [23] for details). Then using the following triple maps
TN X ®Yn®Zy > X ®Zy ® Y,
TN X @ Yn®Zy > Yn® X ®Zy

defined similarly to (12)—(13)

(N).nL _ (N) (N).n
Ttnza = €, ®Bv.Z,: (18)
(N).nR _ n(N).n (N)
Ttnza = Bx % ©2, - (19)
we weaken prebraiding construction (10)—(11) in the following way
N).n _ 7(N),nR (N).nL
Pevaz = Thnzors © Taotaze (20)
N).n _ 7(N),nL (N) R
PO et = Txazavs © Tz (21)

Thus the corresponding “noninvertible” analog of the Yang-Baxter equation (21) is the set of “component”’equations

(N),nR (N),nL (N))hR _ (N),nL (N),nR (N),nL
TNz © TVaxoza © Txodazo = 1 ZoXaYa © TXoZo¥a © 1 XoYaZo' (22)

Its solutions can be found by application of the semigroup methods (see e.g. [24, 25]). Let us construct “braidings
tower” of k-star regular braidings, and for 1-star regular braidings we have

«(N),n
N),n N),n _ p(N),n
P(xn@\(n,zn ° Px.evnz, © P(mavn,zn = P(xnmn,zn (23)
«(N);n «(N),n «(N).n
N).n —
PXn®Yn,Zn ° P§(n®Ynazn ° Pxn@\(n,zn = PXn®Yn,Zn’ (24)
«(N),n
N),n N),n _ p(N),n
P(men@Yn °© PZn,Xn®Yn ° P(Zn,xn®Yn - F>(zn,xn®\(n’ (25)
« (N).n n « (N),n «(N).n
Pznaxn®Yn © P(Zn,;(n®Yn °© PZn~Xn®Yn = Pzn,Xn®Yn’ (26)
ROLES o N . +(N)n N).n, -1 L
wherePy .y - isthe generalized inverse (see e.g. [26])#;2%\(”’2", andingeneral casg o , # P(xn@?\/n,zn- Ina similar we
k

—_—
can define-star braidingsE*X';'gQ’:Z;k “* (KxN-regular morphisms, their numbe{s\), wherek = 0,1, 2...K-1[17,22].

REGULAR YANG-BAXTER OPERATORS
Let we have a set of regular obstructed algeléﬁa,srm, eg\n‘)) with multiplicationm, and obstructoeg:') A A
(see (6)) such that the diagram

f1ef f,of
ASA o' AA ... — Ay®Ay

m | m | my |
f
Al - A2 4 e ™ AN



is commutative, or

eV om=moel), . (27)
We introduceN Yang-Baxter operatorl's’ﬁN) AL ® Ay — Ay ® A, which commute with obstructors
R o €l a, = e, © RV (28)
and satisfyN-regular analog of the Yang-Baxter equation (sellafquations)
(A 0R)= (47 o) o (6 o ) @9

= (R o e)o (& o) o (] ).
We define 1-staN-regular obstructed Yang-Baxter operator (selt\lafperatorﬂ“‘)*) by

R o R 0 Y = R 0
N)a« o RgN) RgN)* N)* (31)

—_——
Similarly, one can defin&-star operator®’ * - -- * (K x N-regular Yang-Baxter operators, their numbeKiN), where
n=212...N;k=0,1,2...K-1[22,23,27].

BIALGEBRAS AND UNIVERSAL R-MATRIX

An obstructed (see [15]\-regular bialgebra can be defined as a sel't\ldjialgebras(Hn, My, An, eﬂ:)), whereH,
(n=1...N) are linear vector spaces ovE&rwith multiplicationsm, : H, ® H, — H, and comultiplicationg\, : H, —
Hn ® Hy, but instead of identity map we have ncD\Ir\obstructorse(H’\i) : H, — H, (analogies of mappings (6)) satisfying the
consistency conditions
om=moel = Ajoel =6l oA, (32)

The associativity and coassocratlvrty now have the form
Mo (o) =myo (@ am).  (srael)o s = (e o a)o an
The Yang-Baxter operato%'\‘) : Hh® H, — H, ® H,, also satisfy the additional consistency conditions (analogy of

(28)) &N N) N) o gN)
HoHy © oRY =R Hn®Hn
and the set oN Yang-Baxter equations of type (29), as follows

(o) (]9 ) () oY) - (R0 0 ) () 2 0)e (R ).

which defines the universal obstructseregularR-matrix for obstructed-regular bialgebréHn, My, An, eﬂ\?). We define
1-star universal obstructedi-regularR-matrix by

R§-|N) ° RgN)* ° R§1N) — quN)’ R§1N)* ° (N) ° R§1N)* — RgN)*. (33)

k

—
As above one can definestar Yang-Baxter operatoR * - - - * (set of KN operatorsn = 1,2...N; k=0,1,2...K -1
[22,23]. Then the convolution product can be defined (in “components”) as

Santi= Mo (s®t)o Ap, (34)

wheres, t € homy, (Hn, Hn).

Let Abe anN-regular obstructed algebra W|M10bstructor$(N) and multiplicatiorm, andR™ be anN-regular Yang-
Baxter operator o, then the aIgebrA with the muItrpIrcatronmR mo RN s also anN- regular obstructed algebra.
Indeed, from definition (27) we hawd’ o m = mo €{,, and then from (28) we obtaimg o €, = mo RN o ell), =
mo e, o RN = e o mo RN = &M o mg.

