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S; T ;A;D : : : | ¯®«ã£àã¯¯ë ¯à¥®¡à §®¢ ­¨©;
T ;U ;A;B;H;G : : : | ¯à¥®¡à §®¢ ­¨ï á ã¬­®¦¥­¨¥¬ (�);

Cnjm ;Rnjm; Dnjm ;V�� : : : | (áã¯¥à)¯à®áâà ­áâ¢  ¨ ®¡« áâ¨ ¢ ­¨å;

�njm
: : : | «¨­¥©­ë¥ áã¯¥à¯à®áâà ­áâ¢ ;

T Cnjm
�
T
�Cnjm

�
: : : | (ª®)ª á â¥«ì­ë¥ áã¯¥à¯à®áâà ­áâ¢ ;

M ;N ;X ;Y ;U� : : : | (áã¯¥à)¬­®£®®¡à §¨ï ¨ ®¡« áâ¨ ¢ ­¨å;
Z;K;N;�0;�1 : : : | (áã¯¥à)ç¨á«®¢ë¥ ¯®«ï;
L ;R;D;H : : : | ®â­®è¥­¨ï �à¨­ ;
L;R;D;H : : : | ª« ááë íª¢¨¢ «¥­â­®áâ¨ á ã¬­®¦¥­¨¥¬ (�);
�;�V ;�H;�L;�R; st : : : | âà ­á¯®­¨à®¢ ­¨ï;

Ŝ; T̂; Â; D̂ : : : | ®¯¥à â®àë;
r; d;D : : : | ¨­¢ à¨¢ ­âë;
���;��� : : : | äã­ªæ¨¨ ¯¥à¥å®¤  á ª®¬¯®§¨æ¨¥© (�);
'; �; � : : : | ¬®àä¨§¬ë ¨ ®â®¡à ¦¥­¨ï;
(�) | ã¬­®¦¥­¨¥ ¢ £à áá¬ ­®¢®©  «£¥¡à¥;
(�X) ; (}X) | áí­¤¢¨ç ã¬­®¦¥­¨ï;
� [x] | ç¨á«®¢ ï ç áâì ¢¥«¨ç¨­ë x (®â¡à áë¢ ­¨¥ ­¨«ì¯®â¥­â®¢);
SA | áã¯¥à ­ «¨â¨ç¥áª¨©;
SCf | áã¯¥àª®­ä®à¬­ë©;
TPt | á¯«¥â îé¨© ç¥â­®áâì (twisting parity of tangent space).
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� ¦­ë¬ ¤®áâ¨¦¥­¨¥¬ ¢ ¯®áâà®¥­¨¨ ¥¤¨­®© â¥®à¨¨ ¢á¥å äã­¤ ¬¥­â «ì­ëå ¢§ -
¨¬®¤¥©áâ¢¨© | í«¥ªâà®¬ £­¨â­®£®, á« ¡®£®, á¨«ì­®£® ¨ £à ¢¨â æ¨®­­®£® | ï¢¨«®áì
à §¢¨â¨¥ ¬¥â®¤®¢ áã¯¥àá¨¬¬¥âà¨¨ ¨ áã¯¥à£à ¢¨â æ¨¨, ª®â®àë¥ ¯®§¢®«¨«¨ à §à¥è¨âì
â ª¨¥ âàã¤­®áâ¨ ¯à¥¤è¥áâ¢ãîé¨å áã¯¥àá¨¬¬¥âà¨¨ ª «¨¡à®¢®ç­ëå â¥®à¨© äã­¤ ¬¥­-
â «ì­ëå ¢§ ¨¬®¤¥©áâ¢¨© (ª¢ ­â®¢®© í«¥ªâà®¤¨­ ¬¨ª¨, ª¢ ­â®¢®© åà®¬®¤¨­ ¬¨ª¨ ¨ ¬®-
¤¥«¨ � ©­¡¥à£ -� « ¬ ), ª ª ¢ª«îç¥­¨¥ £à ¢¨â æ¨¨ ¨ à áá¬®âà¥­¨¥ ¯à®æ¥áá®¢ ¯à¨
¯« ­ª®¢áª¨å í­¥à£¨ïå. �¥«®ª «ì­®¥ ¬­®£®¬¥à­®¥ ®¡®¡é¥­¨¥ áã¯¥à£à ¢¨â æ¨¨ { â¥®-
à¨ï áã¯¥àáâàã­ { ¤ «  ®â¢¥â ­  ¬­®£¨¥ ®âªàëâë¥ ¢®¯à®áë, á¢ï§ ­­ë¥ á ­¥¯¥à¥­®à¬¨-
àã¥¬®áâìî ¨ ª®á¬®«®£¨ç¥áª®© ¯®áâ®ï­­®©,   â ª¦¥ á ¯®á«¥¤®¢ â¥«ì­®© ã­¨ä¨ª æ¨¥©
¢á¥å äã­¤ ¬¥­â «ì­ëå ¢§ ¨¬®¤¥©áâ¢¨©. � «ì­¥©è¨© ¯à®£à¥áá ¢ ¯®­¨¬ ­¨¨ £«ã¡¨­­ëå
ä¨§¨ç¥áª¨å ®á­®¢ áâà®¥­¨ï ¬ â¥à¨¨, ¢ á¢®î ®ç¥à¥¤ì, âà¥¡ã¥â ¨­â¥­á¨¢­ëå ¯®¨áª®¢ ­¥-
áâ ­¤ àâ­ëå ¯ãâ¥© à §à¥è¥­¨ï ¨§¢¥áâ­ëå ¯à®¡«¥¬ ¨ ¯à¨¢«¥ç¥­¨ï ¯à¨­æ¨¯¨ «ì­® ­®-
¢ëå â¥®à¥â¨ç¥áª¨å ¨¤¥©. � ¨¡®«¥¥ äã­¤ ¬¥­â «ì­ë¬¨ ¨ ®¡é¨¬¨ ï¢«ïîâáï  ¡áâà ªâ-
­ë¥  «£¥¡à ¨ç¥áª¨¥ á¢®©áâ¢  â¥®à¨¨, «¥¦ é¥© ¢ ®á­®¢¥ ä¨§¨ª¨ í«¥¬¥­â à­ëå ç áâ¨æ.
� ª ¯à ¢¨«®, ¢­ ç «¥ ¨áá«¥¤®¢ ­¨© â ª¨¥ á¢®©áâ¢  ¢¢®¤ïâáï á ¬ â¥¬ â¨ç¥áª®© â®çª¨
§à¥­¨ï ¨ «¨èì § â¥¬ ä®à¬ã«¨àãîâáï ­  ï§ëª¥ ä¨§¨ç¥áª¨å § ª®­®¢ ¨ ¯à¥¤áª § ­¨©
à¥§ã«ìâ â®¢ íªá¯¥à¨¬¥­â .

� ª ¯à®¨§®è«® ¨ ¢ á«ãç ¥ áã¯¥àá¨¬¬¥âà¨¨:  ­â¨ª®¬¬ãâ¨àãîé¨¥ ¢¥«¨ç¨­ë à á-
á¬ âà¨¢ «¨áì ¬­®£¨¬¨ ¬ â¥¬ â¨ª ¬¨ ¥é¥ ­ ç¨­ ï á ¯à®è«®£® áâ®«¥â¨ï. �® «¨èì ¯®á«¥
®âªàëâ¨ï áã¯¥àá¨¬¬¥âà¨¨ ä¨§¨ª ¬¨ ¢ ­ ç «¥ 70-å £®¤®¢ ®­  ¯à¥¢à â¨« áì ¨§ ç¨áâ®
¬ â¥¬ â¨ç¥áª®© â¥®à¨¨ ¢ \¨­¤ãáâà¨ «ì­ãî" ®á­®¢ã á®¢à¥¬¥­­®£® \¬®¤¥«¥áâà®¥­¨ï" á
ä¨§¨ç¥áª¨¬¨ ª®­áâàãªæ¨ï¬¨ ¨ ª®­ªà¥â­ë¬¨ ¯à¥¤áª § ­¨ï¬¨ ­®¢ëå í«¥¬¥­â à­ëå ç -
áâ¨æ | áã¯¥à¯ àâ­¥à®¢. � áâ®ïé¨© \¡ã¬ áã¯¥àá¨¬¬¥âà¨§ æ¨¨" ¯®âàïá â¥®à¥â¨ç¥áªãî
ä¨§¨ªã 70-å ¨ 80-å: ¢á¥, çâ® ¬®£«® \áã¯¥àá¨¬¬¥âà¨§®¢ âìáï", ­¥§ ¬¥¤«¨â¥«ì­® \áã-
¯¥àá¨¬¬¥âà¨§®¢ «®áì". �á­®¢­ë¥ ¨­£à¥¤¨¥­âë â¥®à¨¨ ¯®á«¥ ®ç¥¢¨¤­ëå ¬®¤¨ä¨ª æ¨©
­ ¤¥«ï«¨áì ¯à¨áâ ¢ª®© \áã¯¥à",   § â¥¬ ¯®áâà®¥­¨¥ ã¦¥ áã¯¥àá¨¬¬¥âà¨ç­®© ¬®¤¥«¨,
¨áª«îç ï ­¥áãé¥áâ¢¥­­ë¥ ¨ ­¥ ¯à¨­¨¬ ¥¬ë¥ ¢ à áç¥â ¬®¬¥­âë, ª®¯¨à®¢ «¨áì è £ § 
è £®¬ ¨§ ¯®¤®¡­®© ­¥áã¯¥àá¨¬¬¥âà¨ç­®© ¢¥àá¨¨, ¨ ¯®á«¥¤­ïï ®¡ï§ ­  ¡ë«  ¡ëâì ­¥ª®-
â®àë¬ ¥¥ ­¥¯à¥àë¢­ë¬ ¯à¥¤¥«®¬. �¤­ ª® ¯à¨ íâ®¬  ¡áâà ªâ­ë¥  «£¥¡à ¨ç¥áª¨¥ á¢®©-
áâ¢  ä¨§¨ç¥áª®© â¥®à¨¨ ¨«¨ ¢®¢á¥ ­¥ ¯à¥â¥à¯¥¢ «¨ ¨§¬¥­¥­¨©, «¨¡® ¢«¨ï­¨¥ \áã¯¥àá¨¬-
¬¥âà¨§ æ¨¨" ¡ë«® ¯à®áâ® á¨¬¢®«¨ç­ë¬. � ª ¯à¥¤¯®« £ «®áì, çâ® ¨¬¥­­® áã¯¥à£àã¯¯ë
¯à¥¤áâ ¢«ïîâ á®¡®©  ¤¥ª¢ â­®¥ áã¯¥à®¡®¡é¥­¨¥ á®®â¢¥âáâ¢ãîé¨å £àã¯¯. � íâ® ã¤¨¢¨-
â¥«ì­®, ¯®áª®«ìªã áà¥¤¨ ®á­®¢­ëå ¯¥à¥¬¥­­ëå áã¯¥àá¨¬¬¥âà¨ç­®© â¥®à¨¨ ¨§­ ç «ì­®
¯à¨áãâáâ¢ãîâ ­¥®¡à â¨¬ë¥ ®¡ê¥ªâë ¨ ¤¥«¨â¥«¨ ­ã«ï. � ç áâ­®áâ¨, ª®­æ¥¯æ¨ï áã¯¥à-
¯à®áâà ­áâ¢ , ¤®¯ãáª îé¥£® ã­¨ä¨ª æ¨î ®¯¨á ­¨ï ¡®§®­­ëå ¨ ä¥à¬¨®­­ëå á¥ªâ®à®¢
â¥®à¨¨, ®á­®¢ ­  ­  ¢¢¥¤¥­¨¨ ¤®¯®«­¨â¥«ì­ëå ­¨«ì¯®â¥­â­ëå ª®®à¤¨­ â, â®£¤  ¬­®£¨¥
®â®¡à ¦¥­¨ï ¨ äã­ªæ¨¨ áâ ­®¢ïâáï ­¥®¡à â¨¬ë¬¨ ¯® ®¯à¥¤¥«¥­¨î. � ¢á¥ ¦¥, ª ª íâ®
­¨ áâà ­­® ¨ ­¨ ¯ à ¤®ªá «ì­® á ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï, ®­¨ ¨áªãááâ¢¥­­® ¨
­¥®¡®á­®¢ ­­® ¨áª«îç «¨áì ¨§ à áá¬®âà¥­¨ï. � ­­ ï ¯à®æ¥¤ãà  ¡ë«  ­ §¢ ­  \ä ª-
â®à¨§ æ¨¥© ¯® ­¨«ì¯®â¥­â ¬" ¢ ä¨§¨ª¥ (¢ â¥®à¨¨ ¯®«ã£àã¯¯ íâ  ¯à®æ¥¤ãà  å®à®è®
¨§¢¥áâ­  ¨ ­ §ë¢ ¥âáï ä ªâ®à¨§ æ¨¥© �¨á ) ¨ ®­  (¢ ®á­®¢­®¬ ­¥ à£ã¬¥­â¨à®¢ ­­®)
¯à¨¬¥­ï« áì ¨«¨ ¯®¤à §ã¬¥¢ « áì ¯à¨ áã¯¥àá¨¬¬¥âà¨§ æ¨ïå.

�  á ¬®¬ ¤¥«¥, ¢á¥ ¯à¥®¡à §®¢ ­¨ï ¬­®¦¥áâ¢ , á®¤¥à¦ é¥£® ­¨«ì¯®â¥­âë, ¨«¨
¢á¥ ®â®¡à ¦¥­¨ï áã¯¥à¯à®áâà ­áâ¢  á®åà ­ïîé¥£® ¢¨¤ ®¯à¥¤¥«¥­­®© áâàãªâãàë ®¡à -
§ãîâ ¯®«ã£àã¯¯ã (  ­¥ £àã¯¯ã) ®â­®á¨â¥«ì­® ª®¬¯®§¨æ¨¨. �®íâ®¬ã ª â¥£®à¨ï £àã¯¯, ¢
à ¬ª å ª®â®à®© áâà®¨«¨áì ­¥áã¯¥àá¨¬¬¥âà¨ç­ë¥ â¥®à¨¨ í«¥¬¥­â à­ëå ç áâ¨æ, ¤®«¦­ 
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¡ëâì ®¡®¡é¥­  ¤® ª â¥£®à¨¨ ¯®«ã£àã¯¯ ¯à¨ ¬ â¥¬ â¨ç¥áª¨ áâà®£®¬ ¢ª«îç¥­¨¨ áã-
¯¥àá¨¬¬¥âà¨¨ ¢ ®á­®¢®¯®« £ îé¨¥ ¯à¨­æ¨¯ë â¥®à¨¨. �àã£¨¬¨ á«®¢ ¬¨, ¯¥à¥å®¤ ®â
¯à®áâà ­áâ¢  ª áã¯¥à¯à®áâà ­áâ¢ã ¤®«¦¥­ á®¯à®¢®¦¤ âìáï ®¤­®¢à¥¬¥­­ë¬ ¯¥à¥å®-
¤®¬ ®â £àã¯¯ ª áã¯¥à¯®«ã£àã¯¯ ¬,   ­¥ áã¯¥à£àã¯¯ ¬ | \áã¯¥à" ®¡®¡é¥­¨¥ ä¨§¨ç¥-
áª®© â¥®à¨¨ ¤®«¦­® á®¯à®¢®¦¤ âìáï \¯®«ã" ®¡®¡é¥­¨¥¬ ¥¥ ¬ â¥¬ â¨ª¨ ¢ æ¥«®¬. �®£¤ 
¢ £«®¡ «ì­®¬ â¥®à¥â¨ª®-£àã¯¯®¢®¬ á¬ëá«¥ áã¯¥àá¨¬¬¥âà¨ç­ë¥ ¬®¤¥«¨ í«¥¬¥­â à­ëå
ç áâ¨æ ®¡ï§ ­ë ¨¬¥âì áâàãªâãàã ¯®«ã£àã¯¯ë, ¢ â® ¢à¥¬ï, ª ª ­ ¡«î¤ ¥¬ë© ¨å á¥ªâ®à
¯à¨ ­ áâ®ïé¨å í­¥à£¨ïå ¬®¦¥â ã¤®¢«¥â¢®à¨â¥«ì­® ®¯¨áë¢ âìáï ¨å ®¡à â¨¬®© £àã¯¯®-
¢®© ç áâìî. �®íâ®¬ã ­¥ á«¥¤ã¥â ®£à ­¨ç¨¢ âìáï ¨áá«¥¤®¢ ­¨ï¬¨ «¨èì ¯®á«¥¤­¥©, ¯®-
áª®«ìªã á¢®©áâ¢  ¨¤¥ «ì­®© ¨ £àã¯¯®¢®© ç áâ¥© ¢§ ¨¬®®¡ãá«®¢«¥­ë ¨ ¢§ ¨¬®§ ¢¨á¨¬ë.
� íâ®¬ ª®­â¥ªáâ¥ ¢ ¦­ë¬ â ª¦¥ ï¢«ï¥âáï ¯¥à¥á¬®âà áâ ­¤ àâ­®£®  ­§ æ  \ä ªâ®à¨-
§ æ¨¨",   ¨¬¥­­® | \ä ªâ®à¨§®¢ âì ¯® ­¥-­¨«ì¯®â¥­â ¬", â. ¥. ¨§ãç âì \­¥£àã¯¯®¢ë¥"
(¨«¨ ¨¤¥ «ì­ë¥) á¢®©áâ¢  áã¯¥àá¨¬¬¥âà¨ç­ëå â¥®à¨©.

� ª¨¬ ®¡à §®¬, ¯®áâà®¥­¨¥ ¨ ¨áá«¥¤®¢ ­¨¥ â ª¨å áã¯¥àá¨¬¬¥âà¨ç­ëå ¬®¤¥«¥©
í«¥¬¥­â à­ëå ç áâ¨æ, ª®â®àë¥, á ®¤­®© áâ®à®­ë, ®¡« ¤ «¨ ¡ë ¬ â¥¬ â¨ç¥áª®© ®¡é­®-
áâìî ¨ ª®àà¥ªâ­®áâìî ¢ à ¬ª å  ¯¯ à â  â¥®à¨¨ ¯®«ã£àã¯¯,   á ¤àã£®© áâ®à®­ë, ¨¬¥«¨
¡ë ¤®áâ â®ç­ãî ä¨§¨ç¥áªãî ¯à¥¤áª § â¥«ì­ãî á¨«ã, ¯à¥¤áâ ¢«ï¥â §­ ç¨â¥«ì­ë© ¨­â¥-
à¥á. �á­®¢­®© ®¡ê¥ªâ ¢ â¥®à¨¨ áã¯¥àáâàã­ | íâ® ¬¨à®¢ ï ¯®¢¥àå­®áâì áâàã­ë, á«¥¤®-
¢ â¥«ì­® ¯®áâà®¥­¨¥ ¨ ¨§ãç¥­¨¥ ­¥®¡à â¨¬ëå ¨ ¯®«ã£àã¯¯®¢ëå ®¡®¡é¥­¨© áã¯¥à¬­®£®-
®¡à §¨© ¨ áã¯¥àª®­ä®à¬­®© ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¢®-
®ç¥à¥¤­ãî § ¤ çã. � íâ®© á¢ï§¨ çà¥§¢ëç ©­® ¢ ¦­®© ï¢«ï¥âáï â ª¦¥ ¯à®¡«¥¬  ®¡à â-
­®£® ¢«¨ï­¨ï áã¯¥àá¨¬¬¥âà¨¨ ­  â¥®à¨î ¯®«ã£àã¯¯. � ª, ¯®¤à®¡­®¥ ¨áá«¥¤®¢ ­¨¥ ­¥-
®¡à â¨¬ëå áã¯¥à¬ âà¨æ ¯à¨¢®¤¨â ª ­®¢ë¬ ¨ ­¥®¦¨¤ ­­ë¬ à¥§ã«ìâ â ¬ ¢ ¨¤¥ «ì­®¬
áâà®¥­¨¨ ¨ â¥®à¨¨ ¯à¥¤áâ ¢«¥­¨© áã¯¥à¬ âà¨ç­ëå ¯®«ã£àã¯¯, çâ®, ¢ á¢®î ®ç¥à¥¤ì,
¬®¦¥â á¯®á®¡áâ¢®¢ âì ¯®á«¥¤®¢ â¥«ì­®¬ã ¨ ª®àà¥ªâ­®¬ã ¯®áâà®¥­¨î ­®¢ëå áã¯¥àá¨¬-
¬¥âà¨ç­ëå ¬®¤¥«¥© í«¥¬¥­â à­ëå ç áâ¨æ, ®á­®¢ ­­ëå ­  ¯®«ã£àã¯¯®¢ëå ¯à¨­æ¨¯ å.
�¬¥­­® à §à ¡®âª  ¨ ¯à¨¬¥­¥­¨¥ ¯®«ã£àã¯¯®¢ëå ¬¥â®¤®¢ ¢ áã¯¥àá¨¬¬¥âà¨ç­ëå ¬®¤¥-
«ïå, ¢ª«îç¥­¨¥ ¯®«ã£àã¯¯, ¨¤¥ «®¢ ¨ ­¥®¡à â¨¬ëå á¢®©áâ¢ ¢ ¨áá«¥¤®¢ ­¨¥ ¨å ¬ â¥¬ -
â¨ç¥áª®© áâàãªâãà ¨ ï¢«ï¥âáï ®á­®¢­®© æ¥«ìî ­ áâ®ïé¥© ª­¨£¨.

�á­®¢­ë¥ à¥§ã«ìâ âë ¨áá«¥¤®¢ ­¨© ®¯ã¡«¨ª®¢ ­ë ¢ [1{28] ¨ âàã¤ å ¬¥¦¤ã­ -
à®¤­ëå ª®­ä¥à¥­æ¨©, ­  ª®â®àëå ¤®ª« ¤ë¢ «¨áì à ¡®âë  ¢â®à . � í«¥ªâà®­­®¬ ¢¨¤¥
¯ã¡«¨ª æ¨¨ â ª¦¥ ¤®áâã¯­ë ¯®  ¤à¥á ¬: http://gluon.physik.uni-kl.de/~duplij ¨
http://www-home.univer.kharkov.ua/duplij.

� §«¨ç­ë¥ ¢®¯à®áë, á¢ï§ ­­ë¥ á ¬ â¥à¨ «®¬ ª­¨£¨, ¨­â¥­á¨¢­® ¨ ¬­®£®ªà â­®
®¡áã¦¤ «¨áì ­  ª®­ä¥à¥­æ¨ïå ¨ á¥¬¨­ à å á â ª¨¬¨ ãç¥­ë¬¨, ª ª Ader J.-P., Aspinwall

P., Borowiec A., Brandt F., Cari~nena J. F., �Ciri�c M., Comt�et A., de Wit B., Deligne P.,
Dudek W., Du� M. J., Frydryszak F., Gates J., Grisaru M. T., Howie J. M., Jarvis P.,
Kelarev A., Kupsch J., Lawson M. V., Li F., Lukierski J., Marcinek W., M�uller-Hoissen F.,
Nieuwenhuizen P., O'Raifeartaigh L., Okni~nski J., Preston G. B., R�uhl W., Rabin J. M.,
Schein B. M., Sezgin E., Stashe� J., Tucker R. W., Umble R., Wess J., Wightman A. S.,
�ªã«®¢ �. �., �«¥ªá¥¥¢áª¨© �. �., �à¨­ª¨­ �., �¥à¥¦­®© �. �., �¥áá¬¥àâ­ë© �. �.,
�ã£à¨© �. �., �ãà¨­áª¨© �., � ªá¬ ­ �. �., �®à®­®¢ �. �., �à®¬®¢ �. �. �¥¬¨-
ç¥¢ �. �., �à¨­ä¥«ì¤ �. �., �¨¬  �. �., � ¯ãáâ­¨ª®¢ �. �., �ãà¥­­®© �. �., �¥©-
â¥á �. �., �î¡ è¥­ª® �., � ­¨­ �. �., �¥à¥­ª®¢ �. �., � â ­§®­ �. �., �®¢¨-
ª®¢ �. �., � è­¥¢ �. �., �¨­¥«ìé¨ª®¢ �. �., �¬¨«£  �. �., �â¥¯ ­®¢áª¨© �. �.,
� ¤¤¥¥¢ �. �., �®¬¨­ �. �., ª®â®àë¬  ¢â®à ¢ëà ¦ ¥â ¨áªà¥­­îî ¨ £«ã¡®ªãî ¡« £®-
¤ à­®áâì §  ¯«®¤®â¢®à­ë¥ ¤¨áªãáá¨¨,   â ª¦¥ �. �. �¨­®£à ¤áª®¬ã §  «¨­£¢¨áâ¨ç¥ª¨©
 ­ «¨§ ¨ ¯à ¢ªã â¥ªáâ . �¢â®à áç¨â ¥â á¢®¨¬ ¤®«£®¬ ¯®¡« £®¤ à¨âì ¬¥¦¤ã­ à®¤­ë©
ä®­¤ ¨¬. �«¥ªá ¤à  ä®­ �ã¬¡®«ì¤  (�®­­) §  ä¨­ ­á®¢ãî ¯®¤¤¥à¦ªã.

8



������ 1

������ ����������� ���������

�¢¥¤¥¬ ¯®­ïâ¨ï  «£¥¡à ¨ç¥áª®© â¥®à¨¨ ¯®«ã£àã¯¯ [29{31], ­¥®¡å®¤¨¬ë¥ ¤«ï
¯®­¨¬ ­¨ï ®á­®¢­®£® â¥ªáâ .

1.1. �àã¯¯®¨¤ë, ¯®«ã£àã¯¯ë ¨ ¨¤¥ «ë

�¨­ à­®© ®¯¥à æ¨¥© ­  ¬­®¦¥áâ¢¥ S ­ §ë¢ ¥âáï ®â®¡à ¦¥­¨¥ S � S ¢ S, £¤¥
S � S ¥áâì ¬­®¦¥áâ¢® ¢á¥å ã¯®àï¤®ç¥­­ëå ¯ à í«¥¬¥­â®¢ ¨§ S. �á«¨ íâ® ®â®¡à ¦¥­¨¥
®¡®§­ ç ¥âáï (�), â® ®¡à § ¢ S í«¥¬¥­â  (a;b) 2 S� S ¡ã¤¥â ®¡®§­ ç âìáï ç¥à¥§ a � b.
� áâ¨ç­®© ¡¨­ à­®© ®¯¥à æ¨¥© ­  ¬­®¦¥áâ¢¥ S ­ §ë¢ ¥âáï ®â®¡à ¦¥­¨¥ ­¥¯ãáâ®£®
¯®¤¬­®¦¥áâ¢  ¬­®¦¥áâ¢  S� S ¢ S. �®¤ ç áâ¨ç­ë¬ £àã¯¯®¨¤®¬ ¬ë ¡ã¤¥¬ ¯®­¨¬ âì
á¨áâ¥¬ã fS; �g, á®áâ®ïéãî ¨§ ­¥¯ãáâ®£® ¬­®¦¥áâ¢  S ¨ ç áâ¨ç­®© ¡¨­ à­®© ®¯¥à æ¨¨
(�) ­  ­¥¬. �¨­ à­ ï ®¯¥à æ¨ï (�) ­  ¬­®¦¥áâ¢¥ S ­ §ë¢ ¥âáï  áá®æ¨ â¨¢­®©, ¥á«¨
a�(b � c) = (a � b)�c ¤«ï ¢á¥å a;b; c; ¨§ S. �®«ã£àã¯¯  S - íâ® â ª®© £àã¯¯®¨¤ fS; �g,
¢ ª®â®à®¬ ®¯¥à æ¨ï (�)  áá®æ¨ â¨¢­ .

�â®¡à ¦¥­¨¥ � ¬­®¦¥áâ¢  X ¢ ¬­®¦¥áâ¢® Y ¥áâì ®â®¡à ¦¥­¨¥ ­ , ¥á«¨ ª ¦¤ë©
í«¥¬¥­â ¨§ Y ï¢«ï¥âáï ®¡à §®¬ ¯® ªà ©­¥© ¬¥à¥ ®¤­®£® í«¥¬¥­â  ¨§ X. �â®¡à ¦¥­¨¥ �
¬­®¦¥áâ¢  X ¢ Y ¢§ ¨¬­® ®¤­®§­ ç­®, ¥á«¨ à §«¨ç­ë¥ í«¥¬¥­âë ¨§ Y ®â®¡à ¦ îâáï
¯®áà¥¤áâ¢®¬ � ¢ à §«¨ç­ë¥ í«¥¬¥­âë ¨§ Y. �§ ¨¬­® ®¤­®§­ ç­®¥ ®â®¡à ¦¥­¨¥ ¬­®¦¥-
áâ¢  X ­  á¥¡ï ¡ã¤¥â ­ §ë¢ âìáï ¯®¤áâ ­®¢ª®© ¬­®¦¥áâ¢  X, ¤ ¦¥ ¥á«¨ X ª®­¥ç­®.
�­®¦¥áâ¢® TX ¢á¥å ¯®¤áâ ­®¢®ª ¬­®¦¥áâ¢  X á ®¯¥à æ¨¥© áã¯¥à¯®§¨æ¨¨ ­ §ë¢ ¥âáï
á¨¬¬¥âà¨ç¥áª®© £àã¯¯®© ­  X.

�«ï «î¡®£® ¯®«®¦¨â¥«ì­®£® æ¥«®£® ç¨á«  n ­ §®¢¥¬ n-© áâ¥¯¥­ìî a�n í«¥¬¥­â 
a ¯®«ã£àã¯¯ë S í«¥¬¥­â a1 � a2 � :::an ¯à¨ a1 = a2 = ::: = an = a. �«¥¤ãîé¨¥ ¤¢ 
"§ ª®­  ¯®ª § â¥«¥©" a�m+n = a�ma�n; (a�m)

�n
= a�mn ®ç¥¢¨¤­®, ¢ë¯®«­ïîâáï ¤«ï

«î¡®£® a 2 S ¨ ¤«ï «î¡ëå ¯®«®¦¨â¥«ì­ëå ç¨á¥« m ¨ n.
�¥¯ãáâ®¥ ¯®¤¬­®¦¥áâ¢® T £àã¯¯®¨¤  S ­ §ë¢ ¥âáï ¥£® ¯®¤£àã¯¯®¨¤®¬ (¯®¤¯®-

«ã£àã¯¯®©, ¥á«¨ (�)  áá®æ¨ â¨¢­®), ¥á«¨ ¨§ ¢ª«îç¥­¨© a 2 T ¨ b 2 T á«¥¤ã¥â, çâ®
a � b 2 T . �¥à¥á¥ç¥­¨¥ «î¡®£® á¥¬¥©áâ¢  ¯®¤£àã¯¯®¨¤®¢, ®ç¥¢¨¤­®, «¨¡® ¯ãáâ®, «¨¡®
ï¢«ï¥âáï ¯®¤£àã¯¯®¨¤®¬. �á«¨ A - ­¥¯ãáâ®¥ ¯®¤¬­®¦¥áâ¢® £àã¯¯®¨¤  S, â® ¯¥à¥á¥ç¥­¨¥
¢á¥å £àã¯¯®¨¤®¢ ¨§ S, á®¤¥à¦ é¨å A (S á ¬® ï¢«ï¥âáï ®¤­¨¬ ¨§ â ª¨å ¯®¤£àã¯¯®¨-
¤®¢), ¥áâì ¯®¤£àã¯¯®¨¤ < A > £àã¯¯®¨¤  S, á®¤¥à¦ é¨© A ¨ á®¤¥à¦ é¨©áï ¢ ª ¦¤®¬
¯®¤£àã¯¯®¨¤¥ ¨§ S, á®¤¥à¦ é¥¬ A. �á«¨ S - ¯®«ã£àã¯¯ , â® «î¡®© ¯®¤£àã¯¯®¨¤ ¨§ S
ï¢«ï¥âáï ¯®¤¯®«ã£àã¯¯®©.

�á«¨ S - £àã¯¯®¨¤, â® ¬®é­®áâì jSj ¬­®¦¥áâ¢  S ­ §ë¢ ¥âáï ¯®àï¤ª®¬ S. �á«¨
íâ®â ¯®àï¤®ª ª®­¥ç¥­, â® ¬ë ¬®¦¥¬ § ¤ âì ¡¨­ à­ãî ®¯¥à æ¨î ¢ S ¯®áà¥¤áâ¢®¬ ¥¥
â ¡«¨æë ã¬­®¦¥­¨ï(â ¡«¨æë �í«¨) â ª ¦¥, ª ª ¨ ¤«ï ª®­¥ç­ëå £àã¯¯; ç áâ® â ª®©
­ £«ï¤­ë© á¯®á®¡ § ¤ ­¨ï ¯®«¥§¥­ ¤ ¦¥ ¤«ï ¡¥áª®­¥ç­®£® S. � ¡«¨æ  �í«¨ íâ® ª¢ -
¤à â­ ï ¬ âà¨æ , á®áâ®ïé ï ¨§ í«¥¬¥­â®¢ ¯®«ã£àã¯¯ë S, áâà®ª¨ ¨ áâ®«¡æë ª®â®à®©
§ ­ã¬¥à®¢ ­ë í«¥¬¥­â ¬¨ ¨§ S â ª¨¬ ®¡à §®¬, çâ® í«¥¬¥­â, ­ å®¤ïé¨©áï ¢ a- áâà®ª¥
¨ b-áâ®«¡æ¥ (a;b 2 S), à ¢¥­ ¯à®¨§¢¥¤¥­¨î a � b.

�«¥¬¥­â a £àã¯¯®¨¤  S á®ªà â¨¬ á«¥¢  (á¯à ¢ ), ¥á«¨ ¤«ï «î¡ëå x;y 2 S

¨§ á®®â­®è¥­¨ï a � x = a � y (x � a = y � a) á«¥¤ã¥â à ¢¥­áâ¢® x = y . �àã¯¯®¨¤ S

­ §ë¢ ¥âáï £àã¯¯®¨¤®¬ á «¥¢ë¬ (¯à ¢ë¬) á®ªà é¥­¨¥¬, ¥á«¨ ª ¦¤ë© í«¥¬¥­â ¨§ S
á®ªà â¨¬ á«¥¢  (á¯à ¢ ). � ª¨¬ ®¡à §®¬, S - £àã¯¯®¨¤ á á®ªà é¥­¨ï¬¨, ¥á«¨ S ¥áâì
£àã¯¯®¨¤ ¨ á «¥¢ë¬, ¨ á ¯à ¢ë¬ á®ªà é¥­¨¥¬.

�¢  í«¥¬¥­â  a ¨ b £àã¯¯®¨¤  S ª®¬¬ãâ¨àãîâ, ¥á«¨ a � b = b � a . � íâ®¬
á«ãç ¥ ¢ë¯®«­ï¥âáï ¥é¥ ®¤¨­ "§ ª®­ ¯®ª § â¥«¥©": (a � b)

�n
= a�nb�n . �àã¯¯®¨¤ S
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1.1 � §¤¥« 1.

­ §ë¢ ¥âáï ª®¬¬ãâ â¨¢­ë¬, ¥á«¨ «î¡ë¥ ¤¢  ¥£® í«¥¬¥­â  ª®¬¬ãâ¨àãîâ. �«¥¬¥­â
£àã¯¯®¨¤  S, ª®¬¬ãâ¨àãîé¨© á ª ¦¤ë¬ í«¥¬¥­â®¬ ¨§ S, ­ §ë¢ ¥âáï æ¥­âà «ì­ë¬
í«¥¬¥­â®¬. �«ï ¯à®¨§¢®«ì­®£® ¯®¤¬­®¦¥áâ¢  X £àã¯¯®¨¤  S ¬­®¦¥áâ¢®

Cent (X) = fa 2 S j a � x = x � a; 8x 2 Xg (1.1)

­ §ë¢ ¥âáï æ¥­âà «¨§ â®à®¬ ¯®¤¬­®¦¥áâ¢  X.
�á«¨ S | ¯®«ã£àã¯¯ , ¬­®¦¥áâ¢® ¢á¥å æ¥­âà «ì­ëå í«¥¬¥­â®¢ S, «¨¡® ¯ãáâ®,

«¨¡® ï¢«ï¥âáï ¯®¤¯®«ã£àã¯¯®©. � ¯®á«¥¤­¥¬ á«ãç ¥ Cent (X) ­ §ë¢ ¥âáï æ¥­âà®¬
¯®«ã£àã¯¯ë S.

�«¥¬¥­â e ¯®«ã£àã¯¯ë S ­ §ë¢ ¥âáï «¥¢®© (¯à ¢®©) ¥¤¨­¨æ¥©, ¥á«¨ e � a = a
(a � e = a) ¤«ï ¢á¥å a 2 S. �«¥¬¥­â e ¯®«ã£àã¯¯ë S ­ §ë¢ ¥âáï ¤¢ãáâ®à®­­¥©
¥¤¨­¨æ¥© (¨«¨ ¯à®áâ® ¥¤¨­¨æ¥©), ¥á«¨ e | ¨ «¥¢ ï, ¨ ¯à ¢ ï ¥¤¨­¨æ . � ¬¥â¨¬, çâ®
¥á«¨ S á®¤¥à¦¨â «¥¢ãî ¥¤¨­¨æã e ¨ ¯à ¢ãî ¥¤¨­¨æã f , â® e = f ; ¤¥©áâ¢¨â¥«ì­®,
e � f = f , â ª ª ª e | «¥¢ ï ¥¤¨­¨æ , ¨ e � f = e, â ª ª ª f - ¯à ¢ ï ¥¤¨­¨æ .

� ª á«¥¤áâ¢¨¥ íâ®£® ä ªâ  ¯®«ãç ¥¬, çâ® ¤«ï ¯®«ã£àã¯¯ë S ¢ë¯®«­ï¥âáï ¢
â®ç­®áâ¨ ®¤­® ¨§ á«¥¤ãîé¨å ãâ¢¥à¦¤¥­¨©:

�â¢¥à¦¤¥­¨¥ 1.1. 1. S ­¥ ¨¬¥¥â ­¨ «¥¢ëå, ­¨ ¯à ¢ëå ¥¤¨­¨æ;
2. S ®¡« ¤ ¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­®© «¥¢®© ¥¤¨­¨æ¥©, ­® ­¥ ¨¬¥¥â ¯à ¢ëå

¥¤¨­¨æ;
3. S ®¡« ¤ ¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­®© ¯à ¢®© ¥¤¨­¨æ¥, ­® ­¥ ¨¬¥¥â «¥¢ëå

¥¤¨­¨æ;
4. S ®¡« ¤ ¥â ¥¤¨­áâ¢¥­­®© ¤¢ãáâ®à®­­¥© ¥¤¨­¨æ¥© ¨ ­¥ ¨¬¥¥â ¤àã£¨å «¥-

¢ëå ¨«¨ ¯à ¢ëå ¥¤¨­¨æ.

�«¥¬¥­â z ¯®«ã£àã¯¯ë S ­ §ë¢ ¥âáï «¥¢ë¬ (¯à ¢ë¬) ­ã«¥¬, ¥á«¨ z � a = z
(a � z = z) ¤«ï «î¡®£® a 2 S. �«¥¬¥­â z ¯®«ã£àã¯¯ë S ­ §ë¢ ¥âáï ­ã«¥¬, ¥á«¨ z | ¨
«¥¢ë©, ¨ ¯à ¢ë© ­ã«ì. �á«¨ ¯®«ã£àã¯¯  S ®¡« ¤ ¥â «¥¢ë¬ ­ã«¥¬ z1 ¨ ¯à ¢ë¬ ­ã«¥¬ z2 ,
â® z1 = z2 . �«¥¤®¢ â¥«ì­®, ¤«ï «î¡®© ¯®«ã£àã¯¯ë S ¢ë¯®«­ï¥âáï ¢ â®ç­®áâ¨ ®¤­® ¨§
¯à¥¤ë¤ãé¨å ç¥âëà¥å ãâ¢¥à¦¤¥­¨© á § ¬¥­®© ¢ ­¨å á«®¢  "¥¤¨­¨æ " ­  á«®¢® "­ã«ì".

�ãáâì X - ¯à®¨§¢®«ì­®¥ ¬­®¦¥áâ¢®. �¯à¥¤¥«¨¬ ¡¨­ à­ãî ®¯¥à æ¨î (~R) ¢ X,
¯®« £ ï x ~R y = y ¤«ï ¢á¥å x;y 2 X. �áá®æ¨ â¨¢­®áâì «¥£ª® ¯à®¢¥àï¥âáï. � §®¢¥¬
XR = fX;~Rg ¯®«ã£àã¯¯®© ¯à ¢ëå ­ã«¥©. � ¦¤ë© í«¥¬¥­â ¨§ XR ï¢«ï¥âáï ¯à -
¢ë¬ ­ã«¥¬ ¨ «¥¢ë© ¥¤¨­¨æ¥© ®¤­®¢à¥¬¥­­®. �®«ã£àã¯¯  «¥¢ëå ­ã«¥© XL = fX;~Lg
®¯à¥¤¥«ï¥âáï ¤¢®©áâ¢¥­­ë¬ ®¡à §®¬ (x ~L y = x ¤«ï ¢á¥å x;y 2 X). �¥á¬®âàï ­  ª -
¦ãéãîáï ¨å âà¨¢¨ «ì­®áâì, íâ¨ ¯®«ã£àã¯¯ë ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬ ¯®ï¢«ïîâáï ¢ àï¤¥
¨áá«¥¤®¢ ­¨©.

�®«ã£àã¯¯ã S á ­ã«¥¬ z ¡ã¤¥¬ ­ §ë¢ âì ¯®«ã£àã¯¯®© á ­ã«¥¢ë¬ ã¬­®¦¥­¨¥¬,
¥á«¨ a � b = z ¤«ï ¢á¥å a;b;2 S. �ãáâì S | ¯à®¨§¢®«ì­ ï ¯®«ã£àã¯¯ , ¨ ¯ãáâì
1 =2 S | á¨¬¢®«, ­¥ ï¢«ïîé¨©áï í«¥¬¥­â®¬ ¨§ S. � á¯à®áâà ­¨¬ ¡¨­ à­ãî ®¯¥à æ¨î,
§ ¤ ­­ãî ¢ S, ­  ¬­®¦¥áâ¢® S1 = S

S
1, ¯®« £ ï, 1 � 1 = 1 ¨ 1 � a = a � 1 = a ¤«ï

«î¡®£® a 2 S. �¥£ª® ¯à®¢¥à¨âì, çâ® S1 ¥áâì ¯®«ã£àã¯¯  á ¥¤¨­¨æ¥© 1. �­ «®£¨ç­ë¬
®¡à §®¬ ¬®¦­® ¯à¨á®¥¤¨­¨âì ­ã«ì 0 ª S,   ¨¬¥­­® S0 = S

S
0, 0 � 0 = 0 � a = a � 0 = 0

¤«ï ¢á¥å a 2 S.
�«¥¬¥­â e ¯®«ã£àã¯¯ë S ­ §ë¢ ¥âáï ¨¤¥¬¯®â¥­â®¬, ¥á«¨ e � e = e. �¤­®-

áâ®à®­­¨¥ ¥¤¨­¨æë ¨ ­ã«¨ áãâì ¨¤¥¬¯®â¥­â­ë. �á«¨ ª ¦¤ë© í«¥¬¥­â ¯®«ã£àã¯¯ë S
¥áâì ¨¤¥¬¯®â¥­â, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® S ï¢«ï¥âáï ¯®«ã£àã¯¯®© ¨¤¥¬¯®â¥­â®¢ ¨«¨
á¢ï§ª®©.

�¬­®¦¥­¨¥ ¬­®¦¥áâ¢ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

A ?B
def

=
[ fa � b j a 2 A; b 2 Bg : (1.2)

�®¤¬­®¦¥áâ¢® L ¯®«ã£àã¯¯ë S ­ §ë¢ îâ «¥¢ë¬ ¨¤¥ «®¬, ¥á«¨ S ? L � L.
�¢®©áâ¢¥­­® ®¯à¥¤¥«ï¥âáï ¯à ¢ë© ¨¤¥ «; â ª çâ® R | ¯à ¢ë© ¨¤¥ « ¯®«ã£àã¯¯ë S.
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� §¤¥« 1. 1.2

¥á«¨ R ? S � R. �¥¢ë¥ ¨ ¯à ¢ë¥ ¨¤¥ «ë ¢¬¥áâ¥ ®¡ëç­® ­ §ë¢ îâáï ®¤­®áâ®à®­­¨¬¨.
�®¤¬­®¦¥áâ¢® ¯®«ã£àã¯¯ë, ï¢«ïîé¥¥áï ª ª «¥¢ë¬, â ª ¨ ¯à ¢ë¬ ¨¤¥ «®¬, ­ §ë¢ ¥âáï
¤¢ãáâ®à®­­¨¬ ¨¤¥ «®¬ ¨«¨ ¯à®áâ® ¨¤¥ «®¬. �á«¨ I ¥áâì «¥¢ë© (¯à ¢ë©, ¤¢ãáâ®à®­-
­¨©) ¨¤¥ « ¯®«ã£àã¯¯ë S, â® ¯¨èãâ I El S (I Er S; I E S), ®¯ãáª ï ç¥àâ®çªã ¢­¨§ã,
¥á«¨ ¨¤¥ « á®¡áâ¢¥­­ë©. �áïª¨© ®¤­®áâ®à®­­¨© ¨¤¥ « ï¢«ï¥âáï ¯®¤¯®«ã£àã¯¯®©. �«ï
«î¡®£® ¯®¤¬­®¦¥áâ¢  A ¯®«ã£àã¯¯ë S ¬­®¦¥áâ¢® S ?A (A ? S , S?A?S) ¡ã¤¥â «¥¢ë¬
(¯à ¢ë¬, ¤¢ãáâ®à®­­¨¬) ¨¤¥ «®¬; ¢ ç áâ­®áâ¨, â ª®¢ë¬ ¡ã¤¥â ¬­®¦¥áâ¢® S ? a (a ? S,
S ? a ? S) ¤«ï «î¡®£® í«¥¬¥­â  a 2 S. �«ï «î¡®£® n ¯®«ã£àã¯¯  S?n ¥áâì ¨¤¥ « ¢ S.

�á«¨ S?n = S?n+k ¤«ï ­¥ª®â®à®£® k , â® S?n = S?m ¤«ï «î¡®£® m � n; ¥á«¨ S?2 = S, â®
¯®«ã£àã¯¯  S ­ §ë¢ ¥âáï £«®¡ «ì­® ¨¤¥¬¯®â¥­â­®©. �«ï «î¡®£® a 2 S ¬­®¦¥áâ¢®
L (a) = fagSS ? a (R (a) = fagSa ? S; J (a) = fagSS ? aSa ? SSa ? S ? a) ¡ã¤¥â «¥-
¢ë¬ (¯à ¢ë¬, ¤¢ãáâ®à®­­¨¬) ¨¤¥ «®¬, á®¤¥à¦ é¨¬ a ¨ á®¤¥à¦ é¨¬áï ¢ «î¡®¬ «¥¢®¬
(¯à ¢®¬, ¤¢ãáâ®à®­­¥¬) ¨¤¥ «¥ I â ª®¬, çâ® a 2 I, ¨¤¥ « L (a) (R (a) ;J (a)) ­ §ë¢ îâ
£« ¢­ë¬ «¥¢ë¬ (¯à ¢ë¬, ¤¢ãáâ®à®­­¨¬) ¨¤¥ «®¬, ¯®à®¦¤¥­­ë¬ í«¥¬¥­â®¬ a. �®¤-
¯®«ã£àã¯¯ã T ¯®«ã£àã¯¯ë S ­ §ë¢ îâ ¨§®«¨à®¢ ­­®© (¢¯®«­¥ ¨§®«¨à®¢ ­­®©), ¥á«¨
¤«ï «î¡®£® a 2 S ¨ «î¡®£® ­ âãà «ì­®£® n («î¡ëå a;b 2 S) ¨§ â®£®, çâ® a�n 2 T
(a;b 2 T), á«¥¤ã¥â, çâ® a 2 T (å®âï ¡ë ®¤¨­ ¨§ í«¥¬¥­â®¢ a;b ¯à¨­ ¤«¥¦¨â T); ¥á«¨
íâ® ãá«®¢¨¥ ¢ë¯®«­ï¥âáï â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  S n T ¥áâì ®¡ê¥¤¨­¥­¨¥ ¯®¤¯®-
«ã£àã¯¯ (¯®¤¯®«ã£àã¯¯ ) ¨«¨ T = S. �¯®«­¥ ¨§®«¨à®¢ ­­ë© ¨¤¥ « ­ §ë¢ ¥âáï â ª¦¥
¢¯®«­¥ ¯¥à¢¨ç­ë¬ ¨«¨ ¯à®áâë¬.

�®¤¯®«ã£àã¯¯  T ¯®«ã£àã¯¯ë S ­ §ë¢ ¥âáï ¢ë¯ãª«®© (¨«¨ ä¨«ìâà®¬, ¥á«¨
¤«ï «î¡ëå a;b 2 S ¨§ â®£®, çâ® a � b 2 T, á«¥¤ã¥â a 2 T ¨ b 2 T; íâ® ãá«®¢¨¥ ¢ë¯®«-
­ï¥âáï, ®ç¥¢¨¤­®, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  T = S n I ¤«ï ­¥ª®â®à®£® (­¥®¡å®¤¨¬®
¢¯®«­¥ ¨§®«¨à®¢ ­­®£®) ¨¤¥ «  I ¨«¨ T = I. �áïª®¥ ¬­®¦¥áâ¢® ¯®¯ à­® ­¥ ¯¥à¥á¥-
ª îé¨åáï ¯®¤¯®«ã£àã¯¯ Ti ¯®«ã£àã¯¯ë ¡ã¤¥¬ ­ §ë¢ âì à®ááë¯ìî. �¨¯¨ç­ë© ¯à¨¬¥à
| à®ááë¯ì ¬ ªá¨¬ «ì­ëå ¯®¤£àã¯¯. �á«¨ fTigi2I | à®ááë¯ì ¯®«ã£àã¯¯ë S â ª ï,

çâ®
S
i2I

Ti = S (â. ¥. ª®¬¯®­¥­âë à®ááë¯¨ ®¡à §ãîâ à §¡¨¥­¨¥ S), â® ¡ã¤¥¬ £®¢®à¨âì,

çâ® ¤ ­­ ï à®ááë¯ì ¯®ªàë¢ ¥â S. �á«¨
S
i2I

Ti ï¢«ï¥âáï ¯®à®¦¤ îé¨¬ ¬­®¦¥áâ¢®¬

¯®«ã£àã¯¯ë S, â® ¡ã¤¥¬ £®¢®à¨âì, çâ® à®ááë¯ì fTigi2I ¯®à®¦¤ ¥â S.

1.2. �®«ã£àã¯¯ë ¨ ¯à¥®¡à §®¢ ­¨ï

�¤­¨¬ ¨§ ¢ ¦­¥©è¨å ¯à¨¬¥à®¢ ¯®«ã£àã¯¯ ï¢«ï¥âáï ¬­®¦¥áâ¢® T (X) ¢á¥å ¯à¥-
®¡à §®¢ ­¨© (®â®¡à ¦¥­¨© ¢ á¥¡ï) ¯à®¨§¢®«ì­®£® ¬­®¦¥áâ¢  X. �¡à § í«¥¬¥­â  x 2 X
¯à¨ ¤¥©áâ¢¨¨ ¯à¥®¡à §®¢ ­¨ï � 2 T ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ x�. �à®¨§¢¥¤¥­¨¥ (áã-
¯¥à¯®§¨æ¨ï, ª®¬¯®§¨æ¨ï) � � � ¯à¥®¡à §®¢ ­¨© � ¨ � § ¤ ¥âáï â®£¤  ä®à¬ã«®©
x (��) = (x�)� . �¢¥¤¥­­ ï ®¯¥à æ¨ï  áá®æ¨ â¨¢­ , â ª çâ® T (X) ¯à¥¢à é ¥âáï ¢ ¯®-
«ã£àã¯¯ã, ª®â®à ï ­ §ë¢ ¥âáï á¨¬¬¥âà¨ç¥áª®© ¯®«ã£àã¯¯®© ¨«¨ ¯®«­®© ¯®«ã£àã¯¯®©
¯à¥®¡à §®¢ ­¨© ­  ¬­®¦¥áâ¢¥ X.

�à¨­æ¨¯¨ «ì­ ï ¢ ¦­®áâì á¨¬¬¥âà¨ç¥áª¨å ¯®«ã£àã¯¯ á®áâ®¨â ¢ â®¬, çâ® á¯à -
¢¥¤«¨¢ á«¥¤ãîé¨©  ­ «®£ ¨§¢¥áâ­®© â¥®à¥¬ë �í«¨ ¤«ï £àã¯¯: «î¡ ï ¯®«ã£àã¯¯  ¢«®-
¦¨¬  ¢ ¯®¤å®¤ïéãî á¨¬¬¥âà¨ç¥áªãî ¯®«ã£àã¯¯ã; ¨«¨, ¤àã£¨¬¨ á«®¢ ¬¨, «î¡ ï ¯®«ã-
£àã¯¯  ¨§®¬®àä­  ­¥ª®â®à®© ¯®«ã£àã¯¯¥ ¯à¥®¡à §®¢ ­¨©. �®¢®àïâ â ª¦¥, çâ® «î¡ ï
¯®«ã£àã¯¯  ¨§®¬®àä­® ¯à¥¤áâ ¢¨¬  ¯à¥®¡à §®¢ ­¨ï¬¨. �¡áã¦¤ ¥¬®¥ á¥©ç á ãâ¢¥à-
¦¤¥­¨¥ ¬®¦¥â ¡ëâì ãâ®ç­¥­®: ¯®«ã£àã¯¯  S ¢«®¦¨¬  ¢ T (X), £¤¥ ¬­®¦¥áâ¢® X «¨¡®
á®¢¯ ¤ ¥â á S, «¨¡® ¯®«ãç ¥âáï ¨§ S á ¤®¡ ¢«¥­¨¥¬ ®¤­®£® í«¥¬¥­â . �¬­®¦¥­¨¥ ¢ ¬­®-
¦¥áâ¢¥ T (X) ¬®¦­® ®¯à¥¤¥«¨âì ¨ "á¯à ¢  ­ «¥¢®" (§ ¯¨áë¢ ï á¨¬¢®«ë ®â®¡à ¦¥­¨©
á«¥¢  ®â á®®â¢¥âáâ¢ãîé¨å í«¥¬¥­â®¢ X); ¯®«®¦¨¬ ¤«ï «î¡®£® x 2 X

� � � (x)
def

= � (� (x)) (1.3)

�®«ãç¥­­ ï â ª¨¬ ®¡à §®¬ ¯®«ã£àã¯¯  (¥¥ â ª¦¥ ­ §ë¢ îâ á¨¬¬¥âà¨ç¥áª®©) ¤¢®©-
áâ¢¥­­  ¢¢¥¤¥­®© ¢ëè¥ ¯®«ã£àã¯¯¥ T (X). �ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¢ â¥ªáâ¥ ®¯à¥¤¥«¥-
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1.3 � §¤¥« 1.

­¨¥¬ (1.3).
�­®£¨¥ ¨§ãç ¥¬ë¥ ¯®«ã£àã¯¯ë ¯à¥®¡à §®¢ ­¨© ®ª §ë¢ îâáï ¯®¤¯®«ã£àã¯¯ ¬¨

ª ª¨å-«¨¡® ¨§ ¯¥à¥ç¨á«¥­­ëå ¢ëè¥ ¯®«ã£àã¯¯. � ¨¡®«¥¥ â¨¯¨ç­  á¨âã æ¨ï, ª®£¤  ¬­®-
¦¥áâ¢® X ­ ¤¥«¥­® â®© ¨«¨ ¨­®© ¬ â¥¬ â¨ç¥áª®© áâàãªâãà®©, ¨ à áá¬ âà¨¢ îâáï ¥¥
í­¤®¬®àä¨§¬ë, â. ¥. ¯à¥®¡à §®¢ ­¨ï, á®£« á®¢ ­­ë¥ á íâ®© áâàãªâãà®© | á®åà ­ïîé¨¥
á®®â¢¥âáâ¢ãîé¨¥ ®â­®è¥­¨ï ¨ (¨«¨) ®¯¥à æ¨¨, § ¤ ­­ë¥ ­  X. �®¢®ªã¯­®áâì EndX
¢á¥å í­¤®¬®àä¨§¬®¢ ¤ ­­®© áâàãªâãàë ï¢«ï¥âáï ¯®¤¯®«ã£àã¯¯®© ¢ T (X) | íâ® ¯®«ã-
£àã¯¯  í­¤®¬®àä¨§¬®¢. �« áá¨ç¥áª¨© ¯à¨¬¥à â ª®© á¨âã æ¨¨ | ¯®«ã£àã¯¯  EndFV
«¨­¥©­ëå ®¯¥à â®à®¢ ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  V ­ ¤ â¥«®¬ F.

1.3. �¡à â¨¬®áâì, ­¨«ì¯®â¥­â­®áâì ¨ à¥£ã«ïà-
­®áâì
�®­®¨¤®¬ ­ §ë¢ ¥âáï ¯®«ã£àã¯¯  á ¥¤¨­¨æ¥© 1. �«¥¬¥­â a ¬®­®¨¤  S ­ §ë¢ -

¥âáï ®¡à â¨¬ë¬ á¯à ¢  (á«¥¢ ), ¥á«¨ áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â b 2 S, çâ® a � b = 1
(b � a = 1). �«¥¬¥­â, ®¡à â¨¬ë© á«¥¢  ¨ á¯à ¢ , ­ §ë¢ ¥âáï ¤¢ãáâ®à®­­¥ ®¡à â¨¬ë¬
¨«¨ ¯à®áâ® ®¡à â¨¬ë¬. �­®¦¥áâ¢® Gr (S) (¬­®¦¥áâ¢® Gl (S)) ¢á¥å ®¡à â¨¬ëå á¯à ¢ 
(á«¥¢ ) í«¥¬¥­â®¢ ¬®­®¨¤  S ï¢«ï¥âáï ¯®¤¬®­®¨¤®¬ á ¯à ¢ë¬ («¥¢ë¬) á®ªà é¥­¨¥¬;
¬­®¦¥áâ¢® G (S) = Gr (S) \ Gl (S) ¢á¥å ®¡à â¨¬ëå í«¥¬¥­â®¢ ï¢«ï¥âáï (¬ ªá¨¬ «ì-
­®©) ¯®¤£àã¯¯®© ¢ S, ­ §ë¢ ¥âáï £àã¯¯®© ®¡à â¨¬ëå í«¥¬¥­â®¢¬®­®¨¤  S. �àã¯¯ 
G (S) â®£¤  ¨ â®«ìª® â®£¤  ¢ª«îç ¥â ¢ á¥¡ï ¢á¥ ®¤­®áâ®à®­­¨¥ ®¡à â¨¬ë¥ í«¥¬¥­âë
(â. ¥. ¢¥à­® à ¢¥­áâ¢® Gr (S) = Gl (S)), ª®£¤  G (S) ¢ë¯ãª«  ¢ S; ¯à¨ íâ®¬ ¬­®¦¥-
áâ¢® S nG (S) ; ¥á«¨ ®­® ­¥ ¯ãáâ®, ï¢«ï¥âáï ­ ¨¡®«ìè¨¬ ®â«¨ç­ë¬ ®â S ¨¤¥ «®¬ ¢ S:
�®«ã£àã¯¯  S á â ª¨¬ á¢®©áâ¢®¬ ­ §ë¢ ¥âáï ¯®«ã£àã¯¯®© á ®â¤¥«ïîé¥©áï £àã¯¯®¢®©
ç áâìî. �®«ã£àã¯¯ ¬¨ á ®â¤¥«ïîé¥©áï £àã¯¯®¢®© ç áâìî ¡ã¤ãâ ¢áïª¨© ª®­¥ç­ë© ¨
¢áïª¨© ª®¬ãâ â¨¢­ë© ¬®­®¨¤, ¢áïª¨© ¬®­®¨¤ á á®ªà é¥­¨¥¬, ¢áïª¨© ¬®­®¨¤ ¬ âà¨æ
­ ¤ ¯®«¥¬,   â ª¦¥ ¯®«ã£àã¯¯ë,à áá¬ âà¨¢ ¥¬ë ¢ ®á­®¢­®¬ â¥ªáâ¥.

�«¥¬¥­â a ¯®«ã£àã¯¯ë S = S0 á ­ã«¥¬ 0 ­ §ë¢ îâ «¥¢ë¬ (¯à ¢ë¬) ¤¥«¨-
â¥«¥¬ ­ã«ï, ¥á«¨ a 6= 0 ¨ ¢ S áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â b 6= 0;çâ® a � b = 0 (

b � a = 0). �«¥¬¥­â a ¨§ S = S0­ §ë¢ ¥âáï ­¨«ìí«¥¬¥­â®¬ (¨«¨ ­¨«ì¯®â¥­â­ë¬
í«¥¬¥­â®¬), ¥á«¨ a�n = 0 ¤«ï ­¥ª®â®à®£® ­ âãà «ì­®£® n ; ­ ¨¬¥­ìè¥¥ n á â ª¨¬ á¢®©-
áâ¢®¬ ­ §ë¢ ¥âáï ¨­¤¥ªá®¬ í«¥¬¥­â  a. �¨«ìí«¥¬¥­â ¨­¤¥ªá  > 1 ï¢«ï¥âáï, ®ç¥¢¨¤­®,
¤¥«¨â¥«¥¬ ­ã«ï («¥¢ë¬ ¨ ¯à ¢ë¬) . �­®¦¥áâ¢® ­¨«ìí«¥¬¥­®¢ ¯®«ã£àã¯¯ë S = S0 ®¡®-
§­ ç ¥âáï NilS: �«¥¬¥­â a  ­­ã«¨àã¥â á«¥¢  (á¯à ¢ ) ¯®¤¬­®¦¥áâ¢® X � S, ¥á«¨
a�X = 0 (X�a = 0): �­®¦¥áâ¢® Ann LX = fa j a�X = 0g ­ §ë¢ ¥âáï «¥¢ë¬  ­­ã«ï-
â®à®¬ ¬­®¦¥áâ¢  X; ¤¢®©áâ¢¥­­® ®¯à¥¤¥«ï¥âáï ¯à ¢ë©  ­­ã«ïâ®à AnnRX. �­®¦¥-
áâ¢® AnnX = Ann LX \ AnnRX ­ §ë¢ ¥âáï (¤¢ãáâ®à®­­¨¬)  ­­ã«ïâ®à®¬ ¬­®¦¥áâ¢ 
X: �¢®©áâ¢   ­­ã«ïâ®à®¢ ¢ ¯®«ã£àã¯¯ å á ­ã«¥¬ ¯ à ««¥«ì­ë á¢®©áâ¢ ¬  ­­ã«ïâ®à®¢ ¢
ª®«ìæ å; ¢ ç áâ­®áâ¨, ¥á«¨ X ¥áâì «¥¢ë© (¯à ¢ë©) ¨¤¥ «, â® Ann LX (AnnRX) ï¢«ï¥âáï
¤¢ãáâ®à®­­¨¬ ¨¤¥ «®¬.

�á«¨  ­­ã«ïâ®à á®¤¥à¦¨â ­¥­ã«¥¢ë¥ í«¥¬¥­âë, â® ¥£® ­ §ë¢ îâ ­¥âà¨¢¨ «ì-
­ë¬, ¢ ¯à®â¨¢­®¬ á«ãç ¥ | âà¨¢¨«ì ­ë¬.

�«ï ¯®«ã£àã¯¯ë S ç¥à¥§ E (S) ®¡®§­ ç îâ ¬­®¦¥áâ¢® ¢á¥å ¥¥ ¨¤¥¬¯®â¥­â®¢,

®¯à¥¤¥«ï¥¬ëå e�2= e. �® ¬­®£¨å à áá¬®âà¥­¨ïå ¯®«¥§­ãî à®«ì ¨£à ¥â ®â­®è¥­¨¥
¥áâ¥áâ¢¥­­®£® ç áâ¨ç­®£® ¯®àï¤ª  ­  E (S) § ¤ ­­®¥ ãá«®¢¨¥¬:

e � f , e � f = f � e = e: (1.4)

� íâ®¬ á¬ëá«¥ ¬®¦­®, ­ ¯à¨¬¥à, £®¢®à¨âì ® æ¥¯ïå ¨  ­â¨æ¥¯ïå ¢ E (S) . �ç¥-
¢¨¤­®, çâ® ¥¤¨­¨æ  (­ã«ì) ¯®«ã£àã¯¯ë S ¡ã¤¥â ­ ¨¡®«ìè¨¬ (­ ¨¬¥­ìè¨¬) í«¥¬¥­â®¬
¢ E (S). �¤¥¬¯®â¥­â e 6= 0 ­ §ë¢ ¥âáï ¯à¨¬¨â¨¢­ë¬, ¥á«¨ e ï¢«ï¥âáï ¬¨­¨¬ «ì-
­ë¬ í«¥¬¥­â®¬ ¢ ¬­®¦¥áâ¢¥ ­¥­ã«¥¢ëå ¨¤¥¬¯®â¥­â®¢ ¨§ E (S) . � ç áâ­®áâ¨, ¢áïª¨©
®¤­®áâ®à®­­¨© ­ã«ì ¯®«ã£àã¯¯ë, ­¥ ï¢«ïîé¥©áï ¤¢ãáâ®à®­­¨¬ ­ã«¥¬, ¡ã¤¥â ¯à¨¬¨-
â¨¢­ë¬. � ¯®«ã£àã¯¯¥ á «¥¢ë¬ (¯à ¢ë¬) á®ªà é¥­¨¥¬ ¢áïª¨© ¨¤¥¬¯®â¥­â ï¢«ï¥âáï
«¥¢®© (¯à ¢®©) ¥¤¨­¨æ¥©. �«¥¤®¢ â¥«ì­®, ¢ ¯®«ã£àã¯¯¥ á á®ªà é¥­¨¥¬ ¬®¦¥â ¡ëâì ­¥
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� §¤¥« 1. 1.3

¡®«¥¥ ®¤­®£® ¨¤¥¬¯®â¥­â , ¨ ¥á«¨ â ª®¢®© ¥áâì, â® íâ® ¥¤¨­¨æ . �¤¥¬¯®â¥­â e ¯®«ã-
£àã¯¯ë S ­ §ë¢ ¥âáï æ¥­âà «ì­ë¬, ¥á«¨ e 2 Cent (S), â. ¥. e � x = x � e ¤«ï «î¡®£®
e 2 S. �®«ã£àã¯¯ã, á®¤¥à¦ éãî ¥¤¨­áâ¢¥­­ë© ¨¤¥¬¯®â¥­â, ­ §ë¢ îâ ã­¨¯®â¥­â­®©.
�®«ã£àã¯¯ã, ª ¦¤ë© í«¥¬¥­â ª®â®à®© ï¢«ï¥âáï ¨¤¥¬¯®â¥­â®¬, ­ §ë¢ îâ ¯®«ã£àã¯¯®©
¨¤¥¬¯®â¥­â®¢ (¨«¨ ¨¤¥¬¯®â¥­â­®© ¯®«ã£àã¯¯®©),   â ª¦¥ á¢ï§ª®©. �®¬¬ãâ â¨¢-
­ ï á¢ï§ª  ­ §ë¢ ¥âáï ¯®«ãà¥è¥âª®©. �®á«¥¤­¨© â¥à¬¨­ ®¯à ¢¤ ­, ¥á«¨ à áá¬®âà¥âì
­  ¯®«ãà¥è¥âª¥ S ®â­®è¥­¨¥ ¥áâ¥áâ¢¥­­®£® ç áâ¨ç­®£® ¯®àï¤ª , § ¤ ­­®¥ ä®à¬ã«®©
(1.4), â® ¤«ï «î¡ëå a;b 2 S ¯à®¨§¢¥¤¥­¨¥ a � b ¡ã¤¥â à ¢­® inf (a;b); ¨ ®¡à â­®, ¥á«¨
P| ç áâ¨ç­® ã¯®àï¤®ç¥­­®¥ ¬­®¦¥áâ¢®, ¢ ª®â®à®¬ «î¡ë¥ ¤¢  í«¥¬¥­â  ¨¬¥îâ â®ç­ãî
­¨¦­îî £à ­ì, â® ®¯¥à æ¨ï (}) , § ¤ ­­ ï ãá«®¢¨¥¬ a } b = inf (a; b), ¯à¥¢à é ¥â P ¢
ª®¬¬ãâ â¨¢­ãî á¢ï§ªã.

�à®áâ¥©è¨¥ ¯à¨¬¥àë ­¥ª®¬¬ãâ â¨¢­ëå á¢ï§®ª ¯à¥¤áâ ¢«ïîâ ¯®«ã£àã¯¯ë «¥¢ëå
(¯à ¢ëå) ­ã«¥©, ã¤®¢«¥â¢®àïîé¨¥, ¯® ®¯à¥¤¥«¥­¨î, â®¦¤¥áâ¢ã x � y = x (x � y = y).
�®«ã£àã¯¯ã «¥¢ëå (¯à ¢ëå) ­ã«¥© ­ §ë¢ îâ â ª¦¥ «¥¢®á¨­£ã«ïà­®© (¯à ¢®á¨­£ã-
«ïà­®©); ¯®«ã£àã¯¯ , ï¢«ïîé ïáï «¥¢®á¨­£ã«ïà­®© ¨«¨ ¯à ¢®á¨­£ã«ïà­®©, ­ §ë¢ ¥âáï
á¨­£ã«ïà­®©. �¨­£ã«ïà­ ï ¯®«ã£àã¯¯  ­¥ â®«ìª® ­¥ª®¬¬ãâ â¨¢­ , ®­  ®¡« ¤ ¥â á«¥-
¤ãîé¨¬ á¢®©áâ¢®¬ " ­â¨ª®¬¬ãâ â¨¢­®áâ¨": a � b 6= b � a ¤«ï «î¡ëå à §«¨ç­ëå í«¥-
¬¥­â®¢ a ¨ b. �à®¨§¢®«ì­ ï ¯®«ã£àã¯¯  á ãª § ­­ë¬ á¢®©áâ¢®¬, ®ç¥¢¨¤­®, ï¢«ï¥âáï
á¢ï§ª®© ¨ ã¤®¢«¥â¢®àï¥â â®¦¤¥áâ¢ã x � y � x = x; â ª¨¥ ¯®«ã£àã¯¯ë ­ §ë¢ îâáï ¯àï-
¬®ã£®«ì­ë¬¨ (¨«¨ ¯àï¬®ã£®«ì­ë¬¨ á¢ï§ª ¬¨).

�«¥¬¥­â a ¯®«ã£àã¯¯ë S ­ §ë¢ ¥âáï à¥£ã«ïà­ë¬, ¥á«¨ ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥
a 2 a ? S ? a, â. ¥., ¥á«¨ ¢ S áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â x, çâ® a = a � x � a: �§ ¯®á«¥¤-
­¥£® à ¢¥­áâ¢  ¢ëâ¥ª ¥â, çâ® í«¥¬¥­âë e = a � x ¨ f = x � a | ¨¤¥¬¯®â¥­âë, ¯à¨ç¥¬
í«¥¬¥­â e (í«¥¬¥­â f ) á«ã¦¨â ¤«ï a «¥¢®© (¯à ¢®©) ¥¤¨­¨æ¥©; ¥á«¨ ¯à¨ íâ®¬ e = f , â® a
¡ã¤¥â £àã¯¯®¢ë¬ í«¥¬¥­â®¬. �¡à â­®, ¥á«¨ í«¥¬¥­â a 2 S ®¡« ¤ ¥â «¥¢®© (¯à ¢®©) ¥¤¨-
­¨æ¥©, ¯à¨­ ¤«¥¦ é¥© ¬­®¦¥áâ¢ã a ? S (¬­®¦¥áâ¢ã S ? a) â® a, ®ç¥¢¨¤­®, à¥£ã«ïà¥­.
�«¥¬¥­â a à¥£ã«ïà¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  £« ¢­ë© «¥¢ë© ¨¤¥ « L (a) (£« ¢­ë©
¯à ¢ë© ¨¤¥ « R (a)) ¯®à®¦¤ ¥âáï ­¥ª®â®àë¬ ¨¤¥¬¯®â¥­â®¬. �«¥¬¥­âë a ¨ b ­ §ë¢ -
îâáï ¨­¢¥àá­ë¬¨ ¤àã£ ª ¤àã£ã (®¡®¡é¥­­®®¡à â­ë¬¨, à¥£ã«ïà­®á®¯àï¦¥­­ë¬¨),
¥á«¨ a � b � a = a ¨ b � a � b = b. �áïª¨© à¥£ã«ïà­ë© í«¥¬¥­â ®¡« ¤ ¥â å®âï ¡ë ®¤­¨¬
¨­¢¥àá­ë¬ ª ­¥¬ã í«¥¬¥­â®¬. �áïª¨© £àã¯¯®© í«¥¬¥­â g ¡ã¤¥â à¥£ã«ïà­ë¬, ®¡à â­ë©
ª ­¥¬ã ¢ á®®â¢¥âáâ¢ãîé¥© ¬ ªá¨¬ «ì­®© ¯®¤£àã¯¯¥ G í«¥¬¥­â g�1¡ã¤¥â ¨­¢¥àá­ë¬ ª
g (¯®¤ç¥àª­¥¬, çâ® ¢­¥ G ¬®£ãâ áãé¥áâ¢®¢ âì ¨ ¤àã£¨¥ ¨­¢¥àá­ë¥ ª g í«¥¬¥­âë), ¨

ªà®¬¥ â®£®, g ¨ g�1 ¯¥à¥áâ ­®¢®ç­ë. �¡à â­®, ¤¢  ¯¥à¥áâ ­®¢®ç­ëå ¨­¢¥àá­ëå ¤àã£ ª
¤àã£ã í«¥¬¥­â  ¡ã¤ãâ £àã¯¯®¢ë¬¨ ¨ ¢§ ¨¬­® ®¡à â­ë¬¨ ¢ á®®â¢¥âáâ¢ãîé¥© ¯®¤£àã¯¯¥
Ge . �àã¯¯®¢ë¥ í«¥¬¥­âë ­ §ë¢ îâ â ª¦¥ ¢¯®«­¥ à¥£ã«ïà­ë¬¨.

�«ï í«¥¬¥­â  a ¯à®¨§¢®«ì­®© ¯®«ã£àã¯¯ë áà¥¤¨ áâ¥¯¥­¥© a; a�2 : : : ¡ã¤¥â «¨èì
ª®­¥ç­®¥ ç¨á«® à §«¨ç­ëå â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ­¥ª®â®à ï áâ¥¯¥­ì a à ¢­ 
¨¤¥¬¯®â¥­âã; í«¥¬¥­â a á â ª¨¬ á¢®©áâ¢®¬ ­ §ë¢ ¥âáï í«¥¬¥­â®¬ ª®­¥ç­®£® ¯®àï¤ª ,
¢ ¯à®â¨¢­®¬ á«ãç ¥ a ­ §ë¢ ¥âáï í«¥¬¥­â®¬ ¡¥áª®­¥ç­®£® ¯®àï¤ª . �®«ã£àã¯¯ , ¢á¥
í«¥¬¥­âë ª®â®à®© ¨¬¥âîâ ª®­¥ç­ë© ¯®àï¤®ª, ­ §ë¢ ¥âáï ¯¥à¨®¤¨ç¥áª®©. �¥à¨®¤¨ç¥-
áª ï ¯®«ã£àã¯¯  á § ª®­®¬ á®ªà é¥­¨ï ¡ã¤¥â £àã¯¯®©. �®«ïà­ë© ª £àã¯¯ ¬ ª« áá
ã­¨¯®â¥­â­ëå ¯¥à¨®¤¨ç¥áª¨å ¯®«ã£àã¯¯ á®áâ ¢«ïîâ ­¨«ì¯®«ã£àã¯¯ë | ¯®«ã£àã¯¯ë
á ­ã«¥¬ 0, ¢á¥ í«¥¬¥­âë ª®â®àëå áãâì ­¨«ìí«¥¬¥­âë. �®«ã£àã¯¯  S = S0 ­ §ë¢ ¥âáï
­¨«ì¯®â¥­â­®©, ¥á«¨ S?n = 0 ¤«ï ­¥ª®â®à®£® n; ¯à¨ ¦¥« ­¨¨ ãª § âì n £®¢®àïâ
® n-áâã¯¥­­®-­¨«ì¯®â¥­â­®© (¨«¨ n-­¨«ì¯®â¥­â­®©) ¯®«ã£àã¯¯¥, ­ ¨¬¥­ìè¥¥ n á
â ª¨¬ á¢®©áâ¢®¬ ­ §ë¢ îâ áâã¯¥­ìî ­¨«ì¯®â¥­â­®áâ¨. �áïª ï ­¨«ì¯®â¥­â­ ï ¯®«ã-
£àã¯¯  ¡ã¤¥â, ®ç¥¢¨¤­®, ­¨«ì¯®«ã£àã¯¯®© á ­ã«¥¢ë¬ ã¬­®¦¥­¨¥¬. �®«ã£àã¯¯ã ­ §ë-
¢ îâ «¥¢®© (¯à ¢®©) ­¨«ì¯®«ã£àã¯¯®©, ¥á«¨ ­¥ª®â®à ï áâ¥¯¥­ì ª ¦¤®£® ¥¥ í«¥¬¥­â 
¥áâì «¥¢ë© (¯à ¢ë©) ­ã«ì. �®«ã£àã¯¯ã S ­ §ë¢ îâ ­¨«ì¯®â¥­â­®© á«¥¢ (á¯à ¢ ),
¥á«¨ ¤«ï ­¥ª®â®à®£® n ¬­®¦¥áâ¢® S?n á®áâ®¨â ¨§ «¥¢ëå (¯à ¢ëå) ­ã«¥©.
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1.4 � §¤¥« 1.

1.4. �â­®è¥­¨ï ¨ £®¬®¬®àä¨§¬ë

�¨­ à­®¥ ®â­®è¥­¨¥ � ­  ¯®«ã£àã¯¯¥ S ­ §ë¢¥âáï áâ ¡¨«ì­ë¬ (¨«¨ ãáâ®©ç¨-
¢ë¬) á«¥¢ , ¥á«¨ ¤«ï «î¡ëå a;b; c 2 S ¨§ a�b á«¥¤ã¥â (c � a) �b. �¢®©áâ¢¥­­® ®¯à¥-
¤¥«ï¥âáï áâ ¡¨«ì­®áâì á¯à ¢ . �â­®è¥­¨¥, áâ ¡¨«ì­®¥ á«¥¢  ¨ á¯à ¢ , ­ §ë¢ ¥âáï
(¤¢ãáâ®à®­­¥) áâ ¡¨«ì­ë¬. �â ¡¨«ì­ ï íª¢¨¢ «¥­â­®áâì ­  ¯®«ã£àã¯¯¥ ­ §ë¢ ¥âáï
ª®­£àãí­æ¨¥©.

�á«¨ � | ª®­£àãí­æ¨ï ­  ¯®«ã£àã¯¯¥ S, â® ä ªâ®à®¬­®¦¥áâ¢® S=� ¯à¥¢à é -
¥âáï ¢ ¯®«ã£àã¯¯ã § ¤ ­¨¥¬ ­  ­¥¬ ®¯¥à æ¨¨ (�), ®¯à¥¤¥«ï¥¬®© ä®à¬ã«®© � (x)�� (y) =
� (x � y). �â  ¯®«ã£àã¯¯  ­ §ë¢ ¥âáï ä ªâ®à¯®«ã£àã¯¯®© ¯®«ã£àã¯¯ë S ¯® ª®­£ãí­-
æ¨¨ �.

�â®¡à ¦¥­¨¥ �
# : S ! S=�, áâ ¢ïé¥¥ ¢ á®®â¢¥âáâ¢¨¥ ª ¦¤®¬ã í«¥¬¥­âã á®¤¥à-

¦ é¨© ¥£® �-ª« áá

� (x)
def

= fy 2 S j x�yg ; (1.5)

ï¢«ï¥âáï áîàê¥ªâ¨¢­ë¬ £®¬®¬®àä¨§¬®¬, ®­ ­ §ë¢ ¥âáï ¥áâ¥áâ¢¥­­ë¬ (¨«¨ ª ­®­¨-
ç¥áª¨¬) £®¬®¬®àä¨§¬®¬ S ­  S=�. �«ï ¯à®¨§¢®«ì­®£® £®¬®¬®àä¨§¬  ' : S! T ®â-

­®è¥­¨¥ ker' = f(a;b) 2 S � S j a' = b'g, ­ §ë¢ ¥¬®¥ ï¤à®¬ £®¬®¬®àä¨§¬ ';¥áâì

ª®­£àãí­æ¨ï ­  S, ¯à¨ç¥¬ ä ªâ®à¯®«ã£àã¯¯  S/ker' ¨§®¬®àä­  T; ¡®«¥¥ â®ç­®,

áãé¥áâ¢ã¥â ¨§®¬®àä¨§¬  ¯®«ã£àã¯¯ë S= ker' ­  T â ª®©, çâ®  = (ker')
#
 . �à¨-

¢¥¤¥­­ë¥ ãâ¢¥à¦¤¥­¨ï ¯à¥¤áâ ¢«ïîâ á®¡®© ª®­ªà¥â­ãî ¢¥àá¨î â¥®à¥¬ë ® £®¬®¬®à-
ä¨§¬ å, ¢¥à­®© ¤«ï «î¡ëå ã­¨¢¥àá «ì­ëå  «£¥¡à. �á«¨ �; � | ª®­£àãí­æ¨¨ ­  ¯®-

«ã£àã¯¯¥ S, ¯à¨ç¥¬ � � �;â® áãé¥áâ¢ã¥â (¥¤¨­áâ¢¥­­ë©) áîàê¥ªâ¨¢­ë© £®¬®¬®àä¨§¬

� : S=�! S=� â ª®©, çâ® �
# = �

# � �.

�â¢¥à¦¤¥­¨¥ 1.2. �«¥¤ãîé¨¥ ãá«®¢¨ï ¤«ï ­¥¯ãáâ®£® ¯®¤¬­®¦¥áâ¢  N ¯®«ã-
£àã¯¯ë S íª¢¨¢ «¥­â­ë:

1. N ï¢«ï¥âáï ª« áá®¬ ­¥ª®â®à®© ª®­£àãí­æ¨¨ ­  S:
2. �«ï «î¡ëå a, b 2 N ¨ «î¡ëå x;y;2 S ¨§ x � a � y 2 N á«¥¤ã¥â x � b � y 2

N:

�®¤¬­®¦¥áâ¢® N ã¤®¢«¥â¢®àïîé¥¥ íâ¨¬ ãá«®¢¨ï¬, ­ §ë¢ ¥âáï ­®à¬ «ì­ë¬
ª®¬¯«¥ªá®¬. �®à¬ «ì­ë© ª®¬¯«¥ªá N, á®¤¥à¦ é¨© ¯®¤¯®«ã£àã¯¯ã, ¡ã¤¥â ¯®¤¯®«ã-
£àã¯¯®© (ª®­ªà¥â­ ï ¢¥àá¨ï ®¡é¥ «£¥¡à ¨ç¥áª®£® ä ªâ ). � ç áâ­®áâ¨, N ¡ã¤¥â ¯®¤-
¯®«ã£àã¯¯®©, ¥á«¨ N á®¤¥à¦¨â ¨¤¥¬¯®â¥­â. �«ï à¥£ã«ïà­ëå ¯®«ã£àã¯¯ ¨ í¯¨£àã¯¯
á¯à ¢¥¤«¨¢® ®¡à â­®¥ ãâ¢¥à¦¤¥­¨¥: ¢áïª¨© ­®à¬ «ì­ë© ª®¬¯«¥ªá, ï¢«ïîé¨©áï ¯®¤¯®-
«ã£àã¯¯®©, á®¤¥à¦¨â ¨¤¥¬¯®â¥­â.

�¯¥æ¨ «ì­ë© á«ãç © ­®à¬ «ì­®£® ª®¬¯«¥ªá  N ¯à¥¤áâ ¢«ï¥â á®¡®© ­®à¬ «ì-
­ ï ¯®¤¯®«ã£àã¯¯  N | â ª ­ §ë¢ îâ ¯®«­ë© ¯à®®¡à § ¥¤¨­¨æë ¯à¨ ­¥ª®â®à®¬ £®-
¬®¬®àä¨§¬¥ ¤ ­­®© ¯®«ã£àã¯¯ë ­  ¬®­®¨¤. �®¤¯®«ã£àã¯¯  N ¯®«ã£àã¯¯ë S ¡ã¤¥â
­®à¬ «ì­®© â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï «î¡®£® a 2 N ¨ «î¡ëå x;y 2 S â ª¨å,
çâ® x � y 2 S, ª ¦¤®¥ ¨§ ¢ª«îç¥­¨© x � y 2 N ¨ x � a � y 2 N ¢«¥ç¥â §  á®¡®© ¤àã£®¥.
�®à¬ «ì­ë¥ ¯®¤¯®«ã£àã¯¯ë £àã¯¯ë | íâ® ¢ â®ç­®áâ¨ ¥¥ ­®à¬ «ì­ë¥ ¯®¤£àã¯¯ë. �
®â«¨ç¨¥ ®â £àã¯¯ ¨ ª®«¥æ, ¯à®¨§¢®«ì­ ï ª®­£àãí­æ¨ï ­  ¯®«ã£àã¯¯¥ ­¥ ®¯à¥¤¥«ï¥âáï,
¢®®¡é¥ £®¢®àï, ª ª¨¬-«¨¡® ®¤­¨¬ ¨§ á¢®¨å ª« áá®¢; íâ® ®¡ãá«®¢«¨¢ ¥â á¯¥æ¨ä¨ªã ¨
á«®¦­®áâì ¨§ãç¥­¨ï ª®­£àãí­æ¨© ­  ¯®«ã£àã¯¯ å.

� ¦­ë© ¯à¨¬¥à | à¨á®¢áª¨¥ ª®­£àãíæ¨¨ ­  ¯à®¨§¢®«ì­®© ¯®«ã£àã¯¯¥. �ãáâì
I | ¨¤¥ « ¯®«ã£àã¯¯ë S. �¯à¥¤¥«¨¬ ®â­®è¥­¨¥ �I ­  S, ¯®« £ ï

�I = f(a;b) 2 S � S ja;b 2 I¨«¨ a = bg : (1.6)

�¥£ª® ¢¨¤¥âì,çâ® �I| ª®­£àãíæ¨ï; ¥¥ ­ §ë¢ îâ ¨¤¥ «ì­®© ¨«¨ à¨á®¢áª®© ª®­-
£àãí­æ¨¥© (¨«¨ ª®­£àãí­æ¨¥© �¨á ), á®®â¢¥âáâ¢ãîé¥© ¨¤¥ «ã I. �« ááë ª®­£àãíæ¨¨
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� §¤¥« 1. 1.4

�I | íâ® ¨¤¥ « I ¨ (¥á«¨ I 6= S ) ®¤­®í«¥¬¥­â­ë¥ ¯®¤¬­®¦¥áâ¢  fag, £¤¥ a 2 S n I.
� ªâ®à ¯®«ã£àã¯¯ã S=�I , ª ª ¯à ¢¨«® ®¡®§­ ç îâ S=I ¨ ­ §ë¢ îâ ä ªâ®à¯®«ã£àã¯-
¯®© �¨á  ¯®«ã£àã¯¯ë S ¯® ¨¤¥ «ã I. � ªâ®à¯®«ã£àã¯¯  �¨á  ¢á¥£¤  ¥áâì ¯®«ã£àã¯¯ 
á ­ã«¥¬. �¡à §­® £®¢®àï, S=I ¯®«ãç ¥âáï ¨§ S "áª«¥¨¢ ­¨¥¬" ¢á¥å í«¥¬¥­â®¢ ¨¤¥ «  I
¨ ¯à¥¢à é¥­¨¥¬ ¨å ¢ ­ã«ì. � ª¨¬ ®¡à §®¬, ¨¤¥ «ë ¯à¥¤áâ ¢«ïîâ á®¡®© ¯®«ïà­ë© ¯®
®â­®è¥­¨î ª ­®à¬ «ì­ë¬ ¯®¤¯®«ã£àã¯¯ ¬ â¨¯ ­®à¬ «ì­ëå ª®¬¯«¥ªá®¢: ®­¨ (¨, ®ç¥-
¢¨¤­®, â®«ìª® ®­¨) ï¢«ïîâáï ¯®«­ë¬¨ ¯à®®¡à § ¬¨ ­ã«ï ¯à¨ £®¬®¬®àä¨§¬ å ¤ ­­®©
¯®«ã£àã¯¯ë ­  ¯®«ã£àã¯¯ã á ­ã«¥¬. �á«¨ ¢ ®¯à¥¤¥«¥­¨¨ à¨á®¢áª®© ª®­£àãí­æ¨¨ ¨¤¥ «
I § ¬¥­¨âì ¯à®¨§¢®«ì­ë¬ «¥¢ë¬(¯à ¢ë¬) ¨¤¥ «®¬, â® ¢¢¥¤¥­­®¥ ®â­®è¥­¨¥ �I ¡ã¤¥â
«¥¢®© (¯à ¢®©) ª®­£àãí­æ¨¥©.

�áïª¨© £®¬®¬®àä­ë© ®¡à § A ¯à®¨§¢®«ì­®© ¯®¤¯®«ã£àã¯¯ë T ¯®«ã£àã¯¯ë S
­ §ë¢ ¥âáï ä ªâ®à®¬ ¨«¨ ¤¥«¨â¥«¥¬ ¯®«ã£àã¯¯ë S; £®¢®àïâ, â ª¦¥, çâ® A ¤¥«¨â
S, ¨ ¯¨èãâ AjS. �á«¨ A ' T=I ,£¤¥ I E T, â® A ­ §ë¢ îâ à¨á®¢áª¨¬ ä ªâ®à®¬.
�á«¨ T, ¥áâì í¯¨£àã¯¯ , â® â ª®© (à¨á®¢áª¨©) ä ªâ®à ¡ã¤¥¬ ­ §ë¢ âì (à¨á®¢áª¨¬)
í¯¨ä ªâ®à®¬. �«ï «î¡ëå ¯®¤¯®«ã£àã¯¯ë T ¨ ¨¤¥ «  J ¨§ S ¬­®¦¥áâ¢® T [ J ¡ã¤¥â
¯®¤¯®«ã£àã¯¯®©; ¥á«¨ ¯à¨ íâ®¬ T\J 6= ?, â® T\J E T ¨ T[J=J ' T=T\J. �á«¨ J ¨ K
| ¨¤¥ «ë ¨§ S, ¯à¨ç¥¬ J �K, â® K=J E S=J ¨ (S=J) = (K=J) ' S=K. �á«¨ J E S, â®
¯®«ã£àã¯¯  S ­ §ë¢ ¥âáï ¨¤¥ «ì­ë¬ à áè¨à¥­¨¥¬ ¯®«ã£àã¯¯ë J ¯à¨ ¯®¬®é¨ ¯®«ã-
£àã¯¯ë S=J. �« áá K ­ §ë¢ ¥âáï § ¬ª­ãâë¬ ®â­®á¨â¥«ì­® ¨¤¥ «ì­ëå à áè¨à¥­¨©
(¨¤¥ «®¢, ä ªâ®à¯®«ã£àã¯¯ �¨á ), ¥á«¨ ¨¤¥ «ì­®¥ à áè¨à¥­¨¥ K -¯®«ã£àã¯¯ë ¯à¨ ¯®-

¬®é¨ K -¯®«ã£àã¯¯ë (¨¤¥ « K -¯®«ã£àã¯¯ë, ä ªâ®à¯®«ã£àã¯¯  �¨á  K -¯®«ã£àã¯¯ë)
¡ã¤¥â K -¯®«ã£àã¯¯®©. �¤¥ «ì­®¥ à áè¨à¥­¨¥ ¤ ­­®© ¯®«ã£àã¯¯ë ¯à¨ ¯®¬®é¨ ­¨«ì-
¯®â¥­â­®© ¯®«ã£àã¯¯ë(­¨«ì¯®«ã£àã¯¯ë) ­ §ë¢ îâ ¥¥ ­¨«ì¯®â¥­â­ë¬ à áè¨à¥­¨¥¬
(­¨«ìà áè¨à¥­¨¥¬).

�®¤¬­®¦¥áâ¢® T ¨§ S, á®¤¥à¦ é¥¥ ¢ â®ç­®áâ¨ ®¤¨­ í«¥¬¥­â ¨§ ª ¦¤®£® �-
ª« áá , ­ §ë¢ ¥âáï âà ­á¢¥àá «®¬. � ª¨¬ ®¡à §®¬, ¯®¤¬­®¦¥áâ¢® T ¨ ®â­®è¥­¨¥ �

âà ­á¢¥àá «ì­ë (¨ ª ¦¤®¥ ¨§ ­¨å âà ­á¢¥àá «ì­® ¤àã£®¬ã).
�î¡®¥ ®â®¡à ¦¥­¨¥ � : S! S0 ®¯à¥¤¥«ï¥â ­  S íª¢¨¢ «¥­â­®áâì

ker � = f(x;y) 2 S� S : � (x) = � (y)g : (1.7)

�á«¨ � áîàê¥ªâ¨¢­®, â® ®â®¡à ¦¥­¨¥ �̂ : S= ker � ! S0 , ®¯à¥¤¥«ï¥¬®¥ à ¢¥­áâ¢®¬

�̂ (� (x)) = � (x) ¤«ï «î¡®£® x 2 S, ï¢«ï¥âáï ¡¨¥ªæ¨¥© (â¥®à¥¬  ®¡ ¨§®¬®àä¨§¬¥ ¤«ï
¬­®¦¥áâ¢). �ãé¥áâ¢ã¥â â ª¦¥ ¡¨¥ªæ¨ï ¯à®¨§¢®«ì­®£® âà ­á¢¥àá «  ¬­®¦¥áâ¢  S ¯®
¬®¤ã«î ker � ­  S0:

� áâ¨ç­®¥ ã¯®àï¤®ç¥­¨¥ ¡¨­ à­ëå ®â­®è¥­¨© ¨­¤ãæ¨àã¥â áâàãªâãàã à¥è¥âª¨
­  ¬­®¦¥áâ¢¥ ¢á¥å íª¢¨¢ «¥­â­®áâ¥© ­  S. � á ¬®¬ ¤¥«¥, ¤«ï ¯à®¨§¢®«ì­ëå íª¢¨¢ -
«¥­â­®áâ¥© �1 ¨ �2­  S ¬ë ¨¬¥¥¬

inf (�1; �2) = �1 \ �2; sup (�1; �2) =
[
n2N

(�1 [ �2)n : (1.8)

�á«¨ ¤ ­ áîàê¥ªâ¨¢­ë© £®¬®¬®àä¨§¬ � : S! S0 , ®¯à¥¤¥«¨¬ ­  S ª®­£àãí­æ¨î
Ker � (ï¤¥à­ãî ª®­£àãí­æ¨î ®â®¡à ¦¥­¨ï �) :

Ker � = f(x;y) 2 S � S : � (x) = � (y)g :
�¤¨­áâ¢¥­­ ï ¢®§¬®¦­®áâì ã¤®¢«¥â¢®àïîé¥© à ¢¥­áâ¢ã �̂ � �Ker � = � , íâ® ¯®-

«®¦¨âì �̂ (~x) = � (x) ¤«ï «î¡®£® x 2 S;£¤¥ ~x = �Ker � (x) : �â®â à¥§ã«ìâ â ï¢«ï¥âáï
ç áâ­ë¬ á«ãç ¥¬ á«¥¤ãîé¥© â¥®à¥¬ë.

�¥®à¥¬  1.3. �ãáâì � : S ! S0 | £®¬®¬®àä¨§¬ ¯®«ã£àã¯¯ë S ­  ¯®«ã£àã¯¯ã S0 ,
� | ª®­£àãí­æ¨ï ­  S, ¤«ï ª®â®à®© Ker � � �: �¯à¥¤¥«¨¬ ¡¨­ à­®¥ ®â­®è¥­¨¥ �0
­  S0 , ¯®«®¦¨¢

�
0 = f(x0;y0) 2 S0 � S0 j 9x;y 2 S; x�y; � (x) = x0; � (y) = y0g :
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1.5 � §¤¥« 1.

�®£¤ :
1. �â­®è¥­¨¥ �0 ¥áâì ª®­£àãí­æ¨ï ­  S0:
2. �ãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ ®â®¡à ¦¥­¨¥ �̂ ¨§ S=� ¢ S0=�0 , â ª®¥, çâ®

�̂ � �� = ��0 � � , ¯à¨ç¥¬ �̂ | ¨§®¬®àä¨§¬.

3. �â®¡à ¦¥­¨¥ �0 7�! � ®¯à¥¤¥«ï¥â ¨§®¬®àä¨§¬ à¥è¥âª¨ ¢á¥å ª®­£àãí­æ¨©
­  S, á®¤¥à¦ é¨å Ker �;­  à¥è¥âªã ¢á¥å ª®­£àãí­æ¨© ­  S0:

1.5. �¥®à¨ï ¨¤¥ «®¢
�¢ãáâ®à®­­¨© ¨¤¥ « I ¯®«ã£àã¯¯ë S ­ §ë¢ ¥âáï ¬¨­¨¬ «ì­ë¬ ¨¤¥ «®¬, ¥á«¨

¤«ï «î¡®£® ¨¤¥«  J � S ¨§ J � I á«¥¤ã¥â J = I. �á«¨ I | ¬¨­¨¬ «ì­ë© ¨¤¥ «
¨ J |«î¡®© ¤àã£®© ¨¤¥ «, â® ¯¥à¥á¥ç¥­¨¥ I \ J ­¥¯ãáâ®, ¯®áª®«ìªã I ? J � I \ J;
ªà®¬¥ â®£®, ¢ª«îç¥­¨¥ I \ J � I ¢«¥ç¥â §  á®¡®© à ¢¥­áâ¢® I \ J = I ¨ ¯®íâ®¬ã
J � I: � ª¨¬ ®¡à §®¬, ¬¨­¨¬ «ì­ë© ¨¤¥ « ï¢«ï¥âáï ã­¨¢¥àá «ì­® ¬¨­¨¬ «ì­ë¬ (â. ¥.
­ ¨¬¥­ìè¨¬) ¨, á«¥¤®¢ â¥«ì­®, ¥¤¨­áâ¢¥­­ë¬. �® íâ®© ¯à¨ç¨­¥ ¬¨­¨¬ «ì­ë© ¨¤¥ «
¯®«ã£àã¯¯ë (¥á«¨ ®­ áãé¥áâ¢ã¥â) ­ §ë¢ îâ ¥¥ ï¤à®¬ �ãèª¥¢¨ç . �î¡ ï ª®­¥ç­ ï
¯®«ã£àã¯¯  ®¡« ¤ ¥â ¬¨­¨¬ «ì­ë¬ ¨¤¥ «®¬.

�®«ã£àã¯¯  ­ §ë¢ ¥âáï ¯à®áâ®©, ¥á«¨ ®­  ­¥ á®¤¥à¦¨â ¨¤¥ «®¢, ®â«¨ç­ëå ®â
á ¬®© á¥¡ï. �á«¨ ¯®«ã£àã¯¯  S ¯à®áâ , â® ¤«ï «î¡®£® a 2 S ¢ë¯®«­ï¥âáï à ¢¥­áâ¢®
S ? a ? S = S. �¡à â­®, ¥á«¨ S ? a ? S = S ¤«ï «î¡®£® a 2 S, â®, ¢§ï¢ ¨¤¥ « I ¢
S ¨ í«¥¬¥­â a 2 I, ¯®«ãç¨¬ S = S ? a ? S � I, â. ¥. S = I, ¨ ¯®â®¬ã S ¯à®áâ .
�«¥¤®¢ â¥«ì­®, çâ®¡ë ¤®ª § âì ¯à®áâ®âã ¯®«ã£àã¯¯ë S, ¤®áâ â®ç­® ¯à¥¤êï¢¨âì ¯®
ªà ©­¥© ¬¥à¥ ®¤­ã ¯ àã x;y | à¥è¥­¨¥ ãà ¢­¥­¨ï x � a � y = b | ¤«ï «î¡ëå
a;b 2 S.

�¯à¥¤¥«¥­¨¥ 1.4. �« ¢­ë¬ ¨¤¥ «ì­ë¬ àï¤®¬ ¯®«ã£àã¯¯ë S ­ §ë¢ ¥âáï ª®­¥ç­ ï
æ¥¯ì I1 � I2 � : : : � In = S ¨¤¥ «®¢ ¨§ S, £¤¥ I1 | ¬¨¬ «ì­ë© ¨¤¥ «,   Ik
ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬ áà¥¤¨ ¨¤¥ «®¢ ¨§ S, á®¤¥à¦ é¨åáï ¢ Ik+1; k = 1; 2; : : : ; n�
1. � ªâ®à¯®«ã£àã¯¯ë �¨á  Ik+1=Ik ¨ ¨¤¥ « J1 ­ §ë¢ îâáï ä ªâ®à ¬¨ íâ®£® àï¤ .

�à¨¬¥à 1.5. �®«ã£àã¯¯ ¬¨ á £« ¢­ë¬¨ ¨¤¥ «ì­ë¬¨ àï¤ ¬¨ ï¢«ïîâáï, ­ ¯à¨¬¥à, ª®-
­¥ç­ë¥ ¯®«ã£àã¯¯ë ¨ ¯®«ã£àã¯¯  EndKV ¢á¥å «¨­¥©­ëå ¯à¥®¡à §®¢ ­¨© ª®­¥ç­®¬¥-
à®­®£® ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢  V ­ ¤ ¯®«¥¬ K.

�¥¬¬  1.6. �ãáâì I | ¨¤¥ « ¯®«ã£àã¯¯ë S ¨ J | ¬ ªá¨¬ «ì­­ë© ¨¤¥ « ¨§ S,
áâà®£® á®¤¥à¦ é¨©áï ¢ I. �«ï ¯à®¨§¢®«ì­®£® a 2 I n J ®¡®§­ ç¨¬ ç¥à¥§ I (a)

¬­®¦¥áâ¢® ¢á¥å â ª¨å x 2 S1?a ? S1; çâ® S1 ? x ? S1 � S1 ? a ? S1: �®£¤  I (a)

ï¢«ï¥âáï ¨¤¥ «®¬ ¢ S ¨ ä ªâ®à ¯®«ã£àã¯¯ë �¨á  S1?a?S1=I (a) ¨ I=J ¨§®¬®àä­ë.

�­®¦¥áâ¢® S1 ? a ? S1 n I (a) ¥áâì J -ª« áá í«¥¬¥­â  a. � ¬¥â¨¬, çâ® ¬­®¦¥áâ¢®

I (a), ¥á«¨ ®­® ­¥¯ãáâ®, ï¢«ï¥âáï ¬ ªá¨¬ «ì­ë¬ ¨¤¥ «®¬ ¨§ S, á®¤¥à¦ é¨¬áï ¢ S1 ?

a ? S1 . � á ¬®¬ ¤¥«¥, ¥á«¨ I | â ª®© ¨¤¥ « ¨§ S, çâ® I (a) � I � S1 ? a ? S1; â®, ¢§ï¢

x 2 I; x =2 I (a), ¯®«ãç¨¬ S1 ? a ? S1 = S1 ? x ? S1 � I ¨ á«¥¤®¢ â¥«ì­®, I = S1 ? a ? S1:

�§ íâ®£® § ¬¥ç ­¨ï ¢ëâ¥ª ¥â, çâ® ¯®«ã£àã¯¯  S1 ?a?S1=I (a) ï¢«ï¥âáï 0-¬¨­¨¬ «ì­ë¬
¨¤¥ «®¬ ¯®«ã£àã¯¯ë S=I (a) :

1.6. �¢®©áâ¢  ®â­®è¥­¨© �à¨­ 
�â­®è¥­¨ï �à¨­  ­  ¯®«ã£àã¯¯¥ S ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

aRb () a ? S1 = b ? S1; (1.9)
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� §¤¥« 1. 1.6

aLb () S1 ? a = S1 ? b; (1.10)

aJb () S1 ? a ? S1; (1.11)

D = R_ L ; (1.12)

H = R \ L : (1.13)

�§ ®¯à¥¤¥«¥­¨ï ¢¨¤­®, çâ® R (á®®â¢¥âáâ¢¥­­® L ) ¥áâì «¥¢ ï (á®®â¢¥âáâ¢¥­­®
¯à ¢ ï) ª®­£àãí­æ¨ï. �áâ «ì­ë¥ ®â­®è¥­¨ï ï¢«ïîâáï ¢®®¡é¥ £®¢®àï, ¯à®áâ® íª¢¨¢ -
«¥­â­®áâï¬¨. �« áá í«¥¬¥­â  a 2 S ®¡®§­ ç ¥âáï « â¨­áª®© ¡ãª¢®©, á®®â¢¥âáâ¢ãîé¥©
¢ «¥­â­®áâ¨, á ¨­¤¥ªá®¬ a : Ra ®¡®§­ ç ¥â R -ª« áá í«¥¬¥­â  a, La | á®®â¢¥âáâ¢¥­­®
L -ª« áá ¨ â.¤. �â¬¥â¨¬, çâ® Ja = S1 ? a ? S1 n I (a) , £¤¥ ¨¤¥ « I (a) ®¯à¥¤¥«¥­ ¢ �¥¬¬¥
1.6.

�à¥¤«®¦¥­¨¥ 1.7. �î¡ ï ¯à ¢ ï ª®­£àãí­æ¨ï, á®¤¥à¦ é ïáï ¢ L , ª®¬¬ãâ¨àã¥â
á «î¡®© «¥¢®© ª®­£àãí­æ¨¥©, á®¤¥à¦ é¥©áï ¢ R .

�«¥¤áâ¢¨¥ 1.8. D = R _ L = R � L = L � R

�®ª § â¥«ìáâ¢®. � ª ª ª (R � L ) � (R � L ) = R � R � L � L � R � L , ®â­®è¥­¨¥
R � L | íª¢¨¢ «¥­â­®áâì ­  S. �ç¨âë¢ ï ¢ª«îç¥­¨¥ R � L � R [ L ¨ ®¯à¥¤¥«¥­¨¥
®â­®è¥­¨ï R _ L , ¯®«ãç ¥¬ R _ L = R �L . �

�à¥¤«®¦¥­¨¥ 1.9. �á«¨ ¯®«ã£àã¯¯  S ª®­¥ç­ , â® D = J .

�ãé¥áâ¢ã¥â ¥áâ¥áâ¢¥­­ë© ç áâ¨ç­ë© ¯®àï¤®ª ­  ¬­®¦¥áâ¢¥ ª« áá®¢ ª ¦¤®£® ¨§
®â­®è¥­¨© H ;R;L ;J : � ¯à¬¥à, ç áâ¨ç­ë© ¯®àï¤®ª ­  ¬­®¦¥áâ¢¥ R -ª« áá®¢ ®¯à¥¤¥-

«ï¥âáï ãá«®¢¨¥¬: Ra E Rb , ¥á«¨ ¨ â®«ìª® ¥á«¨ a?S1 � b?S1 . �«ï £«®¡ «ì­®£® ®¯¨á ­¨ï
¯®«ã£àã¯¯ë S ­ ¨¡®«¥¥ ¢ ¦¥­ ç áâ¨ç­ë© ¯®àï¤®ª ­  ¬­®¦¥áâ¢¥ J -ª« áá®¢, ®¯à¥¤¥-

«ï¥¬ë© ãá«®¢¨¥¬: Ja E Jb , ¥á«¨ ¨ â®«ìª® ¥á«¨ S1 ? a ? S1 � S1 ? b ? S1: � áâ¨ç­® ã¯®-
àï¤®ç¥­­®¥ ¬­®¦¥áâ¢® J -ª« áá®¢ ¬ë ­ §®¢¥¬ ®áâ®¢®¬ ¯®«ã£àã¯¯ë S: �®«ã£àã¯¯ë,
¢ ª®â®àëå D = J , ¬®£ãâ ¡ëâì ®¯¨á ­ë ¢ â¥à¬¨­ å ¨å ®áâ®¢  ¨ «®ª «ì­®£® áâà®¥­¨ï
à §«¨ç­ëå D -ª« áá®¢.
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������ 2

������������ � �������������

�¤¥áì ¬ë ¢­ ç «¥ ¨§«®¦¨¬ ­¥®¡å®¤¨¬ë¥ á¢¥¤¥­¨ï ¨§ «¨­¥©­®© áã¯¥à «£¥¡àë ¨
â¥®à¨¨ áã¯¥à¬ âà¨æ [32{34],   § â¥¬ à áá¬®âà¨¬ ­¥ª®â®àë¥ ­®¢ë¥ á¢®©áâ¢ , á¢ï§ ­­ë¥
á ­¥®¡à â¨¬®áâìî áã¯¥à¬ âà¨æ [9,11].

2.1. �¨­¥©­ ï áã¯¥à «£¥¡à 

�¨­¥©­ë¬ áã¯¥à¯à®áâà ­áâ¢®¬ ­ §ë¢ ¥âáï Z2-£à ¤ã¨à®¢ ­­®¥ «¨­¥©­®¥ ¯à®-
áâà ­áâ¢® �, à §«®¦¥­­®¥ ¢ ¯àï¬ãî áã¬¬ã � = �0 � �1 . �«¥¬¥­âë ¨§ �0 ¨ �1 ­ -
§ë¢ îâáï ®¤­®à®¤­ë¬¨ (ç¥â­ë¬¨ ¨ ­¥ç¥â­ë¬¨ á®®â¢¥âáâ¢¥­­®) í«¥¬¥­â ¬¨. �á«¨
a 2 �i , £¤¥ i 2 Z2, â® ¡ã¤¥¬ ¯¨á âì p (a) = i ¨ ­ §ë¢ âì p (a) ç¥â­®áâìî í«¥¬¥­â 
a: �î¡®© í«¥¬¥­â (§  ¨áª«îç¥­¨¥¬ ­ã«ï) ¬®¦¥â ¡ëâì ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¯à¥¤-
áâ ¢«¥­ ¢ ¢¨¤¥ a = a0 + a1 , £¤¥ ai 2 �i . �¨­¥©­®¥ ¯®¤áã¯¥à¯à®áâà ­áâ¢® | íâ®
â ª®¥ Z2-£à ¤ã¨à®¢ ­­®¥ ¯®¤¯à®áâà ­áâ¢® L � �, çâ® Li = L \ �i: � §¬¥à­®áâìî
Z2-£à ¤ã¨à®¢ ­­®£® «¨­¥©­®£® ¯à®áâà ­áâ¢  ­ §ë¢ ¥âáï ¯ à  (pjq), £¤¥ p | à §¬¥à-
­®áâì ç¥â­®£® ¨ q | à §¬¥à­®áâì ­¥ç¥â­®£® ¯®¤¯à®áâà ­áâ¢. �ã¤¥¬ ®¡®§­ ç âì Z2-

£à ¤ã¨à®¢ ­­®¥ «¨­¥©­®¥ ¯à®áâà ­áâ¢® á ä¨ªá¨à®¢ ­­®© ç¥â­®áâì ª ª �pjq . �®£¤  ç¥â-

­ë¥ ¨ ­¥ç¥â­ë¥ ¯®¤áã¯¥à¯à®áâà ­áâ¢  ¡ã¤ãâ ®¡®§­ ç âìáï �pj0 ¨ �0jq á®®â¢¥âáâ¢¥­­®.
�â¬¥â¨¬, çâ® à §¬¥à­®áâì (pjq) ­¥ á¢ï§ ­  á ç¨á«®¬ ®¡à §ãîé¨å �.

�ãáâì �pjq ¨ �mjn | «¨­¥©­ë¥ áã¯¥à¯à®áâà ­áâ¢ . �  �pjq��mjn
; �pjq
�mjn ¨

Hom
�
�pjq

;�mjn
�

áâàãªâãà  áã¯¥à¯à®áâà ­áâ¢  ¢¢®¤¨âáï ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬. �«¥-

¬¥­âë áã¯¥à¯à®áâà ­áâ¢  Hom
�
�pjq

;�mjn
�

­ §ë¢ îâáï £®¬®¬®àä¨§¬ ¬¨ ¨§ �pjq ¢

�mjn
: �¥â­ë¥ £®¬®¬®àä¨§¬ë, â. ¥. í«¥¬¥­âë ¨§ Hom 0

�
�pjq

;�mjn
�

, ­ §ë¢ îâáï ¬®à-

ä¨§¬ ¬¨ áã¯¥à¯à®áâà ­áâ¢. �¡®§­ ç¨¬ ç¥à¥§ � (�) áã¯¥à¯à®áâà ­áâ¢®, ®¯à¥¤¥«¥­-
­®¥ ä®à¬ã« ¬¨ � (�0) = �1 , � (�1) = �0 , â. ¥. � | ®¯¥à â®à á¬¥­ë ç¥â­®áâ¨,  
£®¬®¬®àä¨§¬ � : � ! � (�) ¯® ­ §®¢¥¬ ª ­®­¨ç¥áª¨¬ ­¥ç¥â­ë¬ £®¬®¬®àä¨§¬®¬
áã¯¥à¯à®áâà ­áâ¢  � ¢ � (�).

�ã¯¥à «£¥¡à®© ­ §ë¢ ¥âáï áã¯¥à¯à®áâà ­áâ¢® A ¢¬¥áâ¥ á ¬®àä¨§¬®¬ áã¯¥à¯à®-
áâà ­áâ¢ A � A ! A. �â¬¥â¨¬, çâ® ª ¦¤ ï áã¯¥à «£¥¡à  ï¢«ï¥âáï  «£¥¡à®©. �¤¥ «
¢ áã¯¥à «£¥¡à¥ A | ¨¤¥ «  «£¥¡àë A, ï¢«ïîé¨©áï ®¤­®¢à¥¬¥­­® ¯®¤áã¯¥à¯à®áâà ­-
áâ¢®¬. �®¤áã¯¥à «£¥¡à®© ¢ A, ï¢«ïîé ïáï ¯®¤áã¯¥à¯à®áâà ­áâ¢®¬. �ãáâì A ¨ B |
áã¯¥à «£¥¡àë. �®¬®¬®àä¨§¬  «£¥¡à ' : A ! B ­ §ë¢ ¥âáï ¬®àä¨§¬®¬ áã¯¥à «£¥¡à,

¥á«¨ p (') = 0. �«ï «î¡®© áã¯¥à «£¥¡àë A ®¯à¥¤¥«¨¬ ª®¬¬ãâ¨à®¢ ­¨¥ (¨«¨ áª®¡ªã)

[; ] : A � A ! A ¯® ¯à ¢¨«ã ® §­ ª å, ¯®«®¦¨¢ [a;b] = ab � (�1)
p(a)p(b)

ba. �«¥¬¥­âë
a;b 2 A ­ §ë¢ îâáï ª®¬¬ãâ¨àãîé¨¬¨, ¥á«¨ [a;b] = 0: �ã¯¥à «£¥¡à  ­ §ë¢ ¥âáï
ª®¬¬ãâ â¨¢­®©, ¥á«¨ «î¡ë¥ ¤¢  ¥¥ í«¥¬¥­â  ª®¬¬ãâ¨àãîâ.

�¥­âà «¨§ â®à®¬ ¬­®¦¥áâ¢  S ®¤­®à®¤­ëå í«¥¬¥­â®¢ ¨§ A ­ §ë¢ ¥âáï ¬­®-
¦¥áâ¢® C (S) = fa 2 A j [a; s] = 0; s 2 Sg. �®à¬ «¨§ â®à®¬ â ª®£® ¬­®¦¥áâ¢  S ­ §ë-
¢ ¥âáï N (S) = fa 2 A j aS = Sag. �¥­âà®¬ áã¯¥à «£¥¡àë A ­ §ë¢ ¥âáï ¬­®¦¥áâ¢®
Z (A) = fa 2 A j [a;A] = 0g . �­®¦¥áâ¢  C (S) ¨ Z (A) ï¢«ïîâáï ª®¬¬ãâ â¨¢­ë¬¨ áã-
¯¥à «£¥¡à ¬¨,   N (S) | áã¯¥à «£¥¡à®©.

�¡®§­ ç¨¬ ç¥à¥§ � (n) ¢­¥è­îî (£à áá¬ ­®¢ã)  «£¥¡àã ®â n ¯¥à¥¬¥­­ëå
�1; : : : ; �n | ®¡à §ãîé¨å, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬ �1�j + �j�i = 0; 1 �
i; j � n: � ç áâ­®áâ¨ �

2
i

= 0. �à®¨§¢®«ì­ë© í«¥¬¥­â f 2 � (n) ¬®¦­® ¥¤¨­áâ¢¥­­ë¬
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� §¤¥« 2. 2.1

®¡à §®¬ ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

f = f0+
X

1�r�n

X
1<i1<:::<ir�n

fi1:::ir�i1 : : : �ir : (2.1)

�¯à¥¤¥«¨¬ ­  � (n) áâàãªâãàã áã¯¥à «£¥¡àë, ¯®« £ ï p (�i) = 1. �ç¥¢¨¤­®,
çâ® áã¯¥à «£¥¡à  � (n) ª®¬¬ãâ â¨¢­ . � ¤ «ì­¥©è¥¬ � (n) ­ §ë¢ ¥âáï áã¯¥à «£¥¡à®©
�à áá¬ ­ .

�¥­§®à­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ áã¯¥à «£¥¡à A ¨ B ­ §ë¢ ¥âáï áã¯¥à¯à®áâà ­áâ¢®
A
 B; ­  ª®â®à®¬ § ¤ ­  áâàãªâãà  áã¯¥à «£¥¡àë ¯® ä®à¬ã«¥

(a 
 b) (a1 
 b1) = (�1)
p(a1)p(b) aa1 
 bb1; (2.2)

£¤¥ a; a1 2 A; b;b1 2 B.
�¥­§®à­®¥ ¯à®¨§¢¥¤¥­¨¥ ª®¬¬ãâ â¨¢­ëå áã¯¥à «£¥¡à ï¢«ï¥âáï ª®¬¬ãâ â¨¢­®©

áã¯¥à «£¥¡à®©. � ç áâ­®áâ¨, � (n) 
 � (m) �= � (n+m). � ¦¤®© ª®¬¬ãâ â¨¢­®© áã-
¯¥à «£¥¡à¥ C = C0 � C1 á®®â¢¥âáâ¢ã¥â ª ­®­¨ç¥áª ï ¯à®¥ªæ¨ï � : C ! C=id C1 =

C0= (id C1)
2
, £¤¥ id X ®¡§­ ç ¥â ¨¤¥ «, ¯®à®¦¤¥­­ë© ¬­®¦¥áâ¢®¬ X:

�¥¬¬  2.1. �ãáâì � | ª®¬¬ãâ â¨¢­ ï áã¯¥à «£¥¡à . �®£¤  í«¥¬¥­â c 2 C ®¡à -
â¨¬ ¢ â®¬ á«ãç ¥, ª®£¤  ®¡à â¨¬ � [c].

�ãáâì A | áã¯¥à «£¥¡à  á ¥¤¨­¨æ¥©, M | ­¥ª®â®à®¥ áã¯¥à¯à®áâà ­áâ¢®. �¥-
¢ë¬ ¤¥©áâ¢¨¥¬ áã¯¥à «£¥¡àë A ­  M;¨«¨ «¥¢ë¬ A-¤¥©áâ¢¨¥¬, ­ §ë¢ ¥âáï ¬®àä¨§¬
áã¯¥à¯à®áâà ­áâ¢ A
M !M , ã¤®¢«¥â¢®àïîé¨© ãá«®¢¨ï¬: a (bm) = (ab)m; a;b; 1 2
A; m 2 M; 1m = m. �¥¢ë¬ ¬®¤ã«¥¬ ­ ¤ A, ¨«¨ «¥¢ë¬ A-¬®¤ã«¥¬, ­ §ë¢ ¥âáï áã-
¯¥à¯à®áâà ­áâ¢® M , ­  ª®â®à®¬ § ¤ ­® «¥¢®¥ A-¤¥©áâ¢¨¥. �®­ïâ¨¥ ¯à ¢®£® A-¬®¤ã«ï
¢¢®¤¨âáï  ­ «®£¨ç­®. �ãáâì C-ª®¬¬ãâ â¨¢­® ï áã¯¥à «£¥¡à . �®£¤  ª ¦¤ë© «¥¢ë© C-
¬®¤ã«ì ¬®¦­® ¯à¥¢à â¨âì ¢ ¯à ¢ë© C-¬®¤ã«ì (¨ ­ ®®¡®à®â):

mc =

(
(�1)

p(m)p(c)
cm

(�1)
(p(m)+1)p(c)

cm
; (2.3)

£¤¥ c 2 C;m 2M . �âàãªâãàë «¥¢®£® ¨ ¯à ¢®£® ¬®¤ã«ï ­  M á®£« á®¢ ­ë ¢ á«¥¤ãîé¥¬
á¬ëá«¥:

(am) b = a (mb) ; a;b 2 C; m 2M: (2.4)

�­®¦¥áâ¢® C-£®¬®¬®àä¨§¬®¢ ¨§ M ¢ N ï¢«ï¥âáï ¯®¤áã¯¥à¯à®áâà ­áâ¢®¬ ¢
Hom (M;N) ;ª®â®à®¥ ®¡®§­ ç ¥âáï ç¥à¥§ HomC (M;N) . �®£¤  M = N , áã¯¥à¯à®-
áâà ­áâ¢® HomC (M;N) ®¡®§­ ç ¥âáï ç¥à¥§ End C (M) ­ §ë¢ îâáï  ¢â®¬®àä¨§¬ ¬¨
M , ¨ ®­¨ ®¡à §ãîâ £àã¯¯ã GLC (M). �¯à¥¤¥«¨¬ ­  áã¯¥à¯à®áâà ­áâ¢¥ HomC (M;C)
áâàãªâãàã C-¬®¤ã«ï, ¯®« £ ï

(cF) (m) = c (F (m)) ; (Fc) (m) = F (cm) ; (2.5)

£¤¥ F 2 HomC (M;C). �§ ä®à¬ã« (2.3) ¨ (2.5) ­¥¬¥¤«¥­­® á«¥¤ã¥â, çâ®

cF = (�1)
p(c)p(F)

Fc (2.6)

�¥­§®à­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ C-¬®¤ã«¥© M ¨ N ­ §ë¢ ¥âáï â¥­§®à­®¥ ¯à®¨§¢¥-
¤¥­¨¥ áã¯¥à¯à®áâà ­áâ¢ M 
 N , ¯à®ä ªâ®à¨§¨à®¢ ­­®¥ ¯® á®®â­®è¥­¨ï¬ mc 
 n =
m
 cn, £¤¥ m 2M , n 2 N , c 2 C. �¡®§­ ç¨¬ ä ªâ®à¯à®áâà ­áâ¢® ç¥à¥§ M 
CN . � 
áã¯¥à¯à®áâà ­áâ¢¥ M 
� N áâàãªâàãà  C-¬®¤ã«ï ¢¢®¤¨âáï ¯® ä®à¬ã« ¬ c (m
 n) =
cm 
 n; (m
 n) c = m 
 nc. �¥£ª® ¯à®¢¥àï¥âáï, çâ® C-¬®¤ã«¨ (L 
CM) 
C N ¨
L 
C (M 
C N) ¥áâ¥áâ¢¥­­® ¨§®¬®àä­ë. �«¥¤®¢ â¥«ì­®, â ª®© C-¬®¤ã«ì ¬®¦­® ®¡®-
§­ ç¨âì ç¥à¥§ L 
C M 
C N . �á«¨ A ¨ B áãâì C- «£¥¡àë, â® ­  C-¬®¤ã«¥ A 
C B
¬®¦­® ¢¢¥áâ¨ áâàãªâãàã C- «£¥¡àë, ¯®« £ ï

c (a
 b) = ca
 b; c 2 C; a 2 A; b 2 B: (2.7)
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2.2 � §¤¥« 2.

�¥£ª® ¯à®¢¥à¨âì, çâ® ¨§®¬®àä¨§¬ C-¬®¤ã«¥© T : A
C B! B
C A á®£« á®¢ ­ á ã¬­®-
¦¥­¨¥¬ ¨ ï¢«ï¥âáï ¯®íâ®¬ã ¨§®¬®àä¨§¬®¬ C- «£¥¡à. �ãáâì I -¬­®¦¥áâ¢®, ¯à¥¤áâ ¢«¥­-
­®¥ ¢ ¢¨¤¥ ®¡ê¥¤¨­¥­¨ï ­¥¯¥à¥á¥ª îé¨åáï ¯®¤¬­®¦¥áâ¢ I0 ¨ I1 . � §¨á®¬ C-¬®¤ã«ï M
­ §ë¢ ¥âáï ­ ¡®à ®¤­®à®¤­ëå í«¥¬¥­â®¢ mi 2M , £¤¥ i 2 I , â ª®©, çâ® p (mi) = 0 ¯à¨
i 2 I0 ¨ p (mi) = 1 ¯à¨ i 2 I1 , ¯à¨ç¥¬ ª ¦¤ë© í«¥¬¥­â m ®¤­®§­ ç­® § ¯¨áë¢ ¥âáï
¢ ¢¨¤¥ áã¬¬ë

P
i

cimi , £¤¥ ¢á¥ ci 2 C, ªà®¬¥ ª®­¥ç­®£® ç¨á« , à ¢­ë ­ã«î. C-¬®¤ã«ì

­ §ë¢ ¥âáï á¢®¡®¤­ë¬, ¥á«¨ ¢ ­¥¬ ¬®¦­® ¢ë¡à âì ¡ §¨á, á®®â¢¥âáâ¢ãîé¨© ­¥ª®â®à®¬ã
­ ¡®àã ¨­¤¥ªá®¢.

2.2. �ã¯¥à¬ âà¨ç­ ï  «£¥¡à 
�ã¯¥à¬ âà¨ç­®© áâàãªâãà®© ­ §®¢¥¬ ¬ âà¨ç­ãî áâàãªâãàã á ¯à¨¯¨á ­­®©

ª ¦¤®© áâà®ª¥ ¨ ª ¦¤®¬ã áâ®«¡æã ç¥â­®áâìî. �¥â­®áâì i-© áâà®ª¨ ®¡®§­ ç¨¬ prow (i),
ç¥â­®áâì j -áâ®«¡æ  | pcol (j). �¡ëç­® áã¯¥à¬ âà¨ç­ ï áâàãªâãà  ¡ã¤¥â ¢ë¡¨à âìáï
â ª, çâ®¡ë ¢á¥ ç¥â­ë¥ áâà®ª¨ ¨ áâ®«¡æë è«¨ á­ ç « ,   ­¥ç¥â­ë¥ | ¯®â®¬. � ª ï

áã¯¥à¬ âà¨ç­ ï áâàãªâãà  ¡ã¤¥â ­ §ë¢ âìáï áâ ­¤ àâ­®© �). �â ­¤ àâ­ãî áã¯¥à¬ -
âà¨ç­ãî áâàãªâãàã ¬®¦­® § ¯¨áë¢ âì ¢ ¡«®ç­®¬ 2� 2 ¢¨¤¥:

M =

�
R S
T U

�
; (2.8)

£¤¥ R;S;T;U | ¬ âà¨ç­ë¥ áâàãªâãàë, á®£« á®¢ ­­ë¥ á ¤¥«¥­¨¥¬ áâà®ª ¨ áâ®«¡æ®¢
­  ç¥â­ë¥ ¨ ­¥ç¥â­ë¥. � á«ãç ¥ ®¡®¡é¥­­®© Z3 áã¯¥àá¨¬¬¥âà¨¨ [36] áã¯¥à¬ âà¨ç­ ï
áâàãªâãà  ®¯¨áë¢ ¥âáï ¡«®ç­®© 3� 3 ¬ âà¨æ¥© [37]. �á«¨ áã¯¥à¬ âà¨ç­ ï áâàãªâãà 
á®¤¥à¦¨â p ç¥â­ëå ¨ q ­¥ç¥â­ëå áâà®ª ¨ m ç¥â­ëå ¨ n ­¥ç¥â­ëå áâ®«¡æ®¢, â® à §¬¥à
íâ®© áâàãªâãàë à ¢¥­ (pjq) � (mjn). �®àï¤ª®¬ áã¯¥à¬ âà¨ç­®© áâàãªâãàë à §¬¥à 
(pjq) � (pjq) ­ §ë¢ ¥âáï ¯ à  ­ âãà «ì­ëå ç¨á¥« (pjq). �ã¯¥à¬ âà¨ç­ë¥ áâàãªâãàë

¯®àï¤ª  (pjq) á®®â¢¥âáâ¢ãîâ í«¥¬¥­â ¬ Hom
�
�pjq

;�pjq
�

.

�ãáâì § ¤ ­  áã¯¥à¬ âà¨ç­ ï áâàãªâãà  M ¨ ­¥ª®â®à®¥ áã¯¥à¯à®áâà ­áâ¢®
�. � âà¨æ¥© á í«¥¬¥­â ¬¨ ¨§ � ­ §ë¢ ¥âáï ¬­®¦¥áâ¢® fXij j Xij 2 �g, á®®â¢¥â-
áâ¢ãîé¥¥ ª«¥âª ¬ áã¯¥à¬ âà¨ç­®© áâàãªâãàë M. �¯à¥¤¥«¨¬ ­  «¨­¥©­®¬ ¯à®áâà ­-
áâ¢¥ ¬ âà¨æ á í«¥¬¥­â ¬¨ ¨§ � ç¥â­®áâì á«¥¤ãîé¨¬ ®¡à §®¬: p (M) = 0; ¥á«¨
p (Xij) + prow (i) + pcol (j) = 0; ¨ p (X) = 1; ¥á«¨ p (Xij) + prow (i) + pcol (j) = 1; ¤«ï
¢á¥å i; j . �¥£ª® ¯à®¢¥à¨âì, çâ® ®â­®á¨â¥«ì­® â ª¨¬ ®¡à §®¬ ¢¢¥¤¥­­®© ç¥â­®áâ¨ «¨-
­¥©­®¥ ¯à®áâà ­áâ¢® ¬ âà¨æ ¯à¥¢à é ¥âáï ¢ áã¯¥à¯à®áâà ­áâ¢®. �á«¨ áã¯¥à¬ âà¨ç-
­ ï áâàãªâãà  áâ ­¤ àâ­ , â® ®¯à¥¤¥«¥­¨¥ ç¥â­®áâ¨ ¬ âà¨æ (2.8) ¬®¦­® ¯¥à¥¯¨á âì ¢
¢¨¤¥ p (M) = 0; ¥á«¨ p (Rij) = p (Ukl) = 0; p (Sil) = p (Tkj) = 1, ¨ p (X) = 1; ¥á«¨

p (Rij) = p (Ukl) = 1; p (Sil) = p (Tkj) = 0.

�¢¥¤¥¬ ­  áã¯¥à¯à®áâà ­áâ¢¥ ¬ âà¨æ à §¬¥à  (pjq) � (mjn) á í«¥¬¥­â ¬¨ ¨§
ª®¬¬ãâ â¨¢­®© áã¯¥à «£¥¡àë C áâàãªâãàã C-¬®¤ã«ï, ¯®« £ ï

(Mc)
ij

= (�1)
p(c)pcol(j) Xijc; (cX)

ij
= (�1)

p(c)prow(i) cXij: (2.9)

�âã áâàãªâãàã ¬®¦­® § ¤ âì ¨ ¤àã£¨¬, íª¢¨¢ «¥­â­ë¬ ®¡à §®¬,   ¨¬¥­­®, ®¯à¥-
¤¥«¨¢ ¤«ï ª ¦¤®© ¯ àë æ¥«ëå ç¨á¥« (pjq) £®¬®¬®àä¨§¬ áã¯¥à «£¥¡à C!MatC (pjq) ;
ª®â®àë© ª ¦¤®¬ã í«¥¬¥­âã c 2 C áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¤¨ £®­ «ì­ãî ¬ âà¨æã

scalar pjq (C) = diag
�
c; : : : ; c; (�1)

p(c)
c; : : : ; (�1)

p(c)
c
�

(2.10)

á® áâ ­¤ àâ­®© áã¯¥à¬ âà¨ç­®© áâàãªâãà®©. �¥¯¥àì áâàãªâãàã C-¬®¤ã«ï ­  áã¯¥à¯à®-
áâà ­áâ¢¥ ¬ âà¨æ à §¬¥à  (p; q)� (m;n) ¬®¦­® ¢¢¥áâ¨ ¯® ä®à¬ã«¥

cM = scalar pjq (C) �M = M � scalarmjn (C) : (2.11)

�à¨¬¥ç ­¨¥. �¥áâ ­¤ àâ­ë¥ áã¯¥à¬ âà¨ç­ë¥ áâàãªâãàë (ª®£¤  ­¥ç¥â­ë¥ í«¥¬¥­âë à á¯®« £ îâáï
­¥ ¡«®ª ¬¨,   ¯® ¤¨ £®­ «ï¬) à áá¬ âà¨¢ «¨áì ¢ [35].
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� §¤¥« 2. 2.3

�§  áá®æ¨ â¨¢­®áâ¨ ¬ âà¨ç­®£® ã¬­®¦¥­¨ï á«¥¤ã¥â, çâ®

(áX) Y = c (XY) ; (Xc)Y = X (cY) ; X (Yc) = (XY) c (2.12)

¯à¨ X;Y 2 Mat (pjq; C). �«¥¤®¢ â¥«ì­®, áã¯¥à «£¥¡à  MatC (pjq) ï¢«ï¥âáï C- «£¥¡à®©.
�ãáâì M=(Xij) | ¬ âà¨æ  à §¬¥à  (p; q) � (m;n) á í«¥¬¥­â ¬¨ ¨§ áã¯¥à¯à®-

áâà ­áâ¢  �. �ã¯¥àâà ­á¯®­¨à®¢ ­­®© ª ­¥© ­ §®¢¥¬ ¬ âà¨æã à §¬¥à  (m;n) �
(p; q) ;í«¥¬¥­âë ª®â®à®© ¨¬¥îâ ¢¨¤:�

Mst
�
ij

= (�1)
(prow(i)+pcol(j))(p(X)+prow(i)) Xji =

(�1)
(prow(i)+pcol(j))(p(X)+pcol(j)) Xji; (2.13)

  áã¯¥à¬ âà¨ç­ ï áâàãªâãà  ®¯à¥¤¥«ï¥âáï ¥áâ¥áâ¢¥­­ë¬ ®¡à §®¬. � ä®à¬ã«¥ (2.13)
ç¥â­®áâ¨ prow (i) ; pcol (j) ¡¥àãâáï á®£« á®¢ ­® á áã¯¥à¬ âà¨ç­®© áâàãªâãà®© ¬ âà¨æë
M. � ª ã¢¨¤¨¬, ¯à¨ â ª®¬ ¢ë¡®à¥ §­ ª®¢ ¯¥à¥å®¤ ®â ¬ âà¨æë C-«¨­¥©­®£® ®¯¥à â®à 
®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî áã¯¥àâà ­á¯®­¨à®¢ ­¨ï. �á«¨ áã¯¥à¬ âà¨ç­ ï áâàãªâãà 
¨¬¥¥â áâ ­¤ à­ë© ¢¨¤, â® ä®à¬ã«  (2.13) ¤ ¥â

Mst =

�
R S
T U

�st
=

 
RT TT

�ST UT

!
; (2.14)

¥á«¨ p (M) = 0; ¨

Mst =

�
R S
T U

�
st

=

 
RT �TT

ST UT

!
; (2.15)

¥á«¨ p (M) = 1:�¢ ¦¤ë âà ­á¯®­¨à®¢ ­­ ï ¬ âà¨æ  ¨¬¥¥â ¢¨¤: �
R S
T U

�st!st
=

�
R �S
�T U

�
: (2.16)

�«¥¤®¢ â¥«ì­®, ¯®àï¤®ª áã¯¥àâà ­á¯®­¨à®¢ ­¨ï à ¢¥­ 4.

2.3. �ã¯¥àá«¥¤ ¨ áã¯¥à¤¥â¥à¬¨­ ­â
�ãáâì C | ª®¬¬ãâ â¨¢­ ï áã¯¥à «£¥¡à . �­ «®£®¬ ®¡ëç­®© ¬ âà¨ç­®©  «£¥¡àë

ï¢«ï¥âáï áã¯¥à «£¥¡à  MatC (pjq). �ã¯¥àá«¥¤®¬ ­ §ë¢ ¥âáï £®¬®¬®àä¨§¬ áã¯¥à «£¥¡à
str : MatC (pjq)! C, ®¯à¥¤¥«ï¥¬ë© ¯® ä®à¬ã«¥

str M =
X
i;j

(�1)
(p(X)+1)prow(i) Xij =

X
i;j

(�1)
(p(Xij)+1)prow(i) Xij: (2.17)

�­ ç¥ £®¢®àï, ¥á«¨ M=

�
R S
T U

�
, â®

str M =tr R� tr U (2.18)

¤«ï ç¥â­ëå ¬ âà¨æ p (M) = 0 ¨

str M =tr R+tr U (2.19)

¤«ï ­¥ç¥â­ëå ¬ âà¨æ p (M) = 1:

�¯à¥¤¥«¥­¨¥ 2.2. �â®¡à ¦¥­¨¥ str : MatC (pjq) ! C ï¢«ï¥âáï C-«¨­¥©­ë¬ £®-
¬®¬®àä¨§¬®¬.

str Mst = str M; str� (M) = (�1)
p(X)+1

str M: (2.20)

�ãáâì X-¬ âà¨æ  à §¬¥à  (pjq)� (mjn), Y-¬ âà¨æ  à §¬¥à  (mjn)� (pjq). �®£¤ 

str XY = (�1)
p(X)p(Y)

str YX: (2.21)
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2.4 � §¤¥« 2.

� ç áâ­®áâ¨, ¥á«¨ X;D 2 Mat C (pjq), £¤¥ D ¥áâì ç¥â­ ï ®¡à â¨¬ ï ¬ âà¨æ ,â®

str DXD�1 = str X: (2.22)

�ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ GL (pjq; C) ¬ã«ìâ¨¯«¨ª â¨¢­ãî £àã¯¯ã ç¥â­ëå ®¡à â¨-
¬ëå í«¥¬¥­â®¢ ¨§ Mat C (pjq). �â  £àã¯¯  ï¢«ï¥âáï  ­ «®£®¬ ®¡ëç­®© ®¡é¥© «¨­¥©­®©
£àã¯¯ë. �¯à¥¤¥«¨¬ £®¬®¬®àä¨§¬ £àã¯¯ë GL (pjq; C) ¢ £àã¯¯ã C�

0 ®¡à â¨¬ëå í«¥¬¥­-
â®¢ ¨§ C0 |  ­ «®£ ®¡ëç­®£® ®¯à¥¤¥«¨â¥«ï, ¯®«®¦¨¢

Ber M = det
�
R� SU�1T

�
det U�1

: (2.23)

�¥¬¬  2.3. �ãáâì C-­¥ª®â®à ï ª®¬¬ãâ â¨¢­ ï áã¯¥à «£¥¡à , ®â®¡à ¦¥­¨¥ � :
C ! C=idC1 | ª ­®­¨ç¥áª ï ¯à®¥ªæ¨ï ¨ � : Mat C (pjq) ! Mat �[C] (pjq) | á®®â¢¥â-

áâ¢ãîé¨© £®¬®¬®àä¨§¬ ¬ âà¨ç­ëå  «£¥¡à. � âà¨æ  M 2 Mat C (pjq) ®¡à â¨¬ 
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¡à â¨¬ í«¥¬¥­â � [M] 2 Mat �[C] (pjq).

� á¨«ã �¥¬¬ë 2.3 ¬ âà¨æ  U ®¡à â¨¬ , ¨ í«¥¬¥­âë ¬ âà¨æ R� SU�1T ¨
U «¥¦ â ¢ ª®¬¬ãâ â¨¢­®©  «£¥¡à¥ C0 . �®íâ®¬ã ¢á¥ ®¯à¥¤¥«¨â¥«¨ ¨¬¥îâ á¬ëá« ¨
Ber M 2 C�

0 . �ã­ªæ¨ï Ber ­ §ë¢ ¥âáï ¡¥à¥§¨ ­¨­®¬. �ã¯¥àá«¥¤ ¨ ¡¥à¥§¨­¨ ­ á¢ï§ ­ë
â®ç­® â ª ¦¥, ¨ ®¡ëç­ë© á«¥¤ ¨ ¤¥â¥à¬¨­ ­â. � ¨¬¥­­®:

Ber M = exp str lnM; (2.24)

¥á«¨ ¯à ¢ ï ¨ «¥¢ ï ç áâ¨ (2.24) ®¯à¥¤¥«¥­ë. � ®â«¨ç¨¥ ®â ¤¥â¥à¬¨­ ­â  ¡¥à¥§¨­¨ ­
®¯à¥¤¥«¥­ ­¥ ­  ¢á¥¬ ¬­®¦¥áâ¢¥ Mat C (pjq) (á¬. �ã­ªâ 2.5).

�¥®à¥¬  2.4. �ãáâì XY2 GLC (pjq), â®£¤ 
Ber XY =BerX � BerY: (2.25)

�¯à¥¤¥«¥­¨¥ 2.5. �ã¯¥à¬ âà¨ç­ ï äã­ªæ¨ï str ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬ C-
¬®¤ã«¥©,   Ber | £®¬®¬®àä¨§¬®¬ £àã¯¯.

�ãáâì �; N -á¢®¡®¤­ë¥ C-¬®¤ã«¨, X2 End C (M) ¨ Y 2 End C (N),   V 2
GLC (M) ;W 2 GLC (N). �®£¤ 

str (X�Y) = str X + str Y; (2.26)

Ber V�W = BerV �Ber W: (2.27)

�á«¨ X 2 HomC (M;N) ¨ Y 2 HomC (M;N), â®

strXY = (�1)
p(X)p(Y )

str Y X: (2.28)

2.4. �âà ­­ë¥ áã¯¥à «£¥¡à , á«¥¤ ¨ ¤¥â¥à¬¨­ ­â

�¯à¥¤¥«¨¬ áã¯¥à «£¥¡àã Q (n) , ª®â®à ï ï¢«ï¥âáï ¥é¥ ®¤­¨¬  ­ «®£®¬ ¬ âà¨ç-
­®©  «£¥¡àë. �­â¥à¥á ª ­¥© ¢ ¯®á«¥¤­¥¥ ¢à¥¬ï ¢®§®¡­®¢¨«áï ¢ á¢ï§¨ á ­®¢ë¬¨ á¢®©-
áâ¢ ¬¨ ¨­¢ à¨ ­â­ëå äã­ªæ¨© ­  áã¯¥à «£¥¡à å �¨ [38{44] ¨ ¨å ª¢ ­â®¢ ­ëå ¢¥à-
á¨ïå [45,46].

�ãáâì A | ¯à®¨§¢®«ì­ ï áã¯¥à «£¥¡à . �«£¥¡à  Q (A) á®áâ®¨â ¨§ ¢ëà ¦¥­¨©
¢¨¤  a + "b, £¤¥ a;b 2 A. �«®¦¥­¨¥ ¢ëà ¦¥­¨© a + "b ®¯à¥¤¥«ï¥âáï ¥áâ¥áâ¢¥­­ë¬
®¡à §®¬,   áâàãªâãàë áã¯¥à¯à®áâà ­áâ¢  ¨ áã¯¥à «£¥¡àë ¢¢®¤ïâáï ¯® ä®à¬ã« ¬

(Q (A))
i

= Ai + "Ai�1; (2.29)

(a + "b) (c + "d) =
�
ac� (�1)

p(b)
bd
�

+ "

�
bc + (�1)

p(a)
ad
�
: (2.30)
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� §¤¥« 2. 2.4

�ãáâì C-ª®¬¬ãâ â¨¢­ ï áã¯¥à «£¥¡à . �®£¤  Q (C) ¬®¦­® ®¯à¥¤¥«¨âì ª ª à áè¨à¥­¨¥

áã¯¥à «£¥¡àë C á ¯®¬®éìî ®¤­®£® í«¥¬¥­â  " â ª®£®, çâ® p (") = 1; "2 = �1 ¨
["; c] = 0 ¤«ï «î¡®£® c 2 C. �á«¨ áã¯¥à «£¥¡à  A ï¢«ï¥âáï C- «£¥¡à®©, â® Q (A) �=
Q (C)
CA. �¥¬ á ¬ë¬ Q (A) â®¦¥ ï¢«ï¥âáï C- «£¥¡à®©. �§ ®¯à¥¤¥«¥­¨ï áã¯¥à «£¥¡àë
Q (A) á«¥¤ã¥â, çâ® (Q (A))0 ï¢«ï¥âáï  «£¥¡à®©. �¬¥¥âáï ¨§®¬®àä¨§¬  «£¥¡à (­® ­¥

áã¯¥à «£¥¡à!) (Q (A))0 ! A;§ ¤ ¢ ¥¬ë© ä®à¬ã«®© a + "b 7�! a + b; £¤¥ a 2 A0 ,

b 2 A1 . �á«¨ áã¯¥à «£¥¡à  A  áá®æ¨ â¨¢­ , â®  áá®æ¨ â¨¢­  ¨ áã¯¥à «£¥¡à  Q (A) :
�á«¨ A |  «£¥¡à  á ¥¤¨­¨æ¥©, â® Q (A) | ­¥ª®¬¬ãâ â¨¢­ .

�®«®¦¨¬ Q� (n) = Q (Mat � (nj0)) ; £¤¥ C | ª®¬¬ãâ â¨¢­ ï áã¯¥à «£¥¡à . �ë
¡ã¤¥¬ ç áâ® à áá¬ âà¨¢ âì Q� (n) ª ª ¯®¤ «£¥¡àã ¢ Mat � (njn), ¯à¨ç¥¬ ¢«®¦¥­¨¥
Q� (n)!Mat � (njn) ¯à®¢®¤¨âáï ¯® ä®à¬ã«¥

A + "B 7�!
 

A (�1)
p(B)+1

B

B (�1)
p(A)

A

!
; (2.31)

£¤¥ A;B 2 Mat C (nj0). �  ¯®¤áã¯¥à «£¥¡à¥ QC (n) � Mat � (njn) áã¯¥àá«¥¤ â®¦¤¥-
áâ¢¥­­® à ¢¥­ ­ã«î. �ë ®¯à¥¤¥«¨¬ ­  QC (n) otr : QC (n) ! C (otr | ­¥ç¥â­ë©,
"áâà ­­ë©"), ¯®« £ ï

otr (A+ "B) = strB: (2.32)

�¯à¥¤¥«¥­¨¥ 2.6. �â®¡à ¦¥­¨¥ otr : QC (n) ! C ¥áâì ­¥ç¥â­ë© £®¬®¬®àä¨§¬
C-¬®¤ã«¥©.

otr XY = (�1)
p(X)p(Y)

otr YX;

¥á«¨ X;Y 2 QC (n).

�¡®§­ ç¨¬ ç¥à¥§ GQC (n) £àã¯¯ã ç¥â­ëå ®¡à â¨¬ëå í«¥¬¥­â®¢ ¨§ QC (n). �­ 
ï¢«ï¥âáï ­¥ç¥â­ë¬ ("áâà ­­ë¬")  ­ «®£®¬ ¯®«­®© «¨­¥©­®© £àã¯¯ë. \�âà ­­ë¥"  ­ -
«®£¨ ¤«ï ¤àã£¨å £àã¯¯ ¯®«ãç¥­ë ¢ [42].

�àã¯¯ã GQC (n) ¬®¦­® à áá¬ âà¨¢ âì ª ª ¯®¤£àã¯¯ã ¢ GLC (njn), á®®â®ïéãî
¨§ ¬ âà¨æ M ¢¨¤ 

M =

�
A �B
B A

�
: (2.33)

�àã£ ï à¥ «¨§ æ¨ï: £àã¯¯  GQC (n) ¨§®¬®àä­  £àã¯¯¥ ¢á¥å ®¡à â¨¬ëå ¬ âà¨æ
¨§ Mat � (nj0), ¯à¨ç¥¬ ¨§®¬®àä¨§¬ § ¤ ¥âáï ä®à¬ã«®© A + "B! A + B.

�¥¬¬  2.7. �  ¢á¥å ¬ âà¨æ å ¯®¤£àã¯¯ë GQC (n) � GLC (njn) ¡¥à¥§¨­¨ ­ â®¦¤¥-
áâ¢¥­­® à ¢¥­ 1.

�¯à¥¤¥«¨¬ â¥¯¥àì ­¥ç¥â­ë© ¤¥â¥à¬¨­ ­â qet : GQC (n) ! C1 . �«ï ª ¦¤®©
­¥ç¥â­®© ¬ âà¨æë M 2 Mat � (nj0) ¯®«®¦¨¬

F (M) =
X
i�0

1

2i+ 1
str M2i+1

: (2.34)

�  á ¬®¬ ¤¥«¥ íâ  áã¬¬  ª®­¥ç­ , â ª ª ª X
k = 0 ¯à¨ k > n

2 . �â¬¥â¨¬ â ª¦¥,
çâ® F2k = 0. �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ qet : GQC (n)! C1 ( qet | queer, "áâà ­­ë©"
¤¥â¥à¬¨­ ­â) ä®à¬ã«®©

qet (A + "B) = F

�
A�1B

�
=
X
i�0

1

2i + 1
str

�
A�1B

�2i+1
: (2.35)
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2.5 � §¤¥« 2.

�à®¨áå®¦¤¥­¨¥ íâ®© ä®à¬ã«ë â ª®¢®. �ë å®â¨¬ ®¯à¥¤¥«¨âì £®¬®¬®àä¨§¬
qet : GQC (n) ! C1 , á®®â¢¥âáâ¢ãîé¨© ­¥ç¥â­®¬ã á«¥¤ã otr . �à®¬¥ â®£®, qet ¤®«¦¥­
à ¢­ïâìáï ­ã«î ­  í«¥¬¥­â å ¨§ GLC (nj0). �á«¨ M = "B, â® ¥áâ¥áâ¢¥­­® ¯®«®¦¨âì

qet (1 + M) = otr ln (1 + M) =
X
i�0

1

2i+ 1
str B2i+1

; (2.36)

çâ® ¨ ¯à¨¢®¤¨â ª ¤ ­­®¬ã ®¯à¥¤¥«¥­¨î [32,47,48].

�¯à¥¤¥«¥­¨¥ 2.8. �ãáâì I � C | ¨¤¥ « ¨ M 2 QI (n). �®£¤ 

qet (1 + M) = otr MmodI2: (2.37)

�¥®à¥¬  2.9. �á«¨ X;Y 2 GQC (n) , â®

qet XY = qetX + qet Y: (2.38)

�­ ç¥ £®¢®àï, qet ¥áâì £®¬®¬®àä¨§¬ £àã¯¯ [32].

2.5. �¤¥ «ë (1j1)� (1j1) áã¯¥à¬ âà¨æ
� áá¬®âà¨¬ ¯®¤à®¡­¥¥ ¯®«ã£àã¯¯®¢ãî áâàãªâãàã áã¯¥à¬ âà¨æ ¨§ Mat� (1j1).

�¡®§­ ç¨¬

M
0 = fM 2 Mj � (a) 6= 0g ; (2.39)

M
00 = fM 2 Mj � (b) 6= 0g ; (2.40)

J
0 = fM 2 Mj � (a) = 0g ; (2.41)

J
00 = fM 2 Mj � (b) = 0g : (2.42)

�®£¤  M = M
0[J0 =M00[J00 ¨ M0\J0 =?, M00\I00 = ?, ¯®íâ®¬ã Minv = M

0\M00 ¨ T � M00 .
�¥à¥§¨­¨ ­ Ber M å®à®è® ®¯à¥¤¥«¥­ â®«ìª® ¤«ï áã¯¥à¬ âà¨æ ¨§ M

00 ¨ ®¡à -

â¨¬, ª®£¤  M 2 Minv . �® ¤«ï áã¯¥à¬ âà¨æ ¨§ M0 ®¡à â­ë© í«¥¬¥­â (BerM)
�1

å®à®è®

®¯à¥¤¥«¥­ ¨ ®¡à â¨¬, ¥á«¨ M 2 Minv [33]. �â­®á¨â¥«ì­® ã¬­®¦¥­¨ï áã¯¥à¬ âà¨æ (�)
¬­®¦¥áâ¢® M ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ã£àã¯¯ã M

def

= fM; �g ¢á¥å (1j1)-¬¥à­ëå áã¯¥à-

¬ âà¨æ, ¨ ¬­®¦¥áâ¢® M
inv ¯à¥¤áâ ¢«ï¥â ¯®¤£àã¯¯ã G

def

= fMinv; �g � M. � áâ ­¤ àâ-

­®¬ ¡ §¨á¥ Minv ¯à¥¤áâ ¢«ï¥â ¯®«­ãî «¨­¥©­ãî £àã¯¯ã GL� (1j1) [33]. �®¤¬­®¦¥áâ¢®
J � M ¯à¥¤áâ ¢«ï¥â ¨¤¥ « ¯®«ã£àã¯¯ë M [30].

�à¥¤«®¦¥­¨¥ 2.10. 1) �­®¦¥áâ¢  J, J0 ¨ J
00 ¯à¥¤áâ ¢«ïîâ ¨§®«¨à®¢ ­­ë¥ ¨¤¥-

 «ë ¯®«ã£àã¯¯ë M.

2) �­®¦¥áâ¢  Minv , M
0

¨ M
00 | ä¨«ìâàë ¯®«ã£àã¯¯ë M.