Let C be anN-regular obstructed coalgebra Wlthobstructor$(CN) and comultiplicatiom, andR™ be anN-regular
Yang-Baxter operator o€, then the algebr& with the comultrplrcatronAR RN o A is also anN regular obstructed
coalgebra. Indeed, from definition (32) we haves)" = oA, and then from (28) we obtaitioel” = RN o Aol =

N (N) (N) N (N)
R()oe A0 A =€, OR()OA eA®AoAR'

= eA®A



DOUBLY REGULAR HOPF ALGEBRAS

Usual antipode is defined as inverse to the identity under convolution, if and only if there exist unit and counit for a
bialgebra [28, 29]. Since we do not require existence of unit and counit in obstructed bialgebras, we have to define some
more general analog of antipode. The Von Neumann regular antipode for weal Hopf algebras was considered in [30-32]
(“non-unital’/*nonsymmetric” antipodes were considered in [33]). By analogy we can introduce the obsiuctgdlar
antipode (set oN antipodes) for every bialgeb(#i,, My, Ay, &) ) as a generalized inverse for obstructor

Yt Sl = . S ) oY = Y @)
|

—_—
In this way we defind-N higherL-regular analogs of antipod& *---* (I = 0,1,2...L - 1), similarly to K-star
regular quantities above. For example, in the dasd we have instead of (35) the following set of defining equations

el ey SV sy SV e ) =),
S}N) *n S(WN)* *n eﬂ\i) *n S}N) — S]N),
%N)* *n ef_lf\:) *n S]N) *n %N)* — g}N)*

An obstructedN-regular bialgebréHy, my, Ay, €}’ ) with L-regular antipode is called obstructiisk L-regular (doubly
|

N
regular) Hopf algebraH,, rm,An,e(Hn),S:‘ *ooo® wheren=1,2...N;1=0,1,2...L-1.

—_—
Note, that in general, obstructétx L-regular Hopf algebrafH,, m,, A, e(HN), S* *.--*| do not contain unit and/or

counit (analogously to [32, 33]).

. . . N o .
In the opposite case it can be possible that for égh_-regular Hopf algebragH,,, m,, Ay, e(Hn), S**---*| there exist

unit i, and counite,. If we have one antipode for eveny then it should satisfy

(S0 e ) o= (e 0Y) 080 = oo

We callPy,, Q, obstructedN-regular modules if for eaafthere exist mapsp, : Ph®H, — Pnandog, : Hh@Qn — Qn,

such that
&b, opp, =pp, o (€5 @) po o) = (&) e ey)) o pa,

Whereef,':) andeg\i) are obstructors for moduld®, andQy (see (6)).

Let R, be the universal obstructéd-regularR-matrix on the obstructeM-regular bialgebréHn, My, An, eﬂ\?), and
P, andQ, are left modules ovel,, then there is obstructad-regular braidingB(F,':’)Qn :Ph®Qn = Qn® Py, such that
B, (Pn® Qn) = 7p,.0, (R} (Pn ® Qu)), whereR{(" is the corresponding Yang-Baxter operator.

CONCLUSIONS
Thus, in this paper we have constructed a general categorical approach for systems endowing “noninvertible” (“regular”)
statistics (2)—(3) — semistatistics — using methods of [1]- [17]. We introduced doubly regular prebraiding and braiding
and obtained the set of regular Yang-Baxter equations in terms of obstructors. The doubly regular Yang-Baxter operators,
bialgebras and Hopf algebras are considered.
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CIIVIETEHHBIE ITOJTYCTATUCTHUKHA U IBAK/IbI PET'YIIAPHASA R-MATPUILIA

D Xapwrosckuii nayuonansuuiii ynusepcumem um. B. H. Kapasuna, nn. Ceo600ui, 4, 2. Xapwvkos, 61077, Yxpauna
2 Uucmumym meopemuueckoii usuxu, ynusepcumem Bpoynasa, nn. Maxca Bopna 9, 50-204Bpoynas, Honvuia

B paborte BBoauTCA “ HeoOpaTiMoe” 0000IeHHEe CTATHCTHKH — MOTYCTaTUCTHKA ITyTEM 3aMEHbI YCIIOBHS, KOT/Ia ABOMHON 0OMEH PUBO-
JIUT K TOXXJIECTBEHHOMY ITPe0OPa30BaHUIO Ha YCIIOBHE " PErysIpHOCTH”. 3aTeM Ha KaTeTOPHOM s3bIKE MOI0OHBIM 00pa3oM 00001matoTcs
CIUICTCHHs U KBAaHTOBOE ypaBHeHHe SIHra-bakcrepa. Onpenessercst IBaxK bl peryisipHas R-mMarpuia v BBOAATCS NPEMATCTBEHHbBIE pe-
TyIsipHBIe OHanreOpsl.

KJIFOUYEBBIE CJIOBA: moHOnmanbpHas KaTeropus, ypaBHeHue SIHra-bakcrepa, oIycTaTUCTUKA, CITIETEHNE, IPEIATCTBHE, PETYIIp-
HOCTh, Ouanrebpa, anrebpa Xomda