3) �­®¦¥áâ¢  M
0 ¨ M

00 ¯à¥¤áâ ¢«ïîâ ¯®¤¯®«ã£àã¯¯ë ¯®«ã£àã¯¯ë M, ¯à¨

íâ®¬ M
0 =Minv

S
J
0 ¨ M

00 =Minv
S
J
00 , £¤¥ á®®â¢¥âáâ¢ãîé¨¥ ¨§®«¨à®¢ ­­ë¥ ¨¤¥ «ë

K
0 = M

0 nMinv = M
0 \ J00 ¨ K

00 = M
00 nMinv = M

00 \ J0 .
4) �¤¥ « I ¯®«ã£àã¯¯ë M ¯à¥¤áâ ¢«¥­ ¬­®¦¥áâ¢®¬ J = J

0 [K0 = J
00 [K00

:

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬ M3 = M1M2 , â®£¤  a3 = a1a2 + �1�2 ¨ b3 = b1b2 + �1�2 .
�§ï¢ ç¨á«®¢ãî ç áâì, ¬ë ¢ë¢®¤¨¬ � (a3) = � (a1) � (a2) ; ¨ � (b3) = � (b1) � (b2) : � «¥¥
¨á¯®«ì§ã¥¬ ®¯à¥¤¥«¥­¨ï ¯®¤¯®«ã£àã¯¯ ¨ ¨¤¥ «®¢ ¨§ �ã­ªâ  1. �
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������ 3

�������������� ����������,
��������� �������� � ��������

� ­­ë© à §¤¥« ¯®á¢ïé¥­ ¨áá«¥¤®¢ ­¨î ¨¤¥ «ì­ëå á¢®©áâ¢ áã¯¥à¬ âà¨æ ¨ ¯®-
áâà®¥­¨î áã¯¥à¬ âà¨ç­ëå ¯®«ã£àã¯¯, ¢ ¦­ëå á â®çª¨ §à¥­¨ï ¨å ¯à¨«®¦¥­¨© ª áã-
¯¥àáâàã­­ë¬ â¥®à¨ï¬ ¨ ª ä¥­®¬¥­®«®£¨¨ áã¯¥àá¨¬¬¥âà¨ç­ëå ¬®¤¥«¥© í«¥¬¥­â à­ëå
ç áâ¨æ. � áá¬ âà¨¢ îâáï ®¡é¨¥ á¢®©áâ¢  ¨ ª« áá¨ä¨æ¨àãîâáï ¢®§¬®¦­ë¥ à¥¤ãªæ¨¨
áã¯¥à¬ âà¨æ, ¢¢®¤¨âáï ¯®­ïâ¨¥ ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ ¨ ¯®ª §ë¢ ¥âáï
¨å áãé¥áâ¢¥­­ ï à®«ì ª ª ­®¢®© ª â¥£®à¨¨ ¢ ¨§ãç¥­¨¨ áã¯¥à¬ âà¨ç­ëå ¯®¤áâàãªâãà.
�®à¬ã«¨àã¥âáï â¥®à¥¬  á«®¦¥­¨ï ¡¥à¥§¨­¨ ­®¢, ¢ à ¬ª å ª®â®à®© ¢¨¤­  ¤ã «ì­ ï
à®«ì ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ ¯® ®â­®è¥­¨î ª ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¬
(âà¥ã£®«ì­ë¬). �¡  â¨¯  áã¯¥à¬ âà¨æ ®¡ê¥¤¨­ïîâáï ¢ à §«¨ç­ë¥ áí­¤¢¨ç-¯®«ã£àã¯¯ë
á ­¥®¡ëç­ë¬¨ á¢®©áâ¢ ¬¨. �¢®¤ïâáï ­®¢ë¥ â¨¯ë áã¯¥à¬®¤ã«¥© | ­¥ç¥â­ë¥ áã¯¥à¬®-
¤ã«¨, ­¥ç¥â­®¥  ­â¨âà ­á¯®­¨à®¢ ­¨¥, ¯à¥¤áâ ¢«¥­¨ï áâà ­­®© áã¯¥à «£¥¡àë �¥à¥-
§¨­ . � áá¬ âà¨¢ ¥âáï ¯àï¬ ï áã¬¬  à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ, £¤¥ ®¯à¥¤¥«ïîâáï
­¥ç¥â­ë¥  ­ «®£¨ á®¡áâ¢¥­­ëå ç¨á¥« ¨ å à ªâ¥à¨áâ¨ç¥áª¨å äã­ªæ¨©, áä®à¬ã«¨à®¢ ­ 
®¡®¡é¥­­ ï â¥®à¥¬  � ¬¨«ìâ®­ -�ª®¡¨.

�®¤à®¡­®  ­ «¨§¨àã¥âáï ¨¤¥ «ì­ ï áâàãªâãà  ¬­®£®¯ à ¬¥âà¨ç¥áª¨å ¯®«ã-
£àã¯¯ ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ. �§ãç îâáï ­¥¯à¥àë¢­ë¥ ¯à¥¤áâ ¢«¥­¨ï
¯®«ã£àã¯¯®¢ëå á¢ï§®ª ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¬¨ áã¯¥à¬ âà¨æ ¬¨  ­â¨âà¥ã£®«ì­®£®
¢¨¤  ¨ ¢¢®¤¨âáï ­®¢ë© â¨¯ á¢ï§®ª | áªàãç¥­­ ï ¯àï¬®ã£®«ì­ ï á¢ï§ª . �«ï ¢ëáè¨å
á¢ï§®ª ®¯à¥¤¥«ïîâáï ®¡®¡é¥­¨ï ®â­®è¥­¨© �à¨­  | â®­ª¨¥ ¨ á¬¥è ­­ë¥ ®â­®è¥­¨ï
íª¢¨¢ «¥­â­®áâ¨, ª®â®àë¥ ¯à¨¢®¤ïâ ª ®¡®¡é¥­­ë¬ ¬­®£®¬¥à­ë¬ eggbox ¤¨ £à ¬¬ ¬ ¨
ï¢«ïîâáï ¯à®¤®«¦¥­¨¥¬ ®â­®è¥­¨© �à¨­  á ¯®¤¯®«ã£àã¯¯ ­  ¯®«ã£àã¯¯ã.

3.1. �«ìâ¥à­ â¨¢­ ï à¥¤ãªæ¨ï áã¯¥à¬ âà¨æ

�®£« á­® ®¡é¥© â¥®à¨¨ G-áâàãªâãà [49{52] à §«¨ç­ë¥ £¥®¬¥âà¨¨ ¯®«ãç îâáï
à¥¤ãªæ¨¥© áâàãªâãà­®© £àã¯¯ë ¬­®£®®¡à §¨ï M ª ­¥ª®â®à®© ¯®¤£àã¯¯¥ G í­¤®¬®à-
ä¨§¬®¢ ª á â¥«ì­®£® ¯à®áâà ­áâ¢  TM [53{55]. � «®ª «ì­®¬ ¯®¤å®¤¥ (¨á¯®«ì§ãï ª®-
®à¤¨­ â­®¥ ®¯¨á ­¨¥) íâ® ®§­ ç ¥â, çâ® ä ªâ¨ç¥áª¨ ­¥®¡å®¤¨¬® ¯à¥®¡à §®¢ âì á®®â-
¢¥âáâ¢ãîéãî ¬ âà¨æã ¯à®¨§¢®¤­ëå ¢ § ¤ ­­®¬ ¯à¥¤áâ ¢«¥­¨¨ ª ­¥ª®â®à®¬ã à¥¤ãæ¨à®-
¢ ­­®¬ã ¢¨¤ã. � ¯®¤ ¢«ïîé¥¬ ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ íâ®â ¢¨¤ ¡ë« âà¥ã£®«ì­ë¬ [49,54],
¨ ¤®¢®¤®¬ íâ®¬ã ¡ë«® ¯à®§à ç­®¥ ­ ¡«î¤¥­¨¥ ¨§ ®¡ëª­®¢¥­­®© â¥®à¨¨ ¬ âà¨æ, çâ®
âà¥ã£®«ì­ë¥ ¬ âà¨æë á®åà ­ïîâ ä®à¬ã ¨ ®¡à §ãîâ ¯®¤£àã¯¯ã [56{58]. �à®¬¥ â®£®,
ª®«ìæ  ¢¥àå­¥âà¥ã£®«ì­ëå ¬ âà¨æ ®¡« ¤ îâ ­¥âà¨¢¨ «ì­ë¬¨  «£¥¡à ¨ç¥áª¨¬¨ á¢®©-
áâ¢ ¬¨ [59].

� áã¯¥àá¨¬¬¥âà¨ç­ëå â¥®à¨ïå, ­¥á¬®âàï ­  ¢®§­¨ª­®¢¥­¨¥ ­¥ç¥â­ëå ¯®¤¯à®-
áâà ­áâ¢ ¨  ­â¨ª®¬¬ãâ¨àãîé¨å ¢¥«¨ç¨­, ¢ë¡®à ä®à¬ë à¥¤ãªæ¨¨ ®áâ ¢ «áï â¥¬ ¦¥
[55, 60{62]. �á­®¢ ­¨¥¬ íâ®¬ã ¡ë«® ¦¥« ­¨¥ ¯®«­®áâìî ®â®¦¤¥áâ¢¨âì ã¬­®¦¥­¨¥ ¢
¯®¤£àã¯¯ å áã¯¥à¬ âà¨æ á ã¬­®¦¥­¨¥¬ ®¡ëª­®¢¥­­ëå ¬ âà¨æ, ¨ ¢ëâ¥ª îé¥¥ ¨§ íâ®£®
¤®¯ãé¥­¨¥, çâ® ¢¨¤ ¬ âà¨æ, ®¡à §ãîé¨å ¯®¤áâàãªâãàã, ¤®«¦¥­ ¡ëâì ¯à¥¦­¨¬ [63{66].

�à¨ à áá¬®âà¥­¨¨ ¢ à¨ ­â®¢ ­¥âà¨¢¨ «ì­ëå áã¯¥àá¨¬¬¥âà¨ç­ëå ®¡®¡é¥­¨©
[10, 14] ¬®¦­® ¢¨¤¥âì, çâ® § ¬ëª ­¨¥ ã¬­®¦¥­¨ï â ª¦¥ ¬®¦¥â ¡ëâì ¤®áâ¨£­ãâ® ¨ ¤«ï
¤àã£¨å â¨¯®¢ ¯®¤áâàãªâãà, ­¥ â®«ìª® âà¥ã£®«ì­ëå, ¨§-§  áãé¥áâ¢®¢ ­¨ï ¤¨¢¨§®à®¢ ­ã«ï
¢  «£¥¡à¥ �à áá¬ ­  ¨«¨ ¢ ª®«ìæ¥, ­ ¤ ª®â®àë¬ ®¯à¥¤¥«ïîâáï áã¯¥à¯à®áâà ­áâ¢  ¨
áã¯¥à¬­®£®®¡à §¨ï [67, 68]. �®«¥¥ â®£®, â ª¨¥ áâàãªâãàë ¬®¦­® ®¡ê¥¤¨­¨âì á® áâ ­-
¤ àâ­ë¬¨ âà¥ã£®«ì­ë¬¨ ¢ ­¥ª®â®àãî ¡®«¥¥ ®¡éãî ª â¥£®à¨î, ª®â®à ï ¬®¦¥â ¨¬¥âì
¤ «ì­¥©è¥¥ ¯à¨¬¥­¥­¨¥,  ­ «®£¨ç­®¥ ¯®¤£àã¯¯ ¬. � ª¨¬ ®¡à §®¬,  ¡áâà ªâ­ë© á¬ëá«
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á®¡áâ¢¥­­® à¥¤ãªæ¨¨ [69,70] ¬®¦¥â ¡ëâì ¢ ¯à¨­æ¨¯¥ à áè¨à¥­ ¨ ¢¨¤®¨§¬¥­¥­, ª ª íâ®
¡ã¤¥â ¯®ª § ­® ­¨¦¥.

� [2, 10] (á¬. � §¤¥«ë 4 ¨ 5) ¡ë«¨ à áá¬®âà¥­ë ¢ à¨ ­âë â ª¨å à¥¤ãªæ¨© ¢
¯à¨¬¥­¥­¨¨ ª  ­ «®£ ¬ áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© | à¥¤ãæ¨à®¢ ­­ë¬ ¯à¥-
®¡à §®¢ ­¨ï¬, ª®â®àë¥ ¨¬¥îâ ¬­®£® ­¥®¡ëç­ëå á¢®©áâ¢. � ¯à¨¬¥à, ®­¨ ­¥®¡à â¨¬ë ¨
á¯«¥â îâ ç¥â­®áâì ª á â¥«ì­®£® ¯à®áâà ­áâ¢  ¢ áã¯¥àá¨¬¬¥âà¨ç­®¬ ¡ §¨á¥.

� ¤ ­­®¬ ¯®¤à §¤¥«¥ ¬ë ¨§ãç ¥¬ ®¡é¨¥ á¢®©áâ¢   «ìâ¥à­ â¨¢­®© à¥¤ãªæ¨¨ áã-
¯¥à¬ âà¨æ á ¡®«¥¥  ¡áâà ªâ­®© â®çª¨ §à¥­¨ï ¡¥§ á¢ï§¨ á ª®­ªà¥â­®© ä¨§¨ç¥áª®© ¬®-
¤¥«ìî [9]. �¤­ ª® ¬­®£¨¥ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¢ â¥®à¨¨
áã¯¥àáâàã­ [71] ¨ ¢ ä¥­®¬¥­®«®£¨¨ áã¯¥àá¨¬¬¥âà¨ç­ëå ¬®¤¥«¥© í«¥¬¥­â à­ëå ç -
áâ¨æ [72,73].

�¨­¥©­®¥ áã¯¥à¯à®áâà ­áâ¢® �pjq à §¬¥à­®áâ¨ (pjq) ­ ¤ � = �0 � �1 ®¯à¥¤¥-

«¥­® ¢ �à¨«®¦¥­¨¨ 2 (á¬. [33,34]). � §«¨ç­ë¥ ç¥â­ë¥ ¬®àä¨§¬ë Hom0

�
�pjq

;�mjn
�

¬¥¦¤ã «¨­¥©­ë¬¨ áã¯¥à¯à®áâà ­áâ¢ ¬¨ �pjq ! �mjn ®¯¨áë¢ îâáï ¯®áà¥¤áâ¢®¬ (pjq)�
(mjn)- áã¯¥à¬ âà¨æ ª ª ®¯¥à â®à®¢ ¢ ­¥ª®â®à®¬ ¡ §¨á¥ (á¬. [33] ¨ �à¨«®¦¥­¨¥ 2).

� â¥®à¨¨ áã¯¥àà¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥© [74] (1j1)� (1j1)-áã¯¥à¬ âà¨æë, ®¯¨áë-
¢ îé¨¥ £®«®¬®àä­ë¥ ¬®àä¨§¬ë ª á â¥«ì­®£® à áá«®¥­¨ï, ¨¬¥îâ âà¥ã£®«ì­ë© ¢¨¤ [63].
�¤¥áì ¬ë à áá¬ âà¨¢ ¥¬ á¯¥æ¨ «ì­ãî  «ìâ¥à­ â¨¢­ãî à¥¤ãªæ¨î áã¯¥à¬ âà¨æ. �«ï
ïá­®áâ¨ ¬ë ®£à ­¨ç¨¢ ¥¬áï (1j1) � (1j1)-áã¯¥à¬ âà¨æ ¬¨, çâ® ¯®§¢®«¨â ­ ¬ á®áà¥-
¤®â®ç¨âìáï ­  á ¬¨å ¨¤¥ïå, ­¥ áªàë¢ ï ¨å §  £à®¬®§¤ª¨¬¨ ä®à¬ã« ¬¨. �¡®¡é¥­¨¥
­  (pjq) � (mjn) á«ãç © ¯®­ïâ­® ¨ ¬®¦¥â ¡ëâì ¢ë¯®«­¥­® ¯®áà¥¤áâ¢®¬ í«¥¬¥­â à­ëå
¡«®ç­ëå ¯¥à¥®¡®§­ ç¥­¨©.

3.1.1. � ¥ ® ¡ à   â ¨ ¬ ® ¥ á â à ® ¥ ­ ¨ ¥ á ã ¯ ¥ à ¬   â à ¨ æ . � áâ ­¤ àâ­®¬

¡ §¨á¥ í«¥¬¥­âë ¨§ Hom0

�
�1j1

;�1j1
�

®¯¨áë¢ îâáï (1j1) � (1j1)-áã¯¥à¬ âà¨æ ¬¨ [33]

M �
�
a �

� b

�
2 Mat� (1j1) ; (3.1)

£¤¥ a; b 2 �0; �; � 2 �1 (¬ë ¯®« £ ¥¬ §¤¥áì, çâ® ­¥ç¥â­ë¥ í«¥¬¥­âë ¨¬¥îâ ¨­¤¥ªá
­¨«ì¯®â¥­â­®áâ¨, à ¢­ë© 2).

�«ï ¬­®¦¥áâ¢ áã¯¥à¬ âà¨æ ¬ë ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á®®â¢¥âáâ¢ãîé¨¥ á¨¬¢®«ë,

­ ¯à¨¬¥à, M
def

= fM 2 Mat� (1j1)g.
� ¤ ­­®¬ (1j1)-¬¥à­®¬ á«ãç ¥ ¡¥à¥§¨­¨ ­ [33], ®¯à¥¤¥«ï¥¬ë© ª ª Ber :

Mat� (1j1) n fMj � (b) = 0g ! �0 ¨¬¥¥â ¢¨¤

BerM =
a

b
+
��

b2
: (3.2)

�¤¥áì ¬ë ¯à¥¤« £ ¥¬�����¤¢  â¨¯  ¢®§¬®¦­ëå à¥¤ãªæ¨© áã¯¥à¬ âà¨æë M (¢ á®®â-

¢¥âáâ¢¨¥ á ¤¢ã¬ï á« £ ¥¬ë¬¨ ¢ (3.2)) ¨ ¨§ãç ¥¬ ­¥ª®â®àë¥ ¨å á¢®©áâ¢  á®¢¬¥áâ­® [9].

�¯à¥¤¥«¥­¨¥ 3.1.�������������������������������¥â­®-à¥¤ãæ¨à®¢ ­­ë¥ áã¯¥à¬ âà¨æë ¥áâì í«¥¬¥­âë ¨§

Mat� (1j1) , ¨¬¥îé¨¥ ¢¨¤

S �
�
a �

0 b

�
2 RMat even� (1j1) : (3.3)

�¯à¥¤¥«¥­¨¥ 3.2.����������������������������������¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¥ áã¯¥à¬ âà¨æë ¥áâì í«¥¬¥­âë ¨§

Mat� (1j1) , ¨¬¥îé¨¥ ¢¨¤

T �
�

0 �

� b

�
2 RMat odd� (1j1) : (3.4)
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� ¬¥ç ­¨¥ 3.3. �à¨ç¨­  ®¡®§­ ç¥­¨© ¯à®¨áå®¤¨â ¨§ ­¨«ì¯®â¥­â­®áâ¨ ¡¥à¥§¨­¨ ­ 
Ber T ¨ ¨§ â®£® ä ªâ , çâ® ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¥ áã¯¥à¬ âà¨æë S ®â¢¥ç îâ áã¯¥àª®­-
ä®à¬­ë¬ ¯à¥®¡à §®¢ ­¨ï¬, ª®â®àë¥ ®¯¨áë¢ îâ ¬®àä¨§¬ë ª á â¥«ì­®£® à áá«®¥­¨ï
­ ¤ áã¯¥àà¨¬ ­®¢ë¬¨ ¯®¢¥àå­®áâï¬¨ [63], â®£¤  ª ª ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¥ áã¯¥à-
¬ âà¨æë T ¯à¨¢®¤ïâ ª ¯à¥®¡à §®¢ ­¨ï¬, á¯«¥â îé¨¬ ç¥â­®áâì ª á â¥«ì­®£® áã¯¥à-

¯à®áâà ­áâ¢  T C1j1 ¢ áâ ­¤ àâ­®¬ ¡ §¨á¥ (á¬. [2,14] ¨ �®¤à §¤¥« 4.7.2).

�â¢¥à¦¤¥­¨¥ 3.4. �­®¦¥áâ¢® M ¯à¥¤áâ ¢«ï¥â á®¡®© ¯àï¬ãî áã¬¬ã ¤¨ £®­ «ì-
­ëå D ¨  ­â¨-¤¨ £®­ «ì­ëå A áã¯¥à¬ âà¨æ (ç¥â­ë¥ ¨ ­¥ç¥â­ë¥ áã¯¥à¬ âà¨æë
¢ ®¡®§­ ç¥­¨ïå [33])

M=D�A; (3.5)

D �
�
a 0
0 b

�
2 D � MatDiag� (1j1) ;

A �
�

0 �

� 0

�
2 A �Mat

Adiag

� (1j1) ;

£¤¥ D � S, A � T .

�«ï à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ ­ å®¤¨¬

S \ T =

�
0 �

0 b

�
6= ?: (3.6)

�¥¬ ­¥ ¬¥­¥¥, á«¥¤ãîé ï â¥®à¥¬  ®¡êïá­ï¥â äã­¤ ¬¥­â «ì­ãî ¨ ¤ã «ì­ãî à®«ì
ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ S ¨ ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ T .

�¥®à¥¬  3.5. (�¥®à¥¬  á«®¦¥­¨ï ¡¥à¥§¨­¨ ­®¢) �¥à¥§¨­¨ ­ë ç¥â­®-
¨ ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ ï¢«ïîâáï  ¤¤¨â¨¢­ë¬¨ ª®¬¯®­¥­â ¬¨
¡¥à¥§¨­¨ ­  á®®â¢¥âáâ¢ãîé¥© ­¥à¥¤ãæ¨à®¢ ­­®© áã¯¥à¬ âà¨æë

BerM = BerS + Ber T: (3.7)

�¥à¢®¥ á« £ ¥¬®¥ ¢ (3.7) ¯®ªàë¢ ¥â ¢á¥ ¯®¤£àã¯¯ë ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à-
¬ âà¨æ ¨§ Mat� (1j1), ¨ â®«ìª® ®­® à ­ìè¥ à áá¬ âà¨¢ «®áì ¢ ¯à¨«®¦¥­¨ïå. �â®à®¥
á« £ ¥¬®¥ ¢ (3.7) ¤ã «ì­® ª ¯¥à¢®¬ã ¢ ­¥ª®â®à®¬ á¬ëá«¥ ¨ á®®â¢¥âáâ¢ã¥â ­¥ç¥â­®- à¥-
¤ãæ¨à®¢ ­­ë¬ áã¯¥à¬ âà¨æ ¬ ¨§ Mat� (1j1) (á¬. �¯à¥¤¥«¥­¨¥ 3.2).

� ¬¥ç ­¨¥ 3.6. �®®â­®è¥­¨¥ (3.7) ¯à¥¤áâ ¢«ï¥â á®¡®© áã¯¥àá¨¬¬¥âà¨ç­ë© ¢ à¨ ­â
®ç¥¢¨¤­®£® à ¢¥­áâ¢  det Mnonsusy = det Dnonsusy + det Anonsusy , £¤¥ Dnonsusy ¨ Anonsusy

| ®¡ëª­®¢¥­­ë¥ ¤¨ £®­ «ì­ ï ¨  ­â¨¤¨ £®­ «ì­ ï ¬ âà¨æë.

�¤­ ª® ¤¥«® ¢ â®¬, çâ®, ¥á«¨ A ¨§ (3.5) | áã¯¥à¬ âà¨æ , â® BerA ­¥ ®¯à¥¤¥«¥­
¢®®¡é¥ [33].

�¡®§­ ç¨¬ ¬­®¦¥áâ¢® ®¡à â¨¬ëå í«¥¬¥­â®¢ ¨§ M §  M
inv , ¨ ¨å à §­®áâì § 

J = M � M
inv . � [33] ¤®ª §ë¢ ¥âáï, çâ® M

inv = fM 2 M j � (a) 6= 0 ^ � (b) 6= 0g. � «¥¥
 ­ «®£¨ç­® ¤«ï à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ

S
inv = fS 2 Sj � (a) 6= 0 ^ � (b) 6= 0g ; Tinv = ?; (3.8)

â. ¥. ¯®«ãç ¥¬

�â¢¥à¦¤¥­¨¥ 3.7. �¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¥ áã¯¥à¬ âà¨æë T 2 T ­¥®¡à â¨¬ë
¨ T � J.

�¤¥ «ì­ ï áâàãªâãà  (1j1)-áã¯¥à¬ âà¨æ ¯®¤à®¡­® ¨§«®¦¥­  ¢ �à¨«®¦¥­¨¨
2.5.
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3.1 � §¤¥« 3.

3.1.2. � ã « ì â ¨ ¯ « ¨ ª   â ¨ ¢ ­ ë ¥ á ¢ ® © á â ¢  
­ ¥ ç ¥ â ­ ® - à ¥ ¤ ã æ ¨ à ® ¢   ­ ­ ë å á ã ¯ ¥ à ¬   â à ¨ æ . �¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¥
áã¯¥à¬ âà¨æë ­¥ ®¡à §ãîâ ¯®«ã£àã¯¯ã ¢ ®¡é¥¬ á«ãç ¥, ¯®áª®«ìªã

T1T2 =

�
�1�2 �1b2
b1�2 b1b2 + �1�2

�
6= T: (3.9)

�¤­ ª®,

T ? T \ T 6= ?) �� = 0; (3.10)

T ? T \ S 6= ?) �b = 0; (3.11)

çâ® ¬®¦¥â ¨¬¥âì ¬¥áâ® ¨§-§  ­ «¨ç¨ï ¤¨¢¨§®à®¢ ­ã«ï ¢ �.

�à¥¤«®¦¥­¨¥ 3.8. 1) �®¤¬­®¦¥áâ¢® T
SG � T ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à-

¬ âà¨æ ã¤®¢«¥â¢®àïîé¨å �� = 0 (3.10) ¯à¥¤áâ ¢«ïîâ ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ãî

¯®¤¯®«ã£àã¯¯ã TSG
def

=
n
T
SG; �

o
¯®«ã£àã¯¯ë M.

2) � ­¥ç¥â­®©-à¥¤ãæ¨à®¢ ­­®© ¯®¤¯®«ã£àã¯¯¥ TSG ¯®¤¬­®¦¥áâ¢® áã¯¥à¬ -
âà¨æ á � = 0 ¯à¥¤áâ ¢«ï¥â á®¡®© «¥¢ë© ¨¤¥ «, ¨ á � = 0 ¯à¥¤áâ ¢«ï¥â á®¡®©
¯à ¢ë© ¨¤¥ «, áã¯¥à¬ âà¨æë á b = 0 ®¡à §ãîâ ¤¢ãáâ®à®­­¨© ¨¤¥ «.

�àã£®¥ ãá«®¢¨¥ �b = 0 (3.11) ¬®¦­® âà ªâ®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬.

�â¢¥à¦¤¥­¨¥ 3.9. �®¤¬­®¦¥áâ¢® T

p
S � T ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ -

âà¨æ ã¤®¢«¥â¢®àïîé¨å �b = 0 ¯à¥¤áâ ¢«ï¥â ­¥ç¥â­ãî ¢¥â¢ì ª®à­ï ¨§ ç¥â­®-
à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ S, ç¥â­ ï ¢¥â¢ì ª®â®à®£® ¯à¥¤áâ ¢«ï¥âáï ¢á¥¬¨
ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¬¨ áã¯¥à¬ âà¨æ ¬¨ ¢á«¥¤áâ¢¨¥ á®®â­®è¥­¨ï S ? S � S.

3.1.3. � ­ ¨ ä ¨ ª   æ ¨ ï à ¥ ¤ ã æ ¨ à ® ¢   ­ ­ ë å á ã ¯ ¥ à ¬   â à ¨ æ . �¥¯¥àì
¬ë ®¡ê¥¤¨­¨¬ ç¥â­®- ¨ ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¥ áã¯¥à¬ âà¨æë (3.3) ¨ (3.4) ¢ ®¡é¨©  ¡-
áâà ªâ­ë© ®¡ê¥ªâ. �­ ç «  à áá¬®âà¨¬ â ¡«¨æã ã¬­®¦¥­¨ï ¢á¥å ¢¢¥¤¥­­ëå ¬­®¦¥áâ¢

D?D = D;

D ? S = S;

S ? D = S;

A ? T = S;

A ? S = T;

A ? A = D

T ?A = S
st
;

S ? A = T
�
;

S ? T = S [ T
T ? S = T:

(3.12)

�¤¥áì st : Mat� (1j1) ! Mat� (1j1) ¯à¥¤áâ ¢«ï¥â á®¡®© áã¯¥àâà ­á¯®­¨à®¢ ­¨¥ [34],

â. ¥.

�
a �

� b

�st
=

�
a �

�� b

�
.

� ª¦¥ ¬ë ã¯®âà¥¡«ï¥¬ �-âà ­á¯®­¨à®¢ ­¨¥ [75] ®¯à¥¤¥«¥­­®¥, ª ª � :

Mat� (1j1)!Mat� (1j1) ¨

�
a �

� b

��
=

�
b �

� a

�
.

� ¬¥ç ­¨¥ 3.10. �­®¦¥áâ¢  áã¯¥à¬ âà¨æ S ¨ T ­¥ § ¬ª­ãâë ®â­®á¨â¥«ì­® st ¨ �

®¯¥à æ¨©, ­® S
st \ S � D ¨ T

� \ T � A.

�ë ¢¨¤¨¬ ¨§ ¯¥à¢ëå ¤¢ãå á®®â­®è¥­¨© ¢ (3.12), çâ® A ¢ ­¥ª®â®à®¬ ¡ §¨á¥

¨£à ¥â à®«ì «¥¢®£® ®¯¥à â®à  Â ¨§¬¥­¥­¨ï â¨¯  ¬­®¦¥áâ¢  áã¯¥à¬ âà¨æ (ç¥â­®-

à¥¤ãæ¨à®¢ ­­ë© ­  ­¥ç¥â­®- ¨ ­ ®¡®à®â) Â : S! T ¨ Â : T!S, â®£¤  ª ª ®¯¥à â®à D̂,
á®®â¢¥âáâ¢ãîé¨© ¬­®¦¥áâ¢ã D, ­¥ ¨§¬¥­ï¥â â¨¯.
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� §¤¥« 3. 3.1

� «¥¥, ¨§ ¯¥à¢ëå ¤¢ãå á®®â­®è¥­¨© ¢ (3.12) ¢¨¤­®, çâ® ¬­®¦¥áâ¢  S ¨ D ¯à¥¤-

áâ ¢«ïîâ á®¡®© ¯®¤¯®«ã£àã¯¯ë S
def

= fS; �g ¨ D
def

= fD; �g ¯®«ã£àã¯¯ë M. � á®¦ «¥-
­¨î, ¨§-§  ¤¢ãå á«¥¤ãîé¨å á®®â­®è¥­¨© ¢ (3.12) ¬­®¦¥áâ¢® T ­¥ ¨¬¥¥â â ª®£® ®âç¥-
â«¨¢®£®  ¡áâà ªâ­®£® á¬ëá« . �¥¬ ­¥ ¬¥­¥¥, ¯®á«¥¤­ïï § ¢¨á¨¬®áâì T ? S = T ¢ ¦­  á
¨­®© â®çª¨ §à¥­¨ï.

�¥®à¥¬  3.11. �î¡®© ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ë© ¬®àä¨§¬ T̂ : �1j1 ! �1j1 , ®â¢¥-
ç îé¨© ¬­®¦¥áâ¢ã ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ T , ¬®¦¥â ¯à¥¤áâ -
¢«ïâìáï ¢ ¢¨¤¥ ¯à®¨§¢¥¤¥­¨ï ­¥ç¥â­®- ¨ ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå ¬®àä¨§¬®¢, â ª®-
¢ëå, çâ®

T̂
@
@
@@R

Ŝ -

?
T̂

(3.13)

¯à¥¤áâ ¢«ï¥â á®¡®© ª®¬¬ãâ â¨¢­ãî ¤¨ £à ¬¬ã.

�â® à §«®¦¥­¨¥ ï¢«ï¥âáï à¥è îé¨¬ ¢ ¯à¨«®¦¥­¨ïå ª ¯®áâà®¥­¨î á¯«¥â îé¨å
ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© | ­¥ç¥â­ëå áã¯¥à ­ «®£®¢  ­â¨£®«®¬®àä­ëå ¯à¥®¡à §®¢ -
­¨© (á¬. [2] ¨ �®¤à §¤¥« 4.7).

3.1.4. � ª   « ï à ë ,   ­ â ¨ á ª   « ï à ë ,
® ¡ ® ¡ é ¥ ­ ­ ë ¥ ¬ ® ¤ ã « ¨ ¨ á í ­ ¤ ¢ ¨ ç - ¯ ® « ã £ à ã ¯ ¯   à ¥ ¤ ã æ ¨ à ® ¢   ­ ­ ë å
á ã ¯ ¥ à ¬   â à ¨ æ . �¢¥¤¥¬  ­ «®£ �-ã¬­®¦¥­¨ï ¤«ï á ¬¨å à¥¤ãæ¨à®¢ ­­ëå ¬ âà¨æ
(­¥ ¤«ï ¬­®¦¥áâ¢, ª ª ¢ �à¨«®¦¥­¨¨ 3.1.6). �®-¯¥à¢ëå, ®¯à¥¤¥«¨¬ áâà®¥­¨¥ ®¡-

®¡é¥­­®£® �-¬®¤ã«ï ¢ Hom0

�
�1j1

;�1j1
�

­¥ª®â®àë¬  «ìâ¥à­ â¨¢­ë¬ á¯®á®¡®¬, ç¥â­ ï

ç áâì ª®â®à®£® �) ®¯¨á ­  ¢ [34].

�¯à¥¤¥«¥­¨¥ 3.12. � Mat� (1j1) áª «ïà­ ï ¬ âà¨æ  (��������áª «ïà) E (x) ¨  ­â¨áª «ïà-

­ ï ¬ âà¨æ  (��������������� ­â¨áª «ïà) E (�) ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

E (x)
def

=

�
x 0
0 x

�
2 D = Mat

diag

� (1j1) ; x 2 �0; (3.14)

E (�)
def

=

�
0 �

� 0

�
2 A = Matadiag� (1j1) ; � 2 �1: (3.15)

�â¢¥à¦¤¥­¨¥ 3.13. �âà ­­ ï áã¯¥à «£¥¡à  �¥à¥§¨­  [33] (á¬. â ª¦¥�à¨«®¦¥-
­¨¥ 2.4)

Q� (1) �
�
x �

� x

�
� Mat� (1j1) (3.16)

¯à¥¤áâ ¢«ï¥â á®¡®© ¯àï¬ãî áã¬¬ã áª «ïà  ¨  ­â¨áª «ïà 

Q� (1) = E (x)� E (�) : (3.17)

�¯¨è¥¬ ­¥ª®â®àë¥ á¢®©áâ¢  áª «ïà®¢ ¨  ­â¨áª «ïà®¢.

�à¨¬¥ç ­¨¥. � ®¡ëª­®¢¥­­®© ¬ âà¨ç­®© â¥®à¨¨ | íâ® â®â ä ªâ, çâ® ¯à®¨§¢¥¤¥­¨¥ ¬ âà¨æë ¨ ç¨á« 
à ¢­® ¯à®¨§¢¥¤¥­¨î ¬ âà¨æë ¨ ¤¨ £®­ «ì­®© ¬ âà¨æë, ¨¬¥îé¥© ¤ ­­®¥ ç¨á«® ­  ¤¨ £®­ «¨ [76].
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3.1 � §¤¥« 3.

�â¢¥à¦¤¥­¨¥ 3.14. �­â¨áª «ïàë
¬¥¦¤ã á®¡®©  ­â¨ª®¬¬ãâ¨àãîâ E (�1) E (�2) + E (�2) E (�1) = 0, ¨ ¯®íâ®¬ã ®­¨
­¨«ì¯®â¥­â­ë.

�à¥¤«®¦¥­¨¥ 3.15. �âà®¥­¨¥ ®¡®¡é¥­­®£® �0 ��1 -¬®¤ã«ï ¢

Hom0

�
�1j1

;�1j1
�
®¯à¥¤¥«ï¥âáï ¤¥©áâ¢¨¥¬ áª «ïà®¢ (3.14) ¨  ­â¨áª «ïà®¢ (3.15).

�â® §­ ç¨â, çâ® ¢¥§¤¥, £¤¥ ­¥®¡å®¤¨¬®, ¬ë § ¬¥­ï¥¬ ã¬­®¦¥­¨¥ áã¯¥à¬ âà¨æ
ç¥â­ë¬¨ ¨ ­¥ç¥â­ë¬¨ í«¥¬¥­â ¬¨ ¨§ � á ã¬­®¦¥­¨¥¬ ­  áª «ïà­ë¥ ¨  ­â¨áª «ïà­ë¥
áã¯¥à¬ âà¨æë (3.14){(3.15). �®®â­®è¥­¨ï, á®¤¥à¦ é¨¥ áª «ïàë, ã¦¥ ¨§¢¥áâ­ë [34], ­®
¤«ï  ­â¨áª «ïà­ëå ¢¥«¨ç¨­ ¬ë ¯®«ãç ¥¬ ­®¢ë¥ ¤ã «ì­ë¥ á®®â­®è¥­¨ï [9].

� áá¬®âà¨¬ ¯®¤à®¡­¥¥ ¨å ¤¥©áâ¢¨¥ ­  í«¥¬¥­â å M2Mat� (1j1). �®-¯¥à¢ëå,
áä®à¬ã«¨àã¥¬ á«¥¤ãîé¥¥

�¯à¥¤¥«¥­¨¥ 3.16. �¥¢®¥ �L ¨ ¯à ¢®¥ �R ������������������������������� ­â¨âà ­á¯®­¨à®¢ ­¨ï | íâ® ®â®-

¡à ¦¥­¨ï Hom0

�
�1j1

;�1j1
�
! Hom1

�
�1j1

;�1j1
�
, ¤¥©áâ¢ãîé¨¥ ­  M 2 M ª ª�

a �

� b

��L

=

�
� b

a �

�
; (3.18)�

a �

� b

��R

=

�
� a

b �

�
: (3.19)

�«¥¤áâ¢¨¥ 3.17. �­â¨âà ­á¯®­¨à®¢ ­¨ï ï¢«ïîâáï ª¢ ¤à â­ë¬¨ ª®à­ï¬¨ ®¯¥à -
â®à  á¬¥­ë ç¥â­®áâ¨ � ¢ á«¥¤ãîé¥¬ á¬ëá«¥

�L�R = �R�L = �: (3.20)

�­â¥à¥á­® áà ¢­¨âì (3.20) c ¯®«ãâà ­á¯®­¨à®¢ ­¨ï¬¨, ¢¢¥¤¥­­ë¬¨ ¢ �ã­ªâ¥
6.1.2, ¨  ­ «®£¨ç­®© ä®à¬ã«®© (6.18).

�â¢¥à¦¤¥­¨¥ 3.18. �­â¨âà ­á¯®­¨à®¢ ­¨ï ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

(E (�)M)
�L = �M

(E (�) M)
�R = �M�

(ME (�))
�L = M�

�

(ME (�))
�R = M�

(3.21)

� ª¨¬ ®¡à §®¬, ª®­ªà¥â­ ï à¥ «¨§ æ¨ï ¯à ¢®£®, «¥¢®£® ¨ ¤¢ãáâ®à®­­¥£® ®¡®¡-

é¥­­ëå �0 ��1 - ¬®¤ã«¥© ¢ Hom0

�
�1j1

;�1j1
�

®¯à¥¤¥«ï¥âáï ­®¢ë¬¨ ¤¥©áâ¢¨ï¬¨

E (�)M = �M�L;

ME (�) = M�R�;

E (�1) ME (�2) = �1M
�
�2:

(3.22)

�®¦­® áà ¢­¨âì íâ¨ ¢ëà ¦¥­¨ï á® áâ ­¤ àâ­®© áâàãªâãà®© �-¬®¤ã«ï [34]

E (x) M = xM;

ME (x) = Mx;

E (x1) ME (x2) = x1Mx2:

(3.23)
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� §¤¥« 3. 3.1

�«¥¤áâ¢¨¥ 3.19. �¡®¡é¥­­ë¥ á®®â­®è¥­¨ï ¤«ï �0��1 -¬®¤ã«ï ¨¬¥îâ á«¥¤ãîé¨©
¢¨¤

(E (x) M) N = E (x) (MN)
(ME (x)) N = M (E (x) N)
M (NE (x)) = (MN) E (x)
(E (�) M) N = E (�) (MN)
(ME (�)) N = M (E (�)N)
M (NE (�)) = (MN) E (�)

(3.24)

£¤¥ M;N 2 Mat� (1j1) .

� ª¨¬ ¦¥ ®¡à §®¬ ®¯à¥¤¥«ïîâáï ¨ ¢¥«¨ç¨­ë, ¤ã «ì­ë¥ ®â­®á¨â¥«ì­® ç¥â­®áâ¨.

�¯à¥¤¥«¥­¨¥ 3.20. ��������������¥ç¥â­ë¥ áª «ïà ¨  ­â¨áª «ïà ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

E (�)
def

=

�
� 0
0 ��

�
2 Hom1

�
�1j1

;�1j1�
; (3.25)

E (x)
def

=

�
0 x

x 0

�
2 Hom1

�
�1j1

;�1j1�
: (3.26)

�à¥¤«®¦¥­¨¥ 3.21. �âà®¥­¨¥ ®¡®¡é¥­­®£® �0 ��1 -¬®¤ã«ï ¢

Hom1

�
�1j1

;�1j1
�
®¯à¥¤¥«ï¥âáï  ­ «®£¨ç­ë© ¤¥©áâ¢¨î ­¥ç¥â­®£® áª «ïà  ¨ ­¥ç¥â-

­®£®  ­â¨-áª «ïà  (3.24).

�¤­¨¬ á¯®á®¡®¬ ®¡ê¥¤¨­¥­¨ï ç¥â­®- (3.3) ¨ ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå (3.4)
áã¯¥à¬ âà¨æ ¢ ®¡ê¥ªâ,  ­ «®£¨ç­ë© ¯®«ã£àã¯¯¥, ï¢«ï¥âáï à áá¬®âà¥­¨¥ áí­¤¢¨ç-
ã¬­®¦¥­¨ï, ¯®¤®¡­®£® (3.40), ­® ­  ãà®¢­¥ áã¯¥à¬ âà¨æ (  ­¥ ¬­®¦¥áâ¢), ¯®áà¥¤áâ¢®¬
áª «ïà®¢ ¨  ­â¨ áª «ïà®¢ ¢ ª ç¥áâ¢¥ áí­¤¢¨ç-áã¯¥à¬ âà¨æ.

� á ¬®¬ ¤¥«¥, ®¡ëç­®¥ ¯à®¨§¢¥¤¥­¨¥ áã¯¥à¬ âà¨æ ¬®¦¥â ¡ëâì § ¯¨á ­®, ª ª
M1M2 = M1E (1) M2 . �«ï  ­â¨áª «ïà  ­¥ áãé¥áâ¢ã¥â  ­ «®£  íâ®£® á®®â­®è¥­¨ï, ¯®-
â®¬ã, çâ® áà¥¤¨ ­¥ç¥â­ëå ¢¥«¨ç¨­ � 2 �1 ­¥â ¥¤¨­¨æë. �«¥¤®¢ â¥«ì­®, ¥¤¨­áâ¢¥­­ ï
¢®§¬®¦­®áâì à áá¬®âà¥âì E (�) ­  à ¢­ëå ­ ç « å á E (x) ¥áâì à áá¬®âà¥­¨¥ áí­¤¢¨ç-
í«¥¬¥­â®¢ (3.14){(3.15), ª®â®àë¥ ¨¬¥îâ ¢ ª ç¥áâ¢¥  à£ã¬¥­â®¢ x ¨ � ¯à®¨§¢®«ì­® ¢ë-
¡à ­­ë¥ ¨«¨ ä¨ªá¨à®¢ ­­ë¥ ¤àã£¨¬¨ á¯¥æ¨ «ì­ë¬¨ ãá«®¢¨ï¬¨ áã¯¥àç¨á« .

�¯à¥¤¥«¥­¨¥ 3.22. �����������������������������í­¤¢¨ç-¯à®¨§¢¥¤¥­¨¥ �0 � �1 à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ

R = S;T 2 R ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

R1 }X R2
def

=

�
R1E (x) R2; R2 = S;
R1E (�) R2; R2 = T;

(3.27)

£¤¥ X = fx; �g 2�0 � � 1 | \áã¯¥à¯®«¥" áí­¤¢¨ç-ã¬­®¦¥­¨ï.

�¢¥¤¥­­®¥ }X -ã¬­®¦¥­¨¥  áá®æ¨ â¨¢­®, ¨ ¥£® â ¡«¨æ  á®¢¯ ¤ ¥â á (3.41). �®-
íâ®¬ã ¬ë ¨¬¥¥¬

�¯à¥¤¥«¥­¨¥ 3.23. �â­®á¨â¥«ì­® }X -ã¬­®¦¥­¨ï (3.27) à¥¤ãæ¨à®¢ ­­ë¥ áã¯¥à-
¬ âà¨æë ®¡à §ãîâ ¯®«ã£àã¯¯ã, ª®â®àãî ¬ë ¡ã¤¥¬ ­ §ë¢ âì ��������������������������áí­¤¢¨ç-¯®«ã£àã¯¯®©

à¥¤ãæ¨à®¢ ­­ëå ¬ âà¨æ RMSsandw (Reduced superMatrix sandwich Semigroup).

�§ ï¢­®£® ¢¨¤  }X -ã¬­®¦¥­¨ï á«¥¤ã¥â
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3.1 � §¤¥« 3.

�¥®à¥¬  3.24. �¢¥¤¥­­ ï áí­¤¢¨ç-¯®«ã£àã¯¯  à¥¤ãæ¨à®¢ ­­ëå ¬ âà¨æ RMSsandw
¨§®¬®àä­  á¯¥æ¨ «ì­®© ¯®«ã£àã¯¯¥ ¯à ¢ëå ­ã«¥©

RMSsandw �= ZR = fR = S [ T;}Xg : (3.28)

3.1.5. � à ï ¬   ï á ã ¬ ¬   à ¥ ¤ ã æ ¨ à ® ¢   ­ ­ ë å á ã ¯ ¥ à ¬   â à ¨ æ . �­®©
á¯®á®¡ ®¡ê¥¤¨­¨âì à¥¤ãæ¨à®¢ ­­ë¥ áã¯¥à¬ âà¨æë | íâ® à áá¬®âà¥âì á¢ï§ì ¬¥¦¤ã
­¨¬¨ ¨ ®¡®¡é¥­­ë¬¨ �0��1 -¬®¤ã«ï¬¨, ¢¢¥¤¥­­ë¬¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯ã­ªâ¥. �«ï íâ®£®
­¥®¡å®¤¨¬® ®¯à¥¤¥«¨âì ¯àï¬ãî áã¬¬ã ¯à®áâà ­áâ¢.

�¯à¥¤¥«¥­¨¥ 3.25. ����������àï¬®¥��������������������¯à®áâà ­áâ¢® à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ RMS�
(Reduced superMatrix direct Superspace) ¯à¥¤áâ ¢«ï¥â á®¡®© ¯àï¬ãî áã¬¬ã
¯à®áâà ­áâ¢  ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ ¨ ¯à®áâà ­áâ¢  ­¥ç¥â­®-
à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ.

� â¥à¬¨­ å ¬­®¦¥áâ¢ ¨¬¥¥¬ R� =S� T .

� ¬¥ç ­¨¥ 3.26. �â¬¥â¨¬, çâ® R� 6= M ¨§-§  (3.6).

�â¢¥à¦¤¥­¨¥ 3.27. � ¯à®áâà ­áâ¢¥ RMS� áª «ïà | íâ® áâà ­­ ï áã¯¥à «£¥¡à 
�¥à¥§¨­  Q� (1) (á¬. (3.17)).

� ¯à®áâà ­áâ¢¥ RMS� áª «ïà ¨£à ¥â âã ¦¥ à®«ì ¤«ï ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã-
¯¥à¬ âà¨æ, ª ª  ­â¨áª «ïà | ¤«ï ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ. � ª, ¨á¯®«ì-
§ãï (3.3){(3.4) ¨ (3.14){(3.15), «¥£ª® ¯à®¢¥à¨âì á«¥¤ãîé¥¥

�â¢¥à¦¤¥­¨¥ 3.28. � RMS� c®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ç¥â­®- S ¨ ­¥ç¥â­®-
à¥¤ãæ¨à®¢ ­­ëå T áã¯¥à¬ âà¨æ ¤®«¦­ë ­ å®¤¨âìáï ¨§ à §«¨ç­ëå ãà ¢­¥­¨©,  
¨¬¥­­®,

S � V = E (x) � V; (3.29)

T � V = E (�) � V; (3.30)

£¤¥ V ¯à¥¤áâ ¢«ï¥â á®¡®© ¢¥ªâ®à-áâ®«¡¥æ,   á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï à ¢­ë

x1 = a; x2 = b; (3.31)

�1 = �; �2 = �: (3.32)

�¯à¥¤¥«¥­¨¥ 3.29. �����������¥â­ ï��̈��������������­¥ç¥â­ ï å à ªâ¥à¨áâ¨ç¥áª¨¥ äã­ªæ¨¨ ¤«ï à¥¤ã-

æ¨à®¢ ­­ëå áã¯¥à¬ âà¨æ ®¯à¥¤¥«ïîâáï ¢ RMS� à §«¨ç­ë¬¨ (!) ä®à¬ã« ¬¨

H
even

S (x) = Ber (E (x)� S) ; (3.33)

H
odd

T (�) = Ber (E (�)�T) : (3.34)

� ¬¥ç ­¨¥ 3.30. � áâ ­¤ àâ­®¬ �-¬®¤ã«¥ ­ ¤ Mat� (1j1) [33] å à ªâ¥à¨áâ¨ç¥áª¨¥
äã­ªæ¨¨ ¨ á®¡áâ¢¥­­ë¥ §­ ç¥­¨ï ¤«ï «î¡®© áã¯¥à¬ âà¨æë (¢ª«îç ï ¨ ­¥ç¥â­®-
à¥¤ãæ¨à®¢ ­­ë¥) ¯®«ãç îâáï ¨§ ãà ¢­¥­¨© (3.29) ¨ (3.33), çâ® ¤ ¥â ¢ ­¥ç¥â­®¬ á«ãç ¥
®â«¨ç­ë© ®â ­ è¥£® à¥§ã«ìâ â (á¬. â ª¦¥ [77]).

�á¯®«ì§ãï (3.3){(3.4) ¨ (3.33){(3.34), «¥£ª® ­ å®¤¨¬

H
even

S (x) =
(x� b) (x� a)

(x� b)2 ; (3.35)

H
odd

T (�) =
(�� �) (�� �)

b2
: (3.36)
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� §¤¥« 3. 3.1

�¤¥áì ¬ë § ¬¥ç ¥¬
¯®«­ãî á¨¬¬¥âà¨î ¬¥¦¤ã ç¥â­®- ¨ ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¬¨ áã¯¥à¬ âà¨æ ¬¨ �),  
â ª¦¥ ­¥¯à®â¨¢®à¥ç¨¢®áâì á ¨å �0 ��1 á®¡áâ¢¥­­ë¬¨ §­ ç¥­¨ï¬¨ (3.31){(3.32).

� \ç¥â­®¬" á«ãç ¥ å à ªâ¥à¨áâ¨ç¥áª¨© ¬­®£®ç«¥­ áã¯¥à¬ âà¨æë M ®¯à¥¤¥«ï-
¥âáï ¢ëà ¦¥­¨¥¬ PM (M) = 0 ¨ ¢ ­¥âà¨¢¨ «ì­ëå á«ãç ïå [78{82] áâà®¨âáï ¨§ ç áâ¥©
å à ªâ¥à¨áâ¨ç¥áª®© äã­ªæ¨¨ HM (x) á®£« á­® ®á®¡®¬ã  «£®à¨â¬ã [77, 83, 84]. �«ï ­¥-
áã¯¥àá¨¬¬¥âà¨ç­®© ¬ âà¨æë Mnonsusy ®­ ®ç¥¢¨¤­® á®¢¯ ¤ ¥â á å à ªâ¥à¨áâ¨ç¥áª®©

äã­ªæ¨¥© PMnonsusy
(x) = HMnonsusy

(x) � det (I � x�Mnonsusy), £¤¥ I ¯à¥¤áâ ¢«ï¥â á®-

¡®© ¥¤¨­¨ç­ãî ¬ âà¨æã. �¤­ ª® ¢ áã¯¥àá«ãç ¥ ¨§-§  áãé¥áâ¢®¢ ­¨ï ¤¨¢¨§®à®¢ ­ã«ï
¢ � áâ¥¯¥­ì å à ªâ¥à¨áâ¨ç¥áª®£® ¬­®£®ç«¥­  PM (x) ¬®¦¥â ¡ëâì ¬¥­ìè¥ áâ ­¤ àâ­®©
¢¥«¨ç¨­ë n = p+q , M 2 Mat� (pjq) [77,84]. �® íâ®â  «£®à¨â¬ ­¥ ¬®¦¥â ¡ëâì ­¥¯®áà¥¤-
áâ¢¥­­® ¯à¨¬¥­¨¬ ¤«ï ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ëå ¨  ­â¨¤¨ £®­ «ì­ëå áã¯¥à¬ âà¨æ.

�®íâ®¬ã, ª ª ¨ ¢ëè¥, ¬ë à áá¬ âà¨¢ ¥¬ ¤¢  ¤ã «ì­ëå å à ªâ¥à¨áâ¨ç¥áª¨å ¬­®-
£®ç«¥­  ¨, ¨á¯®«ì§ãï (3.35){(3.36), ¯®«ãç ¥¬  ­ «®£ â¥®à¥¬ã �í«¨-� ¬¨«ìâ®­  ¤«ï ¯à®-
áâà ­áâ¢  RMS�.

�¥®à¥¬  3.31. (�¡®¡é¥­­ ï â¥®à¥¬  �í«¨-� ¬¨«ìâ®­ ) � RMS� å à ªâ¥à¨áâ¨ç¥-
áª¨¥ ¬­®£®ç«¥­ë ¨¬¥îâ ¢¨¤

P
even

S (x) = (x� a) (x� b) ; (3.37)

P
odd

T (�) = (�� �) (�� �) : (3.38)

¨ P
even

S (S) = 0 ¤«ï «î¡®£® S, ­® P
odd

T (T) = 0 â®«ìª® ¤«ï ­¨«ì¯®â¥­âëå b.

3.1.6. � ® « ã £ à ã ¯ ¯   ¬ ­ ® ¦ ¥ á â ¢ à ¥ ¤ ã æ ¨ à ® ¢   ­ ­ ë å ¬   â à ¨ æ .
�â®¡ë ®¡ê¥¤¨­¨âì ¢¢¥¤¥­­ë¥ ¬­®¦¥áâ¢  áã¯¥à¬ âà¨æ (3.12), ¬ë à áá¬®âà¨¬ âà®©­ë¥
¯à®¨§¢¥¤¥­¨ï

S ?A ? T = S;

T ? A ? T = T;

S ?D ? S = S;

T ? D ? S = T:

(3.39)

�¤¥áì ¬ë § ¬¥ç ¥¬, çâ® ¬­®¦¥áâ¢  áã¯¥à¬ âà¨æ A ¨ D ¨£à ¥¬ à®«ì \áí­¤¢¨ç"
í«¥¬¥­â®¢ ¢ ®á®¡®¬ S ¨ T ã¬­®¦¥­¨¨. �®«¥¥ â®£®, áí­¤¢¨ç í«¥¬¥­âë ­ å®¤ïâáï ¢®
¢§ ¨¬®®¤­®§­ ç­®¬ á®®â¢¥âáâ¢¨¨ á ¯à ¢ë¬¨ ¬­®¦¥áâ¢ ¬¨, ­  ª®â®àëå ®­¨ ¤¥©áâ¢ãîâ, ¨
â ª¨¬ ®¡à §®¬ ®­¨ \çã¢áâ¢¨â¥«ì­ë á¯à ¢ ". �«¥¤®¢ â¥«ì­®, ¢¯®«­¥ ¥áâ¥áâ¢¥­­® ¢¢¥áâ¨
á«¥¤ãîé¥¥

�¯à¥¤¥«¥­¨¥ 3.32. �����������������������������í­¤¢¨ç-¯à®¨§¢¥¤¥­¨¥ ¬­®¦¥áâ¢ à¥¤ãæ¨à®¢ ­­ëå áã¯¥à¬ -
âà¨æ R = S;T

R1 � R2 def=

�
R1 ?D ? R2; R2 = S;

R1 ?A ? R2; R2 = T:
(3.40)

� â¥à¬¨­ å áí­¤¢¨ç-¯à®¨§¢¥¤¥­¨ï ¨§ (3.39) ¬ë ¯®«ãç ¥¬

S� T = S;

T� T = T;

S� S = S;

T� S = T:

(3.41)

�à¥¤«®¦¥­¨¥ 3.33. �-ã¬­®¦¥­¨¥  áá®æ¨ â¨¢­®.

�à¨¬¥ç ­¨¥. �â®¡ë íâ® ¯®¤ç¥àª­ãâì, ¬ë ­¥ ¯à®¢®¤¨«¨ á®ªà é¥­¨ï ¢ à ¢¥­áâ¢¥ (3.35).

33



3.2 � §¤¥« 3.

�®ª § â¥«ìáâ¢®. �¥à¥¡®à ¢á¥å âà®©­ëå ¯à®¨§¢¥¤¥­¨© á à §«¨ç­®© à ááâ ­®¢ª®© áª®-
¡®ª ¨ ¨á¯®«ì§®¢ ­¨¥ â ¡«¨æë ã¬­®¦¥­¨ï (3.41). �

�¯à¥¤¥«¥­¨¥ 3.34. �«¥¬¥­âë S ¨ T ®¡à §®¢ë¢ îâ ¯®«ã£àã¯¯ã ¬­®¦¥áâ¢ ®â-
­®á¨â¥«ì­® �- ã¬­®¦¥­¨ï (3.40), ª®â®àãî ¬ë ¡ã¤¥¬ ­ §ë¢ âì ���������������¯®«ã£àã¯¯®©

��������������¬­®¦¥áâ¢ à¥¤ãæ¨à®¢ ­­ëå ¬ âà¨æ ¨ ®¡®§­ ç¨¬ RMSset (Reduced superMatrix

Semigroup of sets).

�§ (3.41) ¢¨¤­®, çâ® RMSset ¥áâì ¯®«ã£àã¯¯  ¨¤¥¬¯®â¥­â®¢, ¯à¨ç¥¬ ª ¦¤ë©
í«¥¬¥­â ï¢«ï¥âáï ¯à ¢ë¬ ­ã«¥¬, ¯®íâ®¬ã ¬ë ¬®¦¥¬ áä®à¬ã«¨à®¢ âì á«¥¤ãîéãî â¥®-
à¥¬ã.

�¥®à¥¬  3.35. �®«ã£àã¯¯  RMSset ¨§®¬®àä­  ®á®¡®© ¯®«ã£àã¯¯¥ ¯à ¢ëå ­ã«¥©,
â. ¥. RMSset �= ZR = fR = S [ T;�g.

3.2. �à¥¤áâ ¢«¥­¨¥ ¯®«ã£àã¯¯ á¢ï§®ª áã¯¥à¬ -
âà¨æ ¬¨

� âà¨ç­ë¥ ¯®«ã£àã¯¯ë [85{91] ¯à¥¤áâ ¢«ïîâ á®¡®© §­ ç¨â¥«ì­ë© ¨­áâàã¬¥­â
¢ ª®­ªà¥â­®¬ ¨ ¯®«­®¬ ¨áá«¥¤®¢ ­¨¨  ¡áâà ªâ­®£® áâà®¥­¨ï â¥®à¨¨ ¯®«ã£àã¯¯ [30,31,
92, 93]. � âà¨ç­ë¥ ¯à¥¤áâ ¢«¥­¨ï [94{99] è¨à®ª® ¨á¯®«ì§ãîâáï ¢ ¨§ãç¥­¨¨ ª®­¥ç­ëå
¯®«ã£àã¯¯ [100, 101] ¨ â®¯®«®£¨ç¥áª¨å ¯®«ã£àã¯¯ [102{106]. �¡ëç­® ¬ âà¨ç­ë¥ ¯®«ã-
£àã¯¯ë ®¯à¥¤¥«ïîâáï ­ ¤ ¯®«¥¬ K [107{109]. �¥¬ ­¥ ¬¥­¥¥, ¯®á«¥ ®¡­ àã¦¥­¨ï áã-
¯¥àá¨¬¬¥âà¨¨ ä¨§¨ª ¬¨ [110, 111] à¥ «¨áâ¨ç­ë¥ ®¡ê¥¤¨­¥­­ë¥ â¥®à¨¨ ç áâ¨æ ­ ç «¨
à áá¬ âà¨¢ âìáï ¢ áã¯¥à¯à®áâà ­áâ¢¥ (á¬., ­ ¯à¨¬¥à, [112] ¨ �à¨«®¦¥­¨¥ 7.1) |
 ­ «®£¥ ¯à®áâà ­áâ¢ , ¢ ª®â®à®¬ ¢á¥ ¢¥«¨ç¨­ë ¨ äã­ªæ¨¨ ®¯à¥¤¥«ïîâáï ­¥ ­ ¤ ¯®-
«¥¬ K, ­® ­ ¤ £à áá¬ ­-¡ ­ å®¢®© áã¯¥à «£¥¡à®© ­ ¤ K [67, 113] (¨«¨ ¨å ®¡®¡é¥­¨-
ï¬¨ [68, 114]). �«¥¤®¢ â¥«ì­®, ¯à¥¤áâ ¢«ï¥âáï ¢ ¦­ë¬ ¨§ãç¨âì à §«¨ç­ë¥ ¯à¥¤áâ ¢«¥-
­¨ï ¯®«ã£àã¯¯ ­¥ ¬ âà¨æ ¬¨,   áã¯¥à¬ âà¨æ ¬¨ [11,28].

� íâ®¬ ¯®¤à §¤¥«¥ ¬ë à áá¬®âà¨¬ ­¥¯à¥àë¢­ë¥ áã¯¥à¬ âà¨ç­ë¥ ¯à¥¤áâ ¢«¥­¨ï
à §«¨ç­ëå ¯®«ã£àã¯¯ á¢ï§®ª, á®áâ®ïé¨å ¨§ ¨¤¥¬¯®â¥­â®¢ [31, 115, 116]. �â¬¥â¨¬, çâ®
¨áá«¥¤®¢ ­¨¥ ¯à¥¤áâ ¢«¥­¨© ¯®«ã£àã¯¯ ¨¤¥¬¯®â¥­â®¢ [103, 117{119], á ¨¤¥¬¯®â¥­â­®-
£¥­¥à¨à®¢ ­­ëå ¯®«ã£àã¯¯ [120] ¨ ¯®¤¬­®¦¥áâ¢ ¨¤¥¬¯®â¥­â®¢ [121{125] ¨ ¯á¥¢¤®¨¤¥¬-
¯®â¥­â®¢ [126] ¢ ¯®«ã£àã¯¯ å, ¢ ®á®¡¥­­®áâ¨ ¬ âà¨ç­ëå ¯®«ã£àã¯¯ [127], ï¢«ï¥âáï ¢ ¦-
­ë¬ á  ¡áâà ªâ­®- «£¥¡à ¨ç¥áª®© â®çª¨ §à¥­¨ï. �¤¥¬¯®â¥­âë â ª¦¥ ¢®§­¨ª îâ ¨ è¨-
à®ª® ¨á¯®«ì§ãîâáï ¢ ¯à¨«®¦¥­¨ïå á«ãç ©­ëå ¬ âà¨ç­ëå ¯®«ã£àã¯¯ [98,99,128,129].

�­ ç «  à áá¬®âà¨¬ ¢®§¬®¦­ë¥ ¯®¤¯®«ã£àã¯¯ë ¯®«ã£àã¯¯ë à¥¤ãæ¨à®¢ ­­ëå
áã¯¥à¬ âà¨æ (­¥ ¬­®¦¥áâ¢ ¨ ­¥ áí­¤¢¨ç, ª ª ¢ �®¤à §¤¥«¥ 3.1). �­®¦¥áâ¢  ­¥ç¥â­®-
à¥¤ãæ¨à®¢ ­­ëå ¬ âà¨æ (á¬. �¯à¥¤¥«¥­¨¥ 3.2) ®¡à §ãîâ �-¯®«ã£àã¯¯ë, ª®â®àë¥
®¯à¥¤¥«¥­ë ¢ �ã­ªâ¥ 3.2.1. � áá¬®âà¨¬ á­ ç «  ®¤­®¯ à ¬¥âà¨ç¥áª¨¥ ¯®¤¯®«ã-
£àã¯¯ë �-¯®«ã£àã¯¯ ¨§ (3.43){(3.44).

3.2.1. � à   ¢ ë ¥ ¨ « ¥ ¢ ë ¥ � - ¬   â à ¨ æ ë . � ®¡é¥¬ á«ãç ¥, ­¥ç¥â­®-
à¥¤ãæ¨à®¢ ­­ë¥ ¬ âà¨æë T 2 T (á¬. (3.4) ¨ �®¤à §¤¥« 3.1) ­¥ ®¡à §ãîâ ¯®«ã£àã¯¯ã,
¯®áª®«ìªã ¨å ã¬­®¦¥­¨¥ ­¥ § ¬ª­ãâ® (3.9). �¤­ ª®, ­¥ª®â®à®¥ ¯®¤¬­®¦¥áâ¢® ¢ T ¬®¦¥â

®¡à §®¢ âì ¯®«ã£àã¯¯ã TSG , ¨¬¥­­® â®, ¢ ª®â®à®¬ (1j1)-í«¥¬¥­â ¢ à¥§ã«ìâ¨àãîé¥©
áã¯¥à¬ âà¨æ¥ (3.9) ®¡à é ¥âáï ¢ ­ã«ì (á¬. �à¥¤«®¦¥­¨¥ 3.8). �â®¡ë ®¯à¥¤¥«¨âì
ª« áá ¯®«ã£àã¯¯ â ª®£® â¨¯ , ¬ë à áá¬®âà¨¬ ­¥ª®â®àë¥ ®¡®¡é¥­¨ï. �ãáâì �; � 2 �,
£¤¥ � � �1 | ­¥ç¥â­ ï ¯®¤áã¯¥à®¡« áâì. �ë ®¡®§­ ç¨¬

Ann�
def

= f� 2 �1 j� � � = 0g ; Ann � =
\
�2�

Ann�; (3.42)
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� §¤¥« 3. 3.2

� ¯®á«¥¤­¥¬ ®¯à¥¤¥«¥­¨¨ ¯¥à¥á¥ç¥­¨¥ ¬­®¦¥áâ¢ ï¢«ï¥âáï à¥è îé¨¬.

� ¬¥ç ­¨¥ 3.36. �¨«ì¯®â¥­â­®áâì �) � ¯à¨¢®¤¨â ª � 2 Ann� ¨ ª ª á«¥¤áâ¢¨¥ � �
Ann � = 0.

�¯à¥¤¥«¥­¨¥ 3.37. �¯à¥¤¥«¨¬ «¥¢ë¥ ¨ ¯à ¢ë¥ ����������������-¬ âà¨æë á«¥¤ãîé¨¬ ®¡à §®¬

T�
(L)

def

=

�
0 �

Ann � b

�
; (3.43)

T�
(R)

def

=

�
0 Ann �
� b

�
: (3.44)

�à¥¤«®¦¥­¨¥ 3.38. �-¬ âà¨æë T�
(L;R) � T ®¡à §ãîâ ¯®¤¯®«ã£àã¯¯ë T�

(L;R) ®â-
­®á¨â¥«ì­® ã¬­®¦¥­¨ï áã¯¥à¬ âà¨æ.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬  ­ «®£ ã¬­®¦¥­¨ï (3.9) ¤«ï ¬­®¦¥áâ¢ ¢ á«ãç ¥ «¥¢ëå

�-¬ âà¨æ T�
(L) á«¥¤ãîé¨¬ ®¡à §®¬�

0 �
Ann � b1

��
0 �

Ann � b2

�
=

�
� �Ann � � � b2
b1 �Ann � b1 � b2 + Ann � � �

�
:

� ª¨¬ ®¡à §®¬, ãá«®¢¨¥ � �Ann � = 0 ¨ ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥­¨¥. �

� ¬¥ç ­¨¥ 3.39. � ¯®«ã£àã¯¯ å T�
(L;R) ¯®¤¬­®¦¥áâ¢® ¬ âà¨æ á � = 0 ¯à¥¤áâ ¢«ï¥â

á®¡®© «¥¢ë© ¨¤¥ «, ¨ á � = 0 ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à ¢ë© ¨¤¥ «, ¬ âà¨æë á b = 0
®¡à §ãîâ ¤¢ãáâ®à®­­¨© ¨¤¥ «.

�¯à¥¤¥«¥­¨¥ 3.40. � §®¢¥¬����������������������-¯®«ã£àã¯¯ ¬¨ ¢¢¥¤¥­­ë¥ ¢ 3.38 ¯®«ã£àã¯¯ë T�
(L;R) .

� ¬¥ç ­¨¥ 3.41. �-¯®«ã£àã¯¯ë T�
(L;R) ­¥ á®¤¥à¦ â ¥¤¨­¨æã.

�ãé­®áâì �-¯®«ã£àã¯¯ T�
(L;R) ¬®¦¥â ¡ëâì ¢ëïá­¥­  ¨§ á«¥¤ãîé¥©  ­ «®£¨¨ á

¡¨¨¤¥ « ¬¨ [130{132]. � ¯®¬­¨¬, çâ® ¡¨¨¤¥ « ¢ ¯®«ã£àã¯¯¥ M ¬®¦¥â ¡ëâì ¢¢¥¤¥­
ª ª ¬­®¦¥áâ¢® B áã¯¥à¬ âà¨æ, ã¤®¢«¥â¢®àïîé¨å B � M � B � B [130]. �«ï �-

¯®«ã£àã¯¯ T�
(L;R) íâ® á®®â­®è¥­¨¥ á«¨èª®¬ á¨«ì­®¥ ¨ ¬®¦¥â ­¥ ¢ë¯®«­ïâìáï. �¥¬ ­¥

¬¥­¥¥, ­¥ª®â®àë© ¡®«¥¥ ®¡é¨©  ­ «®£ ¥£® ¬®¦¥â ¡ëâì ­ ©¤¥­.

�à¥¤«®¦¥­¨¥ 3.42. �«ï «î¡®£® § ¤ ­­®£® � � �1 ¯®«ã£àã¯¯ë T�
(L;R) ï¢«ïîâáï

®¤­®¢à¥¬¥­­® á« ¡ë¬¨ ¡¨¨¤¥ « ¬¨ �) , ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

T�
(L;R) �M �T�

(L;R) � T�1
(L;R); (3.45)

£¤¥ �1 (�) � �1 - áã¯¥à®¡« áâì ¢ ­¥ç¥â­®¬ á¥ªâ®à¥ �.

�®ª § â¥«ìáâ¢®. � áá¬ âà¨¬  ­ «®£ (3.45) ¤«ï ¬­®¦¥áâ¢ ¢ ¢¨¤¥�
0 �

Ann � b1

��
a �

� b

��
0 �

Ann � b2

�
=

�à¨¬¥ç ­¨¥. �¤¥áì ¬ë à áá¬ âà¨¢ ¥¬ â®«ìª® â®â á«ãç ©, ª®£¤  ¨­¤¥ªá ­¨«ì¯®â¥­â­®áâ¨ 2 ¨ �2 = 0.
�à¨¬¥ç ­¨¥. �«®¢® \®¡®¡é¥­­ë© ¡¨¨¤¥ «" à¥§¥à¢¨à®¢ ­® ¤«ï ¤àã£®© ª®­áâàãªæ¨¨ ¢ [130].
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3.2 � §¤¥« 3. 
� �Ann � � b � � bd� �2 � �

Ann � � cb� (Ann �)
2 � � � �Ann � � a+ c� � � + Ann � � � � d+ cbd

!
: (3.46)

�ë ¢¨¤¨¬, çâ® ãá«®¢¨¥ � � Ann � = 0 á­®¢  ¤ ¥â ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ãî áã-
¯¥à¬ âà¨æã ¢ ¯à ¢®© ç áâ¨, §  áç¥â ¨áç¥§­®¢¥­¨ï (1j1)-á« £ ¥¬®£®. �®£¤  ¯à®¨§¢¥¤¥­¨¥
(2j1) ¨ (1j2)-í«¥¬¥­â®¢ à ¢­® ­ã«î ¯® â®© ¦¥ ¯à¨ç¨­¥, ¨ ¬ë ¨¬¥¥¬ �-¬ âà¨æã, ®¤­ ª®,
®¯à¥¤¥«¥­­®© ­ ¤ ¨­®© áã¯¥à®¡« áâìî �1 (�) � �1 �

3.2.2. � ¤ ­ ® ¯   à   ¬ ¥ â à ¨ ç ¥ á ª ¨ ¥ ¯ ® « ã £ à ã ¯ ¯ ë à ¥ ¤ ã æ ¨ à ® ¢   ­ -
­ ë å á ã ¯ ¥ à ¬   â à ¨ æ . � ¨¡®«¥¥ í«¥¬¥­â à­ ï ®¤­®¯ à ¬¥âà¨ç¥áª ï ¯®«ã£àã¯¯ 
áã¯¥à¬ âà¨æ ¢¨¤  (3.43){(3.44) ¯à¥¤áâ ¢«ï¥âáï  ­â¨¤¨ £®­ «ì­ë¬¨ ­¨«ì¯®â¥­âë¬¨ áã-
¯¥à¬ âà¨æ ¬¨ ¢¨¤ 

Y� (t)
def

=

�
0 �t

� 0

�
: (3.47)

�à¥¤«®¦¥­¨¥ 3.43. �ã¯¥à¬ âà¨æë Y� (t) ­ àï¤ã á ­ã«¥¢®© áã¯¥à¬ âà¨æ¥©

Z
def

=

�
0 0
0 0

�
(3.48)

®¡à §ãîâ ­¥¯à¥àë¢­ãî ¯®«ã£àã¯¯ã Z�
def

= fSY� (t)
S

Z; �g á ­ã«¥¢ë¬ ã¬­®¦¥­¨¥¬

Y� (t) �Y� (u) = Z: (3.49)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ã¬­®¦¥­¨¥ ¤¢ãå í«¥¬¥­â®¢

Y� (t) � Y� (u) =

�
0 �t

� 0

��
0 �u

� 0

�
=

�
�
2
t 0

0 �
2
u

�
:

�®áª®«ìªã � | ­¨«ì¯®â¥­â ¢â®à®© áâ¥¯¥­¨ �
2 = 0, ¬ë ¯®«ãç ¥¬ ­¥®¡å®¤¨¬ë©

à¥§ã«ìâ â | ­ã«¥¢®¥ ã¬­®¦¥­¨¥ (3.49). �

� ¬¥ç ­¨¥ 3.44. �â® ¯®ª §ë¢ ¥â, çâ® §¤¥áì (ª ª ¨ ¢® ¢á¥å ¤®ª § â¥«ìáâ¢ å ­¨¦¥) ­¨«ì-
¯®â¥­â­®áâì ¨£à ¥â à¥è îéãî ¨ ®¡ï§ â¥«ì­ãî à®«ì, ¨, â ª¨¬ ®¡à §®¬, íâ¨ ¯®áâà®¥­¨ï
¢®§¬®¦­ë â®«ìª® ¤«ï áã¯¥à¬ âà¨æ ¨ ­¥ ¨¬¥îâ  ­ «®£®¢ ¢ ®¡ëç­®¬ (­¥áã¯¥àá¨¬¬¥âà¨ç-
­®¬) á«ãç ¥.

�â¢¥à¦¤¥­¨¥ 3.45. �«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® t = t0 2 �1j0 ¬­®¦¥áâ¢®
fY� (t0) ;Zg ¯à¥¤áâ ¢«ï¥â á®¡®© 0-¬¨­¨¬ «ì­ë© ¨¤¥ « ¢ ¯®«ã£àã¯¯¥ Z� .

�à¥¤¨ ­¥âà¨¢¨ «ì­ëå ¢ à¨ ­â®¢ ®¤­®¯ à ¬¥âà¨ç¥áª¨å ¯®¤¯®«ã£àã¯¯ë ¯®«ã-

£àã¯¯ë T�
(L;R) ¬ë à áá¬®âà¨¬ ­¥ç¥â­®-à¥¤ãæ¨à®¢ ­­ë¥ áã¯¥à¬ âà¨æë á«¥¤ãîé¥£®

¢¨¤ 

P� (t)
def

=

�
0 �t

� 1

�
(3.50)

£¤¥ t 2 �1j0 | ç¥â­ë© ¯ à ¬¥âà ¨§ �, ª®â®àë© \­ã¬¥àã¥â" í«¥¬¥­âë P� (t), ¨ � 2
�0j1 ¯à¥¤áâ ¢«ï¥â á®¡®© ä¨ªá¨à®¢ ­­ë© ­¥ç¥â­ë© í«¥¬¥­â �, ª®â®àë© \­ã¬¥àã¥â"
¬­®¦¥áâ¢ 

S
t

P� (t).

� ¬¥ç ­¨¥ 3.46. �¤¥áì ¬ë ¨áá«¥¤ã¥¬ ®¤­®¯ à ¬¥âà¨ç¥áª¨¥ ¯®¤¯®«ã£àã¯¯ë ¯®«ã-

£àã¯¯ë T�
(L;R) ª ª  ¡áâà ªâ­ë¥ ¯®«ã£àã¯¯ë [29, 30], ­® ­¥ ª ª ¯®«ã£àã¯¯ë ®¯¥à â®-

à®¢ [133,134].
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�­ ç «  ãáâ ­®¢¨¬ á¢®©áâ¢  ã¬­®¦¥­¨ï áã¯¥à¬ âà¨æ P� (t). �§ (3.50) ¢¨¤­®,
çâ® �

0 �t

� 1

��
0 �u

� 1

�
=

�
�
2
t �t

� 1 + �
2
u

�
�
2=0
=

�
0 �t

� 1

�
; (3.51)

¨ ¯®íâ®¬ã ¬ë ¨¬¥¥¬

�à¥¤«®¦¥­¨¥ 3.47. � á«ãç ¥ �2 = 0 ã¬­®¦¥­¨¥ áã¯¥à¬ âà¨æ P� (t) ¨¬¥¥â á«¥-
¤ãîé¨© ¢¨¤

P� (t) � P� (u) = P� (t) : (3.52)

�«¥¤áâ¢¨¥ 3.48. �¬­®¦¥­¨¥ (3.52)  áá®æ¨ â¨¢­®, ¯®íâ®¬ã ¬­®¦¥áâ¢® áã¯¥à¬ -
âà¨æ P� (t) ¯à¥¤áâ ¢«ï¥â á®¡®© ®¤­®¯ à ¬¥âà¨ç¥áªãî ¯®«ã£àã¯¯ã P� ®â­®á¨-
â¥«ì­® ã¬­®¦¥­¨ï (�).
�«¥¤áâ¢¨¥ 3.49. �á¥ áã¯¥à¬ âà¨æë P� (t) ¨¤¥¬¯®â¥­â­ë�

0 �t

� 1

�2
=

�
�
2
t �t

� 1 + �
2
t

�
�
2=0
=

�
0 �t

� 1

�
: (3.53)

�à¥¤«®¦¥­¨¥ 3.50. �á«¨ P� (t) = P� (u), â®
t� u = Ann�: (3.54)

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥­¨ï (3.50) á«¥¤ã¥â, çâ® ¤¢¥ áã¯¥à¬ âà¨æë P� (t) à ¢­ë,
¥á«¨ �t = �u, çâ® ¤ ¥â ¨áª®¬®¥ (3.54). �

�­ «®£¨ç­® ¬ë ¬®¦¥¬ ¢¢¥áâ¨ ¨¤¥¬¯®â¥­â­ë¥ áã¯¥à¬ âà¨æë Q� (t) ¢¨¤ 

Q� (t)
def

=

�
0 �

�t 1

�
; (3.55)

ª®â®àë¥ ã¤®¢«¥â¢®àïîâ �
0 �

�t 1

��
0 �

�u 1

�
=

�
0 �

�u 1

�
(3.56)

¨«¨
Q� (t) �Q� (u) = Q� (u) ; (3.57)

¨ ¯®íâ®¬ã áã¯¥à¬ âà¨æë Q� (t) â ª¦¥ ®¡à §ãîâ ¯®«ã£àã¯¯ã Q� .

� ¬¥ç ­¨¥ 3.51. �®«ã£àã¯¯ë P� ¨ Q� ­¥ á®¤¥à¦ â ¤¢ãáâ®à®­­¨å ­ã«¥© ¨ ¥¤¨­¨æ.

�â¢¥à¦¤¥­¨¥ 3.52. �®«ã£àã¯¯ë P� ¨ Q� | ­¥¯à¥àë¢­ë¥ ®¡ê¥¤¨­¥­¨ï ®¤­®-
í«¥¬¥­â­ëå £àã¯¯ (á®®â¢¥âáâ¢ãîé¨¥ ä¨ªá¨à®¢ ­­ë¬ t) á ¤¥©áâ¢¨ï¬¨ (3.52) ¨
(3.57).

�®®â­®è¥­¨ï (3.51){(3.56) ¨�
0 �t

� 1

��
0 �

�u 1

�
=

�
0 �t

�u 1

�
def

= Ftu; (3.58)�
0 �

�u 1

��
0 �t

� 1

�
=

�
0 �

� 1

�
def

= E (3.59)

¢ ¦­ë á  ¡áâà ªâ­®© â®çª¨ §à¥­¨ï ¨ ¡ã¤ãâ ¨á¯®«ì§®¢ âìáï ­¨¦¥.

� ¬¥ç ­¨¥ 3.53. � ®¡é¥¬ á«ãç ¥ ã¬­®¦¥­¨¥ áã¯¥à¬ âà¨æ ­¥ª®¬¬ãâ â¨¢­®, ­¥®¡à -
â¨¬®, ­®  áá®æ¨ â¨¢­®, ¯®íâ®¬ã «î¡ë¥ ®¡ê¥ªâë, ¤®¯ãáª îé¨¥ ¯à¥¤áâ ¢«¥­¨¥ áã¯¥à¬ -
âà¨æ ¬¨ (á § ¬ª­ãâë¬ ã¬­®¦¥­¨¥¬),  ¢â®¬ â¨ç¥áª¨ ¡ã¤ãâ ¯®«ã£àã¯¯ ¬¨.

� ª, ­¥¯à¥àë¢­ë¥ ¯à¥¤áâ ¢«¥­¨ï ­ã«¥¢ëå ¯®«ã£àã¯¯, à áá¬®âà¥­ë ¢ �ã­ªâ¥
3.3.
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3.3 � §¤¥« 3.

3.3. �¥¯à¥àë¢­®¥ áã¯¥à¬ âà¨ç­®¥ ¯à¥¤áâ ¢«¥-
­¨¥ ­ã«¥¢ëå ¯®«ã£àã¯¯

� áá¬ âà¨¬  ¡áâà ªâ­®¥ ¬­®¦¥áâ¢® P� (ª®â®à®¥ \­ã¬¥àã¥âáï" ­¥ç¥â­ë¬ ¯ à -

¬¥âà®¬ � 2 �0j1), á®áâ®ïé¥¥ ¨§ í«¥¬¥­â®¢ pt 2 P� (t 2 �1j0 ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥¯à¥-
àë¢­ë© ç¥â­ë© áã¯¥à¯ à ¬¥âà), ª®â®àë¥ ¯®¤ç¨­ïîâáï § ª®­ã ã¬­®¦¥­¨ï

pt � pu = pt: (3.60)

�â¢¥à¦¤¥­¨¥ 3.54. �¬­®¦¥­¨¥ (3.60)  áá®æ¨ â¨¢­® ¨ á«¥¤®¢ â¥«ì­® ¬­®¦¥-

áâ¢® P ï¢«ï¥âáï ¯®«ã£àã¯¯®© P�
def

= fP�; �g.

�â¢¥à¦¤¥­¨¥ 3.55. �®«ã£àã¯¯  P� ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥¯à¥àë¢­®¥ ®¤­®¯ à -
¬¥âà¨ç¥áª®¥ ¯à¥¤áâ ¢«¥­¨¥ ¯®«ã£àã¯¯ë «¥¢ëå ­ã«¥© [30], ¢ ª®â®à®© ª ¦¤ë© í«¥-
¬¥­â ®¤­®¢à¥¬¥­­® | ¨ «¥¢ë© ­ã«ì ¨ ¯à ¢ ï ¥¤¨­¨æ .

�à¥¤«®¦¥­¨¥ 3.56. �®«ã£àã¯¯  P� í¯¨¬®àä­  (­¥ ¨§®¬®àä­ !) ¯®«ã£àã¯¯¥ P� .

�®ª § â¥«ìáâ¢®. �à ¢­¨¢ ï (3.51) ¨ (3.60), ¬ë § ¬¥ç ¥¬, çâ® ®â®¡à ¦¥­¨¥ ' : P� ! P
¯à¥¤áâ ¢«ï¥â á®¡®© £®¬®¬®àä¨§¬. �¨¤­®, çâ® ¤¢  í«¥¬¥­â  pt ¨ pu , ã¤®¢«¥â¢®àïîé¨å
(3.54), ¨¬¥îâ ®¤¨­ ¨ â® ¦¥ ®¡à §

' (pt) = ' (pu)$ t� u = Ann�; pt; pu 2 P�: (3.61)

�

�¯à¥¤¥«¥­¨¥ 3.57. �®®â­®è¥­¨¥

�� = f(pt; pu) j t� u = Ann�; pt; pu 2 P�g : (3.62)

­ §®¢¥¬ �-®â­®è¥­¨¥¬ à ¢¥­áâ¢ .

� ¬¥ç ­¨¥ 3.58. �á«¨ áã¯¥à¯ à ¬¥âàë t ¨ � ¯à¨­¨¬ îâ §­ ç¥­¨ï ¢ à §«¨ç­ëå  «-
£¥¡à å �à áá¬ ­ , ª®â®àë¥ ­¥ á®¤¥à¦ â ¢§ ¨¬­® ã­¨çâ®¦ îé¨åáï í«¥¬¥­â®¢ ªà®¬¥
­ã«ï, â®£¤  Ann� = 0 ¨ �� = �, £¤¥ � | áâ ­¤ àâ­®¥ ®â­®è¥­¨¥ à ¢¥­áâ¢  [30].

�¥¯¥àì ¬ë ¬®¦¥¬ áä®à¬ã«¨à®¢ âì ¡®«¥¥ ®¡é¥¥

�â¢¥à¦¤¥­¨¥ 3.59. � áã¯¥àá¨¬¬¥âà¨ç­®¬ á«ãç ¥  ­ «®£ áâ ­¤ àâ­®£® ®â­®è¥-
­¨ï à ¢¥­áâ¢  � ¯à¥¤áâ ¢«ï¥â á®¡®© �-®â­®è¥­¨¥ à ¢¥­áâ¢  �� (3.62).

�®â ä ªâ, çâ® � 6= �� ¯à¨¢®¤¨â ª ­¥ª®â®àë¥ ­®¢ë¬  ¡áâà ªâ­ë¬  «£¥¡à -
¨ç¥áª¨¬ áâàãªâãà ¬ ¢ áã¯¥à¬ âà¨ç­®© â¥®à¨¨ ¨ ­¥âà¨¢¨ «ì­ë¬ à¥§ã«ìâ â ¬. �à¥¤¨
¯®á«¥¤­¨å ¨¬¥¥âáï á«¥¤ãîé¨©

�«¥¤áâ¢¨¥ 3.60. �¤à® £®¬®¬®àä¨§¬  ' ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¥© ä®à¬ã«®©
ker' =

S
t2Ann�

pt .

� ¯®¬­¨¬, çâ® ¢ ­¥áã¯¥àá¨¬¬¥âà¨ç­®¬ á«ãç ¥ ker' = pt=0 .

� ¬¥ç ­¨¥ 3.61. �­¥ ker' ¯®«ã£àã¯¯  P� ­¥¯à¥àë¢­  ¨ áã¯¥à£« ¤ª , çâ® ¬®¦¥â ¡ëâì
¯®ª § ­® ¯®áà¥¤áâ¢®¬ áâ ­¤ àâ­ëå ¬¥â®¤®¢ áã¯¥à ­ «¨§  [33,113].
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�â¢¥à¦¤¥­¨¥ 3.62. �®«ã£àã¯¯  P� ­¥à¥¤ãªâ¨¢­  ¨ ­¥á®ªà â¨¬ , ¯®áª®«ìªã p �
pt = p � pu ! pt��pu , ­® ­¥ pt = pu (¨«¨ pt�pu ) ¤«ï ¢á¥å p2P� . �«¥¤®¢ â¥«ì­®,
áã¯¥à¬ âà¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥, § ¤ ­­®¥ ', ­¥ ï¢«ï¥âáï â®ç­ë¬.

�«¥¤áâ¢¨¥ 3.63. �á«¨ t + Ann� \ u+ Ann� 6= ?, â®£¤  pt��pu (  ­¥ pt�pu ª ª ¢
®¡ëç­®¬ á«ãç ¥).

�­ «®£¨ç­®, ¯®«ã£àã¯¯  Q� á ã¬­®¦¥­¨¥¬

qt � qu = qu (3.63)

¨§®¬®àä­  ¯®«ã£àã¯¯¥ ¯à ¢ëå ­ã«¥©, ¢ ª®â®à®© ª ¦¤ë© í«¥¬¥­â ï¢«ï¥âáï ®¤­®¢à¥-
¬¥­­® ¨ ¯à ¢ë¬ ­ã«¥¬, ¨ «¥¢®© ¥¤¨­¨æ¥©, ¨, ªà®¬¥ â®£®, ¯®«ã£àã¯¯  Q� í¯¨¬®àä­ 
¯®«ã£àã¯¯¥ Q� .

�¯à¥¤¥«¥­¨¥ 3.64. �®«ã£àã¯¯ë «¥¢ëå ¨ ¯à ¢ëå ­ã«¥© P� ¨ Q� ¬®£ãâ ¡ëâì ­ -

§¢ ­ë ��������¯®çâ¨�������������������������������� ­â¨ª®¬¬ãâ â¨¢­ë¬¨ �), ¯®áª®«ìªã ¤«ï ­¨å pt � pu = pu � pt ¨«¨

qt � qu = qu � qt ¤ ¥â �t = �u ¨ t = u+ Ann�.

�¥âà¨¢¨ «ì­®áâì ¤ ­­®£® ®¯à¥¤¥«¥­¨ï ¨ ¥£® ®â«¨ç¨¥ ®â á«ãç ï  ¡áâà ªâ­ëå ¯®-
«ã£àã¯¯ «¥¢ëå ¨ ¯à ¢ëå ­ã«¥© ®á­®¢ ­  ­  â®¬ ä ªâ¥, çâ® áã¯¥à¬ âà¨ç­®¥ ¯à¥¤áâ -
¢«¥­¨¥, § ¤ ­­®¥ ', ­¥ ï¢«ï¥âáï â®ç­ë¬ á®£« á­® �â¢¥à¦¤¥­¨î 3.62.

�à¥¤«®¦¥­¨¥ 3.65. �®«ã£àã¯¯ë P� ¨ Q� à¥£ã«ïà­ë, ­® ­¥ ¨­¢¥àá­ë.

�®ª § â¥«ìáâ¢®. �«ï «î¡ëå ¤¢ãå í«¥¬¥­â®¢ pt ¨ pu , ¨á¯®«ì§ãï (3.60), ¬ë ¨¬¥¥¬
pt � pu � pt = (pt � pu) � pt = pt � pt = pt .

�­ «®£¨ç­®, ¨ ¤«ï qt ¨ qu . �®£¤  pt ¨¬¥¥â å®âï ¡ë ®¡à â­ë© í«¥¬¥­â pu�pt�pu =
pu . �® pu ¯à®¨§¢®«ì­® ¢ë¡à ­, ¯®íâ®¬ã ¢ ¯®«ã£àã¯¯ å P� ¨ Q� «î¡ë¥ ¤¢  í«¥¬¥­â 
¢§ ¨¬­®¨­¢¥àá­ë. �¤­ ª®, P� ¨ Q� ­¥ ¨­¢¥àá­ë¥ ¯®«ã£àã¯¯ë, ¢ ª®â®àëå ª ¦¤ë©
í«¥¬¥­â ¨¬¥¥â ¥¤¨­áâ¢¥­­ë© ¨­¢¥àá­ë© [30]. �

� ¦­® ¯®¤ç¥àª­ãâì, çâ® ¨¤¥ «ì­®¥ áâà®¥­¨¥ P� ¨ Q� ­¥ ¯®«­®áâìî á®¢¯ ¤ îâ
(å®âï ¨¬¥¥â ¬­®£® ®¡é¥£®) á ¯®«ã£àã¯¯ ¬¨ «¥¢ëå ¨ ¯à ¢ëå ­ã«¥© ¢ á«¥¤ãîé¥¬ á¬ëá«¥.

�à¥¤«®¦¥­¨¥ 3.66. � ¦¤ë© í«¥¬¥­â ¨§ P� ®¡à §®¢ë¢ ¥â ¨§®«¨à®¢ ­­ë© £« ¢-
­ë© ¯à ¢ë© ¨¤¥ «, ª ¦¤ë© í«¥¬¥­â ¨§ Q� ®¡à §®¢ë¢ ¥â £« ¢­ë© «¥¢ë© ¨¤¥ «,
¨ ¯®íâ®¬ã ª ¦¤ë© £« ¢­ë© ¯à ¢ë© ¨ «¥¢ë© ¨¤¥ « ¢ P� ¨ Q� á®®â¢¥âáâ¢¥­­®
¨¬¥îâ ¨¤¥¬¯®â¥­â­ë© £¥­¥à â®à.

�®ª § â¥«ìáâ¢®. �§ (3.60) ¨ (3.63) á«¥¤ã¥â, çâ® pt = pt � P� ¨ qu = Q� � qu . �

�à¥¤«®¦¥­¨¥ 3.67. �®«ã£àã¯¯ë P� ¨ Q� ¯à®áâë á«¥¢  ¨ á¯à ¢  á®®â¢¥â-
áâ¢¥­­®.

�®ª § â¥«ìáâ¢®. �§ (3.60) ¨ (3.63) ¢¨¤­®, çâ® P� = P� � pt ¨ Q� = qu � Q� . �

�â­®è¥­¨ï �à¨­  ¢ áâ ­¤ àâ­ëå ¯®«ã£àã¯¯ å «¥¢ëå ­ã«¥© á«¥¤ãîé¨¥: L -
íª¢¨¢ «¥­â­®áâì á®¢¯ ¤ ¥â á ã­¨¢¥àá «ì­ë¬ ®â­®è¥­¨¥¬, ¨ R -íª¢¨¢ «¥­â­®áâì á®¢¯ -
¤ ¥â á ®â­®è¥­¨¥¬ à ¢¥­áâ¢  [30]. � ­ è¥¬ á«ãç ¥ ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ â® ¦¥ á ¬®¥,
­® ¢¬¥áâ® ¯®á«¥¤­¥£® ¬ë ¨¬¥¥¬

�à¨¬¥ç ­¨¥. �®  ­ «®£¨¨ á  ­â¨ª®¬¬ãâ â¨¢­ë¬¨ ¯àï¬®ã£®«ì­ë¬¨ á¢ï§ª ¬¨ [30].

39



3.3 � §¤¥« 3.

�¥®à¥¬  3.68. �
P� ¨ Q� á®®â¢¥âáâ¢¥­­® R -íª¢¨¢ «¥­â­®áâì ¨ L -íª¢¨¢ «¥­â­®áâì á®¢¯ ¤ ¥â
á �-®â­®è¥­¨¥¬ à ¢¥­áâ¢  (3.62).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ R -íª¢¨¢ «¥­â­®áâì ¢ P� . �¢  í«¥¬¥­â  pt; pu 2 P� R -
íª¢¨¢ «¥­â­ë â®£¤  ¨ â®«ìª® â®£¤ , ¥á«¨ pt�P� = pu�P� . � â¥à¬¨­ å í«¥¬¥­â®¢ ¬ âà¨æ
íâ® ¢ë£«ï¤¨â, ª ª �t = �u, çâ® ¤ ¥â t�u = Ann�. �® ®¯à¥¤¥«¥­¨î (3.62) íâ® ¯à¨¢®¤¨â
ª pt��pu , ¨ ¬ë ¯®«ãç ¥¬ R = �� , ¨  ­ «®£¨ç­® ¤«ï L -íª¢¨¢ «¥­â­®áâ¨. �

3.3.1. � ª à ã ç ¥ ­ ­ ë ¥ ¯ à ï ¬ ® ã £ ® « ì ­ ë ¥ á ¢ ï § ª ¨ . �¥¯¥àì ¬ë ®¡ê-
¥¤¨­¨¬ ¯®«ã£àã¯¯ë P� ¨ Q� ¢ ­¥ª®â®àãî ­¥âà¨¢¨ «ì­ãî ¯®«ã£àã¯¯ã. �®-¯¥à¢ëå, ¬ë
à áá¬®âà¨¬ ®¡ê¥¤¨­¥­­®¥ ¬­®¦¥áâ¢® í«¥¬¥­â®¢ P� [ Q� ¨ ¨§ãç¨¬ ¨å á¢®©áâ¢  ã¬­®-
¦¥­¨ï.

�á¯®«ì§ãï (3.58) ¨ (3.59), ¬ë § ¬¥ç ¥¬, çâ® P� \ Q� = e, £¤¥ ' (e) = E ¨§
(3.59), ¨ ¯®íâ®¬ã e��pt=1 ¨ e��qt=1 . � ª¨¬ ®¡à §®¬, ¬ë ¢ë­ã¦¤¥­ë à §«¨ç âì ®¡« áâì

t = 1 + Ann� ®â ¤àã£¨å ®¡« áâ¥© ¢ áã¯¥à¯à®áâà ­áâ¢¥ ¯ à ¬¥âà  t 2 �1j0 , ¨ ¢
¤ «ì­¥©è¥¬ ¤«ï «î¡ëå ¨­¤¥ªá®¢ ¢ pt ¨ qt ¬ë ¯®¤à §ã¬¥¢ ¥¬ t 6= 1 + Ann�.

�â¢¥à¦¤¥­¨¥ 3.69. �«¥¬¥­â e ¯à¥¤áâ ¢«ï¥â á®¡®© «¥¢ë© ­ã«ì ¨ ¯à ¢ãî ¥¤¨­¨æã
¤«ï pt , ¨ e ¯à¥¤áâ ¢«ï¥â á®¡®© ¯à ¢ë© ­ã«ì ¨ «¥¢ãî ¥¤¨­¨æã ¤«ï qu , â.¥. e�pt = e;

pt � e = pt , ¨ qu � e = e; e � qu = qu .

�á¯®«ì§ãï (3.59), «¥£ª® ¯à®¢¥à¨âì, çâ® qu � pt = e, ­® ®¡à â­®¥ ¯à®¨§¢¥¤¥­¨¥
âà¥¡ã¥â à áá¬®âà¥­¨ï ¤®¯®«­¨â¥«ì­ëå í«¥¬¥­â®¢, ª®â®àë¥ ­¥ á®¤¥à¦ âáï ¢ P� [ Q� .
�§ (3.58) ¬ë ¯®«ãç ¥¬

rtu = pt � qu; (3.64)

£¤¥ ' (rtu) = Ftu . �®¯ãáâ¨¬, çâ® R�
def

=
S

t;u=21+Ann�

rtu .

�¯à¥¤¥«¥­¨¥ 3.70. ���������������ªàãç¥­­ ï��������������������¯àï¬®ã£®«ì­ ï����������á¢ï§ª  W� ¯à¥¤áâ ¢«ï¥â á®¡®©

®¡ê¥¤¨­¥­¨¥ ¬­®¦¥áâ¢ ¨¤¥¬¯®â¥­â®¢ P� [ Q� [ R� á �-¯à®¨§¢¥¤¥­¨¥¬ (3.60), ¨
á«¥¤ãîé¥© â ¡«¨æ¥© �í«¨, ¯à¥¤áâ ¢«¥­­®© ¢ � ¡«¨æ¥ 3.1.

�§ � ¡«¨æë 3.1 ¢¨¤­®, çâ® ã¬­®¦¥­¨¥ ¢ áªàãç¥­­®© ¯àï¬®ã£®«ì­®© á¢ï§ª¥ W�

ï¢«ï¥âáï  áá®æ¨ â¨¢­ë¬ �), ª ª íâ® ¨ á«¥¤®¢ «® ®¦¨¤ âì.
�ë ¬®¦¥¬ § ¬¥â¨âì ¨§ â ¡«¨æë �í«¨ á«¥¤ãîé¨¥ ­¥¯à¥àë¢­ë¥ ¯®¤¯®«ã£àã¯¯ë

¢ áªàãç¥­­®© ¯àï¬®ã£®«ì­®© á¢ï§ª¥:

� e { ®¤­®í«¥¬¥­â­ ï \¯®çâ¨ â®¦¤¥áâ¢¥­­ ï" ¯®¤¯®«ã£àã¯¯ ;

� ~P� =

(
[

t6=1+Ann�

pt; �
)

{ \¯à¨¢¥¤¥­­ ï" ¯®«ã£àã¯¯  «¥¢ëå ­ã«¥©;

� P� =

(
[

t6=1+Ann�

pt [ e; �
)

{ ¯®«­ ï ¯®«ã£àã¯¯  «¥¢ëå ­ã«¥©;

� ~Q� =

(
[

t 6=1+Ann�

qt; �
)

{ \¯à¨¢¥¤¥­­ ï" ¯®«ã£àã¯¯  ¯à ¢ëå ­ã«¥©;

�à¨¬¥ç ­¨¥. �«ï ã¤®¡áâ¢  ¬ë ¯®ª §ë¢ ¥¬ ­¥ª®â®àë¥ ¤®¯®«­¨â¥«ì­ë¥ á®®â­®è¥­¨ï.
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� §¤¥« 3. 3.3

� ¡«¨æ  3.1

� ¡«¨æ  �í«¨ ¤«ï ­¥¯à¥àë¢­®© áªàãç¥­­®© ¯àï¬®ã£®«ì­®© á¢ï§ª¨

1 n 2 e pt pu qt qu rtu rut rtw rvw

e e e e qt qu qu qt qw qw
pt pt pt pt rtt rtu rtu rtt rtw rtw
pu pu pu pu rut ruu ruu rut ruw ruw
qt e e e qt qu qu qt qw qw
qu e e e qt qu qu qt qw qw

rtu pt pt pt rtt rtu rtu rtt rtw rtw
rut pu pu pu rut ruu ruu rut ruw ruw
rtw pt pt pt rtt rtu rtu rtt rtw rtw
rvw pv pv pv rvt rvu rvu rvt rvw rvw

� Q� =

(
[

t 6=1+Ann�

qt [ e; �
)

{ ¯®«­ ï ¯®«ã£àã¯¯  ¯à ¢ëå ­ã«¥©;

� ~F (1j1)
�

=

(
[

t;u6=1+Ann�

rtu; �
)

{ \¯à¨¢¥¤¥­­ ï" ¯àï¬®ã£®«ì­ ï á¢ï§ª ;

� F (1j1)
�

=

(
[

t;u6=1+Ann�

rtu [ e; �
)

{ ¯®«­ ï ¯àï¬®ã£®«ì­ ï á¢ï§ª ;

� V L

�
=

(
[

t;u 6=1+Ann�

rtu [ pt; �
)

{ \á¬¥è ­­ ï" «¥¢ ï ¯àï¬®ã£®«ì­ ï á¢ï§ª ;

� V R

�
=

(
[

t;u6=1+Ann�

rtu [ qt; �
)

{ \á¬¥è ­­ ï" ¯à ¢ ï ¯àï¬®ã£®«ì­ ï á¢ï§ª .

� ª¨¬ ®¡à §®¬, ¬ë ­ è«¨ ­¥¯à¥àë¢­®¥ áã¯¥à¬ âà¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¤«ï ¯®-
«ã£àã¯¯ «¥¢ëå ¨ ¯à ¢ëå ­ã«¥© ¨ ¯®áâà®¨«¨ ¨§ ­¨å áã¯¥à¬ âà¨ç­®¥ ¯à¥¤áâ ¢«¥­¨¥
¯àï¬®ã£®«ì­ëå á¢ï§®ª. �®à®è® ¨§¢¥áâ­®, çâ® «î¡ ï ¯àï¬®ã£®«ì­ ï á¢ï§ª  ¨§®¬®àä­ 
¤¥ª àâ®¢ã ¯à®¨§¢¥¤¥­¨î ¯®«ã£àã¯¯ «¥¢ëå ¨ ¯à ¢ëå ­ã«¥© [31,135]. �¤¥áì ¬ë ¯®«ãç¨«¨
íâ® ¢ ï¢­®¬ ¢¨¤¥ (á¬. (3.64)) ¨ ¯à¥¤áâ ¢¨«¨ ª®­ªà¥â­ãî ª®­áâàãªæ¨î (3.58). �à®¬¥
â®£®, ¬ë ã­¨ä¨æ¨à®¢ «¨ ¢á¥ ¢ëè¥ã¯®¬ï­ãâë¥ ¯®«ã£àã¯¯ë ¢ ®¤­®¬ ®¡ê¥ªâ¥,   ¨¬¥­­®
¢ áªàãç¥­­®© ¯àï¬®ã£®«ì­®© á¢ï§ª¥.

3.3.2. � à ¥ ¤ á â   ¢ « ¥ ­ ¨ ï ¯ à ï ¬ ® ã £ ® « ì ­ ë å á ¢ ï § ® ª . �¬­®¦¥­¨¥
¯àï¬®ã£®«ì­ëå á¢ï§®ª ¯à¨¢®¤¨âáï ¢ ¯à ¢®¬ ­¨¦­¥¬ ã£«ã â ¡«¨æë �í«¨. �¡ëç­® [30,31]
®­® ®¯à¥¤¥«ï¥âáï ®¤­¨¬ á®®â­®è¥­¨¥¬

rtu � rvw = rtw: (3.65)

� ­ è¥¬ á«ãç ¥ ¨­¤¥ªáë | íâ® ç¥â­ë¥ ­¥¯à¥àë¢­ë¥ £à áá¬ ­®¢ë ¯ à ¬¥âàë ¨§ �1j0 .
�â® ª á ¥âáï ¯®«ã£àã¯¯ ­ã«¥©, íâ® â ª¦¥ ¯à¨¢®¤¨â ª ­¥ª®â®àë¬ ®á®¡¥­­®áâï¬ ¢ ¨¤¥-
 «ì­®¬ áâà®¥­¨¨ â ª¨å á¢ï§®ª.
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3.3 � §¤¥« 3.

�àã£®¥ ®â«¨ç¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ®âáãâáâ¢¨¥ ãá«®¢¨ï u = v , çâ® ¢®§­¨ª ¥â ¢
­¥ª®â®à®¬ ¯à¨«®¦¥­¨ïå ¨§-§  ª®­¥ç­®© ¯à¨à®¤ë ¨­¤¥ªá®¢, à áá¬ âà¨¢ ¥¬ëå ª ª ­¥-
ª®â®àë¥ ¢¥«¨ç¨­ë, á®®â¢¥âáâ¢ãîé¨¥ áâà®ª ¬ ¨ áâ®«¡æ ¬ ¢ ¬ âà¨æ å í«¥¬¥­â®¢ (á¬.
­ ¯à¨¬¥à, [136]). �®íâ®¬ã, ¯à¨ ¯®¨áª å ­®¢ëå à¥§ã«ìâ â®¢ ¢ ¤ ­­®¬ ­¥¯à¥àë¢­®¬ áã-
¯¥àá¨¬¬¥âà¨ç­®¬ á«ãç ¥ ¬ë ¤®«¦­ë à áá¬ âà¨¢ âì ¨ ¤®«¦­ë ¤®ª §ë¢ âì ­¥ª®â®àë¥
áâ ­¤ àâ­ë¥ ãâ¢¥à¦¤¥­¨ï á á ¬®£® ­ ç « .

� áá¬®âà¨¬ ®â­®è¥­¨ï �à¨­  ­  F
(1j1)
�

.

�à¥¤«®¦¥­¨¥ 3.71. �î¡ë¥ ¤¢  í«¥¬¥­â  ¢ ¯àï¬®ã£®«ì­®© á¢ï§ª¥ F (1j1)
�

®¤­®¢à¥-
¬¥­­® J - ¨ D -íª¢¨¢ «¥­â­ë.

�®ª § â¥«ìáâ¢®. �§ (3.65) ¬ë ¨¬¥¥¬

rtu � rvw � rtu = rtw � rtu = rtu; (3.66)

rvw � rtu � rvw = rvw � rtw = rvw (3.67)

¤«ï «î¡®£® t; u; v; w 2 �1j0 . �®-¯¥à¢ëå, ¬ë ®¡à é ¥¬ ¢­¨¬ ­¨¥, çâ® íâ¨ à ¢¥­-
áâ¢  á®¢¯ ¤ îâ á ®¯à¥¤¥«¥­¨¥¬ J - ª« áá®¢ [30], ¯®íâ®¬ã «î¡ë¥ ¤¢  í«¥¬¥­â  J -

íª¢¨¢ «¥­â­ë, ¨ â ª¨¬ ®¡à §®¬ J á®¢¯ ¤ ¥â á ã­¨¢¥àá «ì­ë¬ ®â­®è¥­¨¥¬ ­  F (1j1)
�

.
� «¥¥, ¨á¯®«ì§ãï (3.66), ¬ë § ¬¥ç ¥¬, çâ® ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï rtuRrtu � rvw ¨
rtu � rvwL rvw . �®áª®«ìªã D = L � R = R � L (á¬., ­ ¯à¨¬¥à, [31]), â® rtuDrvw . �

�â¢¥à¦¤¥­¨¥ 3.72. � ¦¤ë© R -ª« áá Rrtu á®áâ®¨â ¨§ í«¥¬¥­â®¢ rtu , ª®â®àë¥
�� -íª¢¨¢ «¥­â­ë ¯® ¯¥à¢®¬ã ¨­¤¥ªáã, â. ¥. rtuRrvw , t � v = Ann�; ¨ ª ¦¤ë©
L -ª« áá Lrtu á®áâ®¨â ¨§ í«¥¬¥­â®¢ rtu , ª®â®àë¥ �� -íª¢¨¢ «¥­â­ë ¯® ¢â®à®¬ã
¨­¤¥ªáã, â. ¥. rtuL rvw $ u� w = Ann�:

�®ª § â¥«ìáâ¢®. �â® á«¥¤ã¥â ¨§ (3.66), ï¢­®£® à §¡¨¥­¨ï ¯àï¬®ã£®«ì­®© á¢ï§ª¨ (3.64)
¨ �¥®à¥¬ë 3.68. �

� ª¨¬ ®¡à §®¬, ¯¥à¥á¥ç¥­¨¥ L - ¨ R -ª« áá®¢ ­¥¯ãáâ®. �«ï ®¡ëª­®¢¥­­ëå ¯àï-
¬®ã£®«ì­ëå á¢ï§®ª ª ¦¤ë© H - ª« áá á®áâ®¨â ¨§ ®¤­®£® í«¥¬¥­â  [30, 31]. � ­ è¥¬
á«ãç ¥, ®¤­ ª®, á¨âã æ¨ï ¡®«¥¥ á«®¦­ ï.

�¯à¥¤¥«¥­¨¥ 3.73. �®®â­®è¥­¨¥

�(1j1)
�

= f(rtu; rvw) j t� v = Ann�; u� w = Ann�; rtu; rvw 2 R�g : (3.68)

­ §®¢¥¬ �����������¤¢®©­ë¬ �-®â­®è¥­¨¥¬ à ¢¥­áâ¢  .

�¥®à¥¬  3.74. � ¦¤ë© H -ª« áá

¢ F (1j1)
�

á®áâ®¨â ¨§ ¤¢®©­ëå �(1j1)
�

-íª¢¨¢ «¥­â­ëå í«¥¬¥­â®¢, ã¤®¢«¥â¢®àïîé¨å

rtu�
(2)
�
rvw , ¨ â ª H = �(1j1)

�
.

�®ª § â¥«ìáâ¢®. �§ (3.66) ¨ �¯à¥¤¥«¥­¨ï 3.58 á«¥¤ã¥â, çâ® ¯¥à¥á¥ç¥­¨¥ L - ¨ R -
ª« áá®¢ ¯à®¨áå®¤¨â, ª®£¤  �t = �v ¨ �u = �w . �â® ¤ ¥â t = v+Ann�; u = w+Ann�,
çâ® á®¢¬¥é ¥âáï á ¤¢®©­ë¬ �-®â­®è¥­¨¥¬ à ¢¥­áâ¢  (3.68). �

� áá¬®âà¨¬ ®â®¡à ¦¥­¨¥  : F (1j1)
�
! F (1j1)

�
=R � F (1j1)

�
=L , ª®â®à®¥ ®â®¡à ¦ ¥â

í«¥¬¥­â rtu ¢ ¥£® R - ¨ L -ª« ááë

 (rtu) = fRrtu; Lrtug : (3.69)

� áâ ­¤ àâ­®¬ á«ãç ¥  ¯à¥¤áâ ¢«ï¥â á®¡®© ¡¨¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ [31]. �¥¯¥àì ¬ë
¨¬¥¥¬
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� §¤¥« 3. 3.3

�â¢¥à¦¤¥­¨¥ 3.75. �â®¡à ¦¥­¨¥  ¯à¥¤áâ ¢«ï¥â á®¡®© áîàê¥ªæ¨î.

�®ª § â¥«ìáâ¢®. C«¥¤ã¥â ¨§ T¥®à¥¬ë 3.68 ¨ à §«®¦¥­¨ï (3.64). �

�ãáâì ¤¥ª àâ®¢® ¯à®¨§¢¥¤¥­¨¥ F (1j1)
�

=R �F (1j1)
�

=L ­ ¤¥«¥­® �-ã¬­®¦¥­¨¥¬ ¯àï-
¬®ã£®«ì­ëå á¢ï§®ª ¥£® R - ¨ L -ª« áá®¢,  ­ «®£¨ç­ëå (3.65), â. ¥.

fRrtu; Lrtug � fRrvw; Lrvwg = fRrtu; Lrvwg : (3.70)

�«ï áâ ­¤ àâ­ëå ¯àï¬®ã£®«ì­ëå á¢ï§®ª ®â®¡à ¦¥­¨¥  ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬
[31]. � ­ è¥¬ á«ãç ¥ ¬ë ¨¬¥¥¬

�¥®à¥¬  3.76. �â®¡à ¦¥­¨¥  | í¯¨¬®àä¨§¬.

�®ª § â¥«ìáâ¢®. �®-¯¥à¢ëå, ¬ë § ¬¥ç ¥¬ ¨§ (3.66), çâ®

Rrtu�rvw = Rrtu; (3.71)

Lrtu�rvw = Lrvw; (3.72)

¨ â ª¨¬ ®¡à §®¬, ®â­®á¨â¥«ì­® �-ã¬­®¦¥­¨ï (3.70) ®â®¡à ¦¥­¨¥  ¯à¥¤áâ ¢«ï¥â á®¡®©
£®¬®¬®àä¨§¬, ¯®áª®«ìªã

 (rtu � rvw) = (3.73)

fRrtu�rvw; Lrtu�rvwg = fRrtu ; Lrvwg =

fRrtu ; Lrtug � fRrvw; Lrvwg =

=  (rtu) �  (rvw) :

� «¥¥, áîàê¥ªâ¨¢­ë© £®¬®¬®àä¨§¬ ¯® ®¯à¥¤¥«¥­¨î ï¢«ï¥âáï í¯¨¬®àä¨§¬®¬ (á¬.
[137]). �

3.3.3. � ¥ ¯ à ¥ à ë ¢ ­ ë ¥ ¯ à ¥ ¤ á â   ¢ « ¥ ­ ¨ ï ¢ ë á è ¨ å á ¢ ï § ® ª . �®çâ¨
¢á¥ ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë ¬®£ãâ ¡ëâì ®¡®¡é¥­ë ¤«ï ¯àï¬®ã£®«ì­ëå á¢ï§®ª ¢ëáè¥£®
¯®àï¤ª  (njn), á®¤¥à¦ é¨¥ 2n ­¥¯à¥àë¢­ëå ç¥â­ëå £à áá¬ ­®¢ëå ¯ à ¬¥âà®¢. �®®â-
¢¥âáâ¢ãîé ï ¬ âà¨ç­ ï ª®­áâàãªæ¨ï ¨¬¥¥â ¢¨¤

Ft1t2:::tn;u1u2 :::un
def

=

0BBBBB@
0 �t1 �t2 : : : �tn
�u1
�u2

...
�un

I (n� n)

1CCCCCA 2 RMat odd� (1jn) ; (3.74)

£¤¥ t1; t2 : : : tn; u1; u2 : : : un 2 �1j0 ç¥â­ë¥ ¯ à ¬¥âàë, � 2 �1j0 , I (n� n) ¯à¥¤áâ ¢«ï¥â
á®¡®© ¥¤¨­¨ç­ãî ¬ âà¨æã, ¨ ¬ âà¨ç­®¥ ã¬­®¦¥­¨¥ ¨¬¥¥â ¢¨¤

Ft1t2:::tn;u1u2:::unFt01t02:::t0n;u01u02:::u0n = Ft1t2:::tn;u01u02:::u0n : (3.75)

� ª¨¬ ®¡à §®¬, ¨¤¥¬¯®â¥­â­ë¥ áã¯¥à¬ âà¨æë Ft1t2:::tn;u1u2:::un ®¡à §ãîâ ¯®«ã-

£àã¯¯ã F (njn)
�

.

�¯à¥¤¥«¥­¨¥ 3.77. � §®¢¥¬ �����������������(njn)-á¢ï§ª®©������������¢ëáè¥£®������������¯®àï¤ª  â ªãî ¯®«ã£àã¯¯ã

F (njn)
�

3 ft1t2:::tn;u1u2:::un , ª®â®à ï ¯à¥¤áâ ¢«ï¥âáï áã¯¥à¬ âà¨æ ¬¨ Ft1t2:::tn;u1u2:::un ¨§

RMat odd� (1jn) ¢¨¤  (3.74).

�¥§ã«ìâ âë, ¨§«®¦¥­­ë¥ ¢ �à¨«®¦¥­¨¨ 3.3, á ­¥ª®â®àë¬¨ ­¥§­ ç¨â¥«ì­ë¬¨

®â«¨ç¨ï¬¨ á¯à ¢¥¤«¨¢ë â ª¦¥ ¨ ¤«ï F (njn)
�

.
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3.3 � §¤¥« 3.

�¯à¥¤¥«¥­¨¥ 3.78. � F
(njn)
�

á®®â­®è¥­¨¥

�(njn)
�

def

= f
�
ft1t2:::tn;u1u2:::un ; ft01t

0
2:::t

0
n;u

0
1u
0
2:::u

0
n

�
j tk � t0k = Ann�;

uk � u0k = Ann�; 1 � k � n; ft1t2:::tn;u1u2:::un; ft01t
0
2:::t

0
n
;u01u

0
2:::u

0
n
2 F (2n)

�
g (3.76)

­ §®¢¥¬ ������������(njn)-ë¬���������������������-®â­®è¥­¨¥¬��������������à ¢¥­áâ¢ .

� ¬¥ç ­¨¥ 3.79. �®«ã£àã¯¯  F (njn)
�

í¯¨¬®àä­  ¯®«ã£àã¯¯¥ F� , ¨ ¤¢  �(njn)
�

-

íª¢¨¢ «¥­â­ëå í«¥¬¥­â  F (njn)
�

¨¬¥îâ â®â ¦¥ ®¡à §.

� áá¬®âà¨¬ ¨¤¥¬¯®â¥­â­ë¥ áã¯¥à¬ âà¨æë ¨§ RMatodd� (kjm) ¢¨¤ 

Ftu
def

=

�
0 �T
�U I

�
; (3.77)

£¤¥ T (k �m) ¨ U (m� k) ¯à¥¤áâ ¢«ïîâ á®¡®© ®¡ëª­®¢¥­­ë¥ ¬ âà¨æë ç¥â­ëå ¯ à -
¬¥âà®¢ á¢ï§ª¨, ¨ I (m�m) | ¥¤¨­¨ç­ ï ¬ âà¨æ . � ­­ ï á¢ï§ª  á®¤¥à¦¨â ¬ ªá¨¬ã¬

2km ¯ à ¬¥âà®¢ ¨§ �1j0 . �¬­®¦¥­¨¥ ¢ íâ®© á¢ï§ª¥ ¥áâì�
0 �T
�U I

��
0 �T0
�U0 I

�
=

�
0 �T
�U0 I

�
; (3.78)

çâ® ¢ ¡«®ç­®¬ ¢¨¤¥ á®¢¯ ¤ ¥â á ã¬­®¦¥­¨¥¬ ¯àï¬®ã£®«ì­®© á¢ï§ª¨ (3.65)

FTUFT0U0 = FTU0 : (3.79)

�¥®à¥¬  3.80. �á«¨ n = km, â® ¯à¥¤áâ ¢«¥­¨ï, § ¤ ­­ë¥ (3.74) ¨ (3.77), ¨§®-
¬®àä­ë.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ¢ (3.75) ¨ (3.79) ­¥ ¨¬¥¥âáï ¯¥à¥¬­®¦¥­¨ï ¬¥¦¤ã ¯ à -
¬¥âà ¬¨, â® ¯à¥¤áâ ¢«¥­¨ï, § ¤ ­­ë¥ ¬ âà¨æ ¬¨ (3.74) ¨ (3.77), ®â«¨ç îâáï ¯¥à¥áâ -
­®¢ª®©, ¥á«¨ n = km. �

�«¥¤áâ¢¨¥ 3.81. �ã¯¥à¬ âà¨æë Ft1t2:::tn;u1u2:::un ¨§ RMat odd� (1jn), ¨¬¥îé¨¥ ¢¨¤
(3.74), ¨áç¥à¯ë¢ îâ ¢á¥ ¢®§¬®¦­ë¥ ­¥¯à¥àë¢­ë¥ ¯à¥¤áâ ¢«¥­¨ï (njn)-á¢ï§®ª.

� ¬¥ç ­¨¥ 3.82. �ã¯¥à¬ âà¨æë (3.74) ¯à¥¤áâ ¢«ïîâ â ª¦¥ (kjm)-á¢ï§ª¨, £¤¥ 1 �
k � n; 1 � m � n. � íâ®¬ á«ãç ¥ tk+1 = 1 + Ann�; : : : tn = 1 + Ann�; um+1 =
1 + Ann�; : : : un = 1 + Ann�. � ª¨¬ ®¡à §®¬, ¢ëè¥ã¯®¬ï­ãâë© ¨§®¬®àä¨§¬ ¨¬¥¥â
¬¥áâ® ¤«ï à §«¨ç­ëå á¢ï§®ª, ¨¬¥îé¨å à ¢­®¥ ª®«¨ç¥áâ¢® ¯ à ¬¥âà®¢. �®íâ®¬ã ¬ë
¡ã¤¥¬ à áá¬ âà¨¢ âì ­¨¦¥ ¢ ®á­®¢­®¬ ¯®«­ë¥ (njn)-á¢ï§ª¨, ¯®¤à §ã¬¥¢ ï, çâ® ®­¨
á®¤¥à¦ â ¢á¥ ç áâ­ë¥ ¨ à¥¤ãæ¨à®¢ ­­ë¥ á«ãç ¨.

� ¬¥ç ­¨¥ 3.83. �«ï k = 0 ¨ m = 0 ®­¨ ®¯¨áë¢ îâ m- ¯à ¢ë¥ ¯®«ã£àã¯¯ë ­ã«¥©

Q
(m)
�

¨ k -«¥¢ë¥ ¯®«ã£àã¯¯ë ­ã«¥© P
(k)
�

á®®â¢¥âáâ¢¥­­®, ¨¬¥îé¨¥ á«¥¤ãîé¨¥ § ª®­ë
ã¬­®¦¥­¨ï (áà. (3.60) ¨ (3.63))

qu1u2:::um � qu01u02:::u0m = qu01u
0
2:::u

0
m
;

pt1t2:::tk � pt01t02:::t0k = pt1t2:::tk :
(3.80)

�à¥¤«®¦¥­¨¥ 3.84. m-¯à ¢ë¥ ¯®«ã£àã¯¯ë ­ã«¥© Q(m)
�

¨ k -«¥¢ë¥ ¯®«ã£àã¯¯ë ­ã-

«¥© P (k)
�

­¥¯à¨¢®¤¨¬ë ¢ â®¬ á¬ëá«¥, çâ® ®­¨ ­¥ ¬®£ãâ ¡ëâì ¯à¥¤áâ ¢«¥­ë ¢
ª ç¥áâ¢¥ ¯àï¬®£® ¯à®¨§¢¥¤¥­¨ï \1-¬¥à­ëå" ¯®«ã£àã¯¯ ¯à ¢ëå ­ã«¥© Q� ¨ «¥¢ëå
­ã«¥© P� á®®â¢¥âáâ¢¥­­®.
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�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ áà ¢­¥­¨ï áâàãªâãàë áã¯¥à¬ âà¨æ
(3.50), (3.55) ¨ (3.74). �

�à¥¤«®¦¥­¨¥ 3.85. �«ï ¯®áâà®¥­¨ï (kjm)-á¢ï§ª¨ ­¥«ì§ï ¨á¯®«ì§®¢ âì \1-
¬¥à­ë¥" ¯®«ã£àã¯¯ë ¯à ¢ëå ­ã«¥© Q� ¨ «¥¢ëå ­ã«¥© P� , ¯®â®¬ã, çâ® ®­¨ á¢®¤ïâ
¥£® ª ®¡ëª­®¢¥­­®© \2-¬¥à­®©" ¯àï¬®ã£®«ì­®© á¢ï§ª¥.

�®ª § â¥«ìáâ¢®. � á ¬®¬ ¤¥«¥, ¯ãáâì

~ft1t2:::tk;u1u2:::um = pt1 � pt2 : : : � ptk � qu1 � qu2 : : : � qum;
â®£¤ , ¨á¯®«ì§ãï â ¡«¨æã �í«¨, ¨¬¥¥¬

~ft1t2:::tk;u1u2:::um = pt1 � qum;
çâ® âà¨¢¨ «ì­® á®¢¯ ¤ ¥â á (3.64). � ª¨¬ ®¡à §®¬, «î¡ ï ª®¬¡¨­ æ¨ï í«¥¬¥­â®¢ ¨§ \1-
¬¥à­ëå" ¯®«ã£àã¯¯ ¯à ¢ëå ¨ «¥¢ëå ­ã«¥© ­¥ ¡ã¤¥â ¯à¨¢®¤¨âì ª ­®¢ë¬ ª®­áâàãªæ¨ï¬,
®â«¨ç­ë¬ ®â â¥å çâ® ¯¥à¥ç¨á«¥­ë ¢ â ¡«¨æ¥ �í«¨. �

�¬¥áâ® íâ®£® ¬ë ¨¬¥¥¬ á«¥¤ãîéãî ¤¥ª®¬¯®§¨æ¨î (kjm)-á¢ï§ª¨ ¢ k -¯®«ã£àã¯¯ã

«¥¢ëå ­ã«¥© P
(k)
�

¨ m- ¯®«ã£àã¯¯ã ¯à ¢ëå ­ã«¥© Q
(m)
�

ft1t2:::tk;u01u
0
2:::u

0
m

= pt1t2:::tk � qu01u02:::u0m : (3.81)

�¥á¬®âàï ­  â®, çâ® íâ  ä®à¬ã«   ­ «®£¨ç­  (3.64), ¬ë ¯®¤ç¥àª¨¢ ¥¬, çâ® ã¢¥-
«¨ç¥­¨¥ ç¨á«  áã¯¥à¯ à ¬¥âà®¢ ­¥ ¨áªãááâ¢¥­­ë© ¯à¨¥¬,   ¥áâ¥áâ¢¥­­ë© ¯ãâì ª ¯®¨áªã
­®¢ëå ¯®áâà®¥­¨©, ¯à¨¢®¤ïé¨å ª ®¡®¡é¥­¨î ®â­®è¥­¨© �à¨­  ¨ â®­ª®£® ¨¤¥ «ì­®£®
áâà®¥­¨ï (njn)-á¢ï§ª¨, çâ® ­¥ ¨¬¥¥â  ­ «®£®¢ ¢ áâ ­¤ àâ­®¬ ¯®¤å®¤¥ [30,31].

3.3.4. � â ­ ® è ¥ ­ ¨ ¥ R - í ª ¢ ¨ ¢   « ¥ ­ â ­ ® á â ¨ ¤ « ï ¯ à ï ¬ ® ã £ ® « ì -

­ ® © (2j2) - á ¢ ï § ª ¨ . �¢­ë© ¢¨¤ (2j2)-á¢ï§ª¨ F (2j2)
�
3 ft1t2;u1u2 ¢ áã¯¥à¬ âà¨ç­®¬

¯à¥¤áâ ¢«¥­¨¨ ¥áâì

Ft1t2;u1u2 =

0@ 0 �t1 �t2
�u1 1 0
�u2 0 1

1A : (3.82)

�®£« á­® ®¯à¥¤¥«¥­¨î R -ª« áá®¢ [30], ¤¢  í«¥¬¥­â  Ft1t2;u1u2 ¨ F t
0
1t
0
2;u

0
1u
0
2

¢ á¢ï§ª¥

R -íª¢¨¢ «¥­â­ë â®£¤  ¨ â®«ìª® â®£¤ , ¥á«¨ áãé¥áâ¢ã¥â ¤¢  ¤àã£¨å í«¥¬¥­â  Xx1x2;y1y2
,

Wv1v2;w1w2
â ª¨å, çâ®

Ft1t2;u1u2 �Xx1x2;y1y2
= Ft01t02;u01u02 ; (3.83)

Ft01t02;u01u02 �Wv1v2 ;w1w2
= Ft1t2;u1u2 (3.84)

®¤­®¢à¥¬¥­­®. �«¨ ¢ ï¢­®¬ ¢¨¤¥0@ 0 �t1 �t2
�y1 1 0
�y2 0 1

1A =

0@ 0 �t
0
1 �t

0
2

�u
0
1 1 0

�u
0
2 0 1

1A ; (3.85)

0@ 0 �t
0
1 �t

0
2

�w1 1 0
�w2 0 1

1A =

0@ 0 �t1 �t2
�u1 1 0
�u2 0 1

1A : (3.86)

�â®¡ë ã¤®¢«¥â¢®à¨âì ¯®á«¥¤­¥¬ã à ¢¥­áâ¢ã ¢ (3.85) ¨ (3.86) ¬ë ¤®«¦­ë ¢ë¡à âì

�y1 = �u
0
1; �y1 = �u

0
1; (3.87)

�w1 = �u1; �w2 = �u2; (3.88)

�t1 = �t
0
1; �t2 = �t

0
2: (3.89)

�§-§  ¯à®¨§¢®«ì­®áâ¨ Xx1x2;y1y2
¨ Wv1v2;w1w2

¯¥à¢ë¥ ãà ¢­¥­¨ï ¢ (3.87){(3.88)

¢á¥£¤  ¬®£ãâ ¡ëâì à¥è¥­ë ¢®§¬®¦­®áâìî ¢ë¡®à  ¯ à ¬¥âà . �â®àë¥ ãà ¢­¥­¨ï ¢ (3.89)
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¯à¥¤áâ ¢«ïîâ á®¡®© ®¯à¥¤¥«¥­¨¥ R -ª« áá  ¢ (2j2)-á¢ï§ª¥ ¢ áã¯¥à¬ âà¨ç­®© ¨­â¥à¯à¥-
â æ¨¨ [11].

3.3.5. � ® ­ ª ® ¥ ¨ ¤ ¥   « ì ­ ® ¥ á â à ® ¥ ­ ¨ ¥ ¢ ë á è ¨ å á ¢ ï § ® ª . � áá¬®-
âà¨¬ ®â­®è¥­¨ï �à¨­  ¤«ï (njn)-á¢ï§ª¨. �ë ¡ã¤¥¬ ¯ëâ âìáï ãáâ ­®¢¨âì á¬ëá« á¢®©áâ¢
R;L ;D;H -ª« áá®¢ ¤«ï áã¯¥à¬ âà¨æ. �â® ¯®§¢®«¨â ®¯à¥¤¥«¨âì ¨ ¨§ãç¨âì ­®¢ë¥ íª¢¨-
¢ «¥­â­®áâ¨ [11], ®¡®¡é îé¨¥ ®â­®è¥­¨ï �à¨­ , à ¢­® ª ª ¨ ¯à®ïá­¨âì ¯à¥¤ë¤ãé¨¥
ª®­áâàãªæ¨¨. �ë áâà®¨¬ ¨áª®¬®¥ ¯à¥¤áâ ¢«¥­¨¥ â®«ìª® ¤«ï (2j2)-á¢ï§®ª, ¨¬¥ï ¢¢¨¤ã
â®, çâ® à áè¨à¨âì ¢á¥ à¥§ã«ìâ âë ­  (njn)-á¢ï§ª¨ ¬®¦­® ¡¥§ âàã¤  ¯à®áâë¬¨ ¯¥à¥-
®¡®§­ ç¥­¨ï¬¨. � ª, R -íª¢¨¢ «¥­â­ë¥ í«¥¬¥­âë ¢ íâ®¬ ç áâ­®¬ á«ãç ¥ à áá¬®âà¥­ë ¢
�ã­ªâ¥ 3.3.4. �à®¤®«¦ ï ¥£® ­  ®¡é¨© á«ãç © (njn)-á¢ï§®ª, ¯®«ãç ¥¬ ®¡é¥¥

�¯à¥¤¥«¥­¨¥ 3.86. R -ª« ááë ¢ (njn)-á¢ï§ª¥ á®áâ®ïâ ¨§ í«¥¬¥­â®¢, ¨¬¥îé¨å����¢á¥

���(!) �tk ä¨ªá¨à®¢ ­­ë¬¨, £¤¥ 1 � k � n.

� ª ¤ã «ì­ë©  ­ «®£ íâ®£® ®¯à¥¤¥«¥­¨ï ¬ë ä®à¬ã«¨àã¥¬

�¯à¥¤¥«¥­¨¥ 3.87. L -ª« ááë ¢ (njn)-á¢ï§ª¥ á®áâ®ïâ ¨§ í«¥¬¥­â®¢, ¨¬¥îé¨å����¢á¥

���(!) �uk ä¨ªá¨à®¢ ­­ë¬¨, £¤¥ 1 � k � n.

� â ª®© ª àâ¨­¥ ®ç¥¢¨¤­®, çâ® ®¡ê¥¤¨­¥­¨¥ íâ¨å á®®â­®è¥­¨© D = R _ L ¯®-
ªàë¢ ¥â ¢á¥ ¢®§¬®¦­ë¥ í«¥¬¥­âë, ¨, á«¥¤®¢ â¥«ì­®, «î¡ë¥ ¤¢  í«¥¬¥­â  ¢ (njn)-á¢ï§ª¥
D -íª¢¨¢ «¥­â­ë (á¬. �à¥¤«®¦¥­¨¥ 3.71). �å ¯¥à¥á¥ç¥­¨¥ H = R \L ®ç¥¢¨¤­® á®-
áâ®¨â ¨§ í«¥¬¥­â®¢ á® ¢á¥¬¨ (!) �tk ¨ �uk ä¨ªá¨à®¢ ­­ë¬¨. �¬¥­­® §¤¥áì | ¨áâ®ç­¨ª
ä®à¬ã«¨à®¢ª¨ (njn)-ëå �-®â­®è¥­¨© à ¢¥­áâ¢  (3.76).

�à¥¤«®¦¥­¨¥ 3.88. � (2j2)-á¢ï§ª¥ J -®â­®è¥­¨¥ á®¢¯ ¤ ¥â á ã­¨¢¥àá «ì­ë¬
®â­®è¥­¨¥¬ �.

�®ª § â¥«ìáâ¢®. �¬­®¦ ï (3.85) ­  Ft1t2;u1u2 á¯à ¢  ¨ ­  Xx1x2;y1y2
á«¥¢ , ¬ë ¯®«ã-

ç ¥¬
Ft1t2;u1u2 �Xx1x2 ;y1y2

� Ft1t2;u1u2 = Ft1t2;u1u2 ;
Xx1x2;y1y2

� Ft1t2;u1u2 �Xx1x2;y1y2
= Xx1x2;y1y2

(3.90)

¤«ï «î¡ëå t1; t2; u1; u2; x1; x2; y1; y2 2 �(1j0) , çâ® á®¢¯ ¤ ¥â á ®¯à¥¤¥«¥­¨¥¬ J -
®â­®è¥­¨ï. �à®¨§¢®«ì­®áâì Ft1t2;u1u2 ¨ Xx1x2;y1y2

¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥­¨¥. �

�«¥¤®¢ â¥«ì­®, ¬ë ¨¬¥¥¬ á«¥¤ãîé¨¥  ¡áâà ªâ­ë¥ ®¯à¥¤¥«¥­¨ï ¤«ï (2j2)-á¢ï§®ª

ft1t2;u1u2Rft01t
0
2
;u0

1
u0
2
() f�t1 = �t

0
1 ^ �t2 = �t

0
2g ; (3.91)

ft1t2;u1u2L ft01t
0
2
;u0

1
u0
2
() f�u1 = �u

0
1 ^ �u2 = �u

0
2g ; (3.92)

ft1t2;u1u2Dft01t
0
2
;u0

1
u0
2
()

�
(�t1 = �t

0
1 ^ �t2 = �t

0
2)_

(�u1 = �u
0
1 ^ �u2 = �u

0
2)

�
; (3.93)

ft1t2;u1u2H ft01t
0
2;u

0
1u
0
2
()

�
(�t1 = �t

0
1 ^ �t2 = �t

0
2)^

(�u1 = �u
0
1 ^ �u2 = �u

0
2)

�
: (3.94)

�¥¯¥àì ¬ë à §¡¨à¥¬áï, çâ® ®âáãâáâ¢®¢ «® ¢ áâ ­¤ àâ­®¬ ¯®¤å®¤¥ ¨ ¢¢¥¤¥¬ ®¡-
®¡é¥­¨ï ®â­®è¥­¨© �à¨­ . �§ (3.91) ¨ (3.92) ¢¨¤­®, çâ® à §«¨ç­ë¥ ç¥âëà¥ ¢®§¬®¦-
­®áâ¨ ¤«ï ã¤®¢«¥â¢®à¥­¨ï à ¢¥­áâ¢ ­¥ ¨áç¥à¯ë¢ îâáï ®à¤¨­ à­ë¬¨ ®â­®è¥­¨ï¬¨ R
- ¨ L -íª¢¨¢ «¥­â­®áâ¨. �á­®, ¯®ç¥¬ã ¬ë ¯¨á «¨ ¢ëè¥ ¢®áª«¨æ â¥«ì­ë¥ §­ ª¨: íâ¨
ãâ¢¥à¦¤¥­¨ï ¡ã¤ãâ ¨á¯à ¢«ïâìáï. � ª¨¬ ®¡à §®¬, ¬ë ¢ë­ã¦¤¥­ë ®¯à¥¤¥«¨âì ¡®«¥¥
®¡é¨¥ ®â­®è¥­¨ï, \â®­ª¨¥ ®â­®è¥­¨ï íª¢¨¢ «¥­â­®áâ¨". �­¨ ¤®áâ â®ç­ë ¤«ï ®¯¨á -
­¨ï ¢á¥å ¢®§¬®¦­ëå ª« áá®¢ í«¥¬¥­â®¢ ¢ (njn)-á¢ï§ª å, ¯à®¯ãé¥­­ëå ¢ áâ ­¤ àâ­®¬
¯®¤å®¤¥ [30,92]. �®-¯¥à¢ëå, ¬ë ®¯à¥¤¥«¨¬ ¨å ¤«ï ¨á¯®«ì§®¢ ­¨ï ¢ ­ è¥¬ ç áâ­®¬ á«ã-
ç ¥.
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�¯à¥¤¥«¥­¨¥ 3.89. ����������®­ª¨¥�������R(k) -���̈����������������������L (k) -®â­®è¥­¨ï ¢ (2j2)-á¢ï§ª¥ ®¯à¥¤¥«ïîâáï

á«¥¤ãîé¨¬ ®¡à §®¬

ft1t2;u1u2R
(1)
ft0

1
t
0
2
;u
0
1
u
0
2
() f�t1 = �t

0
1g ; (3.95)

ft1t2;u1u2R
(2)
ft01t

0
2;u

0
1u
0
2
() f�t2 = �t

0
2g ; (3.96)

ft1t2;u1u2L
(1)
ft01t

0
2;u

0
1u
0
2
() f�u1 = �u

0
1g ; (3.97)

ft1t2;u1u2L
(2)
ft01t

0
2;u

0
1u
0
2
() f�u2 = �u

0
2g : (3.98)

�à¥¤«®¦¥­¨¥ 3.90. �®­ª¨¥ R(k) - ¨ L (k) -®â­®è¥­¨ï ï¢«ïîâáï ®â­®è¥­¨ï¬¨
íª¢¨¢ «¥­â­®áâ¨.

�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ¨§ ï¢­®£® ¢¨¤  ã¬­®¦¥­¨ï (3.74) ¨ (3.85){(3.86). �

�®íâ®¬ã ®­¨ ¯®¤à §¤¥«ïîâ á¢ï§ªã F (2j2)
�

­  ç¥âëà¥ â®­ª¨å ª« áá  íª¢¨¢ «¥­â­®-

áâ¨ F (2j2)
�

=R(k) ¨ F (2j2)
�

=L (k) á«¥¤ãîé¨¬ ®¡à §®¬

R
(1)
f =

n
ft1t2;u1u2 2 F (2j2)

�
j�t1 = const

o
; (3.99)

R
(2)
f =

n
ft1t2;u1u2 2 F (2j2)

�
j�t2 = const

o
; (3.100)

L
(1)
f =

n
ft1t2;u1u2 2 F (2j2)

�
j�u1 = const

o
; (3.101)

L
(2)
f =

n
ft1t2;u1u2 2 F (2j2)

�
j�u2 = const

o
: (3.102)

�«ï ¯à®§à ç­®áâ¨ ¬ë ¬®¦¥¬ áå¥¬ â¨ç­® ¯à¥¤áâ ¢¨âì

R
(1)
f R

(2)
f

l l

L
(1)
f $

L
(2)
f $

0@ 0 �t1 �t2
�u1 1 0
�u2 0 1

1A ; (3.103)

£¤¥ áâà¥«ª¨ ¯®ª §ë¢ îâ, ª®â®àë© í«¥¬¥­â áã¯¥à¬ âà¨æë ä¨ªá¨àã¥âáï á®£« á­® ¤ ­-
­®¬ã â®­ª®¬ã ®â­®è¥­¨î íª¢¨¢ «¥­â­®áâ¨. �âáî¤  ¬ë ¬®¦¥¬ ¯®«ãç âì â ª¦¥ ¨ ¢á¥
¨§¢¥áâ­ë¥ ®â­®è¥­¨ï

R
(1) \ R(2) = R; (3.104)

L (1) \ L (2) = L ; (3.105)�
R(1) \ R(2)

�
\
�
L (1) \ L (2)

�
= H ; (3.106)�

R
(1) \ R(2)

�
_
�
L

(1) \ L (2)
�

= D: (3.107)

�¤­ ª®, ªà®¬¥ áâ ­¤ àâ­ëå, ¨¬¥¥âáï ¬­®£® ¤àã£¨å \á¬¥è ­­ëå" íª¢¨¢ «¥­â­®-
áâ¥© [11], ª®â®àë¥ ¬®£ãâ ª« áá¨ä¨æ¨à®¢ âìáï, ¨á¯®«ì§ãï ®¯à¥¤¥«¥­¨ï

H
(ijj) = R

(i) \ L (j)
; (3.108)

D
(ijj) = R

(i) _ L (j)
; (3.109)

H
(ijjk) =

�
R
(i) \ R(j)

�
\ L (k)

; (3.110)

H
(ijkl) = R

(i) \
�
L

(k) \ L (l)
�
; (3.111)

D(ijjk) =
�
R(i) \ R(j)

�
_ L (k)

; (3.112)
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D
(ijkl) = R

(i) _
�
L

(k) \ L (l)
�
: (3.113)

�à ä¨ç¥áª ï ¨­â¥à¯à¥â æ¨ï á¬¥è ­­ëå ®â­®è¥­¨© íª¢¨¢ «¥­â­®áâ¨ ¤ ¥âáï
¤¨ £à ¬¬®© ­  �¨á. 3.1.

HH (12j1)

H (2j1) H (2j12) H (2j2)

H (12j2)

H (1j2)H (1j12)H (1j1)

R(2)

R(1)

R

LL (1)

L (2)

��
��

��
��

��
��

�¨á. 3.1. �®­ª¨¥ ®â­®è¥­¨ï íª¢¨¢ «¥­â­®áâ¨ ¤«ï (2j2)-á¢ï§ª¨
(ªàã¦ª ¬¨ ®â¬¥ç¥­ë áâ ­¤ àâ­ë¥ ®â­®è¥­¨ï �à¨­ )

� ¬¥ç ­¨¥ 3.91. �â ­¤ àâ­ë¥ R - ¨ L -®â­®è¥­¨ï ­  �¨á. 3.1 § ­¨¬ îâ 4 ¬ «ëå

ª¢ ¤à â  ¢ ¤«¨­ã, H (ijj) -®â­®è¥­¨ï § ­¨¬ îâ 4 ¬ «ëå ª¢ ¤à â®¢ ¢ ª¢ ¤à â¥, H (ijjk) -

¨ H (ijjk) -®â­®è¥­¨ï § ­¨¬ îâ 2 ¬ «ëå ª¢ ¤à â , áâ ­¤ àâ­®¥ H -®â­®è¥­¨¥ § ­¨¬ ¥â
1 ¬ «ë© ª¢ ¤à â.

�ë § ¬¥ç ¥¬, çâ® á¬¥è ­­ë¥ ®â­®è¥­¨ï (3.108){(3.113) ¢ ­¥ª®â®à®¬ á¬ëá«¥
\è¨à¥", ç¥¬ áâ ­¤ àâ­ë¥ (3.104){(3.107). �®íâ®¬ã, ¨á¯®«ì§ãï ¨å, ¬ë ¬®¦¥¬ ®¯¨á âì
á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ ¢á¥ ª« ááë í«¥¬¥­â®¢ ¨§ (njn)-á¢ï§ª¨, ¢ª«îç ï â¥, çâ® ®â-

áãâáâ¢ãîâ, ¥á«¨ ¨á¯®«ì§®¢ âì â®«ìª® áâ ­¤ àâ­ë¥ ®â­®è¥­¨ï �à¨­  �). �«ï ª ¦¤®£®
á¬¥è ­­®£® ®â­®è¥­¨ï ¬ë ¬®¦¥¬ ®¯à¥¤¥«¨âì á®®â¢¥âáâ¢ãîé¨© ª« áá, ¨á¯®«ì§ãï ®ç¥-
¢¨¤­ë¥ ®¯à¥¤¥«¥­¨ï. �®£¤  ¤«ï ª ¦¤®£® á¬¥è ­­®£® D -ª« áá  ¬ë ¬®¦¥¬ ¯®áâà®¨âì
á¬¥è ­­ãî eggbox ¤¨ £à ¬¬ã [30] â®­ª¨å R;L -ª« áá®¢, ª®â®à ï ¡ã¤¥â â ª®© à §¬¥à-
­®áâ¨, áª®«ìª® á« £ ¥¬ëå ¨¬¥¥â ¢ á¢®¥© ¯à ¢®© ç áâ¨ § ¤ ­­®¥ á¬¥è ­­®¥ ®â­®è¥­¨¥

(3.109), (3.112) ¨ (3.113). � ¯à¨¬¥à, eggbox ¤¨ £à ¬¬ë D(ijj) -ª« áá®¢ ¤¢ã¬¥à­ë,   ¤¨ -

£à ¬¬ë D(ijjk) ¨ D(ijjk) -ª« áá®¢ ¤®«¦­ë ¡ëâì âà¥å¬¥à­ë. � á«ãç ¥ (njn)-á¢ï§ª¨ ­¥®¡å®-
¤¨¬® à áá¬ âà¨¢ âì ¢á¥ ¢®§¬®¦­ë¥ k -à §¬¥à­ë¥ eggbox ¤¨ £à ¬¬ë, £¤¥ 2 � k � n�1.
�¢¥¤¥­­ë¥ â®­ª¨¥ ®â­®è¥­¨ï íª¢¨¢ «¥­â­®áâ¨ (3.95){(3.98) ¤®¯ãáª îâ ¯®¤¯®«ã£àã¯-
¯®¢ãî ¨­â¥à¯à¥â æ¨î.

�à¨¬¥ç ­¨¥. �«ï ­¥®âà¨æ â¥«ì­ëå ®¡ëç­ëå ¬ âà¨æ ®¡®¡é¥­­ë¥ (¢ ¨­®¬ á¬ëá«¥) ®â­®è¥­¨ï
�à¨­  ¡ë«¨ ¨áá«¥¤®¢ ­ë ¢ [138].
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� §¤¥« 3. 3.3

�¥¬¬  3.92. �«¥¬¥­âë ¨§ F
(njn)
�

, ¨¬¥îé¨¥ �tk = �k ¨ �uk = 
k , £¤¥ �k; 
k 2 �0j1
ä¨ªá¨à®¢ ­ë, ¨ 1 � k � m, ®¡à §ãîâ à §«¨ç­ë¥ ¯®¤¯®«ã£àã¯¯ë ¨­¤¥ªá  m.

�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ¨§ ï¢­®£® ¢¨¤  ¬ âà¨ç­®£® ã¬­®¦¥­¨ï áã¯¥à¬ âà¨æ ä®à¬ë
(3.74). �

� áá¬®âà¨¬ à §«¨ç­ë¥ ¯®¤¯®«ã£àã¯¯ë ¨­¤¥ªá  (n� 1) ¯®«ã£àã¯¯ë F (njn)
�

. �­¨
á®áâ®ïâ ¨§ í«¥¬¥­â®¢, ¨¬¥îé¨å ¢á¥, ªà®¬¥ ®¤­®£®, �tk ¨ ¢á¥, ªà®¬¥ ®¤­®£®, �uk ä¨ª-
á¨à®¢ ­­ë¥.

�ãáâì â ª¨¥ í«¥¬¥­âë

U
(k)
�

def

=

�
ft1t2:::tn;u1u2:::un 2 F (njn)

�
j ^
i6=k

�ti = �i ^
i6=k

�ui = 
i

�
(3.114)

¯à¥¤áâ ¢«ïîâ á®¡®© ¯®¤¯®«ã£àã¯¯ã ¨­¤¥ªá  (n� 1), ª®â®à ï ¨¬¥¥â â®«ìª® ®¤­ã ­¥-
ä¨ªá¨à®¢ ­­ãî ¯ àã �tk , �uk . �â ­¤ àâ­ë¥ ®â­®è¥­¨ï �à¨­  [30] ­  ¯®¤¯®«ã£àã¯¯¥

U
(k)
�

á«¥¤ãîé¨¥

ft1t2:::tn;u1u2:::unR
(k)
U ft01t

0
2:::t

0
n;u

0
1u
0
2 :::u

0
n
, f�tk = �t

0
k
g ; (3.115)

ft1t2:::tn;u1u2:::unL
(k)
U ft0

1
t0
2
:::t0

n
;u0

1
u0
2
:::u0

n
, f�uk = �u

0
k
g ;

ft1t2:::tn;u1u2 :::unH
(k)
U ft01t

0
2:::t

0
n;u

0
1u
0
2 :::u

0
n
, f�tk = �t

0
k
^ �uk = �u

0
k
g ;

ft1t2:::tn;u1u2:::unD
(k)
U ft0

1
t0
2
:::t0

n
;u0

1
u0
2
:::u0

n
, f�tk = �t

0
k
_ �uk = �u

0
k
g ;

£¤¥ ft1t2:::tn;u1u2:::un ; ft01t
0
2
:::t0

n
;u0

1
u0
2
:::u0

n
2 U (k)

�
� F (njn)

�
.

�¥®à¥¬  3.93. �â­®è¥­¨ï �à¨­  ­  U (k)
�

¯à¥¤áâ ¢«ïîâ á®¡®© áã¦¥­¨¥ á®®â¢¥â-

áâ¢ãîé¨å â®­ª¨å ®â­®è¥­¨© (3.95){(3.98) ­  F
(njn)
�

¯®¤¯®«ã£àã¯¯ã U
(k)
�

R
(k)
U = R

(k) \
�
U
(k)
�
� U (k)

�

�
; (3.116)

L
(k)
U = L

(k) \
�
U
(k)
�
� U (k)

�

�
; (3.117)

H
(k)
U = H (kjk) \

�
U
(k)
�
� U (k)

�

�
; (3.118)

D
(k)
U = D(kjk) \

�
U
(k)
�
� U (k)

�

�
: (3.119)

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¤®ª § âì ãâ¢¥à¦¤¥­¨¥ ¤«ï ç áâ­®£® á«ãç ï F (2j2)
�

¨ U (1)
�

,
  § â¥¬ ¯®«ãç¨âì ®¡é¥¥ ãâ¢¥à¦¤¥­¨¥ ¯® ¨­¤ãªæ¨¨. �á¯®«ì§ãï ®¯à¥¤¥«¥­¨¥ R -ª« áá  ¢

ï¢­®¬ ¢¨¤¥ (3.85){(3.86), ¬ë § ª«îç ¥¬, çâ® ãá«®¢¨¥ �t1 = �t
0
1 ®¡é¥¥ ¤«ï â®­ª®£® R(k) -

ª« áá  ¨ ¤«ï ¯®¤¯®«ã£àã¯¯ë R
(k)
U -ª« áá®¢. �®  ­ «®£¨¨ ¬®¦­® ¤®ª § âì ¨ ®áâ «ì­ë¥

à ¢¥­áâ¢ . �

� ¬¥ç ­¨¥ 3.94. �â®à®¥ ãá«®¢¨¥ �t2 = �t
0
2 (çâ® ¯à¥¤áâ ¢«ï¥â á®¡®© ¢â®àãî ç áâì

®¯à¥¤¥«¥­¨ï ®¡ëª­®¢¥­­®£® R -®â­®è¥­¨ï ¤«ï F (2j2)
�

(3.91)) ¢ë¯®«­ï¥âáï â ª¦¥ ¢ U (1)
�

,
­® ¨§-§  á®¡áâ¢¥­­®£® ®¯à¥¤¥«¥­¨ï ¯®¤¯®«ã£àã¯¯ë (�t2 = �2 = const, �u2 = 
2 =

const), ®¤­ ª® �t2 = �t
0
2 ¢®®¡é¥ ­¥ ¢å®¤ïâ ¢ â®­ª¨¥ ®â­®è¥­¨ï R(k) . �®íâ®¬ã ¯®á«¥¤­¥¥

¯à¥¤áâ ¢«ï¥â á®¡®© ­ ¨¡®«¥¥ ®¡é¥¥ ®â­®è¥­¨¥ áà¥¤¨ à áá¬ âà¨¢ ¥¬ëå R -®â­®è¥­¨©.

� ¬¥ç ­¨¥ 3.95. �®¦­® à áá¬ âà¨¢ âì ¤®ª § ­­ãî �¥®à¥¬ã 3.93 á â®çª¨ §à¥­¨ï
[139], £¤¥ ¤®ª §ë¢ «¨áì ä®à¬ã«ë, ¯®¤®¡­ë¥ (3.116){(3.118), ­® á ®¡ëç­ë¬¨ ®â­®è¥­¨-
ï¬¨ �à¨­  ¢ ¯à ¢®© ç áâ¨. �¡à é ïáì ª ¤¨ £à ¬¬¥ ­  �¨á. 3.1, ¬ë ¤¥« ¥¬ ¢ë¢®¤, çâ®
­ è à¥§ã«ìâ â á®¤¥à¦¨â ®¡ëç­ë© á«ãç © [139] ¢ ª ç¥áâ¢¥ ç áâ­®£®.
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3.3 � §¤¥« 3.

�à®¬¥ â®£®, ¬ë ¯à¥¤¯®« £ ¥¬, çâ® �¥®à¥¬  3.93 ¨¬¥¥â ¡®«¥¥ £«ã¡®ª¨© á¬ëá« ¨
¤ ¥â ¤àã£ãî ®¡éãî âà ªâ®¢ªã â®­ª¨¬ ®â­®è¥­¨ï¬ íª¢¨¢ «¥­â­®áâ¨ ¤«ï  ¡áâà ªâ­ëå
¯®«ã£àã¯¯.

�à¥¤¯®«®¦¥­¨¥ 3.96. �â­®è¥­¨ï �à¨­  ­  ¯®¤¯®«ã£àã¯¯¥ U ¯®«ã£àã¯¯ë S
¨¬¥îâ ª ª á¢®©  ­ «®£ ¯à®¤®«¦¥­­ë¥ ®¡à §ë ¢ S,   ¨¬¥­­® | â®­ª¨¥ ®â­®è¥­¨ï
íª¢¨¢ «¥­â­®áâ¨ ­  S.

�ë ¤®ª § «¨ íâ® ãâ¢¥à¦¤¥­¨¥ ¤«ï ç áâ­®£® á«ãç ï ­¥¯à¥àë¢­ëå ¯à¥¤áâ ¢«¥­¨©
(njn)-á¢ï§®ª. � ¦­® ¨áá«¥¤®¢ âì ¨ ¤àã£¨¥  «£¥¡à ¨ç¥áª¨¥ á¨áâ¥¬ë, £¤¥�à¥¤¯®«®¦¥-
­¨¥ 3.96 ¨áâ¨­­®.
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������ 4

����������� ��������� N = 1

��������������� ���������

� íâ®¬ à §¤¥«¥ ä®à¬ã«¨àã¥âáï ­¥®¡à â¨¬ ï N = 1 áã¯¥àª®­ä®à¬­ ï £¥®¬¥âà¨ï
­  áã¯¥à¯«®áª®áâ¨, ¨£à îé ï ¢ ¦­ãî à®«ì ¢ â¥®à¨¨ áã¯¥àáâàã­ ¨ ¢ ¤¢ã¬¥à­ëå áã¯¥à-
ª®­ä®à¬­ëå â¥®à¨ïå ¯®«ï. �à¥¦¤¥ ¢á¥£®, áâà®¨âáï ¯®«ã£àã¯¯  áã¯¥à ­ «¨â¨ç¥áª¨å
¯à¥®¡à §®¢ ­¨©, ¯à®¢®¤¨âáï ¨å ª« áá¨ä¨ª æ¨ï ¯® ­¥®¡à â¨¬®áâ¨, ¤ ¥âáï ä®à¬ã«¨-
à®¢ª  áã¯¥à ­ «¨â¨ç¥áª¨å ¯®«ãáã¯¥à¬­®£®®¡à §¨© ¢ â¥à¬¨­ å ­¥®¡à â¨¬ëå äã­ªæ¨©
¯¥à¥å®¤ . � «¥¥  ­ «¨§¨àãîâáï ¢á¥ ¢®§¬®¦­ë¥ à¥¤ãªæ¨¨ ª á â¥«ì­®£® áã¯¥à¯à®áâà ­-
áâ¢  ¯à¨ ®á« ¡«¥­¨¨ âà¥¡®¢ ­¨ï ®¡à â¨¬®áâ¨, çâ® ¯à¨¢®¤¨â ª ­®¢ë¬ à¥¤ãªæ¨ï¬ ¨ ­¥-
®¡à â¨¬ë¬  ­ «®£ ¬  ­â¨£®«®¬®àä­ëå ¯à¥®¡à §®¢ ­¨© | á¯«¥â îé¨¬ ç¥â­®áâì ª -
á â¥«ì­®£® ¯à®áâà ­áâ¢  ¯à¥®¡à §®¢ ­¨ï¬, ª®â®àë¥ å à ªâ¥à¨§ãîâáï ­¨«ì¯®â¥­â­ë¬
¡¥à¥§¨­¨ ­®¬ ¨ ­ «¨ç¨¥¬ ­®¢®£® â¨¯  ª®æ¨ª«®¢ á à §­ë¬¨ áâà¥«ª ¬¨. �¤¨­®¥ ®¯¨á ­¨¥
®¡®¨å â¨¯®¢ à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨© ¯à®¢®¤¨âáï á ¯®¬®éìî  «ìâ¥à­ â¨¢­®©
¯ à ¬¥âà¨§ æ¨¨, ¨ ¯¥à¥ª«îç¥­¨¥ ¬¥¦¤ã ­¨¬¨ ¯à®¨áå®¤¨â á ¯®¬®éìî ¢¢¥¤¥­­®£® á¯¨­ 
à¥¤ãªæ¨¨, à ¢­®£® 1=2 ¤«ï N = 1 ¯à¥®¡à §®¢ ­¨©. �  «ìâ¥à­ â¨¢­®© ¯ à ¬¥âà¨§ æ¨¨
áâà®¨âáï áã¯¥àª®­ä®à¬­ ï ¯®«ã£àã¯¯ , ª®â®à ï ¯à¨­ ¤«¥¦¨â ª ­®¢®¬ã  ¡áâà ªâ­®¬ã
â¨¯ã ¯®«ã£àã¯¯, ã¤®¢«¥â¢®àïîé¨¬ ­¥®¡ëç­®¬ã ¨¤¥ «ì­®¬ã ã¬­®¦¥­¨î. �«ï ­¥¥ ®¯à¥-
¤¥«ïîâáï ®¡®¡é¥­­ë¥ ¢¥ªâ®à­ë¥ ¨ â¥­§®à­ë¥ ®â­®è¥­¨ï �à¨­ ,   â ª¦¥ ¨¤¥ «ì­ë¥
ª¢ §¨å à ªâ¥àë. �áá«¥¤®¢ ­¨¥ ¤à®¡­®-«¨­¥©­ëå ­¥®¡à â¨¬ëå à¥¤ãæ¨à®¢ ­­ëå ¯à¥-
®¡à §®¢ ­¨© ¯à®¢®¤¨âáï ¢ â¥à¬¨­ å ¯®«ã¬¨­®à®¢ ¨ ¯®«ã¬ âà¨æ | ­¥ç¥â­ëå  ­ «®£®¢
®¡ëç­ëå. �«ï ­¨å ®¯à¥¤¥«ïîâáï äã­ªæ¨¨ ¯®«ã¯¥à¬ ­¥­â  ¨ ¯®«ã¤¥â¥à¬¨­ ­â , ª®â®-
àë¥ ¤ã «ì­ë áâ ­¤ àâ­ë¬ ¬ âà¨ç­ë¬ äã­ªæ¨ï¬ ¢ à ¬ª å ¢¢¥¤¥­­®© ç¥â­®-­¥ç¥â­®©
á¨¬¬¥âà¨¨ ¤à®¡­®-«¨­¥©­ëå N = 1 áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨©. � å®¤ïâáï ­¥-
®¡à â¨¬ë¥ áã¯¥à ­ «®£¨ à ááâ®ï­¨ï ¢ N = 1 áã¯¥à¯à®áâà ­áâ¢¥ ¨ ä®à¬ã«¨àã¥âáï
­¥®¡à â¨¬ë©  ­ «®£ ¨­¢ à¨ ­â­®áâ¨ | \¯®«ã¨­¢ à¨ ­â­®áâì" ¢¢¥¤¥­­®£® ­¥®¡à â¨-
¬®£®  ­ «®£  ¬¥âà¨ª¨ ¤«ï á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨©. �¥«¨­¥©­ë¥ à¥ «¨-
§ æ¨¨ à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨© à áá¬ âà¨¢ îâáï ¢ à ¬ª å ¤¢ãå ¯®¤å®¤®¢ |
ª ª ¤¢¨¦¥­¨¥ ­¥ç¥â­®© ªà¨¢®© ¢ áã¯¥à¯à®áâà ­áâ¢¥ ¨ ¤¨ £à ¬¬­®¥ ®¯¨á ­¨¥ ­¥®¡à -
â¨¬®£®  ­ «®£  ¨­¤ãæ¨à®¢ ­­®£® ¯à¥¤áâ ¢«¥­¨ï. � å®¤ïâáï ãà ¢­¥­¨ï ¤«ï ¤¢ãå â¨¯®¢
£®«¤áâ¨­® ¨ ¤«ï á¢ï§¨ ¬¥¦¤ã «¨­¥©­®© ¨ ­¥«¨­¥©­®© à¥ «¨§ æ¨ï¬¨.

�¤¥ï áã¯¥àª®­ä®à¬­®© á¨¬¬¥âà¨¨ [140{143] ¨£à ¥â ª«îç¥¢ãî à®«ì ¢ ¯®áâà®-
¥­¨¨ áã¯¥àáâàã­­ëå [144] ¬®¤¥«¥© í«¥¬¥­â à­ëå ç áâ¨æ [71, 145{148], ¢ à ¬ª å ª®â®-

àëå ã¤ ¥âáï ®¡ê¥¤¨­¨âì �) ­¥¯à®â¨¢®à¥ç¨¢ë¬ ®¡à §®¬ ¢á¥ äã­¤ ¬¥­â «ì­ë¥ ¢§ ¨¬®¤¥©-
áâ¢¨ï [150{153]. � ¯®á«¥¤­¥¥ ¢à¥¬ï §­ ç¥­¨¥ áã¯¥àª®­ä®à¬­®© á¨¬¬¥âà¨¨ ¡ë«® ¯¥à¥®-
á¬ëá«¥­® ¨§-§  ¥¥ ¨áª«îç¨â¥«ì­®© à®«¨ ¢ ¯®áâà®¥­¨¨ M -â¥®à¨¨ [154{162], ®¯¨á ­¨¨
D -¡à ­ [163{167] ¨ ç¥à­ëå ¤ëà [168{170],   â ª¦¥ ¢ ¥¥ á¢ï§¨ á ¯à¥¤¥«ì­ë¬¨ â¥®à¥¬ ¬¨
¢ ¯à®áâà ­áâ¢ å  ­â¨-�¥ �¨ââ¥à  [171{180]. � ®¤­®© áâ®à®­ë, áã¯¥àª®­ä®à¬­ ï á¨¬-
¬¥âà¨ï ¨áª«îç¨â¥«ì­® ¢ ¦­  ¢ â¥®à¨¨ áã¯¥àà¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥© [74,181{186] ª ª
«®ª «ì­®£® ¯®¤å®¤  ¤«ï ¢ëç¨á«¥­¨ï ¤à¥¢¥á­ëå [187{189] ¨ ¬­®£®¯¥â«¥¢ëå [190{196]
ä¥à¬¨®­­ëå  ¬¯«¨âã¤ ¢ ä®à¬ «¨§¬¥ �®«ïª®¢  [197{200]. � ¤àã£®© áâ®à®­ë, ¤¢ã¬¥à-
­ë¥ áã¯¥àª®­ä®à¬­ë¥ â¥®à¨¨ ¯®«ï [201{204] ®¯¨áë¢ îâ ª¢ ­â®¢ãî £¥®¬¥âà¨î ¬¨à®-
¢®© ¯®¢¥àå­®áâ¨ áâàã­ë [205{209] ¨ ¯®§¢®«ïîâ á¢¥áâ¨ ¢ëç¨á«¥­¨¥ áâàã­­ëå  ¬¯«¨âã¤ ¢
ªà¨â¨ç¥áª®© à §¬¥à­®áâ¨ [210] ª ¨­â¥£à¨à®¢ ­¨î ¯® áã¯¥àª®­ä®à¬­®¬ã ¯à®áâà ­áâ¢ã
¬®¤ã«¥© [211{219]. �®§­¨ªè¨¥ §¤¥áì âàã¤­®áâ¨ á ­¥ç¥â­ë¬¨ ¬®¤ã«ï¬¨ [220{222] (  ä ª-
â¨ç¥áª¨, á ­¨«ì¯®â¥­â­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨ [223{225]), ­¥á¬®âàï ­  â®, çâ® ­¥ª®â®àë¥

�à¨¬¥ç ­¨¥. �¯¥à¢ë¥ ¨á¯®«ì§®¢ ­¨¥ áâàã­ ¤«ï ¯®áâà®¥­¨ï äã­¤ ¬¥­â «ì­®© â¥®à¨¨, ®¯¨áë¢ î-
é¥© ¢ ­¨§ª®í­¥à£¥â¨ç¥áª®¬ ¯à¥¤¥«¥ ¢á¥ áãé¥áâ¢ãîé¨¥ ¢§ ¨¬®¤¥©áâ¢¨ï, ¡ë«® ¯à¥¤«®¦¥­® ¢ [149].
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4.1 � §¤¥« 4.

¬­®£®¯¥â«¥¢ë¥ ¢ª« ¤ë ¨ ¡ë«¨ § ­®¢® ¯®«ãç¥­ë ¢ [226{228], ¯®§¢®«ïîâ ¯à¥¤¯®«®¦¨âì �)
¢®§¬®¦­®áâì ­¥®¡à â¨¬®£® ®¡®¡é¥­¨ï áã¯¥àª®­ä®à¬­®© £¥®¬¥âà¨¨ [10,19].

4.1. �¥®¡à â¨¬®áâì ¨ N = 1 áã¯¥àª®­ä®à¬­ë¥
¯à¥®¡à §®¢ ­¨ï

�á­®¢­ë¬ ¨­£à¥¤¨¥­â®¬ áã¯¥àª®­ä®à¬­®© á¨¬¬¥âà¨¨ ï¢«ï¥âáï á¯¥æ¨ «ì­ë©
ª« áá à¥¤ãæ¨à®¢ ­­ëå ®â®¡à ¦¥­¨© ¤¢ã¬¥à­®£® (1j1)-¬¥à­®£® ª®¬¯«¥ªá­®£® áã¯¥à¯à®-
áâà ­áâ¢ , áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï [74, 209, 219, 230]. � «®ª «ì­®¬ ¯®¤å®¤¥
ª ¯®áâà®¥­¨î áã¯¥àà¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥©, ¯à¥¤áâ ¢«¥­­ëå ª ª á¥¬¥©áâ¢  ®âªàë-
âëå áã¯¥à®¡« áâ¥©, áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨á¯®«ì§ãîâáï ª ª áª«¥¨¢ îé¨¥
äã­ªæ¨¨ ¯¥à¥å®¤  [188,205,207]. � ¤àã£®© áâ®à®­ë, ®­¨ ¢®§­¨ª îâ ¢ à¥§ã«ìâ â¥ á¯¥æ¨-
 «ì­®© à¥¤ãªæ¨¨ áâàãªâãà­®© áã¯¥à£àã¯¯ë [63,64]. �­ «®£¨ç­ë© ¯®¤å®¤ ¯à¨¬¥­ï¥âáï
¨ ¤«ï ª«¥©­®¢ëå ¯®¢¥àå­®áâ¥© [231] ¨ áã¯¥à¯®¢¥àå­®áâ¥© [232{235].

�¤¥áì ¬ë à áá¬ âà¨¢ ¥¬  «ìâ¥à­ â¨¢­ãî à¥¤ãªæ¨î ª á â¥«ì­®£® ¯à®áâà ­áâ¢ ,
çâ® ¯à¨¢®¤¨â ª ­®¢ë¬ ¯à¥®¡à §®¢ ­¨ï¬ (á¬. â ª¦¥ [2,9]). �ë ¨á¯®«ì§ã¥¬ äã­ªæ¨®­ «ì-
­ë© ¯®¤å®¤ ª áã¯¥à¯à®áâà ­áâ¢ã [67,68,236] (á¬. â ª¦¥ �ã­ªâ 7.1.2), ª®â®àë© ¤®¯ãá-
ª ¥â áãé¥áâ¢®¢ ­¨¥ ­¥âà¨¢¨ «ì­®© â®¯®«®£¨¨ ¢ ç¥â­ëå ¨ ­¥ç¥â­ëå ­¨«ì¯®â¥­â­ëå ­ -
¯à ¢«¥­¨ïå [237,238] ¨ ¬®¦¥â ¡ëâì ¯®¤å®¤ïé¨¬ ¤«ï ä¨§¨ç¥áª¨å ¯à¨«®¦¥­¨© [239,240].
�à®¬¥ â®£®, ­¥®¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï (á¬. â ª¦¥, [241,242]) ¬®£ãâ á«ã¦¨âì  ­ «®-
£®¬ äã­ªæ¨© ¯¥à¥å®¤  ¤«ï ¯®«ãáã¯¥à¬­®£®®¡à §¨©, ¢¢¥¤¥­­ëå ¢ � §¤¥«¥ 7, çâ® ¯®§¢®-
«ï¥â ¯®á«¥¤®¢ â¥«ì­ë¬ ®¡à §®¬ áä®à¬ã«¨à®¢ âì ­¥®¡à â¨¬ë©  ­ «®£ áã¯¥àà¨¬ ­®¢®©
¯®¢¥àå­®áâ¨ [10]. �â¬¥â¨¬, çâ® ¨áá«¥¤®¢ ­¨¥ ç¥â­ëå ­¨«ì¯®â¥­â­ëå ­ ¯à ¢«¥­¨© ¢ áã-
¯¥àá¨¬¬¥âà¨ç­®© ¬¥å ­¨ª¥ [17, 243] ¨ ª¢ ­â®¢®© ¬¥å ­¨ª¥ [244{246] ¨£à ¥â ¢ ¦­ãî
à®«ì ¢ ¯à®ïá­¥­¨¨ ®¡é¨å ¬¥å ­¨§¬®¢ ­ àãè¥­¨ï áã¯¥àá¨¬¬¥âà¨¨; ®­¨ â ª¦¥ ¢®§­¨-
ª îâ ¢ ª®­âà ªæ¨ïå £àã¯¯ [247{249] ¨ ¢ ª®­ªà¥â­ëå ¯®«¥¢ëå ¬®¤¥«ïå [250{253].

4.1.1. � ã ¯ ¥ à   ­   « ¨ â ¨ ç ¥ á ª ¨ ¥ ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ ï . �®ª «ì­® áã-

¯¥à¯à®áâà ­áâ¢® C 1j1 , ¨¬¥îé¥¥ à §¬¥à­®áâì (1j1), ­  ª®®à¤¨­ â­®¬ ï§ëª¥ ®¯¨áë¢ -
¥âáï ¯ à®© Z = (z; �), £¤¥ z ç¥â­ ï ª®®à¤¨­ â  ¨ � ­¥ç¥â­ ï. � äã­ªæ¨®­ «ì-
­®¬ ®¯à¥¤¥«¥­¨¨ áã¯¥à¯à®áâà ­áâ¢  áãé¥áâ¢ãîâ ¤�ãå®¢ë¥ ç áâ¨ ¢ ç¥â­®© ª®®à¤¨­ â¥

z = zbody + zsoul; zbody = � (z) ; zsoul
def

= z � zbody , £¤¥ � ¯à¥¤áâ ¢«ï¥â á®¡®© ç¨á«®-

¢®¥ ®â®¡à ¦¥­¨¥ [67], § ­ã«ïîé¥¥ ¢á¥ ­¨«ì¯®â¥­â­ë¥ £¥­¥à â®àë ¯®¤áâ¨« îé¥© áã-
¯¥à «£¥¡àë. �¨á«®¢®¥ ®â®¡à ¦¥­¨¥ ¤¥©áâ¢ã¥â ­  ª®®à¤¨­ â å á«¥¤ãîé¨¬ ®¡à §®¬
� (z) = zbody; � (�) = 0 (á¬. â ª¦¥ �ã­ªâ 7.1.2). �â® ¯®§¢®«ï¥â ­ ¬ à áá¬ âà¨¢ âì
­¥âà¨¢¨ «ì­ãî ¤�ãå®¢ãî â®¯®«®£¨î ¢ ç¥â­ëå ­ ¯à ¢«¥­¨ïå ­  à ¢­ëå ­ ç « å á ­¥-
ç¥â­ë¬¨ [237,238,254].

�á¯®«ì§ãï ãá«®¢¨ï £®«®¬®àä­®áâ¨, ®¡é¥¥ áã¯¥à ­ «¨â¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥

TSA : C 1j1 ! C 1j1 ¬®¦­® ¯à¥¤áâ ¢¨âì (á¬., ­ ¯à¨¬¥à, [255]) ¢ ¢¨¤¥(
~z = ~z (z; �) ;
~� = ~� (z; �) ;

(4.1)

£¤¥ ­¥â § ¢¨á¨¬®áâ¨ ®â ª®¬¯«¥ªá­® á®¯àï¦¥­­®© ª®®à¤¨­ âë. �ç¨âë¢ ï ­¨«ì¯®â¥­â-
­®áâì ­¥ç¥â­®© ª®®à¤¨­ âë �

2 = 0, ¬ë ¯®«ãç ¥¬(
~z = f (z) + � � � (z) ;
~� =  (z) + � � g (z) ;

(4.2)

£¤¥ ç¥âëà¥ ª®®à¤¨­ â­ë¥ äã­ªæ¨¨ f (z) ; g (z) : C 1j0 ! C 1j0 ¨  (z) ; � (z) : C 1j0 ! C 0j1
ã¤®¢«¥â¢®àïîâ áã¯¥à£« ¤ª¨¬ ãá«®¢¨ï¬, ®¡®¡é îé¨¬ C

1 (á¬. [67, 256, 257] ¨ �ã­ªâ

�à¨¬¥ç ­¨¥. � á¢ï§¨ á íâ¨¬¨ âàã¤­®áâï¬¨ ¡ë«® ¢ëáª § ­® â ª®¥ ¯à¥¤¯®«®¦¥­¨¥: \¬®¦¥â á«ã-
ç¨âìáï, çâ® ®á­®¢­ë¥ ª®­áâàãªæ¨¨ ¤®«¦­ë ¡ëâì ¬®¤¨ä¨æ¨à®¢ ­ë..." [229].
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7.1.2). �ç¥¢¨¤­®, çâ® ­¥ç¥â­ë¥ äã­ªæ¨¨  (z) ; � (z) ¯® ®¯à¥¤¥«¥­¨î ­¥®¡à â¨¬ë (á¬.
[258], å®âï ¨¬¥îâáï ¨ ­¥ª®â®àë¥ ª®­âà¯à¨¬¥àë [114,259,260]). � ª¨¬ ®¡à §®¬, ®¡à â¨-
¬®áâì áã¯¥à ­ «¨â¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï TSA (4.1) ª®­âà®«¨àã¥âáï ç¥â­ë¬¨ äã­ª-
æ¨ï¬¨ f (z) ; g (z). �¡ëç­® ®­¨ ¢ë¡¨à îâáï ®¡à â¨¬ë¬¨ [74, 219]. �¤¥áì ¬ë ­¥ ¡ã¤¥¬
®£à ­¨ç¨¢ âì ¨å ®¡à â¨¬®áâì ¨ à áá¬®âà¨¬ ®¡  á«ãç ï ­  à ¢­ëå ­ ç « å.

�¯à¥¤¥«¥­¨¥ 4.1. �­®¦¥áâ¢  ®¡à â¨¬ëå ¨ ­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨© C 1j1 !
C 1j1 (4.2) ®¡à §ãîâ ��������������¯®«ã£àã¯¯ã áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© TSA ®â­®á¨-
â¥«ì­® ª®¬¯®§¨æ¨¨.

�¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ¯à¨­ ¤«¥¦ â ¯®¤£àã¯¯¥ íâ®© ¯®«ã£àã¯¯ë, â®£¤  ª ª
­¥®¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ¯à¨­ ¤«¥¦ â ¥¥ ¨¤¥ «ã [2, 6]. �ã¤¥¬ ª« áá¨ä¨æ¨à®¢ âì
¢á¥ ¯à¥®¡à §®¢ ­¨ï á«¥¤ãîé¨¬ ®¡à §®¬ [8].

�¯à¥¤¥«¥­¨¥ 4.2.����������������¡à â¨¬ë¥ áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï

®¯à¥¤¥«ïîâáï ãá«®¢¨ï¬¨
� [f (z)] 6= 0; � [g (z)] 6= 0: (4.3)

�¯à¥¤¥«¥­¨¥ 4.3.�������������������������®«ã­¥®¡à â¨¬ë¥ áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ®¯à¥¤¥-
«ïîâáï ãá«®¢¨ï¬¨

� [f (z)] = 0; � [g (z)] 6= 0: (4.4)

�¯à¥¤¥«¥­¨¥ 4.4.�������������������¥®¡à â¨¬ë¥ áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ®¯à¥¤¥«ï-
îâáï ãá«®¢¨¥¬

� [f (z)] = 0; � [g (z)] = 0: (4.5)

� ¬¥ç ­¨¥ 4.5. �®«ã­¥®¡à â¨¬ë¥ áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ¬®£ãâ à §à¥-
è âìáï, ­® â®«ìª® «¨èì ®â­®á¨â¥«ì­® � ,   ­¥ ®â­®á¨â¥«ì­® z .

�ç¥¢¨¤­®, ¬®¦­® ¨á¯®«ì§®¢ âì ª®®à¤¨­ â­ë¥ äã­ªæ¨¨ ¨§ (4.2) ¤«ï á®®â¢¥âáâ¢ã-
îé¥© ¯ à ¬¥âà¨§ æ¨¨ ¯®«ã£àã¯¯ë áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© TSA .

�¯à¥¤¥«¥­¨¥ 4.6. �«¥¬¥­â s ��������������������������áã¯¥à ­ «¨â¨ç¥áª®©����������������¯®«ã£àã¯¯ë SSA ¬®¦¥â ¡ëâì

¯ à ¬¥âà¨§®¢ ­ ç¥â¢¥àª®© äã­ªæ¨©�
f �

 g

�
def

= s 2 SSA; (4.6)

¨ ¤¥©áâ¢¨¥ ¢ SSA ¥áâì �
f1 �1
 1 g1

�
�
�
f2 �2
 2 g2

�
=8>><>>:

f1 � f2 +  2 � �1 � f2 f
0
1 � f2 � �2 + g2 � �1 � f2

+�01 � f2 � �2 �  2
 1 � f2 +  2 � g1 � f2  

0
1 � f2 � �2 + g2 � g1 � f2

+g01 � f2 � �2 �  2

9>>=>>; : (4.7)

£¤¥
f1 � f2 = f1 (f2 (z)) (4.8)

¨ èâà¨å (0) ®§­ ç ¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯®  à£ã¬¥­âã.

�áá®æ¨ â¨¢­®áâì ¢ SSA
s1 � (s2 � s3) = (s1 � s2) � s3 (4.9)

­¥âà¨¢¨ «ì­  ¤«ï (4.7) ¨ âà¥¡ã¥â ¯à®¢¥àª¨.
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�à¥¤«®¦¥­¨¥ 4.7. �¬­®¦¥­¨¥ (4.7)  áá®æ¨ â¨¢­®.

�®ª § â¥«ìáâ¢®. �®®â­®è¥­¨¥ (4.9) á®áâ®¨â ¨§ ç¥âëà¥å ãà ¢­¥­¨©, á®®â¢¥âáâ¢ãîé¨å
ç¥âëà¥¬ äã­ªæ¨ï¬ ¢ (4.6).

�á¯®«ì§ãï (4.7) ¤«ï 1-1 í«¥¬¥­â , ¬ë ­ å®¤¨¬

s1 � (s2 � s3) j1�1 = f1 � (f2 � f3 +  3 � �2 � f3)
+ ( 2 � f3 +  3 � g2 � f3) � �1 � (f2 � f3 +  3 � �2 � f3) :

�âªàë¢ ï áª®¡ª¨, à áª« ¤ë¢ ï ¢ àï¤ �í©«®à  ¨ ãç¨âë¢ ï ­¨«ì¯®â¥­â­®áâì ¢å®-
¤ïé¨å ­¥ç¥â­ëå äã­ªæ¨©, ¬ë ¨¬¥¥¬

s1 � (s2 � s3) j1�1 = f1 � f2 � f3 +  3 � �2 � f3 � f 01 � f2 � f3
+ 2 � f3 � �1 � f2 � f3
+ 3 � g2 � f3 � �1 � f2 � f3
+ 2 � f3 � �01 � f2 � f3 �  3 � �2 � f3:

� «¥¥ £àã¯¯¨àã¥¬ í«¥¬¥­âë à §«¨ç­ë¬ á¯®á®¡®¬ ¨ ¯®«ãç ¥¬

s1 � (s2 � s3) j1�1 = (f1 � f2 +  2 � �1 � f2) � f3
+ 3 � (f 01 � f2 � �2 + �

0
1 � f2 � �2 �  2 + g2 � �1 � f2) � f3

= (s1 � s2) � s3j1�1:
�­ «®£¨ç­ë¥ ¢ëç¨á«¥­¨ï ¬®£ãâ ¡ëâì ¯à®¢¥¤¥­ë ¨ ¤«ï ¤àã£¨å í«¥¬¥­â®¢, íâ®

¤®ª §ë¢ ¥â  áá®æ¨ â¨¢­®áâì (4.7) ¨ â®â ä ªâ, çâ® ¯ à ¬¥âà¨§ æ¨ï (4.6) § ¤ ¥â ¤¥©-
áâ¢¨â¥«ì­® ¯®«ã£àã¯¯ã. �

� ¬¥ç ­¨¥ 4.8. �¬­®¦¥­¨¥ (4.7) á®¤¥à¦¨â ¤¢  ¯à®¨§¢¥¤¥­¨ï: áã¯¥à¯®§¨æ¨î (4.8) ¨
¯à®¨§¢¥¤¥­¨¥ ¢ ¯®¤áâ¨« îé¥©  «£¥¡à¥ �à áá¬ ­  (�). �®íâ®¬ã áã¯¥à ­ «¨â¨ç¥áª ï
¯®«ã£àã¯¯  ­¥ ¯à¨­ ¤«¥¦¨â ­¨ ª ª« ááã ¯®«ã£àã¯¯ ­¥¯à¥àë¢­ëå äã­ªæ¨© [261{263],
­¨ ª ª« ááã ¬ã«ìâ¨¯«¨ª â¨¢­ëå ¯®«ã£àã¯¯ [264{267].

� «¨ç¨¥ ¤¢ãå ã¬­®¦¥­¨©, ¤¥«¨â¥«¥© ­ã«ï ¨ ­¨«ì¯®â¥­â®¢ ¤¥« ¥â  ­ «¨§  ¡-

áâà ªâ­ëå á¢®©áâ¢ áã¯¥à ­ «¨â¨ç¥áª®© ¯®«ã£àã¯¯ë �) (¨ áã¯¥àª®­ä®à¬­®© ¯®«ã-
£àã¯¯ë, à áá¬ âà¨¢ ¥¬®© ­¨¦¥) £®à §¤® ¡®«¥¥ á«®¦­ë¬ ¯® áà ¢­¥­¨î á å®à®è® ¨á-
á«¥¤®¢ ­­ë¬¨ ¯®«ã£àã¯¯ ¬¨ äã­ªæ¨© [263,272{274].

�à¥¤«®¦¥­¨¥ 4.9. �¢ãáâ®à®­­ïï ¥¤¨­¨æ  ¢ SSA ¥áâì

e =

�
z 0
0 1

�
; (4.10)

¨ ¤¢ãáâ®à®­­¨© ­ã«ì ¯à¥¤áâ ¢«ï¥â á®¡®© ¬ âà¨æã (4.6), ¨¬¥îéãî ­ã«¥¢ë¥ í«¥-
¬¥­âë.

�®ª § â¥«ìáâ¢®. �â® ¬®¦­® «¥£ª® ¯à®¢¥à¨âì, ¨á¯®«ì§ãï (4.7). �

� áá¬®âà¨¬ £®¬®¬®àä¨§¬ ' áã¯¥à ­ «¨â¨ç¥áª®© ¯®«ã£àã¯¯ë SSA ¢ ¯®«ã£àã¯¯ã
TSA áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ' : SSA ! TSA .

�à¥¤«®¦¥­¨¥ 4.10. � ª íâ® ¨ ¤®«¦­® ¡ëâì ker' = e.

�à¨ ¨§ãç¥­¨¨ áã¯¥àç¨á«®¢ëå á¨áâ¥¬, á®¤¥à¦ é¨å ¤¥«¨â¥«¨ ­ã«ï ¨ ­¨«ì¯®-
â¥­âë, ®¡ëç­® £®¢®àïâ ¬ £¨ç¥áª¨¥ á«®¢  \ä ªâ®à¨§ æ¨ï ¯® ­¨«ì¯®â¥­â ¬" ¨«¨ \¯® ¬®-
¤ã«î ­¨«ì¯®â¥­â®¢" ¨ ¨áª«îç îâ ¤®¯®«­¨â¥«ì­ë¥ íª§®â¨ç¥áª¨¥ á¢®©áâ¢  [68,113,275],

�à¨¬¥ç ­¨¥. �®«ã£àã¯¯ë ­¥áã¯¥àá¨¬¬¥âà¨ç­ëå  ­ «¨â¨ç¥áª¨å í­¤®¬®àä¨§®¢ à áá¬ âà¨¢ «¨áì
¢ [268{271].
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ï¢«ïîé¨¥áï à¥§ã«ìâ â®¬ âé â¥«ì­®£® à áá¬®âà¥­¨ï ¯®á«¥¤­¨å. � á¨áâ¥¬ å à áá¬ -
âà¨¢ ¥¬ëå äã­ªæ¨© á¨âã æ¨ï ¡®«¥¥ â®­ª ï ¨ âà¥¡ã¥â ¤®¯®«­¨â¥«ì­ëå  ¡áâà ªâ­ëå
¨áá«¥¤®¢ ­¨©. � ¯à¨¬¥à, ¢ áã¯¥à ­ «¨â¨ç¥áª®© ¯®«ã£àã¯¯¥ SSA ­ àï¤ã á® áâ ­¤ àâ-
­ë¬¨ í«¥¬¥­â ¬¨ e ¨ z ¬ë ¬®¦¥¬ ¢¢®¤¨âì í«¥¬¥­â­®§ ¢¨á¨¬ë¥ \«®ª «ì­ë¥" ¥¤¨­¨æë
¨ ­ã«¨.

�¯à¥¤¥«¥­¨¥ 4.11. �«ï § ¤ ­­®£® í«¥¬¥­â  s áã¯¥à ­ «¨â¨ç¥áª®© ¯®«ã£àã¯¯ë
SSA �������������«®ª «ì­ë¥ «¥¢ ï, ¯à ¢ ï ¨ ¤¢ãáâ®à®­­ïï�����������¥¤¨­¨æë ®¯à¥¤¥«ïîâáï à ¢¥­áâ¢ ¬¨

elefts � s = s; (4.11)

s � erights = s; (4.12)

es � s � es = s; (4.13)

£¤¥ elefts ; erights ; es 2 SSA .

�¯à¥¤¥«¥­¨¥ 4.12. �«ï § ¤ ­­®£® í«¥¬¥­â  s áã¯¥à ­ «¨â¨ç¥áª®© ¯®«ã£àã¯¯ë
SSA �������������«®ª «ì­ë¥ «¥¢ë©, ¯à ¢ë© ¨ ¤¢ãáâ®à®­­¨© ������­ã«¨ ®¯à¥¤¥«ïîâáï à ¢¥­áâ¢ ¬¨

zlefts � s = zlefts ; (4.14)

s � zrights = zrights ; (4.15)

zs � s � zs = zs; (4.16)

£¤¥ zlefts ; zrights ; zs 2 SSA .

�®ª «ì­ë¥ ¥¤¨­¨æë ¨ ­ã«¨ ï¢«ïîâáï ¬­®¦¥áâ¢ ¬¨ í«¥¬¥­â®¢ ¨§ SSA ¨ ¬®£ãâ
­ ©¤¥­ë ¨§ á®®â¢¥âáâ¢ãîé¨å á¨áâ¥¬ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.

� ¯à¨¬¥à, ¤«ï elefts ¨§ (4.11) ¢ ª®¬¯®­¥­â­®¬ ¢¨¤¥ ¬ë ¨¬¥¥¬ á¨áâ¥¬ã

f1 � f2 +  2 � �1 � f2 = f2;

 1 � f2 +  2 � g1 � f2 =  2;

f
0
1 � f2 � �2 + �

0
1 � f2 � �2 �  2 + g2 � �1 � f2 = �2;

 
0
1 � f2 � �2 + g

0
1 � f2 � �2 �  2 + g2 � g1 � f2 = g2:

(4.17)

�à¨¬¥à 4.13. �ãáâì s =

�
z
2

�

� z
�1

�
, â®£¤  elefts =

�
z
2

�

� z
�1

�
.

�â®¡ë ¯®¤ç¥àª­ãâì ®â«¨ç¨¥ ®â ¯®«ã£àã¯¯ äã­ªæ¨© [261, 273, 274], à áá¬®âà¨¬
«¥¢ë¥ ­ã«¨. �§ § ª®­  ã¬­®¦¥­¨ï (4.8) á«¥¤ã¥â

�â¢¥à¦¤¥­¨¥ 4.14. �«ï ¯®«ã£àã¯¯ äã­ªæ¨© à®«ì «¥¢ëå ­ã«¥© ¨£à îâ ª®­áâ ­â-
­ë¥ ®â®¡à ¦¥­¨ï

f0 (z) : z ! cf = const; (4.18)

¯®áª®«ìªã 8g (z) ; f0 � g = f0 (g (z)) = cf = f0 .

�®§ì¬¥¬ í«¥¬¥­â s0 áã¯¥à ­ «¨â¨ç¥áª®© ¯®«ã£àã¯¯ë SSA , ª®â®àë© ¨¬¥¥â ¢¨¤,
 ­ «®£¨ç­ë© (4.18), â.¥.

s0 =

�
f0 �0
 0 g0

�
: (4.19)

�®£¤  ¨§ (4.7) ¨¬¥¥¬

s0 � s =

�
f0 �0
 0 g0

�
�
�
f �

 g

�
=

�
cf + c� � g c� � g
c + cg �  cg � g

�
; (4.20)

¨, â ª¨¬ ®¡à §®¬, s0 � s 6= const ¢ ¯à®â¨¢®¯®«®¦®áâì ¯®«ã£àã¯¯ ¬ äã­ªæ¨© [263,276].
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� ¬¥ç ­¨¥ 4.15. �®¯®áâ ¢«ïï áã¯¥à ­ «¨â¨ç¥áª®¥ ã¬­®¦¥­¨¥ (4.7) á ¬ âà¨ç­ë¬ ¯®«ã-
£àã¯¯®¢ë¬ ã¬­®¦¥­¨¥¬ [86,277], ¬ë ®¡à é ¥¬ ¢­¨¬ ­¨¥ ­  â®, çâ® ¬­®¦¥áâ¢ã ­¨¦­¥-
âà¥ã£®«ì­ëå áã¯¥à¬ âà¨æ (4.6), â. ¥. á í«¥¬¥­â ¬¨ � = 0, ä®à¬¨àãîâ ¯®¤¯®«ã£àã¯¯ã,
ª ª ®¡ëç­®. �¤­ ª® ¬­®¦¥áâ¢® ¢¥àå­¥âà¥ã£®«ì­ëå ¬ âà¨æ, ¨¬¥îé¨å  = 0, ­¥ ä®à-
¬¨àãîâ ¯®¤¯®«ã£àã¯¯ã ¨§-§  ­ «¨ç¨ï áà¥¤­¥£® ç«¥­  ¢ 2-2 í«¥¬¥­â¥ (4.7).

�®áà¥¤áâ¢®¬ áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© (4.2) ¬®¦­® ¯®áâà®¨âì áã¯¥à-
 ­ «¨â¨ç¥áª®¥ ¯®«ãáã¯¥à¬­®£®®¡à §¨¥ MSA áâ ­¤ àâ­ë¬ á¯®á®¡®¬ (á¬. [67, 68, 113] ¨
� §¤¥« 7), ¢ ª®â®à®¬ ª®®à¤¨­ â­ë¥ äã­ªæ¨¨ ¨£à îâ à®«ì áª«¥¨¢ îé¨å äã­ªæ¨© ¯¥-
à¥å®¤ .

� ª¨¬ ®¡à §®¬, ¯ãáâì MSA =
S
�

U� , £¤¥ U� | áã¯¥à®¡« áâ¨, ­ ªàë¢ îé¨¥ ¯®«ã-

áã¯¥à¬­®£®®¡à §¨¥ MSA . �£® áâà®¥­¨¥ ®¯à¥¤¥«ï¥âáï ç¥âëàì¬ï äã­ªæ¨ï¬¨ ¯¥à¥å®¤ 
f�� (z�) ; ��� (z�) ; g�� (z�) ;  �� (z�), ®¯¨áë¢ îé¨å áã¯¥à ­ «¨â¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥
Z� ! Z� ­  ¯¥à¥á¥ç¥­¨¨ U� \ U� .

�à¥¤«®¦¥­¨¥ 4.16. �  âà®©­ëå ¯¥à¥á¥ç¥­¨ïå U�\U�\U
 äã­ªæ¨ïå ¯¥à¥å®¤  áã-
¯¥à ­ «¨â¨ç¥áª®£® áã¯¥à¬­®£®®¡à §¨ï ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ á®£« á®¢ ­­®áâ¨

f�
 = f�� � f�
 +  �
 � ��� � f�
;
��
 = f

0
��
� f�
 � ��
 + g�
 � ��� � f�
 + �

0
��
� f�
 � ��
 �  �
;

g�
 = f
0
��
� f�
 � ��
 + g�
 � g�� � f�
 + g

0
��
� f�
 � ��
 �  �
;

 �
 =  �� � f�
 +  �
 � g�� � f�
:
(4.21)

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ ã¬­®¦¥­¨ï (4.7). �

� «ì­¥©è¨¥ ª®æ¨ª«¨ç¥áª¨¥ á¢®©áâ¢  N = 1 ¯à¥®¡à §®¢ ­¨© ¨§«®¦¥­ë ¢
�ã­ªâ¥ 4.8.

4.1.2. �   á   â ¥ « ì ­ ® ¥ á ã ¯ ¥ à ¯ à ® á â à   ­ á â ¢ ® ¨ ¢   à ¨   ­ â ë ¥ £ ®
à ¥ ¤ ã ª æ ¨ © . � áá¬®âà¨¬ ¤¥©áâ¢¨¥ áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ¢ ­¥ª®-
â®à®¬ ­¥®¡à â¨¬®¬  ­ «®£¥ ª á â¥«ì­®£® áã¯¥à¯à®áâà ­áâ¢  [8, 19] ¨ ¢®§¬®¦­ë¥ ¥£®
à¥¤ãªæ¨¨ (á¬. ®¡à â¨¬ë© ¢ à¨ ­â à¥¤ãªæ¨© ¢ [63, 66, 278, 279]). �¤¥áì ¬ë ¯®ª ¦¥¬,
çâ® áà¥¤¨ à¥¤ãæ¨à®¢ ­­ëå ­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨© ¨¬¥îâáï ­®¢ë¥ ¯à¥®¡à §®¢ -
­¨ï, ª®â®àë¥ ¢ ­¥ª®â®à®¬ á¬ëá«¥ ¤ã «ì­ë áã¯¥àª®­ä®à¬­ë¬ ¯à¥®¡à §®¢ ­¨ï¬ [2,10],
¨ áª®­æ¥­âà¨àã¥¬ ¢­¨¬ ­¨¥ ­  ­®¢ëå á¢®©áâ¢ å, á¢ï§ ­­ëå á ­¥®¡à â¨¬®áâìî, ¤«ï ïá-
­®áâ¨ ¯ëâ ïáì ®áâ ­ ¢«¨¢ âìáï ­  à áá¬®âà¥­¨¨ ­¥âà¨¢¨ «ì­ëå ¬®¬¥­â®¢..

� á â¥«ì­®¥ áã¯¥à¯à®áâà ­áâ¢® T C1j1 ®¯à¥¤¥«ï¥âáï áâ ­¤ àâ­ë¬ áã¯¥àá¨¬¬¥-
âà¨ç­ë¬ ¡ §¨á®¬ f@; Dg, £¤¥ D = @�+�@; @� = @=@�; @ = @=@z . �ã «ì­®¥ ª®ª á â¥«ì-

­®¥ ¯à®áâà ­áâ¢® T
�C 1j1 ®¯à¥¤¥«ï¥âáï 1-ä®à¬ ¬¨ fdz; d�g, £¤¥ dZ = dz + �d� (§­ ª¨

ª ª ¢ [74]). � íâ¨å ®¡®§­ ç¥­¨ïå á®®â­®è¥­¨ï áã¯¥àá¨¬¬¥âà¨¨ ¥áâì D2 = @; dZ
2 = dz .

�®«ã£àã¯¯  áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© TSA ¤¥©áâ¢ã¥â ¢ ª á â¥«ì­®¬ ¨ ª®-
ª á â¥«ì­®¬ áã¯¥à¯à®áâà ­áâ¢ å ¯®áà¥¤áâ¢®¬ ¬ âà¨æë PSA ª ª�

@

D

�
= PSA

 
~@
~D

!
; (4.22)�

d ~Z; d~�
�

= ( dz; d� ) PSA; (4.23)
£¤¥

PSA =

 
@~z � @~� � ~� @~�

D~z �D~� � ~� D~�

!
: (4.24)

� áá¬®âà¨¬ áã¯¥à®¡®¡é¥­¨ï (¢ª«îç ï ¨ ­¥®¡à â¨¬ë¥) ¢­¥è­¥£® ¤¨ää¥à¥­æ¨-
 «  ¤¥ � ¬  [280].

�à¥¤«®¦¥­¨¥ 4.17. �­¥è­¨© ¤¨ää¥à¥­æ¨ « d = dZ@ + d�D ï¢«ï¥âáï ¨­¢ à¨ ­-
â®¬ áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©.
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�®ª § â¥«ìáâ¢®. �ë ¨¬¥¥¬

d = ( dZ; d� )

�
@

D

�
= ( dZ; d� ) PSA

 
~@
~D

!

=
�
d ~Z; d~�

� ~@
~D

!
= ~d (4.25)

�

� ¬¥ç ­¨¥ 4.18. � ¦­® ®â¬¥â¨âì, çâ® ¢ (4.25) ®¡à â¨¬®áâì ­¥ ¨á¯®«ì§®¢ ­ .

�à¥¤«®¦¥­¨¥ 4.19. Ber
�

~Z=Z
�

= Ber PSA .

�®ª § â¥«ìáâ¢®. �¨¤¨¬, çâ®0BBB@
@~z

@z

@~�

@z

@~�

@z

@~�

@�

1CCCA =

�
1 0
�� 1

�
�
 

@~z � @~� � ~� @~�

D~z �D~� � ~� D~�

! 
1 0
~� 1

!
: (4.26)

�®£¤  ¨§ (4.26), (4.91), (4.92) ¨ (4.24) á«¥¤ã¥â

Ber
�

~Z=Z
�

= Ber P0
SA

= Ber

 �
1 0
�� 1

�
� PSA �

 
1 0
~� 1

!!

= Ber

�
1 0
�� 1

�
� Ber PSA � Ber

 
1 0
~� 1

!
= Ber PSA:

�

� á«ãç ¥ ®¡à â¨¬ëå áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ¬ âà¨æ  PSA ®¯à¥-
¤¥«ï¥â áâàãªâãàã áã¯¥à¬­®£®®¡à §¨ï, ¤«ï ª®â®à®£® íâ¨ ¯à¥®¡à §®¢ ­¨ï ¨£à îâ à®«ì
äã­ªæ¨© ¯¥à¥å®¤  [63]. �®íâ®¬ã à §«¨ç­ë¥ à¥¤ãªæ¨¨ ¬ âà¨æë PSA ¯à¨¢®¤ïâ ª à §-
«¨ç­ë¬ ¤®¯®«­¨â¥«ì­ë¬ áâàãªâãà ¬. �® â®«ìª® ®¤¨­ ¨§ ­¨å ®¡ëç­® à áá¬ âà¨¢ -
¥âáï [63, 64] ¯®áª®«ìªã «¨èì ®­ ¬®¦¥â ¡ëâì ®¡à â¨¬ë¬. �ç¨âë¢ ï ­¥®¡à â¨¬®áâì, ¬ë
¯à® ­ «¨§¨àã¥¬ ¢á¥ à¥¤ãªæ¨¨ [8] ¯®áà¥¤áâ¢®¬ § ­ã«¥­¨ï ª ¦¤®£® í«¥¬¥­â  ¨§ PSA

¯®®ç¥à¥¤­®, çâ® ¤ ¥â ¢ ®¡é¥¬ ç¥âëà¥ ¢®§¬®¦­®áâ¨:

1) D~� = 0; (4.27)

2) @~� = 0; (4.28)

3) � (z; �) � D~z �D~� � ~� = 0; (4.29)

4) Q (z; �) � @~z � @~� � ~� = 0; (4.30)

ª®â®àë¥ ã¯®àï¤®ç¥­ë á®®â¢¥âáâ¢¥­­® ¢®§à áâ ­¨î ¨å ­¥âà¨¢¨ «ì­®áâ¨. �¥à¢ë¥ ¤¢ 
á«ãç ï (4.27) ¨ (4.28) ï¢«ïîâáï ­ ¨¡®«¥¥ ¯à®áâë¬¨, ­® ®­¨ â ª¦¥ ¨¬¥îâ ­¥ª®â®àë¥
¨­â¥à¥á­ë¥ ®á®¡¥­­®áâ¨ ¨ ¡ã¤ãâ à áá¬®âà¥­ë ®â¤¥«ì­®.

4.1.3. � ¥ ¤ ã æ ¨ à ® ¢   ­ ­ ë ¥ N = 1 ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ ï . �¤¥áì ¬ë à á-
á¬®âà¨¬ ¤¢¥ ®áâ «ì­ë¥ ¢®§¬®¦­ë¥ à¥¤ãªæ¨¨ (4.29) ¨ (4.30). � �®¤à §¤¥«¥ 3.1 ¯®-
ª § ­®, çâ® áãé¥áâ¢ãîâ ¤¢¥ ­¥âà¨¢¨ «ì­ë¥ à¥¤ãªæ¨¨ «î¡®© áã¯¥à¬ âà¨æë (  ­¥ ®¤­ ,
âà¥ã£®«ì­ ï, ª ª ¢ ®¡à â¨¬®¬ á«ãç ¥). �ë ¯à¨¬¥­ï¥¬ íâ®â à¥§ã«ìâ â ª PSA (4.24).

�â¢¥à¦¤¥­¨¥ 4.20. �á«®¢¨¥ �
h
D~�
i
6= 0 á®¢¯ ¤ ¥â á ¯®«ã­¥®¡à â¨¬®áâìî áã¯¥à-

 ­ «¨â¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï (4.4),   ­¥ á ¥£® ¯®«­®© ®¡à â¨¬®áâìî.
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�®ª § â¥«ìáâ¢®. � á ¬®¬ ¤¥«¥, ¬ë § ¬¥ç ¥¬ ¨§ (4.26), çâ® ¡¥à¥§¨­¨ ­ ¬®¦¥â ¡ëâì
¯à¥¤áâ ¢«¥­ ¢ ¢¨¤¥ ¤¢ãå á« £ ¥¬ëå

BerPA =
@~z � @~� � ~�

D~�
+

�
D~z �D~� � ~�

�
@~��

D~�
�2 = (4.31)

Q (z; �)

D~�
+
� (z; �) � @~��

D~�
�2 : (4.32)

â®«ìª®, ¥á«¨ �

h
D~�
i
6= 0. �®£¤  ¨§ ª®¬¯®­¥­â­®£® ¢¨¤  (4.2) ¬ë ¢ë¢®¤¨¬ D~� = g (z) +

� �  (z) ¨ â ª �

h
D~�

i
= � [g (z)], ¯®íâ®¬ã �

h
D~�

i
6= 0 ) � [g (z)] 6= 0, çâ® ¤¥©áâ¢¨â¥«ì­®

ï¢«ï¥âáï ãá«®¢¨¥¬ ¯®«ã­¥®¡à â¨¬®áâ¨ ¯à¥®¡à §®¢ ­¨ï (4.4). �

�à¥¤«®¦¥­¨¥ 4.21. � á«ãç ¥ D~� 6= 0 ¡¥à¥§¨­¨ ­ áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®-
¢ ­¨© ®¯¨áë¢ ¥âáï ¢ëà ¦¥­¨¥¬

Ber PSA = D

�
D~z

D~�

�
: (4.33)

�®ª § â¥«ìáâ¢®. �®á«¥ ¤¨ää¥à¥­æ¨à®¢ ­¨ï ¯à ¢®© ç áâ¨, ¨á¯®«ì§ãï D
2 = @ , ¬ë

¯®«ãç ¥¬

D

�
D~z

D~�

�
=
@~z �D~� +D~z � @~��

D~�
�2 =

�
@~z + ~� � @~�

�
�D~� �

�
D~z � ~� �D~�

�
� @~��

D~�
�2 =

Q (z; �) �D~� �� (z; �) � @~��
D~�

�2 ;

çâ® á®¢¯ ¤ ¥â á (4.32). �

�® â¥®à¥¬¥ á«®¦¥­¨ï ¡¥à¥§¨­¨ ­®¢ (3.7) ¨¬¥¥¬

Ber PA = Ber PS + Ber PT ; (4.34)

£¤¥

PS

def

=

 
@~z � @~� � ~� @~�

0 D~�

!
=

 
Q (z; �) @~�

0 D~�

!
; (4.35)

PT

def

=

 
0 @~�

D~z �D~� � ~� D~�

!
=

 
0 @~�

� (z; �) D~�

!
: (4.36)

�¡®§­ ç¨¬ ¬­®¦¥áâ¢  ¬ âà¨æ (4.35) ¨ (4.36) §  PS ¨ PT á®®â¢¥âáâ¢¥­­®. �®¤ç¥à-
ª¨¢ ¥¬, çâ® ¤® á¨å ¯®à ­  ¢¨¤ ¯à¥®¡à §®¢ ­¨© ¬ë ­¥ ­ « £ «¨ ­¨ª ª¨å ®£à ­¨ç¥­¨©,
¨ ®­¨ ®¡é¨¥ áã¯¥à ­ «¨â¨ç¥áª¨¥ (4.1).

�¯à¥¤¥«¥­¨¥ 4.22. ���������������������¥¤ãæ¨à®¢ ­­ë¥ ¯à¥®¡à §®¢ ­¨ï ®¯à¥¤¥«ïîâáï

¯à®¥ªâ¨à®¢ ­¨¥¬ ¡¥à¥§¨­¨ ­  ­  ®¤­® ¨§ á« £ ¥¬ëå ¢ (4.32).

�àã£¨¬¨ á«®¢ ¬¨, ¬ë ¯à®¥ªâ¨àã¥¬ ¬­®¦¥áâ¢® áã¯¥à ­ «¨â¨ç¥áª¨å ¬ âà¨æ PSA
­  PS ¨«¨ PT . �«¥¤®¢ â¥«ì­®, ¨¬¥¥âáï ¤¢  (!) ¢¨¤  à¥¤ãæ¨à®¢ ­­ëå (áã¯¥àª®­ä®à¬­®-
¯®¤®¡­ëå) ¯à¥®¡à §®¢ ­¨© [2,8,22].
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�¯à¥¤¥«¥­¨¥ 4.23. �¡à â¨¬ë¥, ¯®«ã­¥®¡à â¨¬ë¥ ¨ ­¥®¡à â¨¬ë¥

�����������������������áã¯¥àª®­ä®à¬­ë¥��������������������¯à¥®¡à §®¢ ­¨ï ®¯à¥¤¥«ïîâáï ãá«®¢¨¥¬

� (z; �) = D~z �D~� � ~� = 0: (4.37)

�¯à¥¤¥«¥­¨¥ 4.24.
�®«ã­¥®¡à â¨¬ë¥ ¨ ­¥®¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï, ����������������á¯«¥â îé¨¥��������������ç¥â­®áâì, ®¯à¥-

¤¥«ïîâáï ãá«®¢¨¥¬

Q (z; �) = @~z � @~� � ~� = 0: (4.38)

� ª®¥ ®¯à¥¤¥«¥­¨¥ ¯®­ïâ­® ¨§ á«¥¤ãîé¨å à ááã¦¤¥­¨©. �á«¨ ¬ë ¯à¨¬¥­¨¬
ãá«®¢¨ï (4.38) ¨ (4.37) ª ¬ âà¨æ ¬ PS ¨ PT , â® ¯®«ãç¨¬

PSCf

def

= PSj�=0 =

 
QSCf (z; �) @~�SCf

0 D~�SCf

!
; (4.39)

PTPt

def

= PT jQ=0 =

 
0 @~�TPt

�TPt (z; �) D~�TPt

!
; (4.40)

£¤¥

QSCf (z; �)
def

= Q (z; �) j�(z;�)=0; (4.41)

�TPt (z; �)
def

= � (z; �) jQ(z;�)=0: (4.42)

�âáî¤  á«¥¤ãîâ ¯à¥®¡à §®¢ ­¨ï ª á â¥«ì­®£® ¨ ª®ª á â¥«ì­®£® ¯à®áâà ­áâ¢ ¢
áâ ­¤ àâ­®¬ ¡ §¨á¥

SCf :

(
D = D~�SCf � ~D;

d ~Z = QSCf (z; �) � dZ; (4.43)

TPt :

(
@ = @~�TPt � ~D;

d ~Z = �TPt (z; �) � d�: (4.44)

�á«®¢¨¥ � (z; �) = 0 (4.37) ¢ ®¡à â¨¬®¬ á«ãç ¥ § ¤ ¥â ®¡ëç­ë¥ áã¯¥àª®­ä®à¬-
­ë¥ ¯à¥®¡à §®¢ ­¨ï TSCf [74, 196, 209, 281], ¨ ¯à¨¢¥¤¥­­ ï ¬ âà¨æ  PSCf (4.39) ¯à¥¤-

áâ ¢«ï¥â á®¡®© à¥§ã«ìâ â áâ ­¤ àâ­®© à¥¤ãªæ¨¨ áâàãªâãà­®© áã¯¥à£àã¯¯ë (á¬., ­ ¯à¨-
¬¥à, [63]). �àã£®¥ ãá«®¢¨¥ Q (z; �) = 0 (4.38) ¯à¨¢®¤¨â ª ­¥®¡à â¨¬ë¬ ¯à¥®¡à §®¢ ­¨ï¬
TTPt (á¬. [2]). �§ (4.44) á«¥¤ã¥â, çâ® ®­¨ ¯à¨¢®¤ïâ ª ¨§¬¥­¥­¨î ç¥â­®áâ¨ ª á â¥«ì­®£®
¯à®áâà ­áâ¢ , ¨ ¯®íâ®¬ã ®¯à¥¤¥«¥­¨¥ (4.24) ¨¬¥¥â á¬ëá«.

� ¬¥ç ­¨¥ 4.25. �«ìâ¥à­ â¨¢­ ï à¥¤ãªæ¨ï [9] áã¯¥à¬ âà¨æë PA ª á â¥«ì­®£® ¯à®-
áâà ­áâ¢  ¯à¨¢®¤¨â ª  ­â¨âà¥ã£®«ì­®© áã¯¥à¬ âà¨æ¥ PTPt (4.40).

�ã «ì­ ï à®«ì áã¯¥àª®­ä®à¬­ëå ¨ á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© ®âç¥-
â«¨¢® ¢¨¤­  ¨§ â¥®à¥¬ë á«®¦¥­¨ï ¡¥à¥§¨­¨ ­®¢ (4.34) (á¬. [9]) ¨ ®¯¥à â®à®¢ ¯à®¥ªæ¨©
(4.39) ¨ (4.40).

�à¥¤¯®«®¦¥­¨¥ 4.26. �®áª®«ìªã áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï ¬®£ãâ ¡ëâì
à áá¬®âà¥­ë ¢ ª ç¥áâ¢¥ áã¯¥à ­ «®£  ª®¬¯«¥ªá­®© áâàãªâãàë [282, 283], ¬ë
¬®¦¥¬ âà ªâ®¢ âì á¯«¥â îé¨¥ ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ï ª ª ¨­®© ������������­¥ç¥â­ë©

��������N = 1����������������áã¯¥à ­ «®£ ª®¬¯«¥ªá­®© áâàãªâãàë [10].

�®«¥¥ ¥áâ¥áâ¢¥­­® ­ §ë¢ âì á¯«¥â îé¨¥ ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ï  ­â¨áã¯¥à-
ª®­ä®à¬­ë¬¨ ¨§-§  á«¥¤ãîé¥©  ­ «®£¨¨ á ­¥áã¯¥àá¨¬¬¥âà¨ç­ë¬ á«ãç ¥¬. �«ï ®¡ëª-

­®¢¥­­®© 2� 2 ¬ âà¨æë P =

�
a b

c d

�
¬ë, ®ç¥¢¨¤­®, ¨¬¥¥¬ á«¥¤ãîé¥¥ â®¦¤¥áâ¢®

detP = det

�
a 0
0 d

�
+ det

�
0 b

c 0

�
= det Pdiag + det Pantidiag; (4.45)
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ª®â®à®¥ ¬®¦­® ­ §¢ âì \ä®à¬ã«®© á«®¦¥­¨ï ¤¥â¥à¬¨­ ­â®¢". � â¥®à¨¨ ª®¬¯«¥ªá­ëå
äã­ªæ¨© ¯¥à¢ ï ¬ âà¨æ  ®¯¨áë¢ ¥â ¬ âà¨æã ª á â¥«ì­®£® ¯à®áâà ­áâ¢  ¤«ï £®«®-
¬®àä­ëå ®â®¡à ¦¥­¨©,   ¢â®à ï {  ­â¨£®«®¬®àä­ëå ®â®¡à ¦¥­¨©.

� ¬¥ç ­¨¥ 4.27. � áã¯¥àá¨¬¬¥âà¨ç­®¬ á«ãç ¥ âà¥ã£®«ì­ ï ¨  ­â¨âà¥ã£®«ì­ ï áã-
¯¥à¬ âà¨æë PS ¨ PT ¨£à îâ à®«ì, ¯®¤®¡­ãî ­¥áã¯¥àá¨¬¬¥âà¨ç­ë¬ ¤¨ £®­ «ì­®© ¨
 ­â¨¤¨ £®­ «ì­®© ¬ âà¨æ ¬ ¢ ®¡ëç­®© â¥®à¨¨ ¬ âà¨æ, ª ª íâ® ¢¨¤­® ¨§ (4.34). �®-
íâ®¬ã, ¥á«¨ PSCf ®¡®¡é ¥â ¬ âà¨æã ª á â¥«ì­®£® ¯à®áâà ­áâ¢  ¤«ï £®«®¬®àä­ëå ®â®-
¡à ¦¥­¨©, áã¯¥à¬ âà¨æë PTPt ¬®£ãâ à áá¬ âà¨¢ âìáï ª ª á®®â¢¥âáâ¢¥­­®¥ ®¡®¡é¥­¨¥
¤«ï  ­â¨£®«®¬®àä­ëå ®â®¡à ¦¥­¨©.

�«¥¤áâ¢¨¥ 4.28. �ç¥¢¨¤­®, çâ®

Ber PT j�(z;�)=0 = Ber

 
0 @~�SCf
0 D~�SCf

!
= 0; (4.46)

Ber PSjQ(z;�)=0 = Ber

 
0 @~�TPt
0 D~�TPt

!
= 0: (4.47)

� ¬¥ç ­¨¥ 4.29. �â¬¥â¨¬, çâ® ¢ëà®¦¤¥­­ë¥ áã¯¥à¬ âà¨æë ¢ (4.46){(4.47) à §«¨ç­ë
PS jQ(z;�)=0 6= PT j�(z;�)=0 , ¯®áª®«ìªã à §«¨ç­ë ãá«®¢¨ï, ­ « £ ¥¬ë¥ ­  ¨å ­¥­ã«¥¢ë¥

í«¥¬¥­âë, @~�SCf 6= @~�TPt ¨ D~�SCf 6= D~�TPt .

�á¯®«ì§ãï ¤ ­­ë¥ á®®â­®è¥­¨ï ­ àï¤ã á (4.39) ¨ (4.40), ¬ë ¬®¦¥¬ á¯à®¥ªâ¨à®-
¢ âì ä®à¬ã«ã á«®¦¥­¨ï ¡¥à¥§¨­¨ ­®¢ (4.34) ­  à¥¤ãæ¨à®¢ ­­ë¥ ¯à¥®¡à §®¢ ­¨ï TSCf
¨ TTPt á«¥¤ãîé¨¬ ®¡à §®¬

BerPA =

�
Ber PS + Ber PT ; � (z; �) = 0;
Ber PS + Ber PT ; Q (z; �) = 0:

=�
Ber PSCf + 0;
0 + BerPTPt;

=

�
Ber PSCf ; (SCf )
Ber PTPt; (TPt)

(4.48)

�®á«¥ á®®â¢¥âáâ¢ãîé¨å ¯à®¥ªæ¨© ¤«ï Q (z; �) ¨ � (z; �) ¬ë ¨¬¥¥¬

QSCf (z; �)
def

=
�
@~z � @~� � ~�

�
j�(z;�)=0 =

�
D~�SCf

�2
; (4.49)

�TPt (z; �)
def

=
�
D~z �D~� � ~�

�
jQ(z;�)=0 = @�~zTPt � @� ~�TPt � ~�TPt: (4.50)

� ¬¥ç ­¨¥ 4.30. �à¨¬¥ç â¥«ì­® ®â¬¥â¨âì áå®¤áâ¢® ä®à¬ã« (4.49) ¨ (4.50), çâ® ¤®ª -
§ë¢ ¥â ­ ¬ ¥é¥ à § ¤ã «ì­®áâì ¬¥¦¤ã áã¯¥àª®­ä®à¬­ë¬¨ ¨ á¯«¥â îé¨¬¨ ç¥â­®áâì
¯à¥®¡à §®¢ ­¨ï¬¨.

�á¯®«ì§ãï (4.49), ¬®¦­® ¯®«ãç¨âì [63]

PSCf =

0@ �
D~�SCf

�2
@~�SCf

0 D~�SCf

1A : (4.51)

�á«¨ �

h
D~�SCf

i
6= 0, â®£¤  BerPSCf ¬®¦¥â ¡ëâì ¯à®áâ® ¢ëç¨á«¥­ ¨§ (4.51)

(á¬. [74,205])

Ber PSCf = D~�SCf : (4.52)

� ­¥®¡à â¨¬®¬ á«ãç ¥ �

h
D~�SCf

i
= 0 ¡¥à¥§¨­¨ ­ ­¥ ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­, ­®

¬ë ¯à¨­¨¬ ¥¬ ä®à¬ã«ã (4.52) ¢ ª ç¥áâ¢¥ ®¯à¥¤¥«¥­¨ï ïª®¡¨ ­  ­¥®¡à â¨¬ëå áã¯¥à-
ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© (á¬. [2,14]).
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�¯à¥¤¥«¥­¨¥ 4.31. �¥à¥§¨­¨ ­ �����������������������¯®«ã­¥®¡à â¨¬ëå áã¯¥àª®­ä®à¬­ëå

¯à¥®¡à §®¢ ­¨© ¥áâì

Ber Pnoninv

SCf
= D~�SCf : (4.53)

� áá¬®âà¨¬ ¡¥à¥§¨­¨ ­ ¤«ï á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨©. �§ (4.50) ¬ë
¯®«ãç ¥¬  ­â¨âà¥ã£®«ì­ãî ¬ âà¨æã

PTPt =

 
0 @~�TPt

�TPt (z; �) D~�TPt

!
: (4.54)

�á«¨ �

h
D~�TPt

i
6= 0, â® ¡¥à¥§¨­¨ ­ áã¯¥à¬ âà¨æë PTPt (4.54) ¥áâì

Ber PTPt =
�TPt (z; �) � @~�TPt�

D~�TPt
�2 : (4.55)

�§ (4.50) á«¥¤ã¥â, çâ® D�TPt (z; �) = �
�
D~�TPt

�2
, ¨ ¯®íâ®¬ã

@�TPt (z; �) = �2 �D~�TPt � @~�TPt; (4.56)

çâ® ¤ ¥â ¤«ï ¡¥à¥§¨­¨ ­ 

Ber PTPt =
@�TPt (z; �) ��TPt (z; �)

2
�
D~�TPt

�3 : (4.57)

� ¬¥ç ­¨¥ 4.32. �®áª®«ìªã �TPt ï¢«ï¥âáï ­¥ç¥â­ë¬ ¨ ­¨«ì¯®â¥­â­ë¬, ¡¥à¥§¨­¨ ­
Ber PTPt â ª¦¥ ­¨«ì¯®â¥­â¥­ ¨ ç¨áâ® ¤�ãå®¢ë©.

�¥â­ë¥ ¨ ­¥ç¥â­ë¥ áã¯¥àäã­ªæ¨¨ Q (z; �) ¨ � (z; �) ¨£à îâ ¢ ¦­ãî à®«ì ¢
¢®§¬®¦­ëå à¥¤ãªæ¨ïå áã¯¥à ­ «¨â¨ç¥áª®£® áâàãªâãàë, ¨ ¯®íâ®¬ã áâ®¨â ¨áá«¥¤®¢ âì
¨å ¯®¤à®¡­¥¥. �¡é¥¥ á®®â­®è¥­¨¥ ¬¥¦¤ã Q (z; �) ¨ � (z; �) ¥áâì

Q (z; �)�D� (z; �) =
�
D~�

�2
: (4.58)

�§ íâ®© á¢ï§¨ ¨ (4.32) ¬ë ¯®«ãç ¥¬ ¤àã£®¥ ¯®«¥§­®¥ ¢ëà ¦¥­¨¥ ¤«ï ¡¥à¥§¨­¨ ­ 

®¡é¥£® áã¯¥à ­ «¨â¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï (¥á«¨ �

h
D~�
i
6= 0)

Ber PSA = D~� +D

 
� (z; �)

D~�

!
= D

 
~� +

� (z; �)

D~�

!
; (4.59)

¢ ª®â®à®¬ áã¯¥àª®­ä®à¬­®¥ ãá«®¢¨¥ � (z; �) = 0 ï¢­® ¯à®á«¥¦¨¢ ¥âáï ï¢­ë¬ ®¡à §®¬.
� ¤ «ì­¥©è¥¬ ¡ã¤¥â ¯®«¥§­® ¨¬¥âì ª®¬¯®­¥­â­ë¥ ¢ëà ¦¥­¨ï

� (z; �) = � (z)�  (z) � g (z) + � � (f 0 (z)�  0 (z) �  (z)� g2 (z)) ;
Q (z; �) = f

0 (z)�  0 (z) �  (z) + � � (� (z)�  (z) � g0 (z) +  
0 (z) � g (z)) :

(4.60)

�§ íâ¨å ¢¥«¨ç¨­ ¬®¦­® ¯®áâà®¨âì ­¥ç¥â­ãî áã¯¥àäã­ªæ¨î

� (z; �) = � (z; �)� � �Q (z; �) = � (z)�  (z) � g (z)� � � g2 (z) ; (4.61)

ª®â®à ï ¯à¥¤áâ ¢«ï¥â á®¡®© ¢ ¦­ãî å à ªâ¥à¨áâ¨ªã ¯à¥®¡à §®¢ ­¨ï. � ç áâ­®áâ¨,
� (z; �) = 0 ¤«ï áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© á ­¨«ì¯®â¥­â­®© äã­ªæ¨¥© g (z),
ª®â®àë¥ ¡ã¤ãâ à áá¬ âà¨¢ âìáï ­¨¦¥.

�§¢¥áâ­®, çâ® à §«¨ç­ë¥ à¥¤ãªæ¨¨ ¬ âà¨æë ª á â¥«ì­®£® à áá«®¥­¨ï ¯à¨¢®¤ïâ
ª à §«¨ç­ë¬ á¢ï§ï¬ ­  ªàãç¥­¨¥ ¨ à §«¨ç­ë¬ G-áâàãªâãà ¬ [50,53,54,284,285] ¢ £à -
¢¨â æ¨¨ ¨ áã¯¥à£à ¢¨â æ¨¨ [55,62]. � ª, áã¯¥à¬ âà¨æë PSA á®®â¢¥âáâ¢ãîâ à §«¨ç­ë¬
¢ à¨ ­â ¬ ­ «®¦¥­¨ï á¢ï§¥© ­  ªàãç¥­¨¥ ¢ ¤¢ã¬¥à­®© áã¯¥à£à ¢¨â æ¨¨ [286{289].
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4.1 � §¤¥« 4.

�à¥¤¯®«®¦¥­¨¥ 4.33. �­ «®£¨ç­® â®¬ã, ª ª âà¥ã£®«ì­ ï à¥¤ãªæ¨ï áã¯¥à¬ -
âà¨æë PSA ! PSCf (4.51) ®â¢¥ç ¥â áã¯¥àª®­ä®à¬­®© ¤¢ã¬¥à­®© áã¯¥à£à ¢¨â -

æ¨¨ [64, 286] ¨ áã¯¥àà¨¬ ­®¢ë¬ ¯®¢¥àå­®áâï¬ [63], áª«¥¥­­ë¬ á ¯®¬®éìî áã¯¥à-
ª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© [74], ¬®¦­® ¯à¥¤¯®«®¦¨âì, çâ®  «ìâ¥à­ â¨¢­ ï à¥-
¤ãªæ¨ï PSA ! PTPt (4.54) ®â¢¥ç ¥â ­¥ç¥â­®¬ã ­¥®¡à â¨¬®¬ã  ­ «®£ã ¤¢ã¬¥à-
­®© áã¯¥à£à ¢¨â æ¨¨ ¨, á®®â¢¥âáâ¢¥­­®, ­¥ç¥â­®¬ã  ­ «®£ã áã¯¥àà¨¬ ­®¢ëå ¯®-
¢¥àå­®áâ¥© [10], áª«¥¥­­ëå á ¯®¬®éìî á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© (á¬.
�¯à¥¤¥«¥­¨¥ 4.24).

� áá¬®âà¨¬ ¡®«¥¥ ¯®¤à®¡­¥¥ ¯à¥®¡à §®¢ ­¨¥ ¯à®¨§¢®¤­ëå (4.24) ¯à¨ ®¡é¥¬ áã-
¯¥à ­ «¨â¨ç¥áª®¬ ®â®¡à ¦¥­¨¨

@ = @~� � ~D +Q (z; �) � ~@;

D = D~� � ~D + � (z; �) � ~@:
(4.62)

�áª«îç ï ¯¥à¢ë¥ á« £ ¥¬ë¥ ¢ ¯à ¢®© ç áâ¨ (4.62), ®¯à¥¤¥«¨¬ ç¥â­ë© ¤¨ää¥-

à¥­æ¨ «ì­ë© ®¯¥à â®à R̂ ¯® ä®à¬ã«¥

R̂
def

= D~� � @ � @~� �D =
�
D~� �Q (z; �)� @~� �� (z; �)

�
~@: (4.63)

�á«¨ �

h
D~�

i
6= 0, â®, ¨á¯®«ì§ãï (4.32), ¤«ï R̂ ¢ ®¡é¥¬ á«ãç ¥ áã¯¥à ­ «¨â¨ç¥áª¨å

¯à¥®¡à §®¢ ­¨© ¯®«ãç ¥¬

R̂ =
�
D~�
�2 � Ber

�
~Z=Z

�
� ~@: (4.64)

�®£¤  ¤«ï áã¯¥àª®­ä®à¬­®-¯®¤®¡­ëå ¯à¥®¡à §®¢ ­¨© ¨¬¥¥¬

R̂ =

8>>><>>>:
�
D~�SCf

�3 � ~@; (SCf),

@�TPt (z; �) ��TPt (z; �)

2
�
D~�TPt

� � ~@; (TPt).
(4.65)

�âáî¤  ¢¨¤­®, çâ®, ª ª ¨ ¢ (4.57), ®¯¥à â®à R̂ ¤«ï á¯«¥â îé¨å ç¥â­®áâì ¯à¥-
®¡à §®¢ ­¨© ­¨«ì¯®â¥­â¥­.

4.1.4. � ë à ® ¦ ¤ ¥ ­ ­ ë ¥ ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ ï . �ç¥¢¨¤­®, çâ® ¢ëà®¦¤¥­-

­ë¬ ¯à¥®¡à §®¢ ­¨ï¬ á®®â¢¥âáâ¢ã¥â ­ã«¥¢®© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à R̂= 0,  
á«¥¤®¢ â¥«ì­®, ¨ ­ã«¥¢®© ­¥®¡à â¨¬ë© ïª®¡¨ ­ (4.94), ­® ­¥ ¡¥à¥§¨­¨ ­ (4.91), ª®â®-
àë© ¢ ¤ ­­®¬ á«ãç ¥ ­¥ ®¯à¥¤¥«¥­ ¢®®¡é¥.

�¯à¥¤¥«¥­¨¥ 4.34. �������������������ëà®¦¤¥­­ë¥��������������������¯à¥®¡à §®¢ ­¨ï ®¯à¥¤¥«ïîâáï ­ã«¥¢ë¬ ïª®¡¨-

 ­®¬ Jnoninv = 0 ¨ ®¯¥à â®à®¬ R̂= 0.

� â¥à¬¨­ å ª®¬¯®­¥­â­ëå äã­ªæ¨© (4.2) ãà ¢­¥­¨ï ¢ëà®¦¤¥­­ëå ¯à¥®¡à §®¢ -
­¨© ¨¬¥îâ ¢¨¤

g (z) � f 0 (z) =  
0 (z) � � (z) ;

g (z) � �0 (z) = g
0 (z) � � (z) :

(4.66)

�®á«¥  «£¥¡à ¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ¬®¦­® ¯®«ãç¨âì á«¥¤áâ¢¨¥

g
0 (z) � f 0 (z) =  

0 (z) � �0 (z) : (4.67)

�¬¥¥âáï ¤¢  â¨¯  ¢ëà®¦¤¥­­ëå ¯à¥®¡à §®¢ ­¨©, «¥¢ë¥ ¨ ¯à ¢ë¥, ¢ á®®â¢¥âáâ¢¨¨
á â¥¬, ª ª®© ¨§ áâ®«¡æ®¢ áã¯¥à¬ âà¨æë PSA ¢ (4.24) § ­ã«ï¥âáï. �¥à¥á¥ç¥­¨¥ ¬­®¦¥áâ¢
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áã¯¥à¬ âà¨æ PDL
= PS \ PT ¯à¥¤áâ ¢«ï¥â á®¡®© ¬­®¦¥áâ¢® «¥¢ëå ¢ëà®¦¤¥­­ëå ¬ -

âà¨æ PDL:
2 PDL

ä®à¬ë

PDL

def

=

 
0 @~�

0 D~�

!
: (4.68)

�âáî¤  ¢¨¤­®, çâ® PDL
§ ¢¨á¨â ®â ¯à¥®¡à §®¢ ­¨ï â®«ìª® ­¥ç¥â­®© ª®®à¤¨­ âë

� . �ëà®¦¤¥­­ ï ¬ âà¨æ  ¢¨¤  (4.68) ¬®¦¥â ¯®«ãç âìáï ¨§ PS ¨ PT ¬ âà¨æ á®®â-
¢¥âáâ¢ãîé¨¬¨ ¯à®¥ªæ¨ï¬¨ (4.46). �â® ®§­ ç ¥â, çâ®, ¥á«¨ ¯à¥®¡à §®¢ ­¨¥ ­¥ç¥â­®£®
á¥ªâ®à  § ¤ ­®, â. ¥. ä¨ªá¨à®¢ ­ë äã­ªæ¨¨  (z) ¨ g (z), â® ãá«®¢¨ï (4.38) ¨ (4.37)
®¯à¥¤¥«ïîâ ¯®¢¥¤¥­¨¥ ç¥â­®£® á¥ªâ®à  (äã­ªæ¨¨ f (z) ¨ � (z)). �à¨ íâ®¬, ¯®áª®«ìªã
¢ëà®¦¤¥­­ ï ¬ âà¨æ  PDL

§ ¢¨á¨â â®«ìª® ®â ­¥ç¥â­®£® á¥ªâ®à  ¯à¥®¡à §®¢ ­¨ï, ¬ë
¯®«ãç ¥¬

PDL
= PSCf jQ(z;�)=0 = PTPtj�(z;�)=0 (4.69)

(áà. � ¬¥ç ­¨¥ 4.29). �¥¢ë¥ ¢ëà®¦¤¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï å à ªâ¥à¨§ãîâáï â®«ìª®

®¤­®© ­¥ç¥â­®© äã­ªæ¨¥©  (z) ¨ ®âáãâáâ¢¨¥¬ � -§ ¢¨á¨¬®áâ¨ ¯à¥®¡à §®¢ ­¨ï Z ! ~Z
(á¬. (4.50)), â ª çâ® (

~zDegL = f (z) ;
~�DegL =  (z) ;

(4.70)

£¤¥
f
0 (z) =  

0 (z) (z) : (4.71)

�¥è¥­¨¥ ¯®á«¥¤­¥£® ãà ¢­¥­¨ï ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¡¥áª®­¥ç­®£® àï¤ 
[2,4]

f (z) =
1X
n=0

z
n+1

(n+ 1)!

 
� @

@z

!
n

( 0 (z) �  (z)) + c; (4.72)

£¤¥ c = const. �®áª®«ìªã áã¯¥à¬ âà¨æë á «¥¢ë¬ ­ã«¥¢ë¬ áâ®«¡æ®¬ § ¬ª­ãâë ®â­®á¨-
â¥«ì­® ã¬­®¦¥­¨ï, â® «¥¢ë¥ ¢ëà®¦¤¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï ®¡à §ãîâ ¯®«ã£àã¯¯ã TDegL .

�§ ï¢­®£® ¢¨¤  (4.70) á«¥¤ã¥â, çâ® ¯®«ã£àã¯¯¥ ¯à¥®¡à §®¢ ­¨© TDegL á®®â¢¥âáâ¢ã¥â

¯®«ã£àã¯¯  äã­ªæ¨© SDegL , í«¥¬¥­â ª®â®à®© SDegL 3 dL = f g ®¯à¥¤¥«ï¥âáï ®¤­®©

­¥ç¥â­®© äã­ªæ¨¥©  (z),   «¥¢®¥ ã¬­®¦¥­¨¥ ¨¬¥¥â ¢¨¤

f 1g �L f 2g = f 1 � f2g ; (4.73)

f
0
2 (z) =  

0
2 (z) �  2 (z) :

�â¢¥à¦¤¥­¨¥ 4.35. �¥¢®¥ ã¬­®¦¥­¨¥ (4.73) § ¬ª­ãâ® ¨  áá®æ¨ â¨¢­®, ¨ ¯®-
íâ®¬ã SDegL ¤¥©áâ¢¨â¥«ì­® | ¯®«ã£àã¯¯ .

� ¬¥ç ­¨¥ 4.36. �à¥®¡à §®¢ ­¨¥ (4.70) ï¢«ï¥âáï 1 ! 2 ¯à¥®¡à §®¢ ­¨¥¬ ¨ ¯®íâ®¬ã

¯à¥¤áâ ¢«ï¥â á®¡®© ¢«®¦¥­¨¥ �).

� áá¬®âà¨¬ ¯®  ­ «®£¨¨ ¯à ¢ë¥ ¢ëà®¦¤¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï.

�â¢¥à¦¤¥­¨¥ 4.37. �à ¢ë¥ ¢ëà®¦¤¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï ®¯¨áë¢ îâáï ãà ¢­¥-
­¨¥¬

D~� = 0: (4.74)

�à¨¬¥ç ­¨¥. �¡é¨¥ ¢®¯à®áë ¢«®¦¥­¨ï áã¯¥à¯à®áâà ­áâ¢ ¨ áã¯¥à¬­®£®®¡à §¨© ¨§«®¦¥­ë ¢ [290,
291].
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�®ª § â¥«ìáâ¢®. �á«¨ D~� = 0, â®£¤  ~� = � = const,   â ª¦¥ @~� = D

�
D~�

�
= 0, çâ®

á®®â¢¥âáâ¢ã¥â áã¯¥à¬ âà¨æ¥ PSA á ¯à ¢ë¬ ­ã«¥¢ë¬ áâ®«¡æ®¬. �

� ª¨¬ ®¡à §®¬, ãç¨âë¢ ï ãá«®¢¨¥ (4.74) ¨ ¢ëà ¦¥­¨ï ¤«ï Q (z; �) (4.37) ¨
� (z; �) (4.38), ¯®«ãç ¥¬

PDR
=

�
Q (z; �) j

@~�=0 0
� (z; �) j

D~�=0 0

�
=

�
@~z 0
D~z 0

�
: (4.75)

� íâ®¬ á«ãç ¥ ­¥ç¥â­ë© á¥ªâ®à áâ ­®¢¨âáï ¢ëà®¦¤¥­­ë¬, ¯à¥¤áâ ¢«ïï á®¡®©
«¥¢ë¥ ­ã«¨ ¨ ª®­áâ ­â­ë¥ ®â®¡à ¦¥­¨ï  ­ «®£¨ç­® (4.18). � ª¨¥ ®â®¡à ¦¥­¨ï ä®à-
¬¨àãîâ ®£à ­¨ç¨â¥«ì­ë¥ ¯®«ã£àã¯¯ë (á¬., ­ ¯à¨¬¥à, ( [272, 273, 292])). � ­¥áã¯¥à-
á¨¬¬¥âà¨ç­®¬ á«ãç ¥ à §«¨ç­ë¥ ®â®¡à ¦¥­¨ï 2 ! 1 ¨§ãç «¨áì ¢ [293],   £®«®¬®àä-
­ë¥ ®â®¡à ¦¥­¨ï ¬¥¦¤ã ¯à®áâà ­áâ¢ ¬¨ à §«¨ç­ëå à §¬¥à­®áâ¥© à áá¬ âà¨¢ «¨áì
¢ [294,295].

�¥¬ ­¥ ¬¥­¥¥, ¯®«­®¥ áã¯¥à ­ «¨â¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ (4.2) ­¥ ï¢«ï¥âáï «¥-
¢ë¬ ­ã«¥¬ ¨§-§  (4.20) ¨ ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤(

~z = f (z) + � � � (z) ;
~� = �:

(4.76)

�â¨ ¯à¥®¡à §®¢ ­¨ï ­¥®¡à â¨¬ë (¨§-§  ¢ëà®¦¤¥­­®£® ­¥ç¥â­®£® á¥ªâ®à ) ¨ ä®à-
¬¨àãîâ ¯®«ã£àã¯¯ã ¯à ¢ëå ¢ëà®¦¤¥­­ëå ¯à¥®¡à §®¢ ­¨© TDegR , ª®â®à ï ï¢«ï¥âáï
¯®¤¯®«ã£àã¯¯®© ¢ TSA , ¢á«¥¤áâ¢¨¥ PDR

� PDR
� PDR

. �«¥¬¥­â á®®â¢¥âáâ¢ãîé¥© ¯®-
«ã£àã¯¯ë äã­ªæ¨© SDegR § ¯¨è¥¬ ¢ ¢¨¤¥

SDegR 3 dR =

8<:
f

�

�

9=; ; (4.77)

  ã¬­®¦¥­¨¥ ¢ SDegR ¨¬¥¥â8<:
f1
�1
�1

9=; �R
8<:
f2
�2
�2

9=; =

8<:
f1 � f2 + �1 � �1 � f2
�2 � f 01 � f2 + �

0
1 � f2 � �2

�1

9=; : (4.78)

�â¢¥à¦¤¥­¨¥ 4.38. �à ¢®¥ ã¬­®¦¥­¨¥ (4.78) § ¬ª­ãâ® ¨  áá®æ¨ â¨¢­®.

�å¥¬ â¨ç¥áª¨ ã¬­®¦¥­¨¥ ¢ëà®¦¤¥­­ëå ¨ à áá¬®âà¥­­ëå à ­¥¥ ¯à¥®¡à §®¢ ­¨©
¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ � ¡«¨æë 4.1. �âáî¤  á«¥¤ã¥â

�â¢¥à¦¤¥­¨¥ 4.39. �­®¦¥áâ¢  ¯à¥®¡à §®¢ ­¨© TDegL;R (­¥ à áá¬ âà¨¢ ¥¬ë¥

ª ª ¯®«ã£àã¯¯ë) ¥áâì ¨¤¥ «ë ¢ TSA , TSCf ¨ TTPt,   TSCf , TDegR ¨ TDegL | § -
¬ª­ãâë¥ ¯®¤¬­®¦¥áâ¢  ¢ TSA.

4.1.5. � « ì â ¥ à ­   â ¨ ¢ ­   ï ¯   à   ¬ ¥ â à ¨ §   æ ¨ ï . �á«®¢¨ï à¥¤ãªæ¨¨
(4.38) ¨ (4.37) ®¯à¥¤¥«ïîâ 2 ¨§ 4 ª®¬¯®­¥­â­ëå äã­ªæ¨© ¢ (4.2) ¢ ª ¦¤®¬ á«ãç ¥.
�¡ëç­® [74, 185, 281] áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï TSCf ¯ à ¬¥âà¨§ãîâáï ¯ à®©
äã­ªæ¨©

sold =

�
f

 

�
; (4.79)

â®£¤ , ª ª ®áâ «ì­ë¥ äã­ªæ¨¨ ­ å®¤ïâáï ¨§ (4.38) ¨ (4.37). �¤­ ª® ®ç¥¢¨¤­®, ¯®á«¥¤­¥¥
¬®¦­® á¤¥« âì â®«ìª® ¤«ï ®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©. �â®¡ë ¨§¡¥¦ âì íâ®© âàã¤­®áâ¨,
¬ë ¢¢®¤¨¬  «ìâ¥à­ â¨¢­ãî ¯ à ¬¥âà¨§ æ¨î ¤àã£®© ¯ à®© [10,14]

s =

�
g

 

�
; (4.80)
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� §¤¥« 4. 4.2

� ¡«¨æ  4.1

�¬­®¦¥­¨¥ ®¡à â¨¬ëå ¨ ­¥®¡à â¨¬ëå à¥¤ãæ¨à®¢ ­­ëå N = 1
¯à¥®¡à §®¢ ­¨©, ¢ª«îç ï ¢ëà®¦¤¥­­ë¥

SCf TPt DegL DegR
SCf SCf SA DegL DegR
TPt TPt SA DegL DegR
DegL DegL DegL DegL DegR
DegR DegR DegR DegL DegR

çâ® ¯®§¢®«ï¥â ­ ¬ ¨áá«¥¤®¢ âì à¥¤ãæ¨à®¢ ­­ë¥ ¯à¥®¡à §®¢ ­¨ï ®¡ê¥¤¨­¥­­ë¬ ®¡à §®¬
¨ ¥áâ¥áâ¢¥­­® ¢ª«îç¨âì ¢ à áá¬®âà¥­¨¥ ­¥®¡à â¨¬®áâì [2,22]. � á ¬®¬ ¤¥«¥, ä¨ªá¨àãï
g (z) ¨  (z), ¬ë ¯®«ãç ¥¬ ¨§ (4.37) ¨ (4.38) ¤«ï ®áâ «ì­ëå ª®¬¯®­¥­â­ëå äã­ªæ¨© ¨§
(4.2) ãà ¢­¥­¨ï (

f
0
m (z) =  

0 (z) �  (z) + 1+m
2
g
2 (z) ;

�
0
m (z) = g

0 (z) �  (z) + mg (z) �  0 (z) ; (4.81)

£¤¥ m =

�
+1; SCf,
�1; TPt, ¬®¦¥â âà ªâ®¢ âìáï ¢ ª ç¥áâ¢¥ ¯à®¥ªæ¨¨ ­¥ª®â®à®£® \á¯¨­ 

à¥¤ãªæ¨¨", ª®â®àë© ¯¥à¥ª«îç ¥â â¨¯ ¯à¥®¡à §®¢ ­¨ï. � ª¨¬ ®¡à §®¬, à¥¤ãæ¨à®¢ ­-
­®¥ ¯à¥®¡à §®¢ ­¨¥ ç¥â­®© ª®®à¤¨­ âë (á¬. (4.2)) ¤®«¦­® á®¤¥à¦ âì ¤ ­­ë© ¤®¡ ¢®ç-
­ë© ¨­¤¥ªá, â. ¥. z ! ~zm (¢ íâ®¬ ¬¥áâ¥ ¤®¯®«­¨â¥«ì­® ª (4.34) áâ ­®¢¨âáï ¯à®§à ç-
­®©  ­ «®£¨ï á ª®¬¯«¥ªá­®© áâàãªâãà®©). �®áª®«ìªã f

0
�1 (z) =  

0 (z) �  (z) ï¢«ï¥âáï

­¨«ì¯®â¥­â­ë¬, TPt ¯à¥®¡à §®¢ ­¨ï ¢á¥£¤  ­¥®¡à â¨¬ë ¨ ¢ëà®¦¤¥­ë ¯®á«¥ ç¨á«®¢®£®
®â®¡à ¦¥­¨ï [10]. �¡ê¥¤¨­¥­­ë© § ª®­ ã¬­®¦¥­¨ï áã¯¥àª®­ä®à¬­ëå ¨ á¯«¥â îé¨å
ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© ¨¬¥¥â ¢¨¤�

g1
 1

�
m1

�
�
g2
 2

�
m2

=

�
g2 � g1 � f2m + �2m �  2 � g01 � f2m + �2m �  01 � f2m

 1 � f2m +  2 � g1 � f2m
�
; (4.82)

£¤¥ (�) ¥áâì ª®¬¯®§¨æ¨ï ¯à¥®¡à §®¢ ­¨© ¨ (�) {ª®¬¯®§¨æ¨ï äã­ªæ¨¨. �«ï ¯à®¥ªæ¨¨
\á¯¨­  à¥¤ãªæ¨¨" ¬ë ¨¬¥¥¬ â®«ìª® ¤¢  ®¯à¥¤¥«¥­­ëå ¯à®¨§¢¥¤¥­¨ï (+1)�(+1) = (+1)
¨ (+1)�(�1) = (�1) (á¬. â ª¦¥ �à¨«®¦¥­¨¥ 4.8 ¨ ¤¨ £à ¬¬ë (4.248) ¨ (3.13)). �¥à-
¢®¥ ¢ëà ¦¥­¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© á«¥¤áâ¢¨¥ ã¬­®¦¥­¨ï ¬­®¦¥áâ¢ ¬ âà¨æ PS?PS � PS
(á¬. (4.35)), íâ® ¥áâì ¯à®ï¢«¥­¨¥ â®£® ä ªâ , çâ® áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï
TSCf ä®à¬¨àãîâ ¯®¤áâàãªâãàã [63], â. ¥. ¯®¤¯®«ã£àã¯¯ã TSCf áã¯¥à ­ «¨â¨ç¥áª®© ¯®-

«ã£àã¯¯ë TSA (¢ ®¡à â¨¬®¬ á«ãç ¥ { ¯®¤£àã¯¯ã [63,74,205]).

4.2. N -à áè¨à¥­­ë¥ áã¯¥à¯à®áâà ­áâ¢  ¨ ­¥-
®¡à â¨¬ë¥ ïª®¡¨ ­ë

�¤¥áì ¬ë à áá¬®âà¨¬ ®¡®¡é¥­­ë¥ áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ¢ N =
1 ¨ N = 2 áã¯¥à¯à®áâà ­áâ¢ å ¨ ¨å ­¥®¡à â¨¬ë¥ ïª®¡¨ ­ë, çâ® ­¥®¡å®¤¨¬® ¤«ï
­¥®¡à â¨¬®£® ®¡®¡é¥­¨ï áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨©.

4.2.1. N = 1 á ã ¯ ¥ à ï ª ® ¡ ¨   ­ . �¤¥áì ¬ë ¢¢®¤¨¬  ­ «®£ ¡¥à¥§¨­¨ ­  ¤«ï
­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©. � ¯¨è¥¬ áã¯¥à ­ «¨â¨ç¥áª®¥ ¯à¥®¡à §®¢ ­¨¥ (4.1) ¢
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4.2 � §¤¥« 4.

¢¨¤¥ ª®¬¯®§¨æ¨¨

1)

(
~z = F

�
z; ~�

�
;

~� = ~�;
2)

(
z = z;

~� = ~� (z; �) ;
(4.83)

£¤¥ F
�
z; ~�

�
= ~z (z; �). �ã¯¥àïª®¡¨ ­ ¯¥à¢®£® ¯à¥®¡à §®¢ ­¨ï ¥áâì ¯à®áâ® J1 = @F=@z .

�á«¨

�

"
@~�

@�

#
6= 0; (4.84)

â®£¤ , ãç¨âë¢ ï, çâ® � { ­¥ç¥â­®¥, ¬ë ­ å®¤¨¬ J2 =
�
@~�=@�

��1
[33]. � ª¨¬ ®¡à §®¬

¯®«­ë© áã¯¥àïª®¡¨ ­ ¥áâì

JSA = J1J2 =
@F

@z
�
 
@~�

@�

!�1
: (4.85)

�â®¡ë ¯®«ãç¨âì J1 , ¬ë § ¯¨è¥¬ J

�
z; ~�

�
= ~z

�
z; �

�
z; ~�

��
, â®£¤  ¬ë ¤¨ää¥à¥­-

æ¨àã¥¬ ~z
�
z; �

�
z; ~�

��
ª ª á«®¦­ãî äã­ªæ¨î

@F

@z
=
@~z

@z
+
@~z

@�
� @�
@~�
� @

~�

@z
: (4.86)

� ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç ¥¬ ¯®«­ë© áã¯¥à �ª®¡¨ ­

JSA =

@~z

@z
� @~�

@z
� @�
@~�
� @~z

@�

@~�

@�

(4.87)

¡¥§ ãá«®¢¨ï ®¡à â¨¬®áâ¨ ¢á¥£® ¯à¥®¡à §®¢ ­¨ï, â.¥. ¡¥§ áâ ­¤ àâ­®£® âà¥¡®¢ ­¨ï
� [@~z=@z] 6= 0 [34]. �¥¬ ­¥ ¬¥­¥¥, ¢ [33] ¡ë«® ¯®ª § ­®, çâ® ¢ëà ¦¥­¨¥ ¢¨¤  (4.87) (¢
 «£¥¡à¥ ¬ âà¨æ) ¬®¦¥â à áè¨àïâìáï ¢ á«ãç ¥ � [@~z=@z] = 0 (¯®«ã­¥®¡à â¨¬ë© á«ãç ©
(4.4) ¢ ­ è¥© ª« áá¨ä¨ª æ¨¨).

�à¥¤«®¦¥­¨¥ 4.40. �®à¬ã«  (4.87) ¤ ¥â áã¯¥àïª®¡¨ ­ ¤«ï ®¡à â¨¬®£® ¨ ¯®«ã­¥-
®¡à â¨¬®£® áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©.

�®ª § â¥«ìáâ¢®. �§ (4.2) ¬ë ¯®«ãç ¥¬

@~z

@z
= f

0 (z) + � � �0 (z) ; (4.88)

@~�

@�
= g (z) ; (4.89)

¯®íâ®¬ã

�

"
@~z

@z

#
= � [f 0 (z)] = � [f (z)] ;

�

"
@~�

@�

#
= � [g (z)] ;

¨, â ª¨¬ ®¡à §®¬, á®£« á­® ®¯à¥¤¥«¥­¨ï¬ (4.3) ¨ (4.4), ãá«®¢¨¥ (4.84) ®å¢ âë¢ ¥â ®¡à -
â¨¬ë¥ ¨ ¯®«ã­¥®¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï. �
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� §¤¥« 4. 4.2

�«¥¤áâ¢¨¥ 4.41. �«ï ®¡à â¨¬ëå ¨ ¯®«ã­¥®¡à â¨¬ëå áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥-
®¡à §®¢ ­¨© ¬ë ¨¬¥¥¬

J
inv;halfinv

SA
= Ber

�
~Z=Z

�
(4.90)

á
Ber

�
~Z=Z

�
= Ber P0

SA
; (4.91)

£¤¥

P0
SA

=

0BBBB@
@~z

@z

@~�

@z

@~�

@z

@~�

@�

1CCCCA : (4.92)

� ­¥®¡à â¨¬®¬ á«ãç ¥, ª®£¤  (4.84) ­¥ ã¤®¢«¥â¢®àï¥âáï, ¬ë ­¥ ¬®¦¥¬ ¨á¯®«ì§®-
¢ âì (4.85) ¨ (4.86), ¨ á®®â­®è¥­¨¥ (4.90) ¡®«¥¥ ­¥ ¯à¨¬¥­¨¬®. � ª, çâ® ¬ë ¢ë­ã¦¤¥­ë
à áè¨àïâì ®¯à¥¤¥«¥­¨ï. �ª®¡¨ ­ J1 ¤®«¦¥­ ¢ëç¨á«ïâìáï ¨§

J
noninv

1 � @
~�

@�
=
@~z

@z
� @

~�

@�
+
@~z

@�
� @

~�

@z
; (4.93)

¨ ¯®íâ®¬ã ¢¬¥áâ® (4.87) ¨ (4.90) ¬ë ¨¬¥¥¬

�¯à¥¤¥«¥­¨¥ 4.42. �ã¯¥àïª®¡¨ ­ ������������������­¥®¡à â¨¬®£® áã¯¥à ­ «¨â¨ç¥áª®£® ¯à¥®¡à §®-

¢ ­¨ï TSA ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

J
noninv

SA
�
 
@~�

@�

!2
=
@~z

@z
� @

~�

@�
+
@~z

@�
� @

~�

@z
: (4.94)

�¤¥áì ãá«®¢¨¥ (4.84) ¡®«ìè¥ ­¥ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬. �â®¡ë ¢ëç¨á«ïâì Jnoninv1

¨ Jnoninv
SA

, ­ã¦­® à¥è¨âì ãà ¢­¥­¨ï (4.93) ¨ (4.94) (â.¥. à áª« ¤ë¢ ï ®¡¥ ç áâ¨ ¢ àï¤
¯® £¥­¥à â®à ¬  «£¥¡àë �à áá¬ ­ ). � § ¢¨á¨¬®áâ¨ ®â ª®¬¯®­¥­â­ëå äã­ªæ¨© áã¯¥à-
ïª®¡¨ ­ ¯®«ã­¥®¡à â¨¬®£® áã¯¥à ­ «¨â¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï (â.¥. ¯à¨ � [g (z)] 6= 0)
¨¬¥¥â ¢¨¤

JSA =
f
0 (z)
g (z)

+
� (z) �  0 (z)

g2 (z)
+ �

 
� (z)

g (z)

!0
; (4.95)

ª®â®àë© á®¢¯ ¤ ¥â á ¡¥à¥§¨­¨ ­®¬ ¤«ï ®¡à â¨¬®£® ¨ ¯®«ã­¥®¡à â¨¬®£® ¯à¥®¡à §®¢ -
­¨ï. � á«ãç ¥ ­¥®¡à â¨¬®£® ¯à¥®¡à §®¢ ­¨ï ¬ë ¤®«¦­ë ¨á¯®«ì§®¢ âì á«¥¤ãîé¥¥ ãà ¢-
­¥­¨¥

J
noninv

SA
� g2 (z) = f

0 (z) � g (z) + � (z) �  0 (z)
+� (�0 (z) � g (z)� � (z) � g0 (z)) (4.96)

ª®â®à®¥ ¬®¦­® à¥è¨âì á¯¥æ¨ «ì­ë¬¨ ¬¥â®¤ ¬¨ ¢ëç¨á«¥­¨© á ­¨«ì¯®â¥­â ¬¨ [258,296].

�«¥¤áâ¢¨¥ 4.43. �«ï ®¡à â¨¬ëå áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ¡¥à¥§¨­¨ ­
áãé¥áâ¢ã¥â ¨ ®¡à â¨¬ (� [f (z)] 6= 0; � [g (z)] 6= 0), ¤«ï ¯®«ã­¥®¡à â¨¬ëå ¯à¥®¡à §®-
¢ ­¨© ¡¥à¥§¨­¨ ­ áãé¥áâ¢ã¥â ¨ ­¥®¡à â¨¬, ¢ â® ¢à¥¬ï, ª ª ¤«ï ­¥®¡à â¨¬ëå áã-
¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© (� [f (z)] = 0) ¬ë ¬®¦¥¬ ¨á¯®«ì§®¢ âì â®«ìª®

áã¯¥àïª®¡¨ ­ Jnoninv
SA

(4.96).

�â®¡ë ª« áá¨ä¨æ¨à®¢ âì ¢á¥ áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï, ¬ë ¤®«¦­ë
¢¢¥áâ¨ ­¥ª®â®àãî ç¨á«®¢ãî å à ªâ¥à¨áâ¨ªã ­¥®¡à â¨¬®áâ¨.
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4.3 � §¤¥« 4.

�¯à¥¤¥«¥­¨¥ 4.44. ����������­¤¥ªá���������������������­¥®¡à â¨¬®áâ¨ áã¯¥à ­ «¨â¨ç¥áª®£® ¯à¥®¡à §®¢ ­¨ï

®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

ind JSA
def

=
n
n 2 N j Jn

SA
= 0; Jn�1

SA
6= 0

o
: (4.97)

� ¬¥ç ­¨¥ 4.45. �ë ¨áª«îç ¥¬ ¨§ à áá¬®âà¥­¨ï âà¨¢¨ «ì­ë© á«ãç © ­ã«¥¢®£® áã-
¯¥àïª®¡¨ ­  JSA = 0.

�ç¥¢¨¤­®, çâ® ç¨á«®¢ ï ¬¥à  ­¥®¡à â¨¬®áâ¨ ­  á ¬®¬ ¤¥«¥ § ¤ ¥âáï ®¡à â­®©
¢¥«¨ç¨­®©.

�¯à¥¤¥«¥­¨¥ 4.46. �����������â¥¯¥­ì����������������������­¥®¡à â¨¬®áâ¨ áã¯¥à ­ «¨â¨ç¥áª®£® ¯à¥®¡à §®¢ -
­¨ï ¥áâì

mSA

def

=
1

ind JSA
: (4.98)

�«¥¤áâ¢¨¥ 4.47. �¡à â¨¬ë¥ áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ®¡« ¤ îâ ¡¥á-
ª®­¥ç­ë¬ ¨­¤¥ªá®¬ ind JSA =1 ¨ ­ã«¥¢®© áâ¥¯¥­ìî ­¥®¡à â¨¬®áâ¨ mSA = 0.

�«¥¤áâ¢¨¥ 4.48. \� ¨¡®«¥¥ ­¥®¡à â¨¬ë¥" (ªà®¬¥ âà¨¢¨ «ì­ëå á ­ã«¥¢ë¬ ïª®¡¨-
 ­®¬ JSA = 0) áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ¨¬¥îâ ind JSA = 2 ¨ mSA =
1=2.

4.3. (1jN )-¬¥à­®¥ áã¯¥à¯à®áâà ­áâ¢®

� áá¬®âà¨¬ (1jN)-¬¥à­®¥ áã¯¥à¯à®áâà ­áâ¢® C 1jN á ª®¬¯«¥ªá­ë¬¨ ç¥â­®© z 2
C 1j0 ¨ ­¥ç¥â­ë¬¨ �

i 2 C 0j1 ª®®à¤¨­â ¬¨ (®¡®§­ ç¨¬ Z =
�
z; �

1
; �

2
; : : : ; �

N

�
), £¤¥

f�i; �jg = 0. �à®¨§¢®«ì­ ï £®«®¬®àä­ ï áã¯¥àäã­ªæ¨ï ®â Z à áª« ¤ë¢ ¥âáï ¢ àï¤

F

�
z; �

1
; �

2
; : : : ; �

N
�

= F0 (z) +
X
i

�
i
Fi (z) +

X
i<j

�
i
�
j
Fij (z) + : : : ; (4.99)

ª®â®àë© ª®­¥ç¥­ ¢á«¥¤áâ¢¨¥ ­¨«ì¯®â¥­â­®áâ¨ �
i , ¯à¨ç¥¬ ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¯à®¯®à-

æ¨®­ «ì­® ¯à®¨§¢¥¤¥­¨î ¢á¥å ­¥ç¥â­ëå ª®®à¤¨­ â, â. ¥. �1�2 : : : �N .
� ®¡é¥¬ á«ãç ¥ áã¯¥à¯à®¨§¢®¤­ë¥ ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ [66]

Di = @i + uij�
j
@; (4.100)

£¤¥ @i = @=@�
i ¨ ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬ ¯®¤à §ã¬¥¢ ¥âáï áã¬¬¨à®¢ ­¨¥. �á«¨

¢ (4.100) uij = �ij , â® íâ® ®§­ ç ¥â O (N) á¨¬¬¥âà¨î ¢ ­¥ç¥â­®¬ á¥ªâ®à¥ [297, 298].
�àã£¨¥ ®¡à â¨¬ë¥ ¢ à¨ ­âë ®¡áã¦¤ «¨áì ¢ [66]. � ª¨¬ ®¡à §®¬, ª á â¥«ì­®¥ áã¯¥à-

¯à®áâà ­áâ¢® ¢ C 1jN ®¯à¥¤¥«ï¥âáï ¢¥ªâ®à®¬ (@;D1; : : : ;DN )
T

, £¤¥

fDi;Djg = 2�ij@: (4.101)

� ¬¥ç ­¨¥ 4.49. �à¨ N = 1 , ª®£¤  D
2
1 = @ , ¥¤¨­áâ¢¥­­ë© ­¥ç¥â­ë© ¤¨ää¥à¥­æ¨-

 «ì­ë© ®¯¥à â®à D1 à áá¬ âà¨¢ «áï ª ª \ª¢ ¤à â­ë© ª®à¥­ì" ¨§ @ , çâ® ¯à¨¢®¤¨«®
¢ áã¯¥àáâàã­­ëå ¯à¨«®¦¥­¨ïå ª ®¡ëª­®¢¥­­ë¬ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬. �®-
£¤ , ª ª ¢ á«ãç ¥ N > 1 ­¥®¡å®¤¨¬® à áá¬ âà¨¢ ¨âì ¤¨ää¥à¥­æ¨ «ì­ë¥ ãà ¢­¥­¨ï ¢
ç áâ­ëå ¯à®¨§¢®¤­ëå [299].
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� §¤¥« 4. 4.3

�à¨ áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨ïå TSA : C 1jN ! C 1jN ¨ Z ! ~Z ¨¬¥¥¬
§ ª®­ ¯à¥®¡à §®¢ ­¨ï 0BBB@

@

D1
...
DN

1CCCA = P
(N)
SA
�

0BBBB@
~@
~D1

...
~DN

1CCCCA ; (4.102)

£¤¥ áã¯¥à¬ âà¨æ  ª á â¥«ì­®£® ¯à®áâà ­áâ¢  ¨¬¥¥â ¢¨¤

P
(N)

SA
=

0BBBB@
@~z � @~�i � ~�i @~�1 � � � @~�N

D1~z �D1
~�j � ~�j D1

~�1 � � � D1
~�N

...
...

. . .
...

DN ~z �DN
~�j � ~�j DN

~�1 � � � DN
~�N

1CCCCA : (4.103)

�®£¤  ¯à¥¤¯®« £ ¥âáï ¢ë¯®«­¥­¨¥ N áã¯¥àª®­ä®à¬­ëå ãá«®¢¨© [297, 298, 300,
301]

Di~z �Di
~�j � ~�j = 0 (4.104)

(áà. (4.37)) ª ª âà¥¡®¢ ­¨¥ ®¤­®à®¤­®áâ¨ ¯à¥®¡à §®¢ ­¨ï áã¯¥à¯à®¨§¢®¤­ëå

Di = Di
~�j � ~Dj : (4.105)

(áà. (4.43)). �âáî¤  ¤¥« ¥âáï ¢ë¢®¤, çâ® ª®¬¯®§¨æ¨ï áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ -
­¨© á­®¢  ¤ ¥â áã¯¥àª®­ä®à¬­®¥ ¯à¥®¡à §®¢ ­¨¥ [297]. �à¨ íâ®¬ áâ ­¤ àâ­ë¬ ®¡à -

§®¬ à¥¤ãæ¨à®¢ ­­ ï ª áã¯¥àª®­ä®à¬­®¬ã ¢¨¤ã áã¯¥à¬ âà¨æ  P
(N)

SCf
¨¬¥¥â ¡«®ç­®-

âà¥ã£®«ì­ãî ä®à¬ã,  ­ «®£¨ç­ãî (4.51)

P
(N)

SCf
=

0BBBB@
@~z � @~�k � ~�k @~�1 � � � @~�N

0 D1
~�1 � � � D1

~�N

...
...

. . .
...

0 DN
~�1 � � � DN

~�N

1CCCCA : (4.106)

�¯à¥¤¥«ïîâáï â ª¦¥ N -®¡®¡é¥­¨ï ¤¨ää¥à¥­æ¨ «®¢ d�i ¨

dZ = dz + �k � d�k: (4.107)

�à¨ áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨ïå0BBBB@
d ~Z

d~�1

...

d~�N

1CCCCA =

0BBB@
dZ

d�
1

...
d�

N

1CCCA � P(N)

SA
: (4.108)

� ®¡à â¨¬®¬ áã¯¥àª®­ä®à¬­®¬ á«ãç ¥ dZ ¯à¥®¡à §ãîâáï ¯® ä®à¬ã« ¬

d ~Z = dZ

�
@~z � @~�k � ~�k

�
: (4.109)

�à¨ ç¥â­®¬ N ¬®¦­® ¯à¨¬¥­¨âì ¤®¯®«­¨â¥«ì­®¥ ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ª (4.105)
¨ á¨¬¬¥âà¨§®¢ âì, â®£¤  ¯®«ãç¨¬

�ij

�
@~z � @~�k � ~�k

�
= Di

~�k �Dj
~�k; (4.110)

çâ® ¬®¦­® áà ¢­¨âì á (4.58). �®¤áâ ¢«ïï (4.110) ¢ (4.109), ¯®«ãç ¥¬

d ~Z = dZ �Di
~�k �Dj

~�k; (4.111)

çâ® ¢ áâ ­¤ àâ­®¬ á«ãç ¥ [297, 298] âà ªâã¥âáï ª ª N -®¡®¡é¥­¨¥ á®®â­®è¥­¨ï d~z =
(@~z=@z) dz . �®®â­®è¥­¨¥ (4.110) ¢ ®¡à â¨¬®¬ á«ãç ¥ ¯®á«¥ ­®à¬¨à®¢ª¨ ­  ¬­®¦¨â¥«ì
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4.3 � §¤¥« 4.

¢ «¥¢®© ç áâ¨ ¯à¨¢®¤¨â ª ®¡ëç­®© O (N) ¬ âà¨æ¥, á®áâ ¢«¥­­®© ¨§ Di
~�k (¯à ¢ë© ­¨¦-

­¨© ã£®« ¢ (4.106)). �¥â¥à¬¨­ ­â íâ®© ¬ âà¨æë, à ¢­ë© ¯® ¬®¤ã«î ¥¤¨­¨æ¥, à §«¨ç ¥â
¬¥¦¤ã á®¡®© ¤¢  â®¯®«®£¨ç¥áª¨ ®â¤¥«¨¬ëå á«ãç ï SO (N) ¯à¥®¡à §®¢ ­¨© á âà¨¢¨-
 «ì­ë¬ à áá«®¥­¨¥¬ ¨ ®¡é¨å O (N) ¯à¥®¡à §®¢ ­¨© á â¢¨áâ®¬ [297,298].

�à¨¢¥¤¥­­ë¥ à ááã¦¤¥­¨ï, ®¤­ ª®, á¯à ¢¥¤«¨¢ë «¨èì ¢ á«ãç ¥ ¨­ä¨­¨â¥§¨-
¬ «ì­ëå ¨ ®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©,   â ª¦¥ ¯à¨ áâ ­¤ àâ­®© áã¯¥àª®­ä®à¬­®©

à¥¤ãªæ¨¨ áã¯¥à¬ âà¨æë P
(N)

SA
! P

(N)

SCf
(4.106). � ãç¥â®¬ ¢®§¬®¦­®© ­¥®¡à â¨¬®áâ¨

¯à¥®¡à §®¢ ­¨©, ­¨«ì¯®â¥­â­®© «¥¢®© ç áâ¨ ¢ (4.110) ¨ ­ «¨ç¨ï ­¨«ì¯®â¥­â­ëå ª®¬-

¯®­¥­â­ëå äã­ªæ¨© ¢ Z ! ~Z áâ ­¤ àâ­ë¥ ¬¥â®¤ë ¬®¦­® áãé¥áâ¢¥­­® ¢¨¤®¨§¬¥­¨âì
¨ à áè¨à¨âì ç¨á«® à §«¨ç­ëå â¨¯®¢ ¯à¥®¡à §®¢ ­¨© [13,18].

4.3.1. N = 2 ¡ ¥ à ¥ § ¨ ­ ¨   ­ . � áá¬®âà¨¬ ®¡é¨¥ N = 2 áã¯¥à ­ «¨â¨ç¥-

áª¨¥ ¯à¥®¡à §®¢ ­¨ï Z (z; �+; ��) ! ~Z
�

~z; ~�+; ~��
�

. �å ¤¥©áâ¢¨¥ ¢ ª á â¥«ì­®¬ (1j2)

áã¯¥à¯à®áâà ­áâ¢¥ ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤0@ @

D
�

D
+

1A = P
(N=2)

SA
�
0B@ ~@

~D�
~D+

1CA ; (4.112)

�
d ~Z d~�+ d~��

�
= ( dZ d�+ d�� ) � P(N=2)

SA
; (4.113)

£¤¥

P
(N=2)

SA
=

0B@ @~z � @~�+ � �� � @~�� � �+ @~�+ @~��

D
�~z �D�~�� � ~�+ �D�~�+ � ~�� D

�~�+ D
�~��

D
+~z �D+~�� � ~�+ �D+~�+ � ~�� D

+~�+ D
+~��

1CA : (4.114)

�à¥¤«®¦¥­¨¥ 4.50. �­¥è­¨© N = 2 ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ¤¥ � ¬  [280]

d(N=2) = dz@ + d�
+
@� + d�

�
@+ (4.115)

¨­¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® ®¡é¨å N = 2 áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©

Z (z; �+; ��)! ~Z
�

~z; ~�+; ~��
�
.

�®ª § â¥«ìáâ¢®. �®«ì§ãïáì ®¯à¥¤¥«¥­¨ï¬¨, § ¯¨è¥¬ (4.115) ¢ ¢¨¤¥

d(N=2) =
�
dz � d�+�� � d���+

�
@ + d�

+
�
@� + �

�
@

�
+

d�
� �
@+ + �

+
@

�
= dZ@ + d�

+
D
� + d�

�
D
+
: (4.116)

�®£¤  ¨§ (4.112) ¨ (4.113) á«¥¤ã¥â

d(N=2) = ( dZ d�+ d�� )

0@ @

D
�

D
+

1A =

( dZ d�+ d�� ) � P(N=2)

SA
�
0B@ ~@

~D�
~D+

1CA =

�
d ~Z d~�+ d~��

�0B@ ~@
~D�
~D+

1CA = ~d(N=2)
:

�
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� §¤¥« 4. 4.4

� ©¤¥¬ á¢ï§ì ¬¥¦¤ã ¡¥à¥§¨­¨ ­®¬ ¨ áã¯¥à¬ âà¨æ¥© P
(N=2)

SA
(4.114). �¥à¥§¨­¨ ­

N = 2 áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© Z (z; �+; ��)! ~Z
�
~z; ~�+; ~��

�
®¯à¥¤¥«ï¥âáï

ä®à¬ã«®© [33]

BerN=2
�

~Z=Z
�

= Ber P
(N=2)
0 ; (4.117)

£¤¥

P
(N=2)
0 =

0BBBBBBBBB@

@~z

@z

@~�+

@z

@~��

@z

@~z

@�+

@~�+

@�+

@~��

@�+

@~z

@��
@~�+

@��
@~��

@��

1CCCCCCCCCA
: (4.118)

�à¥¤«®¦¥­¨¥ 4.51. �¥à¥§¨­¨ ­ ®¡é¨å N = 2 áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ -

­¨© à ¢¥­ ¡¥à¥§¨­¨ ­ã áã¯¥à¬ âà¨æë P
(N=2)
SA

(4.114)

Ber
�

~Z=Z
�

= Ber P
(N=2)
SA

: (4.119)

�®ª § â¥«ìáâ¢®. � §«®¦¨¬ áã¯¥à¬ âà¨æã P
(N=2)
0 ­  ¯à®¨§¢¥¤¥­¨¥

P
(N=2)
0 = K � P(N=2)

SA
� ~K; (4.120)

£¤¥

K =

0@ 1 0 0
��� 1 0
��+ 0 1

1A ; ~K =

0@ 1 0 0

�~�� 1 0
��+ 0 1

1A :
�¥£ª® § ¬¥â¨âì, çâ® BerK = Ber ~K = 1: �®«ì§ãïáì ¬ã«ìâ¨¯«¨ª â¨¢­®áâìî ¡¥à¥§¨­¨ ­ 
[33], ¨¬¥¥¬

BerP
(N=2)
0 = BerK � P(N=2)

SA
� ~K = Ber K � Ber P

(N=2)
SA

� Ber ~K =

1 �Ber P
(N=2)

SA
� 1 = BerP

(N=2)

SA
:

�®£¤  ¨§ (4.117) ¯®«ãç ¥¬

Ber
�

~Z=Z
�

= Ber P
(N=2)
0 = Ber P

(N=2)

SA
:

�

4.4. � áâ­ë¥ á«ãç ¨ à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®-
¢ ­¨©

�¤¥áì à áá¬ âà¨¢ îâáï ç áâ­ë¥ á«ãç ¨ à¥¤ãæ¨à®¢ ­­ëå N = 1 ¨ N = 2 ¯à¥-
®¡à §®¢ ­¨©, à áé¥¯«¥­­ë¥ ¨ ¤à®¡­®-«¨­¥©­ë¥ ¯à¥®¡à §®¢ ­¨ï.

4.5. �-áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨ ­¨«ì-
¯®â¥­â­ë¥ áã¯¥à¯®«ï

�ãé¥áâ¢ã¥â ­¥áª®«ìª® à §«¨ç­ëå ®¯à¥¤¥«¥­¨© áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ -
­¨© [207, 218, 302]. � ®¤­®¬ ¨§ ­¨å [205, 206] ãâ¢¥à¦¤ ¥âáï, çâ® N = 1 ¯à¥®¡à §®¢ ­¨¥
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4.5 � §¤¥« 4.

Z ! ~Z ï¢«ï¥âáï áã¯¥àª®­ä®à¬­ë¬, ¥á«¨ ¬­®¦¨â¥«ì, á ª®â®àë¬ ¯à¥®¡à §ãîâáï ¯à®-

¨§¢®¤­ë¥ à ¢¥­ ¡¥à¥§¨­¨ ­ã Ber PSCf = D~�SCf (á¬. (4.52)). �¤¥áì ¬ë à áá¬®âà¨¬ ¢
®¡é¥¬ á«ãç ¥ ¯à¥®¡à §®¢ ­¨ï, ¤«ï ª®â®àëå ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

Ber
�

~Z=Z
�

= D~�: (4.121)

� ª®¬¯®­¥­â å íâ® ãà ¢­¥­¨¥ (¯à¨ � [g (z)] 6= 0) ¯à¨¢®¤¨â ª á¨áâ¥¬¥ (á¬. (4.2))

f
0 (z) g (z) + � (z) 0 (z) = g

2 (z) ; (4.122) 
� (z)

g (z)

!0
=  

0 (z) : (4.123)

�âáî¤  ¯®«ãç ¥¬ ®¡é¨© ¢¨¤ ¯à¥¡à §®¢ ­¨© ¢ áâ ­¤ àâ­®© ¯ à ¬¥âà¨§ æ¨¨ [74,185,281]

~z = f (z) + � � ( (z) + �)
q
f 0 (z) +  (z) 0 (z); (4.124)

~� =  (z) + � �
q
f 0 (z) +  (z) 0 (z) + � (z): (4.125)

�® áà ¢­¥­¨î á® áâ ­¤ àâ­ë¬¨ áã¯¥àª®­ä®à¬­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ [207,218,
302] ­®¢ë¬¨ ¢ (4.124){(4.125) ï¢«ïîâáï á« £ ¥¬ë¥ á ­¥ç¥â­ë¬ ¯ à ¬¥âà®¬ �, ª®â®àë©

¯®ï¢«ï¥âáï ¨§-§  ­ «¨ç¨ï ¯à®¨§¢®¤­ëå �) ¢ ®¡¥¨å ç áâïå ãà ¢­¥­¨ï (4.123).

�¯à¥¤¥«¥­¨¥ 4.52. ����������������������������������������������������-áã¯¥àª®­ä®à¬­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ­ §®¢¥¬ ¯à¥®¡à §®-

¢ ­¨ï (4.124){(4.125),   áã¯¥à¬­®£®®¡à §¨ï, áª«¥¥¥­­ë¥ á ¯®¬®éìî â ª¨å ¯à¥®¡à -
§®¢ ­¨© | �����������������������������������������������-áã¯¥àà¨¬ ­®¢ë¬¨ ¯®¢¥àå­®áâï¬¨.

�ã¯¥à¬ âà¨æ  ª á â¥«ì­®£® à áá«®¥­¨ï P = P� ¨§ (4.22) ¨¬¥¥â ¢¨¤

P� = PSCf + � �
 
@~� 0

D~� 0

!
; (4.126)

£¤¥ PSCf ®¯à¥¤¥«ï¥âáï ¢ (4.39). �§ (4.126) ¢¨¤­®, çâ® ¢ ®¡é¥¬ á«ãç ¥ áã¯¥à¯à®¨§¢®¤­ ï
D ¯à¥®¡à §ã¥âáï ­¥®¤­®à®¤­® ¯à¨ �-áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨ïå,   ¨¬¥­­®,

D = D~� � ~D + � �D~� � ~@ (4.127)

¨«¨

D = Ber
�

~Z=Z
�
� ~D + � � @

~�

@�
� ~@ (4.128)

�à®¬¥ â®£®, ¤«ï �- ­ «®£  SCf áã¯¥à¤¨ää¥à¥­æ¨ «  d� = dZD+d� ¢ë¯®«­ï¥âáï

d~� = d� �D~� � (1 + �D) : (4.129)

�§ (4.127){(4.129) á«¥¤ã¥â

�¯à¥¤¥«¥­¨¥ 4.53. �ã¯¥à¯®«ï, ¯®§¢®«ïîé¨¥ ¢ë¤¥«¥­¨¥ ­¥ç¥â­®£®
¬­®¦¨â¥«ï �, ­ §®¢¥¬ ��������������������-áã¯¥à¯®«ï¬¨.

�à¥¤«®¦¥­¨¥ 4.54. �à¨ �-áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨ïå �-áã¯¥à¯®«ï ¯à¥-
®¡à §ãîâáï ª®¢ à¨ ­â­®.

�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ¨§ ­¨«ì¯®â¥­â­®áâ¨ �. �

�à¨¬¥ç ­¨¥. � á¨áâ¥¬¥ ãà ¢­¥­¨©, á«¥¤ãîé¥© ¨§ D~z �D~� �
~� = 0 (4.29), à ¢­ë á ¬¨ ¢ëà ¦¥­¨ï

¯®¤ §­ ª®¬ ¯à®¨§¢®¤­ëå ¢ (4.123).
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� §¤¥« 4. 4.5

�«¥¤áâ¢¨¥ 4.55. �-áã¯¥à¯®«ï ­  �-áã¯¥àà¨¬ ­®¢ëå ¯®¢¥àå­®áâïå ®¡« ¤ îâ ¢á¥¬¨
\å®à®è¨¬¨" á¢®©áâ¢ ¬¨ ®¡ëç­ëå áã¯¥à¯®«¥© ­  áã¯¥àà¨¬ ­®¢ëå ¯®¢¥àå­®áâïå
[223{225].

4.5.1. � ® « ã £ à ã ¯ ¯   à   á é ¥ ¯ « ¥ ­ ­ ë å N = 2 SCf ¯ à ¥ ® ¡ à   § ® -
¢   ­ ¨ © . � ¦­ë¬ ç áâ­ë¬ á«ãç ¥¬ N = 2 áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© ï¢«ï-

îâáï à áé¥¯«¥­­ë¥ (split) N = 2 ¯à¥®¡à §®¢ ­¨ï T (N=2)

SCf
[297], ª®â®àë¥ ­¥ á®¤¥à¦ â

­¥ç¥â­ëå äã­ªæ¨© ¢ à §«®¦¥­¨¨ (5.14)(
~z = f (z) ;
~�� = �

�
g�� (z) + �

�
g�� (z) :

(4.130)

� ª¨¥ ¯à¥®¡à §®¢ ­¨ï ¬®£ãâ ¡ëâì äã­ªæ¨ï¬¨ ¯¥à¥å®¤  ­  ®¡ëç­ëå à¨¬ ­®¢ëå
¯®¢¥àå­®áâïå á® á¯¨­®¢®© áâàãªâãà®© [297]. �à¨¬¥­¥­¨¥ N = 2 SCf ãá«®¢¨© (5.39){
(5.40) ¤ ¥â á¨áâ¥¬ã ãà ¢­¥­¨©

per Gsplit = f
0 (z) ; (4.131)

scf�Gsplit = 0; (4.132)

¨«¨ ¢ ï¢­®¬ ¢¨¤¥
g+� (z) g�+ (z) + g++ (z) g�� (z) = f

0 (z) ; (4.133)

g+� (z) g�� (z) = 0; (4.134)

g�+ (z) g++ (z) = 0: (4.135)

�§ (4.132) á«¥¤ã¥â, çâ® ¬ âà¨æ  Gsplit (5.17) ï¢«ï¥âáï scf-¬ âà¨æ¥© (á¬. �®¤-

à §¤¥« 6.2), ¯ à ¬¥âà¨§®¢ ­­®© ¤¢ã¬ï ç¥â­ë¬¨ äã­ªæ¨ï¬¨ ¨§ Gsplit ,   ãà ¢­¥­¨¥

(4.132) ¯®«ãç ¥âáï ¨§ (5.80) § ­ã«¥­¨¥¬ ­¥ç¥â­ëå äã­ªæ¨©. �â® ®§­ ç ¥â, çâ® ¯à¨
� [per Gsplit] 6= 0 ¬ âà¨æ  G0 ¢ ª®®à¤¨­ â­®¬ ¡ §¨á¥, á®®â¢¥âáâ¢ãîé ï Gsplit (á¢ï§ ­­ ï

á®®â­®è¥­¨¥¬, ¯®¤®¡­ë¬ (5.79)), ¯®á«¥ ¯¥à¥­®à¬¨à®¢ª¨ ­ 
q

per Gsplit ¡ã¤¥â O�0
(2)

¬ âà¨æ¥©, ¯à¨ç¥¬ ãá«®¢¨¥ � [per Gsplit] 6= 0 ®áâ ¢«ï¥â «¨èì ¤¢¥ ¢®§¬®¦­®áâ¨ (¯®¤®¡­®

(5.77){(5.78)): Gsplit | ¤¨ £®­ «ì­ ï ¨  ­â¨¤¨ £®­ «ì­ ï ¬ âà¨æ 

GU(1) =

�
g+� (z) 0

0 g�+ (z)

�
� U�0

(1) ; (4.136)

GO(2) =

�
0 g++ (z)

g�� (z) 0

�
�O�0

(2) : (4.137)

�â¢¥à¦¤¥­¨¥ 4.56. \� ¡«¨æ  ã¬­®¦¥­¨ï" ¬ âà¨æ G

GU(1)GU(1) = GU(1); (4.138)

GU(1)GO(2) = GO(2); (4.139)

GO(2)GO(2) = GU(1): (4.140)

á®¢¯ ¤ ¥â á â ¡«¨æ¥© ã¬­®¦¥­¨ï â¨¯®¢ N = 2 à áé¥¯«¥­­ëå ¯à¥®¡à §®¢ ­¨©.

�®®â¢¥âáâ¢ãîé¨¥ (4.136){(4.137) ¯à¥®¡à §®¢ ­¨ï ¨¬¥îâ ¢¨¤(
~z = f (z) ; f

0 (z) = g+� (z) g�+ (z) ;
~�� = �

�
g�� (z) ;

� U�0
(1) (4.141)(

~z = f (z) ; f
0 (z) = g++ (z) g�� (z) ;

~�� = �
�
g�� (z) ;

�O�0
(2) (4.142)
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4.5 � §¤¥« 4.

®âªã¤  á«¥¤ã¥â, çâ® â®«ìª® U�0
(1) ¯à¥®¡à §®¢ ­¨ï ®¡à §ãîâ ¯®¤£àã¯¯ã (¨«¨ ¯®¤¯®-

«ã£àã¯¯ã ¢ ­¥®¡à â¨¬®¬ á«ãç ¥), ¯®áª®«ìªã ®âáãâáâ¢ã¥â ¯¥à¥¢®à®â ª¨à «ì­®áâ¨ ¢ �

á¥ªâ®à¥. �¬¥­­® â ª¨¥ äã­ªæ¨¨ ¯¥à¥å®¤  (­® ¢ ¤àã£®© ¯ à ¬¥âà¨§ æ¨¨) ®¯¨áë¢ îâ
¯à®¨§¢®«ì­®¥ «¨­¥©­®¥ à áá«®¥­¨¥ ­ ¤ ®¡ëç­ë¬¨ à¨¬ ­®¢ë¬¨ ¯®¢¥àå­®áâï¬¨ [297].

� ­¥®¡à â¨¬®¬ á«ãç ¥ � [per Gsplit] = 0 á¨âã æ¨ï ­¥ áâ®«ì ¯à®§à ç­ , ¯®áª®«ìªã

SCf ãá«®¢¨ï (4.134){(4.135) ¬®£ãâ ¡ëâì ¢ë¯®«­¥­ë ­¥ â®«ìª® § ­ã«¥­¨¥¬ á®¬­®¦¨â¥-
«¥©, ­® ¨ §  áç¥â ¢®§¬®¦­ëå ¤¥«¨â¥«¥© ­ã«ï ¢ äã­ªæ¨ïå gab (z) (a; b = �). �â® ¬®¦¥â
á«ãç¨âìáï, ­ ¯à¨¬¥à, ª®£¤  gab (z) ï¢«ïîâáï ¯à®¨§¢¥¤¥­¨ï¬¨ ­¥ç¥â­ëå äã­ªæ¨©, ¨ â®-
£¤  ¤«ï ¯ à ¬¥âà¨§ æ¨¨ ­¥®¡à â¨¬®£® ¯à¥®¡à §®¢ ­¨ï ­¥®¡å®¤¨¬® ¢ë¡à âì ­¥ ç¥â­ë¥,
  ­¥ç¥â­ë¥ äã­ªæ¨¨.

�à¨¬¥à 4.57. �¥©áâ¢¨â¥«ì­®, ¯ãáâì

Gsplit =

�
�+ (z) �� (z) �+ (z) �+ (z)
�� (z) �� (z) ��� (z) �+ (z)

�
(4.143)

£¤¥ �a; �b : C1j0 ! C0j1 ¨ �
2
a

(z) = �
2
b

(z) = 0, â®£¤ (
~z = f (z) ; f

0 (z) = �+ (z) �+ (z)�� (z) �� (z)
~�� = ����� (z) �� (z) + �

�
�� (z) �� (z) ;

(4.144)

¯à¨ç¥¬ SCf ãá«®¢¨ï (4.134){(4.135) ¢ë¯®«­ïîâáï ¢á«¥¤áâ¢¨¥ ­¨«ì¯®â¥­â­®áâ¨ ­¥ç¥â­ëå
äã­ªæ¨© �� (z) ¨ �� (z),   ¬ âà¨æ  Gsplit ­¥ ( ­â¨) ¤¨ £®­ «¨§ã¥âáï (ª ª ¢ (4.136){

(4.137),   ¯à¥¤áâ ¢«ï¥â á®¡®© scf-¬ âà¨æã á ­¨«ì¯®â¥­â­ë¬¨ í«¥¬¥­â ¬¨ (á¬. �®¤à §-
¤¥« 6.2).

�§ áà ¢­¥­¨ï (5.14) ¨ (4.130) á«¥¤ã¥â, çâ® à áé¥¯«¥­­ë¥ N = 2 ¯à¥®¡à §®¢ ­¨ï
®¡à §ãîâ ¯®¤¯®«ã£àã¯¯ã ®¡é¥© ¯®«ã£àã¯¯ë N = 2 áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ -
­¨©, ª®â®à ï å à ªâ¥à¨§ã¥âáï â®«ìª® «¨èì í«¥¬¥­â ¬¨ ¬ âà¨æë Gsplit (5.17). �®íâ®¬ã
¯à¥¤áâ ¢«¥­¨¥ à áé¥¯«¥­­®© N = 2 SCf ¯®«ã£àã¯¯ë äã­ªæ¨®­ «ì­ë¬¨ ¬ âà¨æ ¬¨
(á¬. �¯à¥¤¥«¥­¨¥ 5.9) ¡ã¤¥â áã¦¥­¨¥¬ ¯à¥¤áâ ¢«¥­¨ï (5.18) ­  í«¥¬¥­âë ¬ âà¨æë
Gsplit , â.¥. 8<:

f h �� �+
 + �+ g+� g++
 �� g�� g�+

9=; jsplit �!
�
g+� g++
g�� g�+

�
: (4.145)

�âáî¤  á«¥¤ã¥â

�¯à¥¤¥«¥­¨¥ 4.58. �«¥¬¥­â s ������������������à áé¥¯«¥­­®© N = 2 áã¯¥àª®­ä®à¬­®© ¯®«ã-

£àã¯¯ë S
(N=2)

SCf(split) ¯ à ¬¥âà¨§ã¥âáï äã­ªæ¨®­ «ì­®© ¬ âà¨æ¥©�
g+� g++
g�� g�+

�
jg��(z)g��(z)=0 def

= ssplit 2 S(N=2)

SCf(split); (4.146)

  ¤¥©áâ¢¨¥
s
(1)

split
�s s(2)split = s

(3)

split
(4.147)

®¯à¥¤¥«ï¥âáï ª®¬¯®§¨æ¨¥© à áé¥¯«¥­­ëå ¯à¥®¡à §®¢ ­¨© Z ! ~Z ! e~Z ¨ ¨¬¥¥¥â
á«¥¤ãîé¨© ¢¨¤ (

g
(3)
+� g

(3)
++

g
(3)
�� g

(3)
�+

)
=

(
g
(1)
+� g

(1)
++

g
(1)
�� g

(1)
�+

)
�s
(
g
(2)
+� g

(2)
++

g
(2)
�� g

(2)
�+

)
= (4.148)(

g
(1)
+� � f (2) � g(2)+� + g

(1)
++ � f (2) � g(2)�� g

(1)
+� � f (2) � g(2)++ + g

(1)
++ � f (2) � g(2)�+

g
(1)
�� � f (2) � g(2)+� + g

(1)
�+ � f (2) � g(2)�� g

(1)
�� � f (2) � g(2)++ + g

(1)
�+ � f (2) � g(2)�+

)
;

£¤¥
f
(2)0 (z) = per G

(2)

split
= g

(2)
+� (z) g

(2)
�+ (z) + g

(2)
++ (z) g

(2)
�� (z) ;

g
(1)
�� (z) g

(1)
�� (z) = 0; g

(2)
�� (z) g

(2)
�� (z) = 0:
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� §¤¥« 4. 4.5

�áá®æ¨ â¨¢­®áâì ¤¥©áâ¢¨ï �s (4.147) á«¥¤ã¥â ¨§  áá®æ¨ â¨¢­®áâ¨ ª®¬¯®§¨æ¨¨
à áé¥¯«¥­­ëå ¯à¥®¡à §®¢ ­¨©.

�â¢¥à¦¤¥­¨¥ 4.59. �àâ®£®­ «ì­®áâì í«¥¬¥­â®¢ áâ®«¡æ  (4.134){(4.135) ¨«¨ scf-

á¢®©áâ¢® ¬ âà¨æë G (4.132) ¯à¨ ¤¥©áâ¢¨¨ �s á®åà ­ï¥âáï, â.¥. g(3)�� (z) g
(3)
�� (z) = 0

¢ (4.148).

�ç¥¢¨¤­®, çâ® ­¥®¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï á®®â¢¥âáâ¢ãîâ ¨¤¥ «ã I
(N=2)

SCf(split) ¯®-

«ã£àã¯¯ë S
(N=2)

SCf(split) ,   ®¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï | ¥¥ ¯®¤£àã¯¯¥ G
(N=2)

SCf(split) . �¢ãáâ®-

à®­­ïï ¥¤¨­¨æ  ¢ ¯®«ã£àã¯¯¥ S
(N=2)

SCf(split) ®¯à¥¤¥«ï¥âáï ª ª

esplit =

�
1 0
0 1

�
; (4.149)

  ¤¢ãáâ®à®­­¨© ­ã«ì ¯à¥¤áâ ¢«ï¥âáï ­ã«¥¢®© ¬ âà¨æ¥© ¢ (4.146).

4.5.2. � « ® ¦ ¥ ­ ¨ ¥ N = 1 ,! N = 2 . � ­¥¥ ç áâë© á«ãç © ¢«®¦¥­¨ï
N = 1 ,! N = 2 ¨á¯®«ì§®¢ «®áì ¢ [303, 304] ¯à¨ ¢ëç¨á«¥­¨¨ áã¯¥àáâàã­­ëå  ¬¯«¨âã¤
¬¥â®¤®¬ äã­ªæ¨®­ «ì­®£® ¨­â¥£à¨à®¢ ­¨ï [305]. �ë à áá¬®âà¨¬ ®¡é¨© á«ãç © áã¯¥à-
ª®­ä®à¬­®£® N = 1 ,! N = 2 ¢«®¦¥­¨ï [4] á ãç¥â®¬ ­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©.

�¯¨è¥¬ ¯®£àã¦¥­¨¥ N = 1 ¬¨à®¢®£® «¨áâ  W = (w; �) ¢ N = 2 áã¯¥à¯«®áª®áâì

Z = (z; �+; ��) âà¥¬ï ç¥â­ë¬¨ ¨ âà¥¬ï ­¥ç¥â­ë¬¨ äã­ªæ¨ï¬¨ ¨ á«¥¤ãîé¨¬ ¯à¥®¡à -
§®¢ ­¨¥¬ ®¡é¥£® ¢¨¤ 

z = f (w) + � � � (w) ; (4.150)

�
� =  � (w) + � � g� (w) ; (4.151)

£¤¥ f; g� : C 1;0 ! C 1;0 ; �;  � : C 1;0 ! C 0;1 .
�à¨ áã¯¥à ­ «¨â¨ç¥áª¨å N = 1 ,! N = 2 ¯à¥®¡à §®¢ ­¨ïå (4.150){(4.151)

N = 1 áã¯¥à¯à®¨§¢®¤­ ï D = @� + � � @w (D2 = @w) ¯¥à¥å®¤¨â ¢

D = D�
+ �D� +D�

� �D+ +
�
Dz � �+ �D�� � �� �D�+

�
� @w; (4.152)

£¤¥ D� ®¯à¥¤¥«¥­ë ¢ (5.1), ¯®íâ®¬ã áã¯¥àª®­ä®à¬­ë¥ ãá«®¢¨ï ¢ ¤ ­­®¬ á«ãç ¥ ¨¬¥îâ
¢¨¤

Dz = �
+ �D�� + �

� �D�+: (4.153)

�à¨¬¥­ïï ª (4.153) ®¯¥à â®à D , ¯®«ãç ¥¬

@wz + �
+ � @w�� + �

� � @w�+ = 2 �D�+ �D��: (4.154)

�á«®¢¨¥ â®£®, çâ® ¤¢  ¯®£àã¦¥­¨ï (z; �+; ��) ¨
�

~z; ~�+; ~��
�

¯ à ¬¥âà¨§ãîâ ®¤¨­

¨ â®â ¦¥ ¬¨à®¢®© «¨áâ, ¯à¨¢®¤ïâ ª á®®â­®è¥­¨ï¬

D
+~�� �D�~�+ +D

+~�+ �D�~�� =
D~�+ �D~��

D�+ �D�� : (4.155)

�®  ­ «®£¨¨ á (5.9) ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¬ âà¨æã

Hw =

�
D�

+
D�

�
D�

+
D�

�
�
; (4.156)

â®£¤  ãá«®¢¨¥ (4.155) § ¯¨è¥âáï ¢ ¢¨¤¥ [4]

per ~Hw = per H � per Hw; (4.157)

£¤¥ H ®¯à¥¤¥«¥­  ¢ (5.9). �« áá¨ä¨ª æ¨î ¢«®¦¥­¨© N = 1 ,! N = 2 ¯® ­¥®¡à â¨-
¬®áâ¨ ¬®¦­® ¯à®¢¥áâ¨ ¢ ¯®«­®©  ­ «®£¨¨ á ª« áá¨ä¨ª æ¨¥© N = 2 à¥¤ãæ¨à®¢ ­­ëå
¯à¥®¡à §®¢ ­¨© (á¬. �ã­ªâ 4.1.3).
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4.6 � §¤¥« 4.

�à¨¢¥¤¥¬ ¯à¨¬¥à ¢«®¦¥­¨ï N = 1 ,! N = 2 ¯à¨ � [per Hw] 6= 0 [4]

z = f (w) +
�p
2
e
q(w)

 � (w)
q
f 0 (w) +  + (w) 0� (w) +

�p
2
e
�q(w)

 + (w)
q
f 0 (w) +  � (w) 0+ (w); (4.158)

�
� =  � (w) + (4.159)

�p
2
e
�q(w)

q
f 0 (w) +  � (w) 0+ (w) +  + (w) 0� (w):

�à¥¤¨ ­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨© á � [per Hw] = 0 ¯à¨¢¥¤¥¬ á«¥¤ãîé¥¥ [4]

z = fN (w) + � [ + (w) �� (w) +  � (w) �+ (w)]� (w) ; (4.160)

�
� =  � (w) + ��� (w)� (w) ; (4.161)

£¤¥ f 0
N

(w) =  
0
+ (w) � (w) +  

0
� (w) + (w).

�â¬¥â¨¬, çâ® ¬­®£¨¥ ä®à¬ã«ë ¨ á®®â¢¥âáâ¢ãîé¨¥ ¢ë¢®¤ë ¬®¦­® ¯¥à¥­¥áâ¨ á
N = 2 ¯à¥®¡à §®¢ ­¨© ­  ¢«®¦¥­¨ï N = 1 ,! N = 2, ¥á«¨ ¢ ¯¥à¢ëå ¯®«®¦¨âì

�
� = �=

p
2 (á¬. �ã­ªâ 4.1.3).

4.6. �ã¯¥àª®­ä®à¬­ë¥ ¯®«ã£àã¯¯ë

�áá«¥¤®¢ ­¨¥ ­®¢ëå  ¡áâà ªâ­ëå â¨¯®¢ ¯®«ã£àã¯¯ ¨ ¨å ¨¤¥ «®¢ [89,92,115,306,
307] ¯à¥¤áâ ¢«ï¥â á ¬® ¯® á¥¡¥ ¢ ¦­ãî â¥®à¥â¨ª®-ª â¥£®à­ãî § ¤ çã. �­â¥à¥á ª ¨§-
ãç¥­¨î áã¯¥àª®­ä®à¬­ëå ¯®«ã£àã¯¯ ®¡ãá«®¢«¥­ ¯à¥¦¤¥ ¢á¥£® â¥¬, çâ® ®­¨ ¨¬¥îâ
­¥®¡ëç­ë¥ ¨¤¥ «ì­ë¥ (­¥£àã¯¯®¢ë¥) á¢®©áâ¢  [6], ª®â®àë¥ ¬®¦­® ¨á¯®«ì§®¢ âì ¢ ¯à¨-
«®¦¥­¨ïå ª â¥®à¥â¨ç¥áª¨¬ ¬®¤¥«ï¬ í«¥¬¥­â à­ëå ç áâ¨æ.

4.6.1. � ® ª   « ì ­ ® ¥ á â à ® ¥ ­ ¨ ¥ N = 1 á ã ¯ ¥ à ª ® ­ ä ® à ¬ ­ ® © ¯ ® « ã -
£ à ã ¯ ¯ ë . � áá¬®âà¨¬ á¢®©áâ¢  ®¡à â¨¬®áâ¨ N = 1 áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®-
¢ ­¨©, á¢ï§ ­­ë¥ á ­¨«ì¯®â¥­â­®áâìî ª®¬¯®­¥­â­ëå äã­ªæ¨© g(z), ¢å®¤ïé¨å ¢  «ì-
â¥à­ â¨¢­ãî ¯ à ¬¥âà¨§ æ¨î (4.80). � ª, ®¡®¡é¥­­ë© áã¯¥àïª®¡¨ ­ (4.94) áã¯¥àª®­-
ä®à¬­ëå (®¡à â¨¬ëå ¨ ­¥®¡à â¨¬ëå) ¯à¥®¡à §®¢ ­¨© ¢ â¥à¬¨­ å ª®¬¯®­¥­â í«¥¬¥­â 
s (4.80) ¨¬¥¥â ¢¨¤

JSCf = D~�SCf = g (z) + � �  0 (z) ; (4.162)

çâ® á«¥¤ã¥â ¨§ (4.53) ¨ (4.2).

�à¥¤«®¦¥­¨¥ 4.60. �­¤¥ªá ­¥®¡à â¨¬®áâ¨ (4.97) ®¡é¥£® áã¯¥àª®­ä®à¬­®£® ¯à¥-
®¡à §®¢ ­¨ï ¨ ¥£® áâ¥¯¥­ì ­¥®¡à â¨¬®áâ¨ (4.98) á¢ï§ ­ë á ¨­¤¥ªá®¬ äã­ªæ¨¨ g(z)
ä®à¬ã«®©

ind JSCf =
1

mSCf

= ind g(z) + 1: (4.163)

�®ª § â¥«ìáâ¢®. �®§¢¥¤¥¬ ®¡¥ ç áâ¨ à ¢¥­áâ¢  (4.162) ¢ áâ¥¯¥­ì n ¨ ¢®á¯®«ì§ã¥¬áï
â¥¬, çâ® £à áá¬ ­®¢ ¨­¤¥ªá ­¨«ì¯®â¥­â­®áâ¨ ¢â®à®£® á« £ ¥¬®£® ¢ ­¥¬ ¬¨­¨¬ «¥­ ¨
à ¢¥­ ¤¢ã¬, â®£¤  ¯®«ãç¨¬

J
n

SCf
= g

n(z) + n � gn�1(z) � � �  0(z): (4.164)

�âáî¤  ¨ á«¥¤ã¥â á®®â­®è¥­¨¥ (4.163). �

�§ (4.164) ¢¨¤­®, çâ® ¨¬¥¥âáï ¤àã£ ï ¢®§¬®¦­®áâì ¢ § ¢¨á¨¬®áâ¨ ®â ¯à¨áãâ-
áâ¢¨ï ¯®á«¥¤­¥£® á« £ ¥¬®£®. �à¥¤¨ ­¥®¡à â¨¬ëå áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© á
ind g (z) = n ¬®¦­® ¢ë¤¥«¨âì á«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ­¨ï, ¨¬¥îé¨¥ áãé¥áâ¢¥­­® ®â-
«¨ç­ë¥ ®â ®¡é¥£® á«ãç ï  ¡áâà ªâ­ë¥ á¢®©áâ¢ .
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�¯à¥¤¥«¥­¨¥ 4.61. �������������������������Ann-¯à¥®¡à §®¢ ­¨ï, ¨¬¥îé¨¥ ¨­¤¥ªá ­¥®¡à â¨¬®áâ¨ n,

®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

ind g(z) = n; g
n�1(z) 2 Ann 0(z): (4.165)

�à¥¤«®¦¥­¨¥ 4.62. �­¤¥ªá ­¥®¡à â¨¬®áâ¨ Ann-¯à¥®¡à §®¢ ­¨ï à ¢¥­ ¨­¤¥ªáã
äã­ªæ¨¨ g(z)

ind JA
SCf

= ind g(z): (4.166)

�®ª § â¥«ìáâ¢®. �§ (4.165) á«¥¤ã¥â, çâ® ¢â®à®¥ á« £ ¥¬®¥ ¢ (4.164) à ¢­® ­ã«î. �â-
áî¤  ¯®«ãç ¥¬ (4.166). �

�®®â­®è¥­¨ï (4.163) ¨ (4.166) á¯à ¢¥¤«¨¢ë «¨èì ¤«ï áã¯¥àª®­ä®à¬­ëå ¯à¥-
®¡à §®¢ ­¨©, â. ¥. ®­¨ ï¢«ïîâáï ãá«®¢¨ï¬¨ áã¯¥àª®­ä®à¬­®áâ¨, § ¯¨á ­­ë¬¨ ç¥à¥§
¨­¤¥ªáë ­¨«ì¯®â¥­â­®áâ¨ [14]. �«¥¬¥­âë áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë á ind g(z) = 1
ï¢«ïîâáï ®¡à â¨¬ë¬¨,   í«¥¬¥­âë á ind g(z) = 0 { ­¥®¡à â¨¬ë¬¨. �¡à â¨¬ë¥ í«¥¬¥­âë
¯®«ã£àã¯¯ë g á®áâ ¢«ïîâ ¯®¤£àã¯¯ã GSCf =

S
g áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë,   ­¥-

®¡à â¨¬ë¥ í«¥¬¥­âë i á ­ã«¥¬ z | ¥¥ ¨¤¥ « ISCf =
S
i
S
z. �§ § ª®­  ã¬­®¦¥­¨ï (4.82)

á«¥¤ã¥â, çâ® ¥á«¨ å®âï ¡ë ®¤¨­ ¨§ á®¬­®¦¨â¥«¥© ­¥®¡à â¨¬, â® ¨ à¥§ã«ìâ¨àãîé¥¥ ¯à¥-
®¡à §®¢ ­¨¥ â ª¦¥ ­¥®¡à â¨¬®, â.¥. ISCf � SSCf � ISCf , SSCf � ISCf � ISCf , ¯®íâ®¬ã

ISCf { ¨§®«¨à®¢ ­­ë© ¨¤¥ «,   ¯®¤£àã¯¯  GSCf | ä¨«ìâà (á¬. ®¯à¥¤¥«¥­¨ï ¢�ã­ªâ¥

1). �¡à â¨¬ë¥ áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï, á®®â¢¥âáâ¢ãîé¨¥ í«¥¬¥­â ¬ GSCf ,

à áá¬ âà¨¢ «¨áì ¢ [74,183,308]. �®íâ®¬ã ¯®¤à®¡­¥¥ ®áâ ­®¢¨¬áï ­  ­¥®¡à â¨¬ëå ¯à¥-
®¡à §®¢ ­¨ïå ¨ áâàãªâãà¥ ¨¤¥ «  ISCf . �ë¤¥«¨¬ ¢ ¨¤¥ «¥ ISCf á«¥¤ãîé¨¥ ¯®¤¬­®¦¥-
áâ¢  í«¥¬¥­â®¢:

In
def

= fi 2 ISCf j gn(z) = 0g ; (4.167)

Jn
def

= fi 2 In j ind g(z) = ng ; (4.168)

JA
n

def

=
n
i 2 Jn j gn�1(z) 2 Ann 0(z)

o
; (4.169)

ª®â®àë¥ á¢ï§ ­ë ®ç¥¢¨¤­ë¬¨ á®®â­®è¥­¨ï¬¨ Jn = InnIn�1 , ¯à¨ç¥¬ I0 = J0 = z. �ãáâì
s3 = s1 � s2 , â®£¤  ¨§ (4.82) ¯à¨ m1 = m2 = m3 = +1 ¨¬¥¥¬

g3(z) = g1 (f2(z)) � g2(z) +  2(z) �  01 (f2(z)) � g2(z); (4.170)

£¤¥ f
0
2(z) = g

2
2(z) +  

0
2(z) �  2(z). �®§¢®¤ï (4.170) ¢ áâ¥¯¥­ì n ¢ £à áá¬ ­®¢®©  «£¥¡à¥,

¯®«ãç ¥¬

g
n

3 (z) = g
n

1 (f2(z)) � gn2 (z) +

+n � gn�11 (f2(z)) �  2(z) �  01 (f2(z)) � gn2 (z): (4.171)

�âáî¤  á«¥¤ã¥â, çâ® §¤¥áì ãá«®¢¨¥¬ ®¡à é¥­¨ï ¢ ­ã«ì ¢â®à®£® á« £ ¥¬®£® ¯®-¯à¥¦­¥¬ã
ï¢«ï¥âáï (4.165), ¨ íâ® á­®¢  ¢ë¤¥«ï¥â ­¥®¡à â¨¬ë¥ Ann-¯à¥®¡à §®¢ ­¨ï.

�¥®à¥¬  4.63.�­®¦¥áâ¢® í«¥¬¥­â®¢ JA
n
� In ï¢«ï¥âáï ¯à ¢ë¬ ¨¤¥ «®¬ ¤«ï In

®â­®á¨â¥«ì­® (4.165).

�®ª § â¥«ìáâ¢®. �ãáâì s3 = s1 � s2 , si 2 In , ¨ ¤«ï s1 ¢ë¯®«­ï¥âáï (4.165), â. ¥.

g
n�1
1 (z) �  01(z) = 0. �®ª ¦¥¬, çâ® g

n�1
3 (z) �  3(z) = 0. �§ (4.170) ¨¬¥¥¬

!3(z) = !1(z) � gn+12 (z)
+!2(z) � gn1 (h2(z)) + n �  2(z) � !1(z) � !2(z)+
+gn�11 (h2(z)) � g01 (h2(z)) � gn�12 (z) �  2(z) = 0;
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£¤¥

!1(z) = g
n�1
1 (h2(z)) �  01 (h2(z)) ;

!2(z) = g
n�1
2 (z) �  02(z); !3(z) = g

n�1
3 (z) �  03(z);

¨ ¢ ¯®á«¥¤­¥¬ à ¢¥­áâ¢¥ ¨á¯®«ì§®¢ ­  ®ç¥¢¨¤­ ï ¨¬¯«¨ª æ¨ï g
n(z) = 0 ) g

n�1(z) �
g
0(z) = 0. �®íâ®¬ã JA

n
� In � JAn . �

�âáî¤  á«¥¤ã¥â, çâ® JA
n
� JA

n
� JA

n
, â.¥. ¬­®¦¥áâ¢® JA

n
§ ¬ª­ãâ® ®â­®á¨â¥«ì­®

á¢®©áâ¢  (4.165), ¯®íâ®¬ã ®¡ê¥¤¨­¥­¨¥
S
n

JA
n

= ASCf ¥áâì ¯®¤¯®«ã£àã¯¯  ¢ SSCf ,

ª®â®àãî ¡ã¤¥¬ ­ §ë¢ âì Ann-¯®«ã£àã¯¯®©.

4.6.2. Ann - ¯ ® « ã £ à ã ¯ ¯   . �¢®©áâ¢  ¨¤¥ «®¢ ¢ Ann-¯®«ã£àã¯¯¥ áãé¥áâ¢¥­­®
®â«¨ç îâáï ®â â ª®¢ëå ¢ ®áâ ¢è¥©áï ç áâ¨ áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë, ¯®íâ®¬ã
à áá¬®âà¨¬ ¨å ®â¤¥«ì­®.

�à¥¤«®¦¥­¨¥ 4.64. �á¥ í«¥¬¥­âë ¨§ Ann-¯®«ã£àã¯¯ë ­¥®¡à â¨¬ë, á«¥¤®¢ -
â¥«ì­®, £àã¯¯®¢ ï ç áâì ¢ ASCf ®âáãâáâ¢ã¥â.

�®ª § â¥«ìáâ¢®. �§ (4.165) á«¥¤ã¥â, çâ®

g
n�1(z) �  0(z) = 0; (4.172)

¯®íâ®¬ã ind g(z) <1 (áç¨â ¥¬, çâ®  
0(z) 6= 0). �

�â®¡ë ¨§ãç¨âì á¢®©áâ¢  ­¨«ì¯®â¥­â­®áâ¨ Ann-¯à¥®¡à §®¢ ­¨©, ¢®§¢¥¤¥¬ (4.170)
¢ áâ¥¯¥­ì n ¯à¨ ãç¥â¥ (4.172), â®£¤  ¯®«ãç¨¬ Ann- ­ «®£ á®®â­®è¥­¨ï (4.171)

g
n

3 (z) = g
n

1 (h2(z)) � g2(z): (4.173)

�âáî¤  ¢¨¤­®, çâ® ¬­®¦¥áâ¢  í«¥¬¥­â®¢

An

def

= fs 2 ASCf j gn(z) = 0g (4.174)

ï¢«ïîâáï ¤¢ãåáâ®à®­­¨¬¨ ¨¤¥ « ¬¨ ¢ ASCf ¨, ªà®¬¥ â®£®, ¨¬¥îâ ¬¥áâ® áâà®£¨¥ ¢ª«îç¥-

­¨ï An�1 � An . �«¥¤®¢ â¥«ì­®, ¨¤¥ «ã Ann-¯®«ã£àã¯¯ë IA � ASCf ¬®¦­® ¯®áâ ¢¨âì
¢ á®®â¢¥âáâ¢¨¥ ¡¥áª®­¥ç­ãî ¤¢ãáâ®à®­­¥¨¤¥ «ì­ãî æ¥¯ì

z � A1 � A2 : : : � An � : : : IA� ASCf ; (4.175)

­ ç¨­ îéãîáï á âà¨¢¨ «ì­®£® ¬¨­¨¬ «ì­®£® ¨¤¥ «  { ­ã«ï z Ann-¯®«ã£àã¯¯ë { ¨
§ ª ­ç¨¢ îéãîáï á ¬®© ¯®«ã£àã¯¯®© ASCf . �¤¥ «ì­ë¥ æ¥¯¨ à §«¨ç­ëå ¯®«ã£àã¯¯

à áá¬ âà¨¢ «¨áì ¢ [309{311]. �§ § ª®­  ã¬­®¦¥­¨ï (4.173) á«¥¤ã¥â, çâ® ª ¦¤ë© ¨¤¥ «
An á®¤¥à¦¨â ­¨«ì¨¤¥ « (á¬., ­ ¯à¨¬¥à, [135,312])

Nn

def

= fs 2 An j s�n = zg ; (4.176)

¯à¨ç¥¬ à¥ «¨§ã¥âáï áâà®£®¥ ¢ª«îç¥­¨¥ Nn � An . �®¦­® ¯®ª § âì, çâ® à §­®áâì
An n Nn á®¤¥à¦¨â â®«ìª® ­¨«ìí«¥¬¥­âë ¡®«¥¥ ¢ëá®ª®£® ¯®«ã£àã¯¯®¢®£® ¨­¤¥ªá  ¨,
á«¥¤®¢ â¥«ì­®, ¯à¨­ ¤«¥¦¨â ª á®®â¢¥âáâ¢ãîé¨¬ ­¨«ì¨¤¥ « ¬. �®íâ®¬ã ®¡ê¥¤¨­¥­¨¥
¢á¥å ­¨«ì¨¤¥ «®¢ á®¢¯ ¤ ¥â á Ann-¯®«ã£àã¯¯®©.

� ª¨¬ ®¡à §®¬, Ann-¯®«ã£àã¯¯  ï¢«ï¥âáï ­¨«ì¯®«ã£àã¯¯®© [313{317]. �®áª®«ìªã
An�1 ¥áâì ¨¤¥ « ¢ An , â®, ª ª íâ® á«¥¤ã¥â ¨§ (4.173), ¨¤¥ «ì­ ï æ¥¯ì (4.175) ¯à¥¤áâ -
¢«ï¥â á®¡®© ¨¤¥ «ì­ë© àï¤ Ann-¯®«ã£àã¯¯ë. � ªâ®à ¬¨ íâ®£® àï¤  ï¢«ïîâáï ä ªâ®à-

¯®«ã£àã¯¯ë �¨á  An=An�1 , ¨ ¤«ï ­¨å ª®¨¤¥ « AnnAn�1 á®¢¯ ¤ ¥â á JA
n

(4.169). �à®¬¥

â®£®, An+1=An ï¢«ï¥âáï ¨¤¥ «®¬ ä ªâ®à-¯®«ã£àã¯¯ë IA=An , ¨ ¢ë¯®«­ï¥âáï á«¥¤ã-

îé¥¥ á®®â­®è¥­¨¥: IA=An+1
�= (IA=An)=(An+1=An): �¤­ ª® ¨¤¥ «ì­ë© àï¤ (4.175)

­¥ ï¢«ï¥âáï  ­­ã«ïâ®à­ë¬ ­¨ á¯à ¢ , ­¨ á«¥¢ , ª ª íâ®£® á«¥¤®¢ «® ¡ë ®¦¨¤ âì ¤«ï
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­¨«ì¯®«ã£àã¯¯ë [314,316,318,319]. �®«ì§ãïáì (4.173) ¨ ®ç¥¢¨¤­ë¬¨ á¢®©áâ¢ ¬¨ ­¨«ì-

¯®â¥­â­ëå í«¥¬¥­â®¢, ¤«ï ¬­®¦¥áâ¢ An ¨ JA
n

¨§ Ann-¯®«ã£àã¯¯ë ¯®áâà®¨¬ â ¡«¨æã
ã¬­®¦¥­¨ï

An �Am � Ak; J
A

n
� JA

m
� Ak;

JA
n
�Am � Ak; An � JAm � Ak;

(4.177)

£¤¥ k = min(n;m). �­®¦¥áâ¢® ASCf ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ê¥¤¨­¥­¨¥ ¢§ ¨¬­® ­¥¯¥à¥-

á¥ª îé¨åáï ¬­®¦¥áâ¢: ASCf =
S
n

JA
n

, JA
n
\JA

m
=?, ®¤­ ª® JA

n
­¥ ï¢«ï¥âáï ¯®¤¯®«ã£àã¯-

¯®© ­¨ ¤«ï An , ­¨ ¤«ï ASCf . �® á JA
n

¬®¦­® á¢ï§ âì ¯®«ã£àã¯¯ã UA

n

def

= fAn [ z;~g,
¢ ª®â®à®© ã¬­®¦¥­¨¥ ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

s ~ t
def

=

(
s � t; s � t 2 JA

n
;

z; s � t =2 JA
n
:

(4.178)

�â¬¥â¨¬, çâ® ¯®«ã£àã¯¯  UA

n
¬®¦¥â ¡ëâì ¯®áâà®¥­  â ª¦¥ ¨ á ¯®¬®éìî å à ªâ¥à¨-

áâ¨ç¥áª®© äã­ªæ¨¨

cn(s)
def

=

(
e; s 2 JA

n
;

z; s =2 JA
n
:

(4.179)

�®£¤  ã¬­®¦¥­¨¥ ¢ (4.178) ¬®¦­® ¯à¥¤áâ ¢¨âì á«¥¤ãîé¨¬ ®¡à §®¬:

s ~ t = cn(s � t) � s � t: (4.180)

�à¨ ®¤¨­ ª®¢ëå ¨­¤¥ªá å ¨§ (4.177) ¨¬¥¥¬ An�An� An . �®íâ®¬ã ¯à¥¤áâ ¢«ï¥âáï ¥áâ¥-

áâ¢¥­­ë¬ ¢ë¤¥«¨âì ¢ An ¯®¤¬­®¦¥áâ¢® A(k)
n
� An , ®¡« ¤ îé¥¥ á¢®©áâ¢®¬

A(k)
n
�A(k)

n
� JA

k
; 0 � k � n; (4.181)

çâ® ¬®¦­® âà ªâ®¢ âì ª ª ¨§¢«¥ç¥­¨¥ ª¢ ¤à â­®£® ª®à­ï ¨§ JA
k

. �à¨ k = n ¯®«ãç ¥¬

UA

n
= A(n)

n
[ z. � ¤àã£®¬ ¯à¥¤¥«ì­®¬ á«ãç ¥, ¯à¨ k = 0, ¨¬¥¥¬ A(0)

n
= An \ N2 .

�® ¯®áª®«ìªã ã¬­®¦¥­¨¥ (4.179) á­®¢  ­¥ § ¬ëª ¥âáï, ¯®¤¬­®¦¥áâ¢® A(k)
n

­¥ ï¢«ï¥âáï
¯®«ã£àã¯¯®©. �§ á®®â­®è¥­¨© (4.177) ¯®«ãç ¥¬ ¤«ï £« ¢­ëå ¨¤¥ «®¢ (á¬. ®¯à¥¤¥«¥­¨ï
¢ � §¤¥«¥ 1)

R(s) � An; L(s) � An; J(s) � An; (4.182)

£¤¥ s 2 JA
n

. �®áª®«ìªã ASCf { ­¨«ì¯®«ã£àã¯¯ , ¢á¥ ®â­®è¥­¨ï íª¢¨¢ «¥­â­®áâ¨ �à¨­ 

(á¬. [30,31,307] ¨ � §¤¥« 1) á®¢¯ ¤ îâ ¬¥¦¤ã á®¡®© ¨ á ®â­®è¥­¨¥¬ à ¢¥­áâ¢  �. �®
 ­ «®£¨¨ á [315,320,321] ¤«ï Ann-¯®«ã£àã¯¯ë ¬®¦­® ¤®ª § âì á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  4.65. Ann-¯®«ã£àã¯¯  ï¢«ï¥âáï J -âà¨¢¨ «ì­®©.

�®ª § â¥«ìáâ¢®. �ãáâì s 2 R(s) ^ s 6= z, â®£¤  ­ ©¤¥âáï í«¥¬¥­â t 6= s â ª®©, çâ®

s = s � t,   á«¥¤®¢ â¥«ì­®, ¨ �) s = s � t�k , £¤¥ k ¯à®¨§¢®«ì­®. �® ¯®«ã£àã¯¯  ASCf

á®¤¥à¦¨â ¯® ®¯à¥¤¥«¥­¨î â®«ìª® ­¨«ìí«¥¬¥­âë, ¯®íâ®¬ã 9n, t�n = z. �ë¡¥à¥¬ k = n

¨ ¯®«ãç¨¬
s = s � t�n = s � z = z;

çâ® ¯à®â¨¢®à¥ç¨â ãá«®¢¨î s 6= z. � ®¡®à®â, ¯ãáâì R(s) = R(t), s 6= z, â®£¤  ¨§ ®¯à¥-
¤¥«¥­¨ï £« ¢­ëå ¨¤¥ «®¢ [30] ¯®«ãç ¥¬

s = t � x = s � (y � x) = s � (y � x)�k; x;y 2 ASCf :

�­®¢  ¢ á¨«ã, â®£® çâ® ASCf { ­¨«ì¯®«ã£àã¯¯ , ­ ©¤¥âáï â ª ï áâ¥¯¥­ì n, çâ®

(y � x)�n = z, ¯®íâ®¬ã s = s � z = z | ¯à®â¨¢®à¥ç¨¥. �âáî¤  á«¥¤ã¥â âà¥¡ã¥¬ ï ¨¬-
¯«¨ª æ¨ï R(s) = R(t)) s = t. �­ «®£¨ç­® ¨ ¤«ï ¤àã£¨å ®â­®è¥­¨© �à¨­ . �

�à¨¬¥ç ­¨¥. �¢¥§¤®çª  ¢ áâ¥¯¥­¨ ®§­ ç ¥â ã¬­®¦¥­¨¥ ¢ à áá¬ âà¨¢ ¥¬®© ¯®«ã£àã¯¯¥, â. ¥. t�2 =
t � t .
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�«¥¤áâ¢¨¥ 4.66. L , R , G -ª« ááë Ann-¯®«ã£àã¯¯ë á®¤¥à¦ â à®¢­® ¯® ®¤­®¬ã
í«¥¬¥­âã.

4.6.3. � ¢   § ¨ ¨ ¤ ¥   « ì ­ ë © à ï ¤ . �¥à¥å®¤¨¬ â¥¯¥àì ª  ­ «¨§ã ¨¤¥ «ì­®£®
áâà®¥­¨ï áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë SSCf ¢ ®¡é¥¬ á«ãç ¥. � ®â«¨ç¨¥ ®â (4.165),

¯®« £ ¥¬, çâ® g
n�1(z) =2 Ann 0(z). � ª ï ¯®«ã£àã¯¯  ¬®¦¥â á®¤¥à¦ âì, ªà®¬¥ ­¥®¡à -

â¨¬ëå, â ª¦¥ ¨ ®¡à â¨¬ë¥ í«¥¬¥­âë,   á«¥¤®¢ â¥«ì­®, ¯®¤£àã¯¯ã GSCf � SSCf , ª®-

â®à ï ®¯à¥¤¥«ï¥âáï ¯à¥®¡à §®¢ ­¨ï¬¨ á ­¥­¨«ì¯®â¥­â­ë¬¨ ¨ ®¡à â¨¬ë¬¨ g(z). �á«¨
¯®«®¦¨âì ¤«ï ®¡à â¨¬ëå í«¥¬¥­â®¢ ¨­¤¥ªá ­¨«ì¯®â¥­â­®áâ¨ à ¢­ë¬ ¡¥áª®­¥ç­®áâ¨,
â® ¢ â¥à¬¨­ å ¢¥«¨ç¨­, ¢¢¥¤¥­­ëå ¢ (4.167{(4.169), ¨¬¥¥¬ GSCf = J1 , SSCf = I1 , çâ®
¯®§¢®«ï¥â ¢ ­¥ª®â®àëå á«ãç ïå ä®à¬ «ì­® ¢ª«îç¨âì GSCf ¢ § ª®­ ã¬­®¦¥­¨ï,  ­ -

«®£¨ç­ë© (4.177). �ç¥¢¨¤­®, çâ® ¬­®¦¥áâ¢® GSCf [fzg ï¢«ï¥âáï ä ªâ®à-¯®«ã£àã¯¯®©

�¨á  SSCf=ISCf [30]. �®£¤  áã¯¥àª®­ä®à¬­ãî ¯®«ã£àã¯¯ã SSCf ¬®¦­® âà ªâ®¢ âì ª ª

¨¤¥ «ì­®¥ à áè¨à¥­¨¥ [322{324] áã¯¥àª®­ä®à¬­®© £àã¯¯ë GSCf ¯à¨ ¯®¬®é¨ ¨¤¥ « 
ISCf .

� áá¬®âà¨¬ ¬­®¦¥áâ¢  (4.167{(4.169) ¢ á«ãç ¥ ¯®«­®© áã¯¥àª®­ä®à¬­®© ¯®«ã-
£àã¯¯ë SSCf . �ç¥¢¨¤­®, çâ® áâà®£¨¥ ¢ª«îç¥­¨ï In�1 � In á®åà ­ïîâáï. �®íâ®¬ã ¨¤¥-
 «ã áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë ISCf ¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ æ¥¯ì ¬­®¦¥áâ¢

In ,  ­ «®£¨ç­ãî (4.175), á«¥¤ãîé¨¬ ®¡à §®¬:

z � I1 � I2 � : : : � In � : : : � ISCf : (4.183)

�¤­ ª® ¢ ¤ ­­®¬ á«ãç ¥ ¢¬¥áâ® (4.177) ¨¬¥¥â ¬¥áâ®

�à¥¤«®¦¥­¨¥ 4.67.�­®¦¥áâ¢  In ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

SSCf � In � In; (4.184)

In � SSCf � In+1; (4.185)

SSCf � In � SSCf � In+1: (4.186)

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¢ (4.171) g
n

1 (z) = 0 ¨ g
n

2 (z) 6= 0, â® ­ ©¤¥âáï

â ª®¥ n = ind g1(z), çâ® gn�11 (z) ¬®¦¥â ¡ëâì ®â«¨ç­® ®â ­ã«ï, ¢ â® ¢à¥¬ï ª ª gn+13 (z)= 0
§  áç¥â ®¡à é¥­¨ï ¢ ­ã«ì ã¦¥ ¢â®à®£® á« £ ¥¬®£® ¢ (4.170). �

�«¥¤áâ¢¨¥ 4.68. �­®¦¥áâ¢® In ï¢«ï¥âáï â®«ìª® «¥¢ë¬ ¨¤¥ «®¬ áã¯¥àª®­ä®à¬-
­®© ¯®«ã£àã¯¯ë, ­® ­¥ ¯à ¢ë¬ ¨ ¤¢ãåáâ®à®­­¨¬.

�à¥¤«®¦¥­¨¥ 4.69. In { ª¢ §¨¨¤¥ « [325{327] ¨ ®¤­®¢à¥¬¥­­® ¡¨¨¤¥ « [130, 131,
328,329].

�®ª § â¥«ìáâ¢®. �§ ä®à¬ã« (4.173) ¨ (4.184){(4.186) ­¥¯®áà¥¤áâ¢¥­­® ¯®«ãç ¥¬ á¢®©-
áâ¢  In ª ª ª¢ §¨¨¤¥ «  SSCf � In \ In � SSCf � In ¨ ª ª ¡¨¨¤¥ «  In � SSCf � In � In .
�

� á®®â­®è¥­¨ïå (4.185){(4.186) ¯à®¨áå®¤¨â ¯®¤ê¥¬ «¨èì ¢ á®á¥¤­¥¥ ¬­®¦¥áâ¢®
In+1 (¢ æ¥¯¨ (4.183)), ¯®íâ®¬ã In ¬®¦­® ®¯à¥¤¥«¨âì ª ª ¯à ¢ë© ¨ ¤¢ãåáâ®à®­­¨© ¯®¢ë-
è îé¨© ¨¤¥ «. � ª¨¬ ®¡à §®¬, æ¥¯ì (4.183) ¯à¥¤áâ ¢«ï¥â á®¡®© «¥¢®¨¤¥ «ì­ãî æ¥¯ì
¨«¨ æ¥¯ì ¯à ¢ëå ¨ ¤¢ãåáâ®à®­­¨å ¯®¢ëè îé¨å ¨¤¥ «®¢ In . �®áª®«ìªã ¨§ (4.186) á«¥-
¤ã¥â, çâ® SSCf �In[In �SSCf � In+1 , æ¥¯ì (4.183) ¥áâ¥áâ¢¥­­® ­ §¢ âì  ­â¨ ­­ã«ïâ®à-
­ë¬ ¢®§à áâ îé¨¬ àï¤®¬, ¤«¨­  ª®â®à®£® à ¢­  ¡¥áª®­¥ç­®áâ¨. �®¦­® ¯à¥¤¯®«®-
¦¨âì, çâ® ¬­®£¨¥ á¢®©áâ¢   ­â¨ ­­ã«ïâ®à­®£® àï¤  (4.183) ®¡ãá«®¢«¥­ë ­¨«ì¯®â¥­â­®-
áâìî ­¨«ì¨¤¥ «  ISCf , à áá¬ âà¨¢ ¥¬®£® ª ª á ¬®áâ®ïâ¥«ì­ ï ¯®«ã£àã¯¯  (¤«ï  ­­ã-

«ïâ®à­ëå àï¤®¢ ¯®¤®¡­ë¥ á¢ï§¨ ãáâ ­®¢«¥­ë ¢ [330{332]). �¥¯®áà¥¤áâ¢¥­­® ¨§ (4.171)
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á«¥¤ã¥â â ¡«¨æ  ã¬­®¦¥­¨ï ¬­®¦¥áâ¢ In ¨ Jn ¢ ®¡é¥¬ á«ãç ¥:

In � In+k � In+1;

In+k�1 � In � In;

Jn � Jn+k � In+1;

Jn+k�1 � Jn � In;

In � Jn+k � In+1;

In+k�1 � Jn � In;

Jn � In+k � In+1;

Jn+k�1 � In � In;

In �GSCf � In+1;

GSCf � In � In;

Jn �GSCf � In+1;

GSCf � Jn � Jn; (4.187)

£¤¥ k > 0. �âáî¤  ¢¨¤­®, çâ® In ï¢«ï¥âáï ¯®¤¯®«ã£àã¯¯®©, â ª ª ª In � In � In ,  
¬­®¦¥áâ¢® Jn ­¥ ï¢«ï¥âáï â ª®¢®©, ª ª ¨ ¢ á«ãç ¥ Ann-¯®«ã£àã¯¯ë, çâ® ¥áâì á«¥¤áâ¢¨¥
­ «¨ç¨ï ¤¥«¨â¥«¥© ­ã«ï [124,333,334] ¨ ­¨«ì¯®â¥­â®¢ [335{340] ¢ áã¯¥àª®­ä®à¬­®© ¯®-
«ã£àã¯¯¥. �â¬¥â¨¬, çâ® ¨§ ¯à¥¤¯®á«¥¤­¥£® ¢ª«îç¥­¨ï ¢ (4.187) á«¥¤ã¥â, çâ® á ¯®¬®éìî
¤¥©áâ¢¨ï ¯®¤£àã¯¯ë GSCf á¯à ¢  ¬®¦­® ¯®¯ áâì ¢ «î¡®¥ ¬­®¦¥áâ¢® In á ¡�®«ìè¨¬ ¨­-

¤¥ªá®¬, ­ ç¨­ ï á «î¡®£® ­¥­ã«¥¢®£® ç«¥­  «¥¢®¨¤¥ «ì­®£® àï¤  (4.183). �§ ¯®á«¥¤­¨å
¤¢ãå á®®â­®è¥­¨© (4.187) ¨¬¥¥¬

GSCf � Jn �GSCf � In+1; (4.188)

â. ¥. ­¥ª®â®àë¥ ¨§ í«¥¬¥­â®¢ ¬­®¦¥áâ¢  Jn+1 ®ª §ë¢ îâáï á®¯àï¦¥­­ë¬¨ ¯® ¯®¤-
£àã¯¯¥ GSCf á í«¥¬¥­â ¬¨ ¯à¥¤ë¤ãé¥£® ¬­®¦¥áâ¢ . �®  ­ «®£¨¨ á [341{344] ­ §®¢¥¬
¤¢  ¯®¤¬­®¦¥áâ¢  áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë A � SSCf ¨ B � SSCf ¢§ ¨¬­®-G-
­®à¬ «ì­ë¬¨, ¥á«¨

g�1 �A � g � B; g 2 GSCf :

�®£¤  ¨§ (4.188) á«¥¤ã¥â, çâ® «î¡ë¥ ¤¢  á®á¥¤­¨¥ ¬­®¦¥áâ¢  Jn ¨§ (4.187) á®¤¥à¦ â
¢§ ¨¬­®-G-­®à¬ «ì­ë¥ í«¥¬¥­âë. �¡é¨¥ á¢®©áâ¢  ª« áá®¢ á®¯àï¦¥­­ëå í«¥¬¥­â®¢ ¢
 ¡áâà ªâ­ëå ¯®«ã£àã¯¯ å ¨áá«¥¤®¢ «¨áì ¢ [345],   ¢ ¯®«ã£àã¯¯ å ¯à¥®¡à §®¢ ­¨© | ¢
à ¡®â å [346{349].

4.6.4. � ¡ ® ¡ é ¥ ­ ­ ë ¥ ® â ­ ® è ¥ ­ ¨ ï � à ¨ ­   . � á«ãç ¥ áã¯¥àª®­ä®à¬-
­®© ¯®«ã£àã¯¯ë áâ ­¤ àâ­ëå ®â­®è¥­¨© �à¨­  [31, 135] ­¥¤®áâ â®ç­® ¤«ï ®¯¨á ­¨ï
¢á¥å ª« áá®¢ í«¥¬¥­â®¢, çâ® á¢ï§ ­® á (4.187). �â®¡ë ®¡®©â¨ âàã¤­®áâì, á¢ï§ ­­ãî á
¯®ï¢«¥­¨¥¬ In+1 ¢ ¯à ¢®© ç áâ¨ á®®â­®è¥­¨ï (4.187), ¯®áâà®¨¬ ¯à¨ ä¨ªá¨à®¢ ­­®¬ n

à §¡¨¥­¨¥ áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë ­  ­¥¯¥à¥á¥ª îé¨¥áï ç áâ¨

SSCf = V
(n)
1 [V(n)

2 [V(n)
3 [V4; (4.189)

V
(n)
i \V(n)

j = ?; i 6= j; V
(n)
i \V4 = ?;

V
(n)
1 = In�1; V

(n)
2 = Jn; V

(n)
3 = ISCf n In;

¯à¨ç¥¬ V
(n)
1 [ V(n)

2 = V
(n+1)
1 = In . �®£¤  ¤«ï ­¥ª®â®àëå ¨§ ¢¢¥¤¥­­ëå ¬­®¦¥áâ¢

¡ã¤ãâ á¯à ¢¥¤«¨¢ë áâ ­¤ àâ­ë¥ á®®â­®è¥­¨ï [30],   ¤«ï ®áâ «ì­ëå ¯®ï¢ïâáï ­®¢ë¥.

�¢¥¤¥¬ ¨­¤¥ªá � = 1 � 4, â®£¤  à §¡¨¥­¨¥ (4.189) § ¯¨è¥âáï ¢ ¢¨¤¥ SSCf =[
�
V(n)
�

.

�á¯®«ì§ãï (4.187), ¬®¦­® ¯®áâà®¨âì â ¡«¨æã ã¬­®¦¥­¨ï ª®¬¯®­¥­â \¢¥ªâ®à®¢" V(n)
�

¢
¢¨¤¥

V(n)
�
�V(n)

1 � V
(n)
1 ; V(n)

�
�V(n)

2 � V(n+1)
1 ;
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V
(n)
1 �V(n)

3 � V
(n+1)
1 ; V

(n)
2 �V(n)

3 � V(n+2)
1 ;

V
(n)
1 �V4 � V

(n+1)
1 ; V

(n)
3 �V(n)

3 � ISCf ;
V4 �V(n)

3 � ISCf ; V
(n)
3 �V4 � ISCf ;

V
(n)
2 �V4 � V

(n+2)
1 ; V4 �V4 � V4: (4.190)

�âáî¤  á«¥¤ã¥â, çâ® â®«ìª® ¤¢  ¬­®¦¥áâ¢  V
(n)
1 ¨ V4 ï¢«ïîâáï ¯®¤¯®«ã£àã¯¯ ¬¨ (¯®-

á«¥¤­¥¥ | ¯®¤£àã¯¯ ) ¯®«ã£àã¯¯ë SSCf ,   ¤«ï ®áâ «ì­ëå ¬­®¦¥áâ¢ ã¬­®¦¥­¨¥ ­¥§ -
¬ª­ãâ®. �¥¬ ­¥ ¬¥­¥¥ ¨§ãç¥­¨¥ á¢®©áâ¢ ¯®¤®¡­ëå à §¡¨¥­¨© ¯à¥¤áâ ¢«ï¥â §­ ç¨â¥«ì­ë©
¨­â¥à¥á á  ¡áâà ªâ­®- «£¥¡à ¨ç¥áª®© â®çª¨ §à¥­¨ï.

�¯à¥¤¥«¥­¨¥ 4.70. �« ¢­ë¥ �������������¢¥ªâ®à­ë¥ «¥¢ë©, ¯à ¢ë© ���������¨¤¥ «ë ¨ ¤¢ãáâ®à®­­¨©

��������������â¥­§®à­ë©��������¨¤¥ « ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

L(n)
�

(s)
def

= s �V(n)
�
;

R(n)
�

(s)
def

= V(n)
�
� s;

J(n)
��

(s)
def

= V(n)
�
� s �V(n)

�
; (4.191)

£¤¥ s 2 Jn .
�§ (4.187) ¨ (4.190) á«¥¤ãîâ ¢ª«îç¥­¨ï

L(n)
�

(s) � V
(n+1)
1 ; R

(n)
2 (s) � V(n+1)

1 ; R
(n)
1 (s) � V(n)

1 ;

R
(n)
3 (s) � V

(n+2)
1 ; J

(n)
�1 (s) � V(n)

1 ; J
(n)
13 (s) � V(n+1)

1 ;

J
(n)
�3 (s) � V

(n+2)
1 ; � > 1; J

(n)
�4 (s) � V(n+2)

1 ; � > 1;

R
(n)
4 (s) � V

(n+2)
1 ; J

(n)
�2 (s) � V(n+1)

1 ; J
(n)
14 (s) � V(n+1)

1 : (4.192)

�ëïá­¨¬ á¢®©áâ¢  ¢¥ªâ®à­ëå (4.191) ¨ â¥­§®à­ëå (4.191) ¨¤¥ «®¢ ¯® ®â­®è¥­¨î

ª L(n)
�

(s). � ª, «¥¢ë© ¢¥ªâ®à­ë© ¨¤¥ « ï¢«ï¥âáï ®¡ëç­ë¬ «¥¢ë¬ ¨¤¥ «®¬ ¬­®¦¥áâ¢ 

L(n)
�

(s), ¯®áª®«ìªã

V(n)
�
� L(n)

�
(s) � L(n)

�
(s): (4.193)

�¤­ ª® ¤«ï ¯à ¢®£® ¢¥ªâ®à­®£® ¨¤¥ «  ¯®¤®¡­®¥ ¢ª«îç¥­¨¥ à¥ «¨§ã¥âáï â®«ìª® ¯à¨
á«¥¤ãîé¨å ª®¬¡¨­ æ¨ïå ¨­¤¥ªá®¢:

R(n)
�

(s) �V(n)
1 � R(n)

�
(s);

R(n)
�

(s) �V(n)
2 � R(n)

�
(s); � 6= 1;

R
(n)
3 (s) �V(n)

3 � R(n)
3 (s);

(4.194)

¯à¨ç¥¬ ¯®á«¥¤­¥¥ á¯à ¢¥¤«¨¢®, ¥á«¨ V
(n)
3 \V(n+2)

1 6= ;. �ª ¦¥¬ â ª¦¥ ­  á®®â­®è¥­¨ï,

¢ ª®â®àëå R(n)
�

(s) ¢¥¤¥â á¥¡ï ª ª �-¯®¢ëè îé¨© ¨¤¥ «:

R
(n)
1 (s) �V(n)

�
� R(n)

2 (s); R
(n)
2 (s) �V(n)

�
� R(n)

3 (s): (4.195)

�¯à¥¤¥«¥­¨¥ 4.71. ����������������¡®¡é¥­­ë¥����������������®â­®è¥­¨ï���������à¨­  ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨

sL (nm)
��

t , L(n)
�

(s) = L(m)
�

(t);

sR(nm)
��

t , R(n)
�

(s) = R(m)
�

(t);

sG (nm)
����

t , J(n)
��

(s) = J(m)
��

(t); (4.196)

£¤¥ s 2 Jn , t 2 Jm .
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�« ááë íª¢¨¢ «¥­â­®áâ¨ ¯® ¢¥ªâ®à­ë¬ ¨ â¥­§®à­ë¬ ®â­®è¥­¨ï¬ �à¨­  ¨¬¥îâ
¢¨¤

L(nm)s;��

def

=
n
t 2 Jm j L(n)�

(s) = L(m)
�

(t)
o
;

R(nm)s;��

def

=
n
t 2 Jm j R(n)

�
(s) = R(m)

�
(t)
o
;

J(nm)s;����

def

=
n
t 2 Jm j J(n)��

(s) = J(m)
��

(t)
o
: (4.197)

� ¤ ­¨¥ ç áâ¨ç­®£® ¯®àï¤ª  ­  ¬­®¦¥áâ¢ å ª« áá®¢ (4.197) ¯à¥¢à é ¥â ä ªâ®à-
¬­®¦¥áâ¢  SSCf=L , SSCf=R , SSCf=G ¢ ç áâ¨ç­® ã¯®àï¤®ç¥­­ë¥ ¬­®¦¥áâ¢ : ¯à ¢ë©,

«¥¢ë© ¨ (¯à®áâ®) ®áâ®¢ [350{352] áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë, ¯à¨ç¥¬ ¬®é­®áâì
ª ¦¤®£® ®áâ®¢  à ¢­  ¡¥áª®­¥ç­®áâ¨ [14].

�à¥¤«®¦¥­¨¥ 4.72. �ã¯¥àª®­ä®à¬­ ï ¯®«ã£àã¯¯  SSCf ­¥ ï¢«ï¥âáï ãáâ®©ç¨-

¢®© [353] ­¨ á¯à ¢ , ­¨ á«¥¢ .

�®ª § â¥«ìáâ¢®. �§ (4.163) ¨ ®¯à¥¤¥«¥­¨© (4.165){(4.169) á«¥¤ã¥â

8s; t 2 SSCf ; s 2 SSCf � s � t 6) L(n)
�

(s) = L(m)
�

(s � t);
s 2 t � s � SSCf 6) R(n)

�
(s) = R(m)

�
(t � s):

�

4.6.5. � ¢   § ¨ å   à   ª â ¥ à ë . � áá¬®âà¨¬ ¯®¤à®¡­¥¥ á¢®©áâ¢  ­¨«ì¯®â¥­â-
­®áâ¨ í«¥¬¥­â®¢ ¯®«ã£àã¯¯ë SSCf .

�¯à¥¤¥«¥­¨¥ 4.73. ���������������¤¥ «ì­ë©���������¨­¤¥ªá í«¥¬¥­â  s áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë

®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

ind ideal s
def

= ind g(z); (4.198)

¯à¨ç¥¬ ind ideal g =1.

�â¬¥â¨¬, çâ® ¢á¥ í«¥¬¥­âë, ®¡« ¤ îé¨¥ ª®­¥ç­ë¬ ¨¤¥ «ì­ë¬ ¨­¤¥ªá®¬ (4.198),
­¨«ì¯®â¥­â­ë ¢ á¬ëá«¥ ¯®«ã£àã¯¯®¢®£® ã¬­®¦¥­¨ï, â. ¥. 8s 2 SSCf 9n 2 N â ª®¥, çâ®

s�n = z. �«ï ¯à®¨§¢¥¤¥­¨ï í«¥¬¥­â®¢ áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë ¨§ ä®à¬ã« (4.198)
¨¬¥¥¬

max ind ideal (s � t) = ind ideal t; ind ideal s � ind ideal t; (4.199)

ind ideal s+ 1; ind ideal s < ind ideal t: (4.200)

� ç áâ­®áâ¨,

ind ideal (g � s) � ind ideal s; (4.201)

ind ideal (s � g) � ind ideal s+ 1: (4.202)

�­ «®£¨ç­® ®¯à¥¤¥«ïîâáï ¨­¤¥ªáë á®®â¢¥âáâ¢ãîé¨å ¬­®¦¥áâ¢ í«¥¬¥­â®¢ (4.189). �«ï
­¨å ¯®«ãç ¥¬

max ind idealV
(n)
1 = n � 1; ind idealV

(n)
2 = n; min ind idealV

(n)
3 = n+ 1: (4.203)

�§ á®®â­®è¥­¨© (4.199){(4.200) ¨ (4.201){(4.202) á«¥¤ã¥â, çâ® ¢¥«¨ç¨­ 

jind ideal (s � t)� ind ideal s� ind ideal tj (4.204)

®£à ­¨ç¥­ , ¯®íâ®¬ã ®â«¨ç¨¥ ®â®¡à ¦¥­¨ï s! ind ideal s ®â £®¬®¬®àä¨§¬  ª®­¥ç­®, çâ®

¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ª¢ §¨å à ªâ¥à [354{358] ¯® ä®à¬ã«¥ �(s)
def

= ind ideal s, ª®â®àë©
¬ë ­ §®¢¥¬ ¨¤¥ «ì­ë¬ ª¢ §¨å à ªâ¥à®¬. �â¬¥â¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  ¨¤¥ «ì­®£®
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ª¢ §¨å à ªâ¥à : �(s�2) � �(s), �(g) = 1. �§ â®£® ä ªâ , çâ® ¬­®¦¥áâ¢  Jn , ­ 
ª®â®àëå ®¯à¥¤¥«¥­ ¨¤¥ «ì­ë© ª¢ §¨å à ªâ¥à, ­¥ ¯¥à¥á¥ª îâáï: Jn \ Jk = ?, n 6= k ,
á«¥¤ã¥â ¢ë¢®¤ ® â®¬, çâ® �(s) ¤¥©áâ¢¨â¥«ì­® à §¤¥«ï¥â í«¥¬¥­âë ¯®«ã£àã¯¯ë [359{362],

  ®â­®è¥­¨¥ �� , § ¤ ­­®¥ ä®à¬ã«®© s
��� t , �(s) = �(t), ï¢«ï¥âáï ®â­®è¥­¨¥¬

íª¢¨¢ «¥­â­®áâ¨ ¢ áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯¥ SSCf .

4.7. �¯«¥â îé¨¥ ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ï
� áá¬®âà¨¬ ¡®«¥¥ ¯®¤à®¡­® á¯«¥â îé¨¥ ç¥â­®áâì N = 1 ¯à¥®¡à §®¢ ­¨ï, § ¤ -

¢ ¥¬ë¥ ãà ¢­¥­¨¥¬ Q (z; �) = 0 (4.38). �à¥¦¤¥ ¢á¥£® ®¡à â¨¬ ¢­¨¬ ­¨¥ ­  ¤ã «ì­ãî
à®«ì â ª¨å ¯à¥®¡à §®¢ ­¨© á áã¯¥àª®­ä®à¬­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ ¯à¨ ®¯à¥¤¥«¥­¨¨
¯®àï¤ª  sordD ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à  D (á¬., ­ ¯à¨¬¥à, [363] ¨ ¯à¨¬¥­¥­¨ï
¢ [299,364{366]).

�à¥¤«®¦¥­¨¥ 4.74. �à¨ Q (z; �) = 0 (ª ª ¨ ¯à¨ � (z; �) = 0 ¢ [363]) ¤«ï ­¥ª®â®à®£®
æ¥«®£® k � 0 ¨¬¥¥¬

sord
�

~D2k+1
�

= sord
�
D
2k+1

�
=

2k + 1

2
: (4.205)

�®ª § â¥«ìáâ¢®. �ç¨âë¢ ï á®®â­®è¥­¨¥ áã¯¥àá¨¬¬¥âà¨¨ D
2 = @ , ­¥¯®áà¥¤áâ¢¥­­®

¨§ (4.24) ¨¬¥¥¬

D = D~� � ~D + � (z; �) � ~D2 (4.206)

¨
D
2 = D

2~� � ~D +Q (z; �) � ~D2
: (4.207)

�®á«¥ ¢®§¢¥¤¥­¨ï ®¯¥à â®à  D ¢ áâ¥¯¥­ì (2k + 1) ¯®«ãç ¥¬

D
2k+1 =

�
D
2
�k
D =�

D
2~� � ~D +Q (z; �) � ~D2

�
k �
�
D~� � ~D + � (z; �) � ~D2

�
:

�¨¤­®, çâ® ­ ¨¡®«ìè ï áâ¥¯¥­ì D ¥áâì (2k + 2), ¨ ­¥ç¥â­ë© ª®íää¨æ¨¥­â ¯à¨ ­¥©
à ¢¥­

� (z; �) = Q
k (z; �) �� (z; �) : (4.208)

�âáî¤  á«¥¤ã¥â, çâ® � (z; �) = 0 ¢ á«ãç ïå

1. � (z; �) = 0 | SCf (áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï, ª ª ¢ [363]);

2. Q (z; �) = 0 | TPt (á¯«¥â îé¨¥ ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ï).

3. Qk (z; �) = 0; Q (z; �) 6= 0 | ­¥à¥¤ãæ¨à®¢ ­­ë¥ ¯à¥®¡à §®¢ ­¨ï á ­¨«ì¯®â¥­â­ë¬
Q (z; �) (ª®â®àë¥ ¬ë §¤¥áì ­¥ à áá¬ âà¨¢ ¥¬).

�

�â¬¥â¨¬, çâ® ä®à¬ã«  (4.205) ¨ á®®â­®è¥­¨¥ � (z; �) = 0 ¨£à îâ ª«îç¥¢ãî à®«ì
¯à¨ ¯®áâà®¥­¨¨ ¨­â¥£à¨àã¥¬ëå ¨¥à àå¨© ¢ (1j1)-¬¥à­®¬ áã¯¥à¯à®áâà ­áâ¢¥ [364{367].
�âáî¤  § ª«îç ¥¬, çâ® á¯«¥â îé¨¥ ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ï ¬®£ãâ ¤ âì ­¥ç¥â­ë©
¢ à¨ ­â ¨¥à àå¨© ¨ á®®â¢¥âáâ¢ãîé¨å ­¥«¨­¥©­ëå ãà ¢­¥­¨©.

4.7.1. �   á   â ¥ « ì ­ ® ¥ á ã ¯ ¥ à ¯ à ® á â à   ­ á â ¢ ® ¨ ª à ã ç ¥ ­ ¨ ¥ ç ¥ â -
­ ® á â ¨ . �¥©áâ¢¨¥ á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© ¢ ª á â¥«ì­®¬ ¨ ª®ª á -
â¥«ì­®¬ (1j1)-¯à®áâà ­áâ¢ å ®¯à¥¤¥«ï¥âáï áã¯¥à¬ âà¨æ¥© PTPt (4.54). �§ (4.22), (4.23)

84



� §¤¥« 4. 4.7

¨ (4.40) ¯®«ãç ¥¬ ¤«ï áã¯¥à¯à®¨§¢®¤­ëå

@ = @~� � ~D; (4.209)

D = �TPt (z; �) � ~@ +D~� � ~D (4.210)

¨ ¤¨ää¥à¥æ¨ «®¢

d ~Z = d� ��TPt (z; �) ; (4.211)

d~� = dZ � @~�+ d� �D~�; (4.212)

£¤¥ �TPt (z; �) ®¯à¥¤¥«¥­  ¢ (4.50). �®®â­®è¥­¨ï (4.209) ¨ (4.211) á¢¨¤¥â¥«ìáâ¢ãîâ
® â®¬, çâ® ¯à¥®¡à §®¢ ­¨ï, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î Q (z; �) = 0, ¨§¬¥­ïîâ ç¥â-

­®áâì ª á â¥«ì­®£® ¨ ª®ª á â¥«ì­®£® áã¯¥à¯à®áâà ­áâ¢, ¤¥©áâ¢ãï, ª ª T C1j0 ! T C0j1 ¨

T
�C 0j1 ! T

�C 1j0 . �®íâ®¬ã ¬®¦­® ¯¥à¥ä®à¬ã«¨à®¢ âì �¯à¥¤¥«¥­¨¥ 4.24 ¢ ¢¨¤¥

�¯à¥¤¥«¥­¨¥ 4.75. � §®¢¥¬ ������������������á¯«¥â îé¨¬ �̈�������������ç¥â­®áâì (ª á â¥«ì­®£® ¯à®áâà ­-

áâ¢ ) ¯à¥®¡à §®¢ ­¨ï¬¨ (TPt { twisting parity of tangent space transformations) â -

ª¨¥ ¯à¥®¡à §®¢ ­¨ï, ¤¥©áâ¢ãîé¨¥ ¢ ª á â¥«ì­®¬ ¯à®áâà ­áâ¢¥ ª ª T C1j0 ! T C 0j1

¨ T
�C 0j1 ! T

�C 1j0 (á ªàãç¥­¨¥¬ ç¥â­®áâ¨), ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î
Q (z; �) = 0 (4.38).

�¥¬ ­¥ ¬¥­¥¥, ­¥®¡à â¨¬ë©  ­ «®£ ¨­¢ à¨ ­â­®áâ¨ (4.25) ¨¬¥¥â ¬¥áâ® ¨ ¤«ï á¯«¥-
â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨©. �â¬¥â¨¬ ­¥ª®â®àë¥ áí­¤¢¨ç-á®®â­®è¥­¨ï, á«¥¤ãî-

é¨¥ ¨§ ­¨«ì¯®â¥­â­®áâ¨ �TPt (z; �) ¨ @~�. �®áª®«ìªã ¡¥à¥§¨­¨ ­ á¯«¥â îé¨å ç¥â­®áâì

¯à¥®¡à §®¢ ­¨© (4.55) ¯à®¯®àæ¨®­ «¥­ @~�, â® ¨§ (4.212) á«¥¤ã¥â

d~� � Ber TPt
�

~Z=Z
�
� ~D = d� � Ber TPt

�
~Z=Z

�
�D; (4.213)

çâ® ¬®¦­® âà ªâ®¢ âì ª ª ®àâ®£®­ «ì­®áâì ¡¥à¥§¨­¨ ­  ¨§¬¥­¥­¨î ®¯¥à â®à  d�D

¯®¤ ¤¥©áâ¢¨¥¬ á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨©. �­â¥à¥á­® ®â¬¥â¨âì ¨ ¤àã£ãî
®àâ®£®­ «ì­®áâì, á«¥¤ãîéãî ¨§ (4.211)

Ber TPt
�

~Z=Z
�
� d ~Z = 0: (4.214)

�à®¬¥ â®£®, ã¬­®¦ ï ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (4.210) ­  �TPt (z; �) ¨ ¯®«ì§ãïáì ¥¥
­¨«ì¯®â¥­â­®áâìî, ¯®«ãç ¥¬

�TPt (z; �) �D = �TPt (z; �) �D~� � ~D; (4.215)

çâ® ¨­â¥à¥á­® áà ¢­¨âì á áã¯¥àª®­ä®à¬­ë¬ ãá«®¢¨¥¬ (4.43). �®¤®¡­®¥ á®®â­®è¥­¨¥
¨¬¥¥â ¬¥áâ®, ¥á«¨ ã¬­®¦¨âì ®¡¥ ç áâ¨ ãà ¢­¥­¨ï (4.212) ­  �0

TPt
(z; �) ¨ ¢®á¯®«ì§®-

¢ âìáï á®®â­®è¥­¨¥¬ (4.56)

d~� ��0
TPt

(z; �) = d� �D~� ��0
TPt

(z; �) : (4.216)

� «¥¥, ¨§ ãà ¢­¥­¨© (4.209) ¨ (4.211) ¯®«ãç ¥¬

d ~Z ~D = d��TPt (z; �) � @~�D =
�
D~�

�2
Ber TPt

�
~Z=Z

�
� d�@: (4.217)

�â¢¥à¦¤¥­¨¥ 4.76. �à¨
�
D~�
�2

= 1 à ¢¥­áâ¢® (4.217) ®¯à¥¤¥«ï¥â ª®¢ à¨ ­â­ë©

®¡ê¥ªâ, ¯à¥®¡à §ãîé¨©áï á ¯®¬®éìî ¡¥à¥§¨­¨ ­  ª ª ¬­®¦¨â¥«ï.

4.7.2. � ¡ ® ¡ é ¥ ­ ­ ® ¥ à ¥ ¤ ã æ ¨ à ® ¢   ­ ­ ® ¥ à   á á « ® ¥ ­ ¨ ¥ á ª à ã ç ¥ -
­ ¨ ¥ ¬ ç ¥ â ­ ® á â ¨ . �«ï ¯®áâà®¥­¨ï TPt  ­ «®£  «¨­¥©­®£® à áá«®¥­¨ï ­  áã¯¥à-
à¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ [229,281,368,369] ­¥®¡å®¤¨¬® ¯®áâà®¨âì ¨­¢ à¨ ­â­ë© ®¡ê¥ªâ,
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4.7 � §¤¥« 4.

­® ­¥ á ¯®¬®éìî áã¯¥àª®­ä®à¬­®£® ¤¨ää¥à¥­æ¨ «  d�SCf ,   á ¯®¬®éìî ¥£®  ­ «®£ 

¤«ï TPt ¯à¥®¡à §®¢ ­¨©. � ®â«¨ç¨¥ ®â á«ãç ï áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© (á¬.
�®¤à §¤¥« 4.1) ®¡ê¥ªâ d�SCf = dZD + d� (¢¢¥¤¥­­ë© ¢ [368] ¢ ª ç¥áâ¢¥ SCf áã¯¥à-

¤¨ää¥à¥­æ¨ « ) ¯à¨ á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ïå (á ãá«®¢¨¥¬ �

�
D~�

�
6= 0)

­¥ ¯à¥®¡à §ã¥âáï ª®¢ à¨ ­â­®. �¥©áâ¢¨â¥«ì­®,

d~�SCf = d ~Z ~D + d~� = dZ � @~� + d� �
�
D~� + �TPt (z; �) � ~D

�
:

�®«ì§ãïáì (4.215) ¨ (4.56), ¯à¥®¡à §ã¥¬ íâ® ¢ëà ¦¥­¨¥ ¢

d~�SCf = � 1

2D~�
[dZ�0

TPt
(z; �) + 2d�D�TPt (z; �)] ; (4.218)

çâ® ­¥¢®§¬®¦­® ¢ëà §¨âì ç¥à¥§ d�SCf . �®íâ®¬ã ­¥®¡å®¤¨¬® ¢¢¥áâ¨ TPt  ­ «®£ áã¯¥à-
ª®­ä®à¬­®£® ¤¨ää¥à¥­æ¨ « .

�¯à¥¤¥«¥­¨¥ 4.77. ����������������������¨ää¥à¥æ¨ «®¬��á���������������ªàãç¥­¨¥¬��������������ç¥â­®áâ¨ ­ §®¢¥¬ â ª®© ®¡ê-

¥ªâ d�TPt , ª®â®àë© ¯à¥®¡à §ã¥âáï ¯à¨ á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ïå ¯®
§ ª®­ã

d~� even
TPt

= d�
odd

TPt
� @~�: (4.219)

� ¬¥ç ­¨¥ 4.78. �¥â­®áâ¨ d~� even
TPt

¨ d�
odd

TPt
¯à®â¨¢®¯®«®¦­ë �).

�®£¤  ¬®¦­® ¯®áâà®¨âì TPt  ­ «®£ «¨­¥©­®£® à áá«®¥­¨ï, ¥á«¨ ¢¢¥áâ¨ TPt  ­ -
«®£ �TPt áã¯¥àª®­ä®à¬­®£® ¤¨ää¥à¥­æ¨ «  ¯® ä®à¬ã« ¬

�TPt = d�
odd

TPt
@; (4.220)

~�TPt = d~� even
TPt

~D: (4.221)

� ¬¥ç ­¨¥ 4.79. �¥â­®áâì TPt ¤¨ää¥à¥­æ¨ «  �TPt ä¨ªá¨à®¢ ­ , ®­ | ­¥ç¥â­ë©
¯à¨ «î¡ëå á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ïå.

�à¥¤«®¦¥­¨¥ 4.80. �¨ää¥à¥­æ¨ « �TPt ¨­¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® á¯«¥â î-
é¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨©.

�®ª § â¥«ìáâ¢®. �®«ì§ãïáì ä®à¬ã« ¬¨ (4.209) ¨ (4.219), ¯®«ãç ¥¬

�TPt = d�
odd

TPt
@ = d�

odd

TPt
@~� ~D = d~� even

TPt
~D = ~�TPt:

�

� ª¨¬ ®¡à §®¬, ¢¥«¨ç¨­ë @~� ¨ d�TPt ¨£à îâ â ªãî ¦¥ äã­¤ ¬¥­â «ì­ãî à®«ì

¤«ï á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© [10,14], ª ª ¨ D~� ¨ d�SCf | ¤«ï áã¯¥àª®­-

ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© [205,302,371].

� ¬¥ç ­¨¥ 4.81. � áá¬ âà¨¢ ¥¬®¥ §¤¥áì á¯«¥â¥­¨¥ ç¥â­®áâ¨ (4.209) ¨ (4.211) áãé¥-
áâ¢¥­­® ®â«¨ç ¥âáï ®â ¤àã£®£® ¯®¤®¡­®£® ®¡ê¥ªâ , áãé¥áâ¢ãîé¥£® ¢ «¨â¥à âãà¥ | Q-
¬­®£®®¡à §¨ï [372{376], £¤¥ ¨§¬¥­¥­¨¥ ç¥â­®áâ¨ ª á â¥«ì­®£® ¯à®áâà ­áâ¢  ¤¥« ¥âáï
¨áªãáâ¢¥­­® ¨§ ­ ç «ì­ëå ®¯à¥¤¥«¥­¨©.

� ¬¥ç ­¨¥ 4.82. �«¥¤ã¥â â ª¦¥ ®â«¨ç âì \á¯«¥â¥­¨¥ ç¥â­®áâ¨" ®â áªàãç¥­­ëå ª®-
ª á â¥«ì­ëå à áá«®¥­¨© ¨ ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ ­  ¬­®£®®¡à §¨ïå, à áá¬®-
âà¥­­ëå ¢ [377, 378], áªàãç¥­­ëå ¯à¥¤áâ ¢«¥­¨© [379{381], áªàãç¥­­ëå ª®ª á â¥«ì­ëå

�à¨¬¥ç ­¨¥. �¤¥áì ¬®¦­® ¯à®á«¥¤¨âì ­¥ª®â®àãî  ­ «®£¨î á ªàãç¥­¨¥¬ ª¢ ­â®¢ëå ¤¨ää¥à¥­æ¨-
 «®¢ [370].
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� §¤¥« 4. 4.7

à áá«®¥­¨© ¢ ¬¥å ­¨ç¥áª¨å á¨áâ¥¬ å á â®ç­®© ¯ã áá®­®¢áª®© á¨¬¬¥âà¨¥© [382, 383],  
â ª¦¥ ®â áªàãç¥­­ëå ª®¬¯«¥ªá®¢ ¤¥ � ¬  [384{388].

� ¯®¬®éìî TPt áã¯¥à¤¨ää¥à¥­æ¨ «®¢ d�TPt ¬®¦­® ®¯à¥¤¥«¨âì TPt  ­ «®£¨ á
ªàãç¥­¨¥¬ ç¥â­®áâ¨ ¤«ï «¨­¥©­ëå [281,369] ¨ ¢¥ªâ®à­ëå [389] à áá«®¥­¨© , «¨­¥©­ëå
¨­â¥£à «®¢ [368] ¨ á®®â¢¥âáâ¢ãîé¨å á¯¥ªâà «ì­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© [196,390,391].

4.7.3. � ® ¬ ¯ ® ­ ¥ ­ â ­ ë ©   ­   « ¨ § . �á«®¢¨¥ á¯«¥â îé¨å ç¥â­®áâì ¯à¥-
®¡à §®¢ ­¨© Q (z; �) = 0 ¨¬¥¥â ¢ ª®¬¯®­¥­â å á«¥¤ãîé¨© ¢¨¤�

f
0 (z) =  

0 (z) �  (z) ;
�
0 (z) = g

0 (z) �  (z)� g (z) �  0 (z) ; (4.222)

ª®â®àë© ¯®«ãç ¥âáï ¨§ (4.81) ¯à®¥ªæ¨¥© á¯¨­  à¥¤ãªæ¨¨ m = �1.
�¥è¥­¨¥ ¯¥à¢®£® ãà ¢­¥­¨ï ¢ (4.222) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ ¡¥áª®­¥ç­®£®

àï¤  (4.72). �§ ¢â®à®£® ãà ¢­¥­¨ï ¬®¦­® ¯®«ãç¨âì

�
0 (z) = �g2 (z)

 
 (z)

g (z)

!0
;

â®£¤ 

� (z) = 2
Z
g
0 (z) �  (z) dz � g (z) �  (z) : (4.223)

�âáî¤  á«¥¤ãîâ á¯«¥â îé¨¥ ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ï ¢ ¨­â¥£à «ì­®© ä®à¬¥8><>:
f (z) =

Z
 
0 (z) �  (z) dz;

� (z) = 2

Z
g
0 (z) �  (z) dz � g (z) �  (z) :

(4.224)

�¨¤­®, çâ® ¯à¨ ãá«®¢¨¨ ( ­ «®£¨ç­®¬ â®¬ã, ª®â®à®¥ ¢ë¤¥«ï¥â Ann-
¯à¥®¡à §®¢ ­¨ï (4.165))

g (z) = gnil (z) 2 Ann (z) (4.225)

äã­ªæ¨ï � (z) = 0 (¯®áª®«ìªã ¨§ (4.225) á«¥¤ã¥â, çâ® ¨ g
0
nil

(z) 2 Ann (z)), ¯®íâ®¬ã
¯à¥®¡à §®¢ ­¨¥ ç¥â­®£® á¥ªâ®à  ®âé¥¯«ï¥âáï ¨ áâ ­®¢¨âáï ª®­ä®à¬­ë¬ ­¥®¡à â¨¬ë¬
¯à¥®¡à §®¢ ­¨¥¬ ~z = fnil (z) á ­¨«ì¯®â¥­â­®© ¯à ¢®© ç áâìî ¢ â®¬ á¬ëá«¥, çâ® fnil (z) �
fnil (z) = 0.

�¯à¥¤¥«¥­¨¥ 4.83. �à¥®¡à §®¢ ­¨ï, ã¤®¢«¥â¢®àïîé¨¥ (4.225), ­ §®¢¥¬ Nil ¯à¥-
®¡à §®¢ ­¨ï¬¨.

� «¥¥, ¨§ ãá«®¢¨ï (4.225) á«¥¤ã¥â ­¨«ì¯®â¥­â­®áâì äã­ªæ¨¨ g (z) = gnil (z). �á«¨
¯à¨ íâ®¬ ¨­¤¥ªá ­¨«ì¯®â¥­â­®áâ¨ äã­ªæ¨¨ gnil (z) à ¢¥­ ¤¢ã¬, â. ¥. gnil (z) �gnil (z) = 0,
â® ãà ¢­¥­¨ï ¤«ï áã¯¥àª®­ä®à¬­ëå ¨ ¢à é îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© (4.81)
á®¢¯ ¤ îâ ¬¥¦¤ã á®¡®© ¨ á ¯¥à¢ë¬ ãà ¢­¥­¨¥¬ ¢ (4.222). �®íâ®¬ã ¨¬¥¥â ¬¥áâ®

�â¢¥à¦¤¥­¨¥ 4.84. �à¥®¡à §®¢ ­¨ï, ¢ë¤¥«ï¥¬ë¥ ãá«®¢¨¥¬ (4.225), ¯à¥¤áâ -
¢«ïîâ á®¡®© ­¨«ì¯®â¥­â­®¥ à áè¨à¥­¨¥ «¥¢ëå ¢ëà®¦¤¥­­ëå ¯à¥®¡à §®¢ ­¨©
(4.70).

�â¢¥à¦¤¥­¨¥ 4.85. �«ï á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© á ãá«®¢¨¥¬
(4.225) ­¥ç¥â­ ï å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï (4.61) § ­ã«ï¥âáï, â. ¥. � (z; �) = 0:

�®áª®«ìªã � [gnil (z)] = 0, â® ¡¥à¥§¨­¨ ­ (4.90) â ª¨å ¯à¥®¡à §®¢ ­¨© ­¥ ®¯à¥¤¥-
«¥­ ¨ ¬®¦­® ¯®«ì§®¢ âìáï ¤®®¯à¥¤¥«¥­­®© ä®à¬ã«®© (4.53), ª®â®à ï ¢ ¤ ­­®¬ á«ãç ¥
¨¬¥¥â ¢¨¤

J
noninv

nil
= gnil (z) + � �  0 (z) : (4.226)
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4.8 � §¤¥« 4.

�¤­ ª®, ¥á«¨ � [g (z)] 6= 0, â® ¡¥à¥§¨­¨ ­ á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨©
®¯à¥¤¥«¥­ ä®à¬ã«®© (4.57), å®âï ¨ ­¥®¡à â¨¬ (­¨«ì¯®â¥­â¥­), â. ¥. â ª¨¥ ¯à¥®¡à §®¢ -
­¨ï ¯®«ã­¥®¡à â¨¬ë (á¬. (4.4)). � íâ®¬ á«ãç ¥, ¯®«ì§ãïáì ­¨«ì¯®â¥­â­®áâìî äã­ªæ¨¨
 (z), ¯®«ãç ¥¬ ª®¬¯®­¥­â­ë© ¢¨¤ ¡¥à¥§¨­¨ ­ 

Ber TPt
�

~Z=Z
�

= 
 (z) �

Z
g (z) �  0 (z) dz + � �

 
2

g (z)

Z
g (z) �  0 (z) dz �  (z)

!!0
:

(4.227)

4.8. �¥ç¥â­ë¥ ª®æ¨ª«ë ¨ ¤¥ä®à¬ æ¨¨

�¥®à¨ï ¤¥ä®à¬ æ¨© áã¯¥à¬­®£®®¡à §¨© [392{394] á ®¤­®© áâ®à®­ë ¯à¥¤áâ ¢«ï¥â
á®¡®© ­¥®¡å®¤¨¬ãî á®áâ ¢«ïîéãî  ­ «¨§  áã¯¥àáâàã­ ¨ áã¯¥àª®­ä®à¬­ëå â¥®à¨©
¯®«ï ¢ â¥à¬¨­ å áã¯¥àà¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥© [74,395],   á ¤àã£®© áâ®à®­ë ¨­â¥à¥á­ 
¨ á ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï [210,221,301,396] ª ª áã¯¥à®¡®¡é¥­¨¥ á®®â¢¥âáâ¢ãî-
é¥© â¥®à¨¨ ¤«ï ®¡ëç­ëå ª®¬¯«¥ªá­ëå ¬­®£®®¡à §¨© [397{400].

�¤¥áì ¬ë à áá¬®âà¨¬ ­¥ª®â®àë¥ ®á®¡¥­­®áâ¨ ª®®à¤¨­ â­®£® ®¯¨á ­¨ï ¨ ¤¥ä®à-
¬ æ¨© ¯®«ãáã¯¥à¬­®£®®¡à §¨© (á¬. � §¤¥« 7), ¢®§­¨ª îé¨¥ ¯à¨ ãç¥â¥ á¯«¥â îé¨å
ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© (á¬. �®¤à §¤¥« 4.7). �à®á«¥¤¨¬ ¯®¤à®¡­®, ª ª¨¬ ®¡à §®¬
¢®§­¨ª îâ ­®¢ë¥ â¨¯ë ãá«®¢¨© á®£« á®¢ ­­®áâ¨ ¨ ª®æ¨ª«®¢ [23].

4.8.1. � ¬ ¥ è   ­ ­ ë ¥ ã á « ® ¢ ¨ ï á ® £ «   á ® ¢   ­ ­ ® á â ¨ ¨ ­ ¥ ç ¥ â ­ ë ¥
  ­   « ® £ ¨ ª ® æ ¨ ª « ® ¢ . �ãáâì ¨¬¥¥âáï (1j0)-¬¥à­®¥ ª®¬¯«¥ªá­®¥ ¯®«ãáã¯¥à-
¬­®£®®¡à §¨¥ M (¢ á¬ëá«¥ �¯à¥¤¥«¥­¨ï 7.3), ¯à¥¤áâ ¢«¥­­®¥ ¢ ¢¨¤¥ ¯®«ã â« á 
M =

S
�

fU�g á «®ª «ì­ë¬¨ ª®®à¤¨­ â ¬¨ z� . �®£¤  ®á­®¢­ë¥ ä®à¬ã«ë ¨ â¥®à¥¬ë ¡ã-

¤ãâ ¯®¢â®àïâì á®®â¢¥âáâ¢ãîé¨¥ ä®à¬ã«ë ­¥áã¯¥àá¨¬¬¥âà¨ç­®£® á«ãç ï [398]. �¤¨­-
áâ¢¥­­®¥ ¤®¡ ¢«¥­¨¥ á®áâ®¨â ¢ ãç¥â¥ ­ àï¤ã á ®¡à â¨¬ë¬¨ ¯®«ã­¥®¡à â¨¬ëå ¯à¥®¡à -
§®¢ ­¨© (4.4) ¢ ª ç¥áâ¢¥ äã­ªæ¨© ¯¥à¥å®¤  z� = f�� (z�) á ­¥­ã«¥¢ë¬, ­® ­¥®¡à â¨¬ë¬

­¨«ì¯®â¥­â­ë¬ ïª®¡¨ ­®¬ J�� = @z�=@z� , â. ¥. J�� 6= 0, ­® � [J��] = 0. �â®â á«ãç ©
ï¢«ï¥âáï ¯à®¬¥¦ãâ®ç­ë¬ ¬¥¦¤ã áâ ­¤ àâ­ë¬ ®¡à â¨¬ë¬, ª®£¤  J�� 6= 0, ¨ ¯à¥¤¥«ì-
­ë¬ ­¥®¡à â¨¬ë¬, ª®£¤  J�� = 0.

� ¬¥ç ­¨¥ 4.86. �à¥®¡à §®¢ ­¨ï á ­ã«¥¢ë¬ ïª®¡¨ ­®¬ à áá¬ âà¨¢ «¨áì ¢ [296] ¤«ï
ª®¬¯«¥ªá­ëå  ä¨­­ëå ¯à®áâà ­áâ¢,   â ª¦¥ ¤«ï ¢¥ªâ®à­ëå ¯à®áâà ­áâ¢ [248,249] ¯à¨
¨áá«¥¤®¢ ­¨¨ ª®­âà ªæ¨© à §«¨ç­ëå  «£¥¡à ¨ç¥áª¨å áâàãªâãà [247,401,402].

�  ¯¥à¥á¥ç¥­¨¨ âà¥å áã¯¥à®¡« áâ¥© U�\U�\U
 ¤«ï ¯®á«¥¤®¢ â¥«ì­ëå ¯¥à¥å®¤®¢
z
 ! z� ! z� ¨¬¥¥¬ ãá«®¢¨¥ á®£« á®¢ ­¨ï

f�
 = f�� � f�
 (4.228)

¨«¨ ¢ «®ª «ì­ëå ª®®à¤¨­ â å f�
 (z
) = f�� (f�
 (z
)). �à¨ íâ®¬ á®®â¢¥âáâ¢ãîé¨¥

ïª®¡¨ ­ë ¯à¥®¡à §ãîâáï ¬ã«ìâ¨¯«¨ª â¨¢­® (á ¯®â®ç¥ç­ë¬ ã¬­®¦¥­¨¥¬)

J�
 = J�� � J�
; (4.229)

çâ® ®â¢¥ç ¥â ª á â¥«ì­®¬ã à áá«®¥­¨î ­  M [398,403,404].
� á«ãç ¥ (1j1)-¬¥à­®£® ¯®«ãáã¯¥à¬­®£®®¡à §¨ï á «®ª «ì­ë¬¨ ª®®à¤¨­ â ¬¨

Z� = (z�; ��) à®«ì ïª®¡¨ ­  ¢ ®¡à â¨¬®¬ áã¯¥àª®­ä®à¬­®¬ á«ãç ¥ ¨£à ¥â ¡¥à¥§¨­¨ ­
¯¥à¥å®¤  Z� ! Z� (á¬. �ã­ªâ 4.2.1). �¤­ ª® ¤«ï ¢ë¯®«­¥­¨ï ãá«®¢¨ï ª®æ¨ª«¨ç­®-

áâ¨,  ­ «®£¨ç­®£® (4.229), ­¥®¡å®¤¨¬® à áá¬ âà¨¢ âì à¥¤ãæ¨à®¢ ­­ë¥ ¯à¥®¡à §®¢ ­¨ï
(á¬. �ã­ªâ 4.1.3). �¤¥áì ¬ë ¯®ª ¦¥¬, çâ® ¯à¨ ®á« ¡«¥­¨¨ ®¡à â¨¬®áâ¨ ¢®§­¨ª ¥â ­¥
®¤¨­ ¢ à¨ ­â áã¯¥à®¡®¡é¥­¨ï ãá«®¢¨ï ª®æ¨ª«¨ç­®áâ¨ (4.229) [281, 302],   ¤¢  [10] ¢
á®®â¢¥âáâ¢¨¥ á ¤¢ã¬ï â¨¯ ¬¨ à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨© [8,14,23].

�«ï íâ®£® § ¯¨è¥¬ ®¡é¥¥ ¯à¥®¡à §®¢ ­¨¥ (1j1)-¬¥à­®£® ª á â¥«ì­®£® ¢¥ªâ®à 
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TM j� ! TM j� ¢ ¬ âà¨ç­®¬ ¢¨¤¥ (á¬. 4.24)�
@�
D�

�
= PSA

��
�
�
@�
D�

�
; (4.230)

PSA

��
=

�
Q�� @���
��� D���

�
; (4.231)

Q�� = @�z� � @��� � ��; (4.232)

��� = D�z� �D��� � ��; (4.233)

£¤¥ D� = @=@�� + ��@�; @� = @=@z� (­¥â áã¬¬¨à®¢ ­¨ï). �à¨ ¤¢ãå ¯®á«¥¤®¢ â¥«ì­ëå

¯à¥®¡à §®¢ ­¨ïå Z
 ! Z� ! Z� ­  U�\U�\U
 ¤«ï áã¯¥à¬ âà¨æ PSA

��
¨§ (4.230) ¨¬¥¥¬

ãá«®¢¨¥ ª®æ¨ª«¨ç­®áâ¨,  ­ «®£¨ç­®¥ (4.229)

PSA

�

= PSA

�

� PSA

��
: (4.234)

�âáî¤  á«¥¤ãîâ ¢ëà ¦¥­¨ï ¤«ï ­¥ç¥â­®© ¨ ç¥â­®© ¯à®¨§¢®¤­ëå ª®­¥ç­®© ­¥-
ç¥â­®© ª®®à¤¨­ âë

D
�� = D
�� �D��� + ��
 � @���; (4.235)

@
�� = @
�� �D��� +Q�
 � @���: (4.236)

�¥£ª® ¢¨¤¥âì, çâ® § ­ã«¥­¨¥ ¢â®àëå á« £ ¥¬ëå ¢ (4.236){(4.236)

��
 = 0; (SCf) (4.237)

Q�
 = 0; (TPt) (4.238)

¯à¨¢®¤¨â ª������¤¢ã¬ (!),   ­¥ ª ®¤­®¬ã, ª ª ¢ áâ ­¤ àâ­®¬ á«ãç ¥ [302], ãá«®¢¨ï¬ ª®æ¨ª« 

[8, 10] ¨ á®®â¢¥âáâ¢ãîé¨¬ ¤¢ã¬ à¥¤ãªæ¨ï¬ áã¯¥à¬ âà¨æë PSA

��
(á¬. �ã­ªâ 4.1.3).

�à ¢­¥­¨ï (4.237){(4.238) á­®¢ , ª ª ¨ (4.37){(4.38), ®¯à¥¤¥«ïîâ áã¯¥àª®­ä®à¬­ë¥
(SCf) ¨ á¯«¥â îé¨¥ ç¥â­®áâì (TPt) ¯à¥®¡à §®¢ ­¨ï á®®â¢¥âáâ¢¥­­® (á¬. �ã­ªâ 4.1.3

¨ �®¤à §¤¥« 4.7). �®£¤  ¢¬¥áâ® ®¤­®£® ãá«®¢¨ï ª®æ¨ª«¨ç­®áâ¨ ¤«ï áã¯¥à¬ âà¨æ PSA

��

(4.234) ¨¬¥¥¬ ¤¢  ãá«®¢¨ï

PSCf

�

= P

SCf

�

� PSCf

��
; (4.239)

PTPt

�

= PTPt

�

� PSCf

��
: (4.240)

¤«ï à¥¤ãæ¨à®¢ ­­ëå à §«¨ç­ë¬ ®¡à §®¬ áã¯¥à¬ âà¨æ

PSCf

��
=

 
Q
SCf

��
@��

SCf

�

0 D��
SCf

�

!
; (4.241)

PTPt

��
=

 
0 @��

TPt

�

�TPt

��
D��

TPt

�

!
; (4.242)

£¤¥ Q
SCf

��

def

= Q��j���=0;�
TPt

��

def

= ���jQ��=0: � ª¨¬ ®¡à §®¬, ¨§ (4.235){(4.240) á«¥¤ã¥â

�â¢¥à¦¤¥­¨¥ 4.87. �à¨ ®á« ¡«¥­¨¨ ®¡à â¨¬®áâ¨ ¤«ï ãá«®¢¨ï ª®æ¨ª«¨ç­®áâ¨
(4.229) ¨¬¥¥âáï ¤¢  ¢®§¬®¦­ëå áã¯¥à®¡®¡é¥­¨ï | ç¥â­®¥ ¨ ­¥ç¥â­®¥

J
SCf

�

= J

SCf

�

� JSCf

��
(4.243)

J TPt

�

= J TPt

�

� JSCf

��
(4.244)

£¤¥

J
SCf

��

def

= D��
SCf

�
; (4.245)

J TPt

��

def

= @��
TPt

�
: (4.246)
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4.8 � §¤¥« 4.

� ¬¥ç ­¨¥ 4.88. �§ (4.246) á«¥¤ã¥â, çâ® J TPt

��
ï¢«ï¥âáï ­¥ç¥â­ë¬ ¨, á«¥¤®¢ â¥«ì­®,

­¨«ì¯®â¥­â­ë¬.

�âáî¤  ¥áâ¥áâ¢¥­­® ¢ëâ¥ª ¥â

�¯à¥¤¥«¥­¨¥ 4.89. � §®¢¥¬ J
SCf

��
¨ J TPt

�� �����������ç¥â­ë¬ ¨��������������­¥ç¥â­ë¬ ª®æ¨ª«®¬ á®®â-

¢¥âáâ¢¥­­®,   ãá«®¢¨¥ (4.244) | ���������������á¬¥è ­­ë¬�������������ãá«®¢¨¥¬�������á®£« ���������������á®¢ ­­®áâ¨ (ãá«®¢¨¥¬

ª®æ¨ª« ).

�á¥ à áá¬®âà¥­­ë¥ ãá«®¢¨ï á®£« á®¢ ­­®áâ¨ ¬®¦­® ¯à¥¤áâ ¢¨âì â ª¦¥ ¢ ¡®«¥¥
­ £«ï¤­®¬ ¢¨¤¥, ®âà ¦ îé¥¬ ­¥âà¨¢¨ «ì­ãî ç¥â­®-­¥ç¥â­ãî á¨¬¬¥âà¨î ¬¥¦¤ã ª®æ¨-
ª« ¬¨,

@
z� = @
z� � @�z� SUSY
=)

(
D
�

SCf

�
= D
�

SCf

�
�D��

SCf

�
; (SCf)

@
�
TPt

�
= @
�

TPt

�
�D��

SCf

�
; (TPt)

(4.247)

£¤¥ ¨­¤¥ªáë SCf ¨ TPt ®â¢¥ç îâ â¨¯ã à¥¤ãæ¨à®¢ ­­®£® ¯à¥®¡à §®¢ ­¨ï T�� ¬¥¦¤ã

á®®â¢¥âáâ¢ãîé¨¬¨ áã¯¥à®¡« áâï¬¨ U� ¨ U� (á¬. â ª¦¥ � ¬¥ç ­¨¥ 4.29). �«¥¤®¢ -

â¥«ì­®, ¢ à ¬ª å ª â¥£®à¨¨ à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨© (   ­¥ áã¯¥àª®­ä®à¬­ëå)
¬ë ¨¬¥¥¬ ¤¢¥ ª®¬¬ãâ â¨¢­ë¥ ¤¨ £à ¬¬ë

U
 U�

U�

T SCf
�


@
@
@@R

T
SCf

�
-

?

T
SCf

��

U
 U�

U�

T TPt
�


@
@
@@R

T TPt
�
-

?

T
SCf

��

(4.248)
á®®â¢¥âáâ¢ãîé¨¥ ãá«®¢¨ï¬ á®£« á®¢ ­­®áâ¨ (4.243) ¨ (4.244) (áà. (3.13)).

� ¬¥ç ­¨¥ 4.90. �® â¥à¬¨­®«®£¨¨ [405] ª®æ¨ª«ë, ã¤®¢«¥â¢®àïîé¨¥ á®®â­®è¥­¨ï¬
â¨¯  (4.229) ¨ (4.243){(4.244) ­ §ë¢ îâáï������������������áª«¥¨¢ îé¨¬ �̈�������ª®æ¨ª������« ¬¨ á®®â¢¥âáâ¢ãîé¥£®

à áá«®¥­¨ï (¢ ¤ ­­®¬ á«ãç ¥ ª á â¥«ì­®£®).

�ãé¥áâ¢¥­­ë¬ ¤«ï áã¯¥àáâàã­­ëå ¯à¨«®¦¥­¨© (á¬., ­ ¯à¨¬¥à, [191, 207, 226,
406]) ä ªâ®¬ ï¢«ï¥âáï

�à¥¤«®¦¥­¨¥ 4.91. �¥â­ë© ª®æ¨ª« J
SCf

��
(4.245) á®¢¯ ¤ ¥â á ¡¥à¥§¨­¨ ­®¬ |

ç¥â­ë¬ áã¯¥à ­ «®£®¬ ïª®¡¨ ­  | áã¯¥àª®­ä®à¬­®£® (SCf) ¯à¥®¡à §®¢ ­¨ï Z� !
Z�

J
SCf

��
= Ber P

SCf

��
: (4.249)

�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ (4.241) ¨ (4.52). �

�â® ¯®§¢®«ï¥â ¯®áâà®¨âì ª ­®­¨ç¥áª®¥ à áá«®¥­¨¥ á äã­ªæ¨ï¬¨ ¯¥à¥å®¤ 
(4.249),   â ª¦¥ á®®â¢¥âáâ¢ãîé¥¥ «¨­¥©­®¥ à áá«®¥­¨¥ [207,229,281,369]. �®¯®áâ ¢«ïï
(4.228){(4.229) ¨ �à¥¤«®¦¥­¨¥ 4.91, ¬®¦­® ¯à¨¤ âì ¯®å®¦¨© á¬ëá« â ª¦¥ ¨ ­¥ç¥â-

­®¬ã ª®æ¨ª«ã �) (4.246).

�à¥¤¯®«®¦¥­¨¥ 4.92. �¥ç¥â­ë©
ª®æ¨ª« J TPt

��
¬®¦­® âà ªâ®¢ âì ª ª ������������­¥ç¥â­ë©�����������������áã¯¥à ­ «®£������������ïª®¡¨ ­  ¤«ï á¯«¥-

â îé¨å ç¥â­®áâì (TPt) ¯à¥®¡à §®¢ ­¨© Z� ! Z� (á¬. �¯à¥¤¥«¥­¨¥ 4.75).

�à¨¬¥ç ­¨¥. �¢¥¤¥­­ë¥ ­¥ç¥â­ë¥ ª®æ¨ª«ë ­¥ á¢ï§ ­ë á Z2-£à ¤ã¨à®¢ ­­ë¬¨ ª®æ¨ª« ¬¨, ¢®§­¨-
ª îé¨¬¨ ¯à¨ áã¯¥àá¨¬¬¥âà¨§ æ¨¨ è¢¨­£¥à®¢áª®£® á« £ ¥¬®£® ¤«ï ­¥©âà «ì­®© ç áâ¨æë [407,408].
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� ¬¥ç ­¨¥ 4.93. �®à¬ã«  (4.244) ¬®¦¥â à áá¬ âà¨¢ âìáï ­¥ â®«ìª® ª ª ãá«®¢¨¥ ª®æ¨-
ª«¨ç­®áâ¨, ­® ¨ ª ª § ª®­ ã¬­®¦¥­¨ï ç¥â­®£® ¨ ­¥ç¥â­®£® áã¯¥à ­ «®£®¢ ïª®¡¨­ ­ .

�®£¤  á®®â¢¥âáâ¢ãîé¨¥  ­ «®£¨ ª ­®­¨ç¥áª®£® ¨ «¨­¥©­®£® à áá«®¥­¨© ¡ã¤ãâ
®¡« ¤ âì ­¥®¡ëç­ë¬¨ á¢®©áâ¢ ¬¨, ­ ¯à¨¬¥à, ªàãç¥­¨¥ ç¥â­®áâ¨ ¨ ­¨«ì¯®â¥­â­®áâì
ª®æ¨ª«®¢ (á¬. ¯®¤à®¡­¥¥ �ã­ªâ 4.7.2).

4.8.2. � ¥ ä ® à ¬   æ ¨ ¨ ¨ TPt ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ ï . �®§­¨ª­®¢¥­¨¥
¤®¯®«­¨â¥«ì­®£® ãá«®¢¨ï á®£« á®¢ ­¨ï (4.240) ¨ ­¥ç¥â­®£® ãá«®¢¨ï ª®æ¨ª«¨ç­®áâ¨
(4.244) ¯à¨¢®¤¨â ª á®®â¢¥âáâ¢ãîé¥© ¬®¤¨ä¨ª æ¨¨ áâ ­¤ àâ­ëå ãá«®¢¨© ¤¥ä®à¬ æ¨¨
¢ «®ª «ì­®¬ ¯®¤å®¤¥ [221, 395, 396, 409]. �â®, ¢ á¢®î ®ç¥à¥¤ì, ¨£à ¥â ¢ ¦­ãî à®«ì ¢
áã¯¥àáâàã­­ëå ¢ëç¨á«¥­¨ïå [188, 212, 226] ¤«ï ®¯à¥¤¥«¥­¨ï á¢®©áâ¢ ¯à®áâà ­áâ¢  áã-
¯¥à¬®¤ã«¥© [211,217,220,279,410] ¨ ä®à¬ã«¨à®¢ª¨ áã¯¥à®¡®¡é¥­¨ï äã­¤ ¬¥­â «ì­®©
â¥®à¥¬ë �¨¬ ­ -�®å  [206,207,210,216,411]. �¤¥áì ¬ë ¯¥à¥ä®à¬ã«¨àã¥¬ áâ ­¤ àâ­ë©
¯®¤å®¤, ¨á¯®«ì§ãï  «ìâ¥à­ â¨¢­®© ¯ à ¬¥âà¨§ æ¨î (á¬. �ã­ªâ 4.1.5), çâ® ¯®§¢®«¨â
ãç¥áâì â ª¦¥ ¨ ­¥ç¥â­ë¥ ãá«®¢¨ï ª®æ¨ª«¨ç­®áâ¨ (4.240) ¨ (4.244) [23].

� ­¥áã¯¥àá¨¬¬¥âà¨ç­®¬ á«ãç ¥ [397{399] ¤¥ä®à¬ æ¨ï ãá«®¢¨ï á®£« á®¢ ­­®áâ¨
(4.228)

z� = f�� (z�) + tb�� (z�) (4.250)

¯à¨¢®¤¨â ª â®¬ã ¦¥ ãá«®¢¨î (4.228) ¤«ï ­¥¤¥ä®à¬¨­à®¢ ­­ëå äã­ªæ¨© f�� (z�) ¨ ª

ãà ¢­¥­¨î ¤«ï ¤¥ä®à¬ æ¨© b�� (z�)

b�
 (z
) = b�� (f�
 (z
)) + f
0
��

(f�
 (z
)) � b�
 (z
) : (4.251)

�¬­®¦¨¬ íâ® á®®â­®è¥­¨¥ â¥­§®à­® ­  @=@z� ¨ ¢®á¯®«ì§ã¥¬áï f
0
��

= @z�=@z� ,
â®£¤  ¯®«ãç ¥¬ ãá«®¢¨¥ á®£« á®¢ ­­®áâ¨ ¢ ¢¨¤¥

b��
@

@z�
+ b�


@

@z�
� b�
 @

@z�
= 0; (4.252)

ª®â®à®¥ ¯®ª §ë¢ ¥â, çâ®

(
b��

@

@z�

)
¤¥©áâ¢¨â¥«ì­® ï¢«ï¥âáï ª®æ¨ª«®¬. �à¨ ¨­ä¨­¨â¥§¨-

¬ «ì­ëå ¯à¥®¡à §®¢ ­¨ïå z� 7�! z� + ts� (z�) ª®æ¨ª« (4.252) ¨§¬¥­ï¥âáï ­  ª®£à ­¨æã(
b��

@

@z�

)
7�!

(
b��

@

@z�
+ s�

@

@z�
� s� @

@z�

)
; (4.253)

çâ® ®¯à¥¤¥«ï¥â ª®£®¬®«®£¨ç¥áª¨© ª« áá (�®¤ ©àë-�¯¥­á¥à ) ¤¥ä®à¬ æ¨© ¯¥à¢®£® ¯®-
àï¤ª  [398].

� áã¯¥àª®­ä®à¬­®¬ á«ãç ¥ [221,395] à áá¬ âà¨¢ îâáï ­¥¤¥ä®à¬¨à®¢ ­­ë¥ à á-
é¥¯«¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï, ¨¬¥îé¨¥ ¢ áâ ­¤ àâ­®© ¯ à ¬¥âà¨§ æ¨¨ [205] ¢¨¤

SCf split:

(
z� = f�� (z�) ;

�� = �� �
q
f 0
��

(z�);
(4.254)

ª®â®àë¥ ­¥ á®¤¥à¦ â ­¨ª ª¨å ­¥ç¥â­ëå ¯ à ¬¥âà®¢, ªà®¬¥ �� . �®íâ®¬ã à áé¥¯«¥­-
­ë¥ áã¯¥àà¨¬ ­®¢ë ¯®¢¥àå­®áâ¨, ¨¬¥îé¨¥ ¯à¥®¡à §®¢ ­¨ï (4.254) ¢ ª ç¥áâ¢¥ äã­ª-
æ¨© áª«¥©ª¨ á®¤¥à¦ â âã ¦¥ ¨­ä®à¬ æ¨î, çâ® ¨ ®¡ëç­ë¥ à¨¬ ­®¢ë ¯®¢¥àå­®áâ¨,
­ ¤¥«¥­­ë¥ á¯¨­®¢®© áâàãªâãà®©, ª®â®à ï ®¯à¥¤¥«ï¥âáï §­ ª®¬ ª¢ ¤à â­®£® ª®à­ï
[191, 194, 406, 412]. �¤¥áì áã¯¥àª®­ä®à¬­ë¥ ¤¥ä®à¬ æ¨¨ ®¯à¥¤¥«ïîâáï ¤¢ã¬ï ¯ à -

¬¥âà ¬¨ �), ç¥â­ë¬ t ¨ ­¥ç¥â­ë¬ � [221, 395] ¨ ¤¢ã¬ï ç¥â­ë¬¨ äã­ªæ¨ï¬¨ b�� (z�)

¨ c�� (z�) á«¥¤ãîé¨¬ ®¡à §®¬

z
SCf

�
(t; � ) = f�� (z�) + tb�� (z�) + �� � �c�� (z�) � F�� (z�; t) ; (4.255)

�
SCf

�
(t; � ) = �c�� (z�) + �� � F�� (z�; t) ; (4.256)

�à¨¬¥ç ­¨¥. �®ç­¥¥, (1j1)-áã¯¥à¯à®áâà ­áâ¢®¬ ¯ à ¬¥âà®¢ P(1j1) .
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£¤¥ F�� (z�; t) =
q
f 0
��

(z�) + tb0
��

(z�).

�¥â­®¥ ãá«®¢¨¥ á®£« á®¢ ­­®áâ¨ (á¬. ¯¥à¢ãî ¤¨ £à ¬¬ã ¢ (4.248)) ­  âà®©­ëå
¯¥à¥á¥ç¥­¨ïå U� \ U� \ U
 § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

z
SCf

�
(z
; �
) = z

SCf

�

�
z
SCf

�
(z
; �
) ; �

SCf

�
(z
; �
)

�
; (4.257)

�
SCf

�
(z
; �
) = �

SCf

�

�
z
SCf

�
(z
; �
) ; �

SCf

�
(z
; �
)

�
; (4.258)

çâ® ¢ ¯¥à¢®¬ ¯®àï¤ª¥ ¯® �) t; � ¯à¨¢®¤¨â ª ãà ¢­¥­¨ï¬ (4.228) ¨ (4.251) ¯«îá ¤®¯®«­¨-
â¥«ì­®¥ ãà ¢­¥­¨¥ ­  äã­ªæ¨î c�� (z�)

c�
 (z
) = c�� (f�
 (z
)) + c�
 (z
) �
q
f 0
��

(f�
 (z
)): (4.259)

�¥­§®à­®¥ ã¬­®¦¥­¨¥ ­ 
@

@z�
¢ ¤®¯®«­¥­¨¥ ª (4.253) ¨ ¨á¯®«ì§®¢ ­¨¥ (4.254)

¤ ¥â

c����
@

@z�
+ c�
��

@

@z�
� c�
�� @

@z�
= 0: (4.260)

�à ¢­¥­¨ï (4.252) ¨ (4.260) á¢¨¤¥â¥«ìáâ¢ãîâ ® â®¬, çâ® ç¨áâ® áã¯¥àª®­ä®à¬­ë¥

¤¥ä®à¬ æ¨¨ ®¯¨áë¢ îâáï ¤¢ã¬ï ª®æ¨ª« ¬¨

(
b��

@

@z�

)
¨

(
c����

@

@z�

)
, ª®â®àë¥ ¯à¨

áã¯¥àª®­ä®à¬­ëå à¥¯ à ¬¥âà¨§ æ¨ïå

z�
SCf7�! z� + ts� (z�) + �� � �r� (z�) �

q
1 + ts0

�
(z�); (4.261)

��
SCf7�! �r� (z�) + �� �

q
1 + ts0

�
(z�); (4.262)

¨§¬¥­ïîâáï ­  ª®£à ­¨æë (4.253) ¨(
c����

@

@z�

)
7�!

(
c����

@

@z�
+ r���

@

@z�
� r��� @

@z�

)
; (4.263)

çâ® ®¯à¥¤¥«ï¥â á®®â¢¥âáâ¢ãîé¨¥ ª®£®¬®«®£¨ç¥áª¨¥ ª« ááë [221, 391] ¨ ¯à®áâà ­áâ¢®
áã¯¥à¬®¤ã«¥© [409,410].

�¥à¥ä®à¬ã«¨àã¥¬ â¥¯¥àì áã¯¥à¤¥ä®à¬ æ¨¨ â ª¨¬ ®¡à §®¬, çâ®¡ë ¬®¦­® ¡ë«®
ãç¥áâì â ª¦¥ ¨ ­¥ç¥â­ë¥ ãá«®¢¨ï á®£« á®¢ ­­®áâ¨ (4.244). �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï
 «ìâ¥à­ â¨¢­®© ¯ à ¬¥âà¨§ æ¨¥© (á¬. �ã­ªâ 4.1.5) ¨ § ¯¨è¥¬ à¥¤ãæ¨à®¢ ­­ë¥ SCf
¨ TPt ¯à¥®¡à §®¢ ­¨ï ­  U� \ U� ¢ ¥¤¨­®¬ ¢¨¤¥ (á¬. (4.81))

z� = f�� (z�) + �� � ��� (z�) ; (4.264)

�� =  �� (z�) + �� � g�� (z�) ; (4.265)

£¤¥ ­¥§ ¢¨á¨¬ë¬¨ ï¢«ïîâáï äã­ªæ¨¨ g�� (z�) ;  �� (z�) (¢ ®â«¨ç¨¥ ®â áâ ­¤ àâ­®© ¯ -

à ¬¥âà¨§ æ¨¨ äã­ªæ¨ï¬¨ f�� (z�) ;  �� (z�) [74, 410]), ç¥à¥§ ª®â®àë¥ ¢ëà ¦ îâáï ®â-
áâ «ì­ë¥ ¯® ä®à¬ã« ¬

SCf :

(
f
SCf 0
��

(z�) = g
2
��

(z�) +  
0
��

(z�) �  �� (z�) ;

�
SCf

��
(z�) = g�� (z�) �  �� (z�) ;

(4.266)

TPt :

(
f
TPt 0
��

(z�) =  
0
��

(z�) �  �� (z�) ;

�
TPt 0
��

(z�) = g
0
��

(z�) �  �� (z�)� g�� (z�) �  0�� (z�) :
(4.267)

�à¨¬¥ç ­¨¥. � (4.257){(4.258) íâ¨ ¤®¯®«­¨â¥«ì­ë¥  à£ã¬¥­âë ®¯ãé¥­ë, ­® ¯®¤à §ã¬¥¢ îâáï.
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�âáî¤  á«¥¤ã¥â, à áé¥¯«¥­­®¥ SCf ¯à¥®¡à §®¢ ­¨¥ ¢  «ìâ¥à­ â¨¢­®© ¯ à ¬¥âà¨-
§ æ¨¨ (4.254) ¨¬¥¥â ¢¨¤

SCf split:

8<: z� =

Z
g
2
��

(z�) dz�;

�� = �� � g�� (z�) ;
(4.268)

¢ â® ¢à¥¬ï ª ª TPt  ­ «®£®¬ (4.268) ï¢«ï¥âáï ¢«®¦¥­¨¥ 2 ,! 1 [294], â. ¥.

TPt split:

�
z� = 0;
�� = �� � g�� (z�) :

(4.269)

�¥¯¥àì á¬¥è ­­ë¥ (¢ á¬ëá«¥ �¯à¥¤¥«¥­¨ï 4.89) ª ª SCf, â ª ¨ TPt ¤¥ä®à-
¬ æ¨¨ ¡ã¤ãâ ®¯à¥¤¥«ïâìáï â¥¬¨ ¦¥ ¯ à ¬¥âà ¬¨ t; � , ­® ã¦¥ ¯ à®© ç¥â­ëå äã­ªæ¨©
p��; á�� (¢¬¥áâ® b��; á�� ¢ (4.255){(4.256)) á«¥¤ãîé¨¬ ®¡à §®¬

z� (t; � ) = f�� (z�; t; � ) + �� � ��� (z�; t; � ) ; (4.270)

�� (t; � ) = �c�� (z�) + �� � (g�� (z�) + tp�� (z�)) ; (4.271)

â. ¥. ¢¬¥áâ® f�� (z�) ¨§­ ç «ì­® ¤¥ä®à¬¨àã¥âáï g�� (z�),   ®áâ «ì­ë¥ äã­ªæ¨¨

f�� (z�; t; � ) ; ��� (z�; t; � ) ­ å®¤ïâáï ¨§ á®®â¢¥âáâ¢ãîé¨å ãà ¢­¥­¨© (4.81). � ãç¥â®¬

(4.243){(4.244) ¨ ¤¨ £à ¬¬ë (4.248), ­ àï¤ã á ç¥â­ë¬¨ (4.257){(4.258) ¯®«ãç ¥¬ ­¥-
ç¥â­ë¥ ãá«®¢¨ï á®£« á®¢ ­­®áâ¨ ¤«ï ¤¥ä®à¬¨à®¢ ­­ëå äã­ªæ¨© (¤®¯®«­¨â¥«ì­ë¥  à-
£ã¬¥­âë t; � á­®¢  ®¯ãé¥­ë)

z
TPt

�
(z
; �
) = z

SCf

�

�
z
TPt

�
(z
; �
) ; �

TPt

�
(z
; �
)

�
; (4.272)

�
TPt

�
(z
; �
) = �

SCf

�

�
z
TPt

�
(z
; �
) ; �

TPt

�
(z
; �
)

�
: (4.273)

� §«®¦¥­¨¥ íâ¨å ãà ¢­¥­¨© ¯® t; � ,  ­ «®£¨ç­®¥ ç¥â­®¬ã á«ãç î (4.257){(4.258),
¤ ¥â

g
TPt

�

(z
) = g

SCf

��
(z�) � gTPt

�

(z
) ; (4.274)

c
TPt

�

(z
) = c

SCf

��

�
f
TPt

�

(z
)

�
+ g

SCf

��
(z�) � cTPt�


(z
) ; (4.275)

p
TPt

�

(z
) = p

SCf

��

�
f
TPt

�

(z
)

�
� gTPt

�

(z
) + g

SCf

��
(z�) � pTPt�


(z
) : (4.276)

�¥à¢®¥ ãà ¢­¥­¨¥ (4.274) ï¢«ï¥âáï ãá«®¢¨¥¬ ª®æ¨ª«¨ç­®áâ¨ ¤«ï äã­ªæ¨©
g�� (z�) ¨ £®¢®à¨â ® â®¬, çâ® íâ¨ äã­ªæ¨¨ à¥ «¨§ãîâ á®®â¢¥âáâ¢ãîé¨© á¬¥è ­­ë©

(­¥á¨¬¬¥âà¨ç­ë©)  ­ «®£ «¨­¥©­®£® à áá«®¥­¨ï ­ ¤ áã¯¥àà¨¬ ­®¢ë¬¨ ¯®¢¥àå­®áâï¬¨
[225, 229, 281]. �à ¢­¥­¨¥ (4.275)  ­ «®£¨ç­® ãà ¢­¥­¨î (4.259), ¥á«¨ ãç¥áâì, çâ® ¯à¥-
®¡à §®¢ ­¨¥ z� ! z� ª ª ¤«ï ç¥â­®£® ãá«®¢¨ï á®£« á®¢ ­­®áâ¨, â ª ¨ ¤«ï ­¥ç¥â­®£®

(4.272){(4.273) ï¢«ï¥âáï SCf ¯à¥®¡à §®¢ ­¨¥¬, ¢ ª®â®à®¬ ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

g
SCf 2
��

(z�) = f
SCf 0
��

(z�) (4.277)

(á¬. â ª¦¥ (4.254) ¨ (4.81)).
� ç¥â­®¬ á«ãç ¥ (ª®£¤  ¢á¥ âà¨ ¯à¥®¡à §®¢ ­¨ï z
 ! z� ! z� ï¢«ïîâáï SCf

¯à¥®¡à §®¢ ­¨ï¬¨) ¨§ ãà ¢­¥­¨ï (4.276) ¯à¨ �

h
g
SCf

��
(z�)

i
6= 0, ¥á«¨ ¤«ï ¢á¥å âà¥å

¯à¥å®¤®¢ ¢®á¯®«ì§®¢ âìáï ¯®¤áâ ­®¢ª®©

p
SCf

��
(z�) =

b
SCf 0
��

(z�)

2g
SCf

��
(z�)

; (4.278)

¯®á«¥ ¨­â¥£à¨à®¢ ­¨ï ¬®¦­® ¯®«ãç¨âì

b
SCf

�

(z
) = b

SCf

��

�
f
SCf

�

(z
)

�
+ g

SCf

��

�
f
SCf

�

(z
)

�
� bSCf

�

(z
) ; (4.279)
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4.8 � §¤¥« 4.

çâ® á®¢¯ ¤ ¥â á (4.251) ¯à¨ ãç¥â¥ (4.277). �à¨¬¥­ïï ¯®«ãç¥­­ë¥ á®®â­®è¥­¨ï ¬®¦­®
¯®áâà®¨âì TPt- ­ «®£¨ á¯¥ªâà «ì­ëå ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨ á®®â¢¥âáâ¢ãîé¨å ª®¬-
¯«¥ªá®¢ á® á¯«¥â¥­¨¥¬ ç¥â­®áâ¨ ¯®  ­ «®£¨¨ á® áâ ­¤ àâ­ë¬¨ SCf [196, 390, 391] (á¬.
®¤­ ª® � ¬¥ç ­¨¥ 4.82).

4.8.3. � ¥ ç ¥ â ­ ë ¥   ­   « ® £ ¨ ¯ à ¥ ¯ ï â á â ¢ ¨ ©
¨ á ¬ ¥ è   ­ ­ ë ¥ � - ª ® æ ¨ ª « ë . �à¥¯ïâáâ¢¨ï [413{418] ¨£à îâ ¢ ¦­ãî à®«ì ¢
¯®­¨¬ ­¨¨¨ ¢­ãâà¥­­¥© áâàãªâãàë áã¯¥à¬­®£®®¡à §¨© [33, 419] ¨ áã¯¥àª®­ä®à¬­ëå
¬­®£®®¡à §¨© [420,421].

�â ­¤ àâ­®¥ ¯à¥¯ïâáâ¢¨¥ [413, 414] ¬®¦­® ¢ëç¨á«¨âì ª ª ®âª«®­¥­¨¥ «¥¢®© ç -
áâ¨ á®®â¢¥âáâ¢ãîé¥© ä®à¬ã«ë á®£« á®¢ ­­®áâ¨ (­ ¯à¨¬¥à, (4.252), (4.260)) ®â ­ã«ï
[404]. �«ï äã­ªæ¨© b�� (z�) (4.252) ¨ c�� (z�) (4.260) ¨¬¥¥¬

D̂ ��
 (b) = b��
@

@z�
+ b�


@

@z�
� b�
 @

@z�
; (4.280)

D̂ ��
 (c) = c����
@

@z�
+ c�
��

@

@z�
� c�
�� @

@z�
: (4.281)

� ¯à¨¬¥à, ¢ áã¯¥àª®­ä®à¬­®¬ á«ãç ¥ ¤«ï b
SCf

��
(z�) (4.279) â®£¤  ¯®«ãç ¥¬

D̂ SCf

��

(b) =

 
g
SCf 2
��

(z�)
@z�

@z�
� 1

!
� bSCf

�

(z�)

@

@z�
: (4.282)

�âáî¤  á«¥¤ã¥â

�â¢¥à¦¤¥­¨¥ 4.94. �á«¨ ¯à¥®¡à §®¢ ­¨¥ z� ! z� ï¢«ï¥âáï ®¡à â¨¬ë¬ SCf ¯à¥-

®¡à §®¢ ­¨¥¬, â® ¯à¥¯ïâáâ¢¨¥ D̂SCf

��

(b) à ¢­® ­ã«î.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ã¥¬ (4.277), â®£¤  ¤«ï ¢ëà ¦¥­¨ï ¢ áª®¡ª å (4.282) ¨¬¥¥¬

g
SCf 2
��

(z�)
@z�

@z�
= f

SCf 0
��

(z�)
@z�

@z�
=
@z�

@z�

@z�

@z�
= 1. �

� áá¬®âà¥­¨¥ à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨© (SCf ¨ TPt ¥¤¨­ë¬ ®¡à §®¬) ¢
 «ìâ¥à­ â¨¢­®© ¯ à ¬¥âà¨§ æ¨¨ ¯à¨¢®¤¨â ª ¢®§¬®¦­®áâ¨ ®¯à¥¤¥«¥­¨ï ­ àï¤ã á ª®-
æ¨ª« ¬¨ ¯® ç¥â­®© ¯¥à¥¬¥­­®© z (­ ¯à¨¬¥à, (4.252) ¨ (4.260)) â ª¦¥ ª®æ¨ª«®¢ ¯®
­¥ç¥â­®© ¯¥à¥¬¥­­®© � .

�¯à¥¤¥«¥­¨¥ 4.95. � §®¢¥¬���������������� -ª®æ¨ª«®¬ ª®­áâàãªæ¨î,  ­ «®£¨ç­ãî ç¥â­®¬ã ª®-

æ¨ª«ã, ¢ ª®â®à®© â¥­§®à­®¥ ã¬­®¦¥­¨¥ ¯à®¨§¢®¤¨âáï ­  ­¥ç¥â­®¥ ¢¥ªâ®à­®¥ ¯®«¥
@=@�� ¢¬¥áâ® @=@z� .

� áá¬®âà¨¬ ãá«®¢¨ï á®£« á®¢ ­­®áâ¨, á¢ï§ ­­ë¥ á ¤¥ä®à¬ æ¨ï¬¨ c�� (z�) ¨

p�� (z�) (4.275){(4.276) ¢  «ìâ¥à­ â¨¢­®© ¯ à ¬¥âà¨§ æ¨¨, ­¥ ª®­ªà¥â¨§¨àãï ¢¨¤ à¥-

¤ãæ¨à®¢ ­­®£® ¯à¥®¡à §®¢ ­¨ï. �¬­®¦¨¬ â¥­§®à­® ãà ¢­¥­¨¥ (4.275) ­  @=@�� ¨ ¢®á-
¯®«ì§ã¥¬áï á®®â­®è¥­¨¥¬

@

@��
= g�� (z�)

@

@��
; (4.283)

ª®â®à®¥ á«¥¤ã¥â ¨§ ¢â®àëå ãà ¢­¥­¨© ¢ (4.268){(4.269), â®£¤  ¯®«ãç¨¬

c�

@

@��
= c��

@

@��
+ c�


@

@��
: (4.284)
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�â¢¥à¦¤¥­¨¥ 4.96.

(
c��

@

@��

)
ï¢«ï¥âáï � -ª®æ¨ª«®¬.

�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ (4.284). �

�­ «®£¨ç­®, ã¬­®¦¨¢ (4.276) ­  ��@=@�� , ¯®«ãç ¥¬

p�
��
@

@��
= g�
 � p���� @

@��
+ g�� � p�
�� @

@��
: (4.285)

� ¬¥ç ­¨¥ 4.97.

(
p����

@

@��

)
­¥ ï¢«ï¥âáï � -ª®æ¨ª«®¬ ¨§-§  ¯®¤ªàãç¨¢ îé¨å ¬­®¦¨-

â¥«¥© g�
 ¨ g�� ¢ (4.285).

�«ï å à ªâ¥à¨§ æ¨¨ ®â«¨ç¨ï ­ ¡®à  äã­ªæ¨© ­  ¯¥à¥á¥ç¥­¨ïå U� \ U� \ U
 ®â

� -ª®æ¨ª« , ¢¢¥¤¥¬ � - ­ «®£ ¯à¥¯ïâáâ¢¨© (4.280){(4.281).

�¯à¥¤¥«¥­¨¥ 4.98. � §®¢¥¬����������������������� -¯à¥¯ïâáâ¢¨¥¬ áâ¥¯¥­ì ­¥§ ¬ª­ãâ®áâ¨ ­ ¡®à  á®-

®â¢¥âáâ¢ãîé¨å äã­ªæ¨© (á ­¥ç¥â­ë¬ ¢¥ªâ®à­ë¬ ¯®«¥¬ @=@��) ­  ¯¥à¥á¥ç¥­¨ïå
U� \ U� \ U
 .

�®£¤  ¤«ï

(
c��

@

@��

)
¨

(
p����

@

@��

)
¨¬¥¥¬ � -¯à¥¯ïâáâ¢¨ï

�̂��
 (c) = c��
@

@��
+ c�


@

@��
� c�
 @

@��
; (4.286)

�̂��
 (p) = p����
@

@��
+ p�
��

@

@��
� p�
�� @

@��
: (4.287)

�â¢¥à¦¤¥­¨¥ 4.99. � -¯à¥¯ïâáâ¢¨¥ �̂��
 (c) à ¢­® ­ã«î.

�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ¨§ �â¢¥à¦¤¥­¨ï 4.96 ¨ (4.284). �

�ëç¨á«¨¬ � -¯à¥¯ïâáâ¢¨¥ �̂��
 (p) . �«ï íâ®£® ¢®á¯®«ì§ã¥¬áï (4.283) ¨ ¯®«ãç¨¬

�̂��
 (p) = [p�� (z�) � (g�
 (z
)� 1) + p�
 (z
) � (g�� (z�)� 1)] � �� @

@��
: (4.288)

�®£¤  ¢ á¨«ã ¯à®¨§¢®«ì­®áâ¨ p�� (z�) á¯à ¢¥¤«¨¢®

�â¢¥à¦¤¥­¨¥ 4.100. � -¯à¥¯ïâáâ¢¨¥ �̂��
 (p) ®¡à é ¥âáï ¢ ­ã«ì ¤«ï ¯à¥®¡à -
§®¢ ­¨©, ­¥ ¬¥­ïîé¨å ­¥ç¥â­ãî ª®®à¤¨­ âã, â. ¥. ¤«ï ª®â®àëå ¢ë¯®«­ï¥âáï
g�� (z�) = 1.

� ª¨¬ ®¡à §®¬, ¢¢¥¤¥­­ë¥ � -¯à¥¯ïâáâ¢¨ï ¨ � -ª®æ¨ª«ë [23] ï¢«ïîâáï ¤®¯®«­¨-
â¥«ì­ë¬¨ å à ªâ¥à¨áâ¨ª ¬¨ ¯®«ãáã¯¥à¬­®£®®¡à §¨©, ¤«ï ª®â®àëå äã­ªæ¨ï¬¨ áª«¥©ª¨
á«ã¦ â à¥¤ãæ¨à®¢ ­­ë¥ ¯à¥®¡à §®¢ ­¨ï.
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4.9. �¥«¨­¥©­ ï à¥ «¨§ æ¨ï N = 1 à¥¤ãæ¨à®¢ ­-
­ëå ¯à¥®¡à §®¢ ­¨©

�§ãç¥­¨¥ ­¥«¨­¥©­ëå à¥ «¨§ æ¨© à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨© (á¬. [2,8,10,
22] ¨ �®¤à §¤¥« 4.1) ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á ¯® ¬­®£¨¬ ¯à¨ç¨­ ¬. � ®¤­®© áâ®à®­ë,
¯¥à¢ë¥ áâ âì¨ ¯® áã¯¥àá¨¬¬¥âà¨¨ [110,422{424] ¡ë«¨ ­ ¯¨á ­ë ¢ â¥à¬¨­ å ­¥«¨­¥©­ëå
à¥ «¨§ æ¨© (­¥áã¯¥àá¨¬¬¥âà¨ç­ë© ¢ à¨ ­â íâ®£® ¬¥â®¤  ¨§«®¦¥­ ¢ [425{428], ¢­ãâà¥­-
­¨¥ áã¯¥àá¨¬¬¥âà¨¨ à áá¬ âà¨¢ «¨áì ¢ [429,430],   à §«¨ç­ë¥ ®¡®¡é¥­¨ï ¯à¥¤áâ ¢«¥­ë
¢ [431]). �®§¤­¥¥ ¯®ï¢¨« áì ­ ¤¥¦¤ , çâ® á ¯®¬®éìî ¬¥â®¤  ­¥«¨­¥©­ëå à¥ «¨§ æ¨©
¬®¦­® à¥è¨âì ¯à®¡«¥¬ã áã¯¥à¯ àâ­¥à®¢ [432] ¨ á¯®­â ­­®£® ­ àãè¥­¨ï áã¯¥àá¨¬¬¥-
âà¨¨ [433{437] ¢ à¥ «¨áâ¨ç­ëå [438, 439] ¨ áã¯¥àª®­ä®à¬­ëå ç¥âëà¥å¬¥à­ëå ¬®¤¥-
«ïå [440{443]. � ¤àã£®© áâ®à®­ë, ­¥«¨­¥©­® à¥ «¨§®¢ ­­ ï ¤¢ã¬¥à­ ï áã¯¥àª®­ä®à¬-
­ ï á¨¬¬¥âà¨ï [444,445] ¡ë«  ¨á¯®«ì§®¢ ­  ¢ â¥®à¨¨ áã¯¥àáâàã­ [446] ¤«ï ¯®áâà®¥­¨ï
¨¥à àå¨© ¨ ¢«®¦¥­¨© [447{449] á à §«¨ç­ë¬ ª®«¨ç¥áâ¢®¬ áã¯¥àá¨¬¬¥âà¨© ­  ¬¨à®-
¢®¬ «¨áâ¥ [450{452], ­¥«¨­¥©­ëå W á¨¬¬¥âà¨© [453{455],   â ª¦¥ ¢ (à áè¨à¥­­®©)
áã¯¥àª®­ä®à¬­®© ¬¥å ­¨ª¥ [168,170,456] ¨ â¥®à¨¨ áã¯¥à¬¥¬¡à ­ [290,291,457{463].

� ¤ ­­®¬ ¯®¤à §¤¥«¥, ¢ ¤®¯®«­¥­¨¥ ª íâ¨¬ ¨áá«¥¤®¢ ­¨ï¬, ¬ë ¢ª«îç ¥¬ ¢ à á-
á¬®âà¥­¨¥ ª®­¥ç­ë¥ ¯à¥®¡à §®¢ ­¨ï ¨ ãç¨âë¢ ¥¬ ¨å ­¥®¡à â¨¬®áâì [21]. �ë â ª¦¥
à áá¬ âà¨¢ ¥¬ á¢ï§ì ¬¥¦¤ã "«¨­¥©­ë¬¨" ¨ ­¥«¨­¥©­ë¬¨ à¥ «¨§ æ¨ï¬¨ [464{468], ­® á
ç¨áâ® ª¨­¥¬ â¨ç¥áª®© â®çª¨ §à¥­¨ï ¨ ¯à¥¤« £ ¥¬ ¯à®§à ç­®¥ ¤¨ £à ¬¬­®¥ ®¯¨á ­¨¥,
ª®â®à®¥ ¬®¦­® ¯à¨¬¥­ïâì ¨ ¢ ®¡é¥¬ á«ãç ¥.

4.9.1. � ¢ ¨ ¦ ¥ ­ ¨ ¥ ­ ¥ ç ¥ â ­ ® © ª à ¨ ¢ ® © ¢ C 1j1 . � ¯®¬­¨¬, çâ® N = 1

áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ¢ C 1j1 ¨¬¥îâ ¢¨¤ (á¬. (4.2) ¨ [74,469])(
~z = f (z) + � � � (z) ;
~� =  (z) + � � g (z) ;

(4.289)

�®£« á­® ¨­â¥à¯à¥â æ¨¨ �¥áá  [470] ¬ë ¬®¦¥¬ ¨§ãç âì ¤¢¨¦¥­¨¥ ªà¨¢®© � = � (z) ¢

C 1j1 . �®£¤  ¯®«ãç ¥¬
~z = f (z) + � (z) � � (z) ; (4.290)

~� (~z) =  (z) + � (z) � g (z) ; (4.291)
£¤¥ ¢â®à®¥ ãà ¢­¥­¨¥ ®âà ¦ ¥â í©­èâ¥©­®¢áª¨© â¨¯ ¯à¥®¡à §®¢ ­¨©. � ç¥âëà¥å¬¥à­®¬
á«ãç ¥ äã­ªæ¨ï � (z) ®¡ëç­® ­ §ë¢ ¥âáï ¯®«¥¬ �ªã«®¢ -�®«ª®¢  [438, 470] ¨ ¢ ä¨-
§¨ç¥áª¨å ¯à¨«®¦¥­¨ïå ¨£à ¥â à®«ì £®«¤áâ®ã­®¢áª®£® ä¥à¬¨®­  [422{424] (¨ ¯®íâ®¬ã
­ §ë¢ ¥¬®£® â ª¦¥ £®«¤áâ¨­® ).

� ª íâ® ¢¨¤­® ¨§ (4.291) ¯à¥®¡à §®¢ ­¨¥ äã­ªæ¨¨ � (z) ï¢«ï¥âáï áãé¥áâ¢¥­­®
­¥«¨­¥©­ë¬. �®®â­®è¥­¨ï â ª®£® â¨¯  ï¢«ïîáï áâ ­¤ àâ­ë¬¨ ¤«ï ­¥«¨­¥©­ëå à¥ «¨-
§ æ¨©, ¨ £®«¤áâ¨­® � (z) ®¯¨áë¢ ¥â ­ àãè¥­¨¥ áã¯¥àá¨¬¬¥âà¨¨ [432, 471, 472]. �â®¡ë

­ ©â¨ ¯à¥®¡à §®¢ ­¨¥ £®«¤áâ¨­®, à §«®¦¨¬ äã­ªæ¨î ~� (~z) ¢ àï¤ ¨ ¨á¯®«ì§ã¬ ­¨«ì¯®-
â¥­â­®áâì ­¥ç¥â­ëå äã­ªæ¨©

~� (f (z)) =  (z) + � (z) � g (z)� ~�0 (f (z)) � � (z) � � (z) : (4.292)

� á«ãç ¥, ¥á«¨ f
�1 áãé¥áâ¢ã¥â, ¬ë ¬®¦¥¬ § ¯¨á âì ¨áª®¬ë¥ ¯à¥®¡à §®¢ ­¨ï ¢

ï¢­®¬ ¢¨¤¥ [8,21]

~� =  � f�1 + � � f�1 � g � f�1 � ~�0 � � � f�1 � � � f�1 ; (4.293)
£¤¥ f � g = f (g (z)) . � ©â¨ ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4.292) ­¥ ¯à¥¤áâ ¢«ï¥âáï ¢®§-
¬®¦­ë¬, ¯®íâ®¬ã à áá¬®âà¨¬ à §«¨ç­ë¥ ç áâ­ë¥ á«ãç ¨.

4.9.2. � « ® ¡   « ì ­   ï á ã ¯ ¥ à á ¨ ¬ ¬ ¥ â à ¨ ï ¢ C 1j1 . � íâ®¬ á«ãç ¥ ª®¬-
¯®­¥­â­ë¥ äã­ªæ¨¨ ¢ (4.289) ¨¬¥îâ ¢¨¤

f (z) = z; g (z) = 1; � (z) = ";  (z) = "; (4.294)
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£¤¥ " ¯®áâ®ï­­ë© ­¥ç¥â­ë© ¯ à ¬¥âà. �®£¤  ¨§ (4.290) ¨ (4.291) ¨¬¥¥¬

~�Glob (z) = "+ � (z)� ~�0
Glob

(z) � � (z) � " : (4.295)

�â¨ ãà ¢­¥­¨ï â ª¦¥ ¤®áâ â®ç­® á«®¦­ë ¤«ï ï¢­®£® à¥è¥­¨ï. �¤­ ª®, ¢ á«ãç ¥
¨­ä¥­¨â¥§¨¬ «ì­ëå ¯à¥®¡à §®¢ ­¨© ¯®«ãç ¥¬ à¥è¥­¨¥

�"�Glob (z) = ~�Glob (z)� � (z) = " � [1 + � (z) � �0 (z)] ; (4.296)

ª®â®à®¥ ã¤®¢«¥â¢®àï¥â áâ ­¤ àâ­®©  «£¥¡à¥ áã¯¥àá¨¬¬¥âà¨¨ ¢ ¤¢ãå ¨§¬¥à¥­¨ïå

[�"; ��]�Glob (z) = 2"� � � (z) � �0 (z) (4.297)

¢ á®®â¢¥âáâ¢¨¥ á [422,424].

� ¬¥ç ­¨¥ 4.101. � ª®­¥ç­®¬ £«®¡ «ì­®¬ á«ãç ¥ ¨¬¥¥¬

~�
fin

Glob
(z) = ~�Glob (z) + � (z) ; (4.298)

£¤¥ ~�Glob (z) ¤ ¥âáï ¢ (4.296). �®¤áâ ¢«ïï (4.298) ¢ (4.295), ¤«ï � (z) ¯®«ãç ¥¬ á«¥¤ãî-
é¥¥ ãà ¢­¥­¨¥

�
0 (z) � " � � (z) = � (z) ; (4.299)

ª®â®à®¥ ¬®¦¥â ¡ëâì à¥è¥­® à §«®¦¥­¨¥ ¯® ­¨«ì¯®â¥­â ¬.

4.9.3. � ¥ ¤ ã æ ¨ à ® ¢   ­ ­ ë ¥ ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ ï . � áá¬®âà¨¬ N = 1 à¥-
¤ãæ¨à®¢ ­­ë¥ ¯à¥®¡à §®¢ ­¨ï, ¯ à ¬¥âà¨§®¢ ­­ë¥ äã­ªæ¨ï¬¨ g (z) ;  (z) (á¬ �®¤-
à §¤¥« 4.1 ¨ [10,14]). � â¥à¬¨­ å â®© ¦¥ ­¥ç¥â­®© äã­ªæ¨¨ � (z) ¬ë ¬®¦¥¬ ¢ ®¡é¥¬

á«ãç ¥ ­ ©â¨ ¯à¥®¡à §®¢ ­­ãî äã­ªæ¨î ~�m (z) ¨§ (4.291) ¢ ¢¨¤¥ ¤¢ãå à¥è¥­¨© (á®®â-
¢¥âáâ¢ãîé¨å à §«¨ç­ë¬ ¯à®¥ªæ¨ï¬ ¯à®¥ªæ¨¨ \á¯¨­  à¥¤ãªæ¨¨" m (4.81)) á«¥¤ãîé¥©
á¨áâ¥¬ë ãà ¢­¥­¨© [21]8>>>><>>>>:

~�m
�
f
(g )
m (z)

�
=  (z) + � (z) � g (z)� ~�0m

�
f
(g )
m (z)

�
� � (z) � �(g )m (z) ;

f
(g )0
m (z) =  

0 (z) �  (z) +
1 + m

2
� g2 (z) ;

�
(g )0
m (z) = g

0 (z) �  (z) + m � g (z) �  0 (z) ;
(4.300)

£¤¥ èâà¨å ®§­ ç ¥â ¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯®  à£ã¬¥­âã, m = +1 á®®â¢¥âáâ¢ã¥â áã¯¥à-
ª®­ä®à¬­ë¬ ¯à¥®¡à §®¢ ­¨ï¬ ¨ m = �1 - ¯à¥®¡à §®¢ ­¨ï¬, á¯«¥â îé¨¬ ç¥â­®áâì
ª á â¥«ì­®£® ¯à®áâà ­áâ¢  (á¬. [2,8,10]).

�¯à¥¤¥«¥­¨¥ 4.102. �®®â¢¥âáâ¢¥­­® á¯¨­ã à¥¤ãªæ¨¨ ­ -

§®¢¥¬ à¥è¥­¨ï ~�SCf (z) = ~�m=+1 (z) | ����SCf��������������£®«¤áâ¨­®, ¨ ~�TPt (z) = ~�m=�1 (z) |

�����TPt��������������£®«¤áâ¨­®.

� ª ¨ à ­¥¥, ãà ¢­¥­¨¥ (4.300) ­¥¢®§¬®¦­® à¥è¨âì ï¢­® ¢ ®¡é¥¬ á«ãç ¥.

�â¢¥à¦¤¥­¨¥ 4.103. �­ «®£ ªà¨¢¨§­ë ªà¨¢®© ­¨«ì¯®â¥­â¥­ ¨ á®¢¯ ¤ ¥â á® ¢â®-
à®© ¯à®¨§¢®¤­®© £®«¤áâ¨­®.

�®ª § â¥«ìáâ¢®. �® áâ ­¤ àâ­®© ä®à¬ã«¥ {� (z) =
~�00 (z)�

1 +
�
~�0 (z)

�2�3=2 , ¨ ¯®á«¥ ¯®¤-

áâ ­®¢ª¨
�
~�0 (z)

�2
= 0 ¯®«ãç ¥¬ {� (z) = ~�00 (z). �

� ¬¥ç ­¨¥ 4.104. �¥®¡å®¤¨¬® ¯®¤ç¥àª­ãâì, çâ® ãà ¢­¥­¨ï (4.300) ­¥ § ¢¨áïâ ®â
á¢®©áâ¢ ®¡à â¨¬®áâ¨ áã¯¥àª®­ä®à¬­®-¯®¤®¡­ëå ¯à¥®¡à §®¢ ­¨© [2, 14], ¨ â®«ìª® ®­¨,
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  ­¥ ¤¨ £à ¬¬­ë© ¬¥â®¤, ¨§«®¦¥­­ë© ­¨¦¥, ¬®£ãâ ¡ëâì ¨á¯®«ì§®¢ ­ë ¤«ï ­ å®¦¤¥­¨ï
í¢®«îæ¨¨ £®«¤áâ¨­® ¤«ï ¯à¥®¡à §®¢ ­¨©, á¯«¥â îé¨å ç¥â­®áâì ª á â¥«ì­®£® ¯à®áâà ­-
áâ¢  (m = �1 á«ãç ©).

�à¨¬¥à 4.105. � à ¬¥âà¨§ã¥¬ ¨­ä¨­¨â¥§¨¬ «ì­ë¥ áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï
á«¥¤ãîé¨¬ ®¡à §®¬

f (z) = z + r (z) ; g (z) = 1 +
1

2
r
0 (z) ; � (z) = " (z) ;  (z) = " (z) ; (4.301)

£¤¥ r (z) ; " (z) ¡¥áª®­¥ç­® ¬ «ë¥ ç¥â­ ï ¨ ­¥ç¥â­ ï äã­ªæ¨¨. �®£¤  ¨§ (4.300) ¯®«ãç ¥¬

�r;"�SCf (z) = " (z) � [1 + � (z) � �0 (z)] +
1

2
r
0 (z) � � (z)� r (z) � �0 (z) (4.302)

¢ ¯®«­®¬ á®®â¢¥âáâ¢¨¨ á [445].

4.9.4. � ¨   £ à   ¬ ¬ ­ ë © ¯ ® ¤ å ® ¤ ª á ¢ ï § ¨ ¬ ¥ ¦ ¤ ã « ¨ ­ ¥ © ­ ® © ¨
­ ¥ « ¨ ­ ¥ © ­ ® © à ¥   « ¨ §   æ ¨ ï ¬ ¨ . �®®â­®è¥­¨¥ ¬¥¦¤ã «¨­¥©­®© ¨ ­¥«¨­¥©­®©
à¥ «¨§ æ¨ï¬¨ [464,466,468] ¨£à ¥â ¢ ¦­ãî à®«ì ¢ ¯®­¨¬ ­¨¨ ¬¥å ­¨§¬®¢ á¯®­â ­­®£®
­ àãè¥­¨ï áã¯¥àá¨¬¬¥âà¨¨ [465]. �­â¥à¥á ª ¨§ãç¥­¨î N = 1 áã¯¥àª®­ä®à¬­ëå ¨ à¥-
¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨© ®¡ãá«®¢«¥­ â¥¬ ä ªâ®¬, çâ® ­¥«¨­¥©­® à¥ «¨§®¢ ­­ë¥
¨­ä¨­¨â¥§¨¬ «ì­ë¥ áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï [445, 451, 452] è¨à®ª® ¨á¯®«ì-
§ãîâáï ¢ ¬¥â®¤¥ ¯®£àã¦¥­¨ï áã¯¥àáâàã­ [446, 450],   â ª¦¥ ¢ ¨å ¨¥à àå¨ïå [447, 449].
�¤¥áì ¬ë ¨áá«¥¤ã¥¬ ¤¢ã¬¥à­ë¥ ª®­¥ç­ë¥ (¢ ®¡é¥¬ á«ãç ¥ ­¥®¡à â¨¬ë¥) à¥¤ãæ¨à®¢ ­-
­ë¥ ¯à¥®¡à §®¢ ­¨ï (á¬. [12, 21] ¨ �®¤à §¤¥«ë 4.1 ¨ 4.7), çâ® á ®ç¥¢¨¤­ë¬¨ ¬®¤¨-
ä¨ª æ¨ï¬¨ ¯à¨¬¥­¨¬® ¨ ª ¬­®£®¬¥à­®¬ã á«ãç î. � áá¬®âà¨¬ á«¥¤ãîéãî ¤¨ £à ¬¬ã

ZA

Z

~Z

ZH

A
6

G

W-Z

H

A-V

-

-

6
B

(4.303)

£¤¥ A : Z ! ZA; G : ZA ! ~Z; B : ZH ! ~Z; H : Z ! ZH (¨ Z = (z; �))
áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï (4.289).

�à¥®¡à §®¢ ­¨¥ G ¨£à ¥â à®«ì «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï ¢¥áá-§ã¬¨­®¢áª®£®
â¨¯ ,   ­¥«¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ H ï¢«ï¥âáï ¯à¥®¡à §®¢ ­¨¥¬  ªã«®¢-¢®«ª®¢áª®£®
â¨¯ , ¢ â® ¢à¥¬ï, ª ª A ¨ B á®®â¢¥âáâ¢ãîâ ª®á¥â­ë¬ ¯à¥®¡à §®¢ ­¨ï¬ á £®«¤áâ®ã­®¢-
áª¨¬¨ ¯®«ï¬¨ ª ª ¯ à ¬¥âà ¬¨ [425,427].

4.9.5. � « ® ¡   « ì ­   ï ¤ ¢ ã ¬ ¥ à ­   ï á ã ¯ ¥ à á ¨ ¬ ¬ ¥ â à ¨ ï ¢ â ¥ à ¬ ¨ -
­   å ­ ¥ « ¨ ­ ¥ © ­ ë å à ¥   « ¨ §   æ ¨ © . � á®®â¢¥âáâ¢¨¥ á [426,464] ¬ë ¬®¦¥¬ à á-
á¬®âà¥âì G ª ª £«®¡ «ì­ë¥ «¨­¥©­ë¥ ¤¢ã¬¥à­ë¥ áã¯¥àá¨¬¬¥âà¨ç­ë¥ ¯à¥®¡à §®¢ ­¨ï

G :

(
~z = zA + �A � ";
~� = "+ �A;

(4.304)

â®£¤  H | ®¡ëç­ë¥ ª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï á á®áâ ¢­ë¬¨ ¯ à ¬¥âà ¬¨, ª®â®àë¥
¤®«¦­ë ¡ëâì ­ ©¤¥­ë ¨§ á®®â¢¥âáâ¢ãîé¨å ãà ¢­¥­¨©,   A and B ¬®¦­® ¨­â¥à¯à¥-
â¨à®¢ âì ª ª ª®á¥â­ë¥ ¯à¥®¡à §®¢ ­¨ï á «®ª «ì­ë¬¨ ­¥ç¥â­ë¬¨ ¯ à ¬¥âà ¬¨ � (z) ¨
~�Glob (zH).

A :

�
zA = z + � � � (z) ;
�A = � (z) + �;

B :

(
~z = zH + �H � ~�Glob (zH) ;
~� = ~�Glob (zH) + �H;

(4.305)

�¬¥­­® ª®¬¬ãâ â¨¢­®áâì ¤¨ £à ¬¬ë (4.303) § ¤ ¥â í¢®«îæ¨î £®«¤áâ¨­® � (z)
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¯®¤®¡­® (4.291) ¨ (4.295) ¨ ãà ¢­¥­¨ï ¤«ï á®áâ ¢­ëå ¯ à ¬¥âà®¢ ¯à¥®¡à §®¢ ­¨ï H
á«¥¤ãîé¨¬ ®¡à §®¬ [12,21].

�¯à¥¤¥«¥­¨¥ 4.106. �ã¤¥¬ áç¨â âì, çâ® \«¨­¥©­®¥" à¥¤ãæ¨à®¢ ­­®¥ ¯à¥®¡à §®-
¢ ­¨¥ G �����������������¯à¥¤áâ ¢¨¬® \­¥«¨­¥©­ë¬" ¯à¥®¡à §®¢ ­¨¥¬ H , ¥á«¨ ¤¨ £à ¬¬  (4.303)
ª®¬¬ãâ â¨¢­ 

G � A = B � H: (4.306)

� ¬¥ç ­¨¥ 4.107. � â¥®à¨¨ £àã¯¯ íâ  ª®­áâàãªæ¨ï á¢ï§ ­  á ¨­¤ãæ¨à®¢ ­­ë¬ ¯à¥¤-
áâ ¢«¥­¨¥¬ [473, 474]. �¤­ ª®, §¤¥áì ¬ë ­¥ âà¥¡ã¥¬ ®¡à â¨¬®áâ¨ á®áâ ¢«ïîé¨å ¯à¥-
®¡à §®¢ ­¨© (4.306) ¨ ¢ª«îç ¥¬ ¢ à áá¬®âà¥­¨¥ â ª¦¥ ª®­¥ç­ë¥ ¯à¥®¡à §®¢ ­¨ï.

�á¯®«ì§ãï (4.306), ¬ë ¯®«ãç ¥¬ á®®â­®è¥­¨ï

~zG�A = ~zB�H;
~�G�A = ~�B�H;

(4.307)

ª®â®àë¥ ï¢«ïîâáï ãá«®¢¨ï¬¨ ¯à¥¤áâ ¢¨¬®áâ¨ (4.306) ¢ ª®®à¤¨­ â­®¬ ¢¨¤¥ (ª ª 4 ª®¬-
¯®­¥­â­ëå ãà ¢­¥­¨ï ¯®á«¥ à §«®¦¥­¨ï ¯® � ). � ç áâ­®¬ á«ãç ¥ £«®¡ «ì­®© áã¯¥à-
á¨¬¬¥âà¨¨ (4.304) ãà ¢­¥­¨ï (4.307) ¨¬¥îâ ¢¨¤

zA + �A � " = zH + �H � ~�Glob (zH) ;

�A + " = ~�Glob (zH) + �H:
(4.308)

�á¯®«ì§ãï (4.305), ¬ë ¯®«ãç ¥¬ á®áâ ¢­ë¥ ¯ à ¬¥âàë ¯à¥®¡à §®¢ ­¨ï H ¢ ¢¨¤¥

H :

�
zH = z + � (z) � ";
�H = �;

(4.309)

  â ª¦¥ ãà ¢­¥­¨¥ ¤«ï í¢®«îæ¨¨ £®«¤áâ¨­®

~�Glob (zH) = "+ � (z) : (4.310)

�®á«¥ à §«®¦¥­¨ï ¯® ­¨«ì¯®â¥­â ¬ ¯®«ãç ¥¬

"+ � (z) = ~�Glob (z) + ~�0
Glob

(z) � � (z) � "; (4.311)

çâ® á®¢¯ ¤ ¥â á (4.295). � ª¨¬ ®¡à §®¬, ¨¬¥­­® ¨§ á®®â­®è¥­¨© (4.306) ¨ (4.307) ®¯à¥-
¤¥«ï¥âáï í¢®«îæ¨ï £®«¤áâ¨­®. �á«¨ A ®¡à â¨¬®, ãá«®¢¨¥ ¯à¥¤áâ ¢¨¬®áâ¨ (4.306) ¯à¨-
­¨¬ ¥â á«¥¤ãîé¨© ¢¨¤

G = B � H � A�1: (4.312)

� £«®¡ «ì­®¬ á«ãç ¥ ®¡à â¨¬®áâì A ®ç¥¢¨¤­ , â®£¤  ¨§ (4.305) ¯®«ãç ¥¬

A�1 :

�
z = zA � �A � � (zA) ;
� = �� (zA) + �A [1 + � (zA) � �0 (zA)] :

(4.313)

�â® ®¡êïá­ï¥â å®à®è® ¨§¢¥áâ­®¥ \�� ¯à ¢¨«®" [464, 475] ¯à¨ áà ¢­¥­¨¨ áã¯¥à-
¯®«¥© ¢ «¨­¥©­®© ¨ ­¥«¨­¥©­®© à¥ «¨§ æ¨ïå [476]. �®®â­®è¥­¨¥ (4.312) ¯à¥¤áâ ¢«ï¥â
á®¡®© ®¡é¨© ¢¨¤ \à áé¥¯«ïîé¥£® âàîª " (\splitting trick") [464,465], ¢ á®®â¢¥âáâ¢¨¨ á
ª®â®àë¬ «î¡®¥ «¨­¥©­®¥ áã¯¥à¯®«¥ ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ª ª áã¯¥à¯®§¨æ¨ï ­¥«¨-
­¥©­® ¯à¥®¡à §ãîé¨åáï ª®¬¯®­¥­â. �­ «®£®¬ íâ®© ¯à®æ¥¤ãàë ¢ ­¥®¡à â¨¬®¬ á«ãç ¥
ï¢«ï¥âáï ãá«®¢¨¥ ¯à¥¤áâ ¢¨¬®áâ¨ (4.306), ª®â®à®¥ ­¥ ¤®«¦­® à §à¥è âìáï ®â­®á¨â¥«ì­®
A. � ª¨¬ ®¡à §®¬, ¤«ï áã¯¥à¯®«ï � (z; �) ¬ë ¬®¦¥¬ § ¯¨á âì

�H� (z; �) = � (z + � (z) � "; �)� � (z; �) = " � � (z) � @� (z; �)

@z
; (4.314)

£¤¥ �H | ¨­ä¨­¨â¥§¨¬ «ì­®¥ ­¥«¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ H , á®®â¢¥âáâ¢ãîé¥¥ G . �á«¨
¨á¯®«ì§®¢ âì (4.313) ¨ ¯®«®¦¨âì

� (z; �) = � (zA � �A � � (zA) ;�� (zA) + �A [1 + � (zA) � �0 (zA)])

def

= �A (zA; �A) ; (4.315)
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â®£¤  ¤«ï ¨­ä¨­¨â¥§¨¬ «ì­®£® «¨­¥©­®£® ¯à¥®¡à §®¢ ­¨ï G ¬ë ¯®«ãç ¥¬ áâ ­¤ àâ­®¥
á®®â­®è¥­¨¥ áã¯¥àá¨¬¬¥âà¨¨

�G�A (zA; �A) = � (zA + " � �A; �A + ")��A (zA; �A) = " �QA�A (zA; �A) ; (4.316)

£¤¥ QA - ®¡ëª­®¢¥­­ë¥ áã¯¥àâà ­á«ïæ¨¨ (á¬. [464]). �¥¯¥àì ¬ë ¬®¦¥¬ ¤®ª § âì ®¡à â-
­ë© à áé¥¯«ïîé¨© âàîª, ª®â®àë© ï¢­® á«¥¤ã¥â ¨§ ãá«®¢¨ï ¯à¥¤áâ ¢¨¬®áâ¨ (4.306),
¯à¨¬¥­¥­­®£® ª £«®¡ «ì­®© ¤¢ã¬¥à­®© áã¯¥àá¨¬¬¥âà¨¨.

�à¥¤«®¦¥­¨¥ 4.108. �î¡®¥ áã¯¥à¯®«¥ � (z; �) ; ¯à¥®¡à §ãîé¥¥áï ­¥«¨­¥©­®, ª ª ¢
(4.314), ¢¬¥áâ¥ á £®«¤áâ¨­® � (z), ¯à¥®¡à §ãîé¥£®áï, ª ª ¢ (4.296), § ¤ ¥â «¨­¥©­®¥
£«®¡ «ì­® ¯à¥®¡à §ãîé¥¥áï áã¯¥à¯®«¥ (4.316).

�®ª § â¥«ìáâ¢®. �ë ¤®«¦­ë ¤®ª § âì, çâ® �� (z; �) = �G�A (zA; �A), £¤¥ �� (z; �)
def

=
�H� (z; �)+�B� (z; �)��A� (z; �) ¨ �H ¤ ¥âáï ä®à¬ã«®© (4.314). �§ (4.305) á«¥¤ã¥â, çâ®

�B � �A ®¯¨áë¢ ¥â ¨§¬¥­¥­¨ï � (z), ¯®íâ®¬ã �B� (z; �)� �A� (z; �) = �"�Glob (z) � @�(z;�)
@�

.

� ª, çâ® ¨§ (4.296) ¬ë ¨¬¥¥¬

�� (z; �) = " �
 
� (z) � @� (z; �)

@z
+ (1 + � (z) � �0 (z)) � @� (z; �)

@�

!
:

�¥« ï § ¬¥­ã ¯¥à¥¬¥­­ëå (z; �)! (zA; �A) ¨ ¨á¯®«ì§ãï á®®â­®è¥­¨ï

@� (z; �)

@z
= (1 + � � �0 (z)) � @�A (zA; �A)

@zA
+ �

0 (z) � @�A (zA; �A)

@�A

¨
@� (z; �)

@�
= �� � @�A (zA; �A)

@zA
+
@�A (zA; �A)

@�A
;

á«¥¤ãîé¨¥ ¨§ (4.305), ¬ë ¯®«ãç ¥¬

�� (z; �) = (� + � (z)) � " � @�A (zA; �A)

@zA
+ " � @�A (zA; �A)

@�A
=

�GzA � @�A (zA; �A)

@zA
+ �G�A � @�A (zA; �A)

@�A
=

�G�A (zA; �A) :

�

4.9.6. � ¥ « ¨ ­ ¥ © ­   ï à ¥   « ¨ §   æ ¨ ï ª ® ­ ¥ ç ­ ë å à ¥ ¤ ã æ ¨ à ® ¢   ­ -
­ ë å ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ © . � áá¬®âà¨¬ ãá«®¢¨¥ ¯à¥¤áâ ¢¨¬®áâ¨ (4.306) ¤«ï ®¡é¨å

N = 1 à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨© ZA ! ~Z , ª®â®àë¥ ¨£à îâ à®«ì \«¨­¥©­ëå". �
á®®â¢¥âáâ¢¨¨ á [8, 10, 14] ®­¨ ¬®£ãâ ¡ëâì ¯ à ¬¥âà¨§®¢ ­ë ¤¢ã¬ï äã­ªæ¨ï¬¨ g (zA) ¨
 (zA) ¨ ¨¬¥îâ ¢¨¤

G :

(
~z = f

(g )
m (zA) + �A � �(g )m (zA) ;

~� =  (zA) + �A � g (zA) ;
(4.317)

£¤¥
f
(g )0
m (zA) =  

0 (zA) (zA) + 1+m
2
� g2 (zA) ;

�
(g )0
m (zA) = g

0 (zA) (zA) + m � g (zA) 0 (zA) ;
(4.318)

£¤¥ m =

�
+1; SCf ¯à¥®¡à §®¢ ­¨ï
�1; TPt ¯à¥®¡à §®¢ ­¨ï | ¯à®¥ªæ¨ï "á¯¨­  à¥¤ãªæ¨¨", ®â¢¥ç îé¥£®

§  â¨¯ ¯à¥®¡à §®¢ ­¨© (á¬. �®¤à §¤¥« 4.1 ¨ [10]). � ¯®¯ëâª å ¯à¥¤áâ ¢¨âì G ¢
â¥à¬¨­ å ­¥«¨­¥©­ëå á®áâ ¢«ïîé¨å, ¯®¤®¡­® ¤¨ £à ¬¬¥ (4.303), ¬ë áâ «ª¨¢ ¥¬áï á®
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á«¥¤ãîé¨¬ ®£à ­¨ç¥­¨¥¬, ª®â®à®¥ ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ § ª®­  ã¬­®¦¥­¨ï N = 1
áã¯¥àª®­ä®à¬­®-¯®¤®¡­ëå ¯à¥®¡à §®¢ ­¨© [8,10].

�á«¨ T | áã¯¥àª®­ä®à¬­®-¯®¤®¡­®¥ ¯à¥®¡à §®¢ ­¨¥, â® ¢ ª®¬¯®§¨æ¨¨ z
T! ~z

~T!e~z ¨¬¥¥âáï «¨èì ¤¢¥ ¢®§¬®¦­®áâ¨

~TSCf � TSCf =
e~T SCf ;

~TTPt � TSCf =
e~T TPt: (4.319)

�®®â¢¥âáâ¢¥­­® ¢ â¥à¬¨­ å á®áâ ¢«ïîé¨å ¯à¥®¡à §®¢ ­¨© ¨§ ¤¨ £à ¬¬ë (4.303)
¨¬¥¥¬

GSCf � ASCf = BSCf � HSCf ; (4.320)

GTPt � ASCf = BTPt � HSCf : (4.321)

�¥à¢®¥ á®®â­®è¥­¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®©  ­ «®£ ­¥«¨­¥©­®£® ¯à¥¤áâ ¢«¥­¨ï N =
1 áã¯¥àª®­ä®à¬­®© £àã¯¯ë (á¬. ¨­ä¨­¨â¥§¨¬ «ì­ë© ®¡à â¨¬ë© ç¥âëà¥å¬¥à­ë© á«ã-
ç © ¢ [464,477] and (4.306)), ¢ ª®â®à®¬ ASCf ¨ BSCf ¨£à îâ à®«ì ª®á¥â­ëå ¯à¥®¡à §®-
¢ ­¨©.

� áá¬®âà¨¬ ãà ¢­¥­¨¥ (4.320) ¢ ª®¬¯®­¥­â å. �ë¡¥à¥¬ ª®á¥â­ë¥ ¯à¥®¡à §®¢ ­¨ï
ASCf and BSCf ¢ ¢¨¤¥

ASCf :

(
zA = z + � � � (z) ;

�A = � (z) + �

q
1 + � (z) � �0 (z); (4.322)

BSCf :

(
~z = zH + �H � ~� (zH) ;

~� = ~� (zH) + �H

q
1 + ~� (zH) � ~�0 (zH);

(4.323)

¨ H ¯ à ¬¥âà¨§ã¥¬ á«¥¤ãîé¨¬ ®¡à §®¬

HSCf :

�
zH = p (z) ;
�H = � (z) + � � q (z)

(4.324)

�®£¤ , à §« £ ï ª®®à¤¨­ â­ë¥ ãà ¢­¥­¨ï (4.307) ­  ª®¬¯®­¥­âë, ¬ë ¯®«ãç ¥¬

ç¥âëà¥ ãà ¢­¥­¨ï ¤«ï ç¥âëà¥å ­¥¨§¢¥áâ­ëå á®áâ ¢­ëå äã­ªæ¨© p (z) ; q (z) ; � (z) ; ~� (z)
¢ á«¥¤ãîé¥¬ ¢¨¤¥

p (z) + � (z) � ~� (p (z)) = f
(g )
+1 (z) + g (z) � � (z) �  (z) ; (4.325)

~� (p (z)) + � (z) �
q

1 + ~� (p (z)) � ~�0 (p (z)) =  (z) + g (z) � � (z) ; (4.326)

q (z) � ~� (p (z)) = � (z) � f (g )0+1 (z) +

g (z) �  (z) �
q

1 + � (z) � �0 (z); (4.327)

q (z) �
q

1 + ~� (p (z)) � ~�0 (p (z)) = � (z) �  0 (z) +

g (z) �
q

1 + � (z) � �0 (z); (4.328)

£¤¥ f
(g )
+1 (z) ®¯à¥¤¥«ï¥âáï ¢ (4.318).

� á«ãç ¥, ¥á«¨ q (z) and g (z) ®¡à â¨¬ë, íâ¨ ãà ¢­¥­¨ï ¨¬¥îâ á«¥¤ãîé¥¥ à¥è¥-
­¨¥ ¤«ï ¯ à ¬¥âà®¢ ¯à¥®¡à §®¢ ­¨ï H ¢ â¥à¬¨­ å ¯ à ¬¥âà®¢ \«¨­¥©­ëå" ¯à¥®¡à §®-
¢ ­¨© G

p (z) = f
(g )
+1 (z) + g (z) � � (z) �  (z) ; (4.329)

q (z) =
q
p0 (z); (4.330)

� (z) = 0; (4.331)
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¨ ¤«ï í¢®«îæ¨¨ £®«¤áâ¨­®
~� (p (z)) =  (z) + g (z) � � (z) ; (4.332)

çâ® ¥áâ¥áâ¢¥­­® á®¢¯ ¤ ¥â á ¯à¥¤ë¤ãé¨¬ ¯®¤å®¤®¬ (4.292), ¥á«¨ ¯®¤áâ ¢¨âì f (z) =

f
(g )
+1 (z) ¨ � (z) = g (z) �  (z). �«¥¤®¢ â¥«ì­®, ¯à¥®¡à §®¢ ­¨¥ H ¥áâì à áé¥¯«¥­­®¥

N = 1 áã¯¥àª®­ä®à¬­®¥ ¯à¥®¡à §®¢ ­¨¥ [297,302]

HSCf :

(
zH = p (z) ;

�H = � �
q
p0 (z)

(4.333)

á á®áâ ¢­ë¬ ¯ à ¬¥âà®¬ p (z) ¨§ (4.329). �â® ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­® ¢ ¢¨¤¥ á«¥¤ãî-
é¥© ¤¨ £à ¬¬ë

ZA

Z

~Z

ZH

ASCf
6

GSCf

full

HSCf

split

-

-

6
BSCf

(4.334)

�â®à®¥ á®®â­®è¥­¨¥ (4.321) ­¥ ¨¬¥¥â áâ®«ì ¯à®§à ç­®£® á¬ëá« , ¯®áª®«ìªã  ­ «®£ ª®-
á¥â­®£® ¯à¥®¡à §®¢ ­¨ï BTPt ï¢«ï¥âáï â¥¯¥àì ­¥®¡à â¨¬ë¬ ¢ ®â«¨ç¨¥ ®â áâ ­¤ àâ­®£®
ª®á¥â  [474]. �®®â¢¥âáâ¢ãîé ï ª®¬¬ãâ â¨¢­ ï ¤¨ £à ¬¬  ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤

ZA

Z

~Z

ZH

ASCf
6

GTPt

HSCf

-

-

6
BTPt

(4.335)

�¥¬ ­¥ ¬¥­¥¥, ¥á«¨ ¯à¥¤¯®«®¦¨âì, çâ® ¯à¥¤ë¤ãé¨© ¯®¤å®¤ ¤ ¥â ¯à ¢¨«ì­®¥ ¢ëà ¦¥­¨¥
(4.300) ¤«ï á®áâ ¢­ëå ª®¬¯®­¥­â \­¥«¨­¥©­®£®" ¯à¥®¡à §®¢ ­¨ï HSCf , â® ­¥®¡à â¨¬ë©
 ­ «®£ ª®á¥â­ëå ¯à¥®¡à §®¢ ­¨© BTPt ¬®¦¥â ¡ëâì ¢ ¯à¨­æ¨¯¥ ­ ©¤¥­ ¨§ ãà ¢­¥­¨©,
 ­ «®£¨ç­ëå (4.325){(4.328) [8,12].

� ¯¨è¥¬ ¯à¥®¡à §®¢ ­¨¥ BTPt ¢ ¢¨¤¥

BSCf :

8<: ~z = f
(be�)
�1 (zH) + �H � �(be�)

�1 (zH) ;
~� = ~� (zH) + �H � b (zH) ;

(4.336)

£¤¥

f
(be�)0
m (zH) = e�0 (zH) � e� (zH) + 1+m

2
� b2 (zH) ;

�
(be�)0
m (zH) = b

0 (zH) � e� (zH) + m � b (zH) � e�0 (zH) ;
(4.337)

¨ èâà¨å ®§­ ç ¥â ¯à®¨§¢®¤­ãî ¯®  à£ã¬¥­â ¬. �®£¤  á®®â¢¥âáâ¢ãîé ï á¨áâ¥¬  ãà ¢-
­¥­¨© ¨¬¥¥â ¢¨¤

f
(be�)
�1 (p (z)) + � (z) � �(be�)

�1 (p (z)) = f
(g )
+1 (z) + � (z) � �(g )+1 (z) ; (4.338)

~� (p (z)) + � (z) � b (p (z)) =  (z) + g (z) � � (z) ; (4.339)

� (z) � f(be�)0
�1 (p (z)) + q (z) � �(be�)

�1 (p (z)) = � (z) � f (g )0+1 (z) +

�
(g )
+1 (z) �

q
1 + � (z) � �0 (z);

(4.340)

� (z) � q (z) � ~�0 (p (z)) + q (z) � b (p (z)) = � (z) �  0 (z) +

g (z) �
q

1 + � (z) � �0 (z): (4.341)
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�á«¨ ¯à¥®¡à §®¢ ­¨¥ ASCf ®¡à â¨¬®, â® ¬ë ¯®«ãç ¥¬

GTPt = BTPt � HSCf � A�1SCf (4.342)

çâ® ¤ ¥â ¤¨ £à ¬¬­ëå  ­ «®£ ­¥«¨­¥©­®© à¥ «¨§ æ¨¨ ¤«ï ­¥®¡à â¨¬ëå á¯«¥â îé¨å
ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© [8,21].

4.10. �à®¡­®-«¨­¥©­ë¥ ¯à¥®¡à §®¢ ­¨ï

�ëïá­¨¬, ª ª¨¥ ¨§ ¯à¥®¡à §®¢ ­¨©,ã¤®¢«¥â¢®àïîé¨å (4.37) ¨«¨ (4.38), ¬®£ãâ
¡ëâì à¥ «¨§®¢ ­ë ª ª «¨­¥©­ë¥ ¯à¥®¡à §®¢ ­¨ï ¢ áã¯¥à¯à®¥ªâ¨¢­®¬ ¯à®áâà ­áâ¢¥

CP 1j1 ¯®á«¥ ¯¥à¥å®¤  ª ®¤­®à®¤­ë¬ ª®®à¤¨­ â ¬. �à¥¤¯®«®¦¨¬, çâ® � [ã] 6= 0, â®£¤ ,
¢¢®¤ï ®¤­®à®¤­ë¥ ª®®à¤¨­ âë [206,308]

X =

0@ x

y

�

1A 2 C 2j1; (4.343)

­¥®¤­®à®¤­ë¥ ª®®à¤¨­ âë ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ z = x=y; � = �=y . �®áâ ¢¨¬ ¢

á®®â¢¥âáâ¢¨¥ ®¡é¥¬ã (5j4)-¬¥à­®¬ã «¨­¥©­®¬ã ®â®¡à ¦¥­¨î ¢ CP 1;1 ¯à¥®¡à §®¢ ­¨¥
®¤­®à®¤­ëå ª®®à¤¨­ â

~X = M �X; (4.344)

£¤¥

M =

0@ a b �

c d �


 � e

1A : (4.345)

�®®â¢¥âáâ¢ãîé¥¥ ¤à®¡­®-«¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥ ¢ ­¥®¤­®à®¤­ëå ª®®à¤¨­ â å
¢ëà ¦ ¥âáï ç¥à¥§ í«¥¬¥­âë áã¯¥à¬ âà¨æë M

~z =
az + b

cz + d
+ � � (�a� �c) z + �b� �d

(cz + d)
2

;

~� =

z + �

cz + d
+ � � (�
 + ec) z + �� + ed

(cz + d)
2 :

(4.346)

�áá«¥¤®¢ ­¨¥ á¢®©áâ¢ ¤à®¡­®-«¨­¥©­ëå ¯à¥®¡à §®¢ ­¨© ã¤®¡­® ¯à®¢®¤¨âì ¢ â¥à-
¬¨­ å ­¥ç¥â­ëå  ­ «®£®¢ ¬¨­®à®¢ ¤«ï áã¯¥à¬ âà¨æ | ¯®«ã¬¨­®à®¢ ¨ ¯®«ã¬ âà¨æ,
ª®â®àë¥ ¢¢¥¤¥­ë ¢ �ã­ªâ¥ 6.1.2.

4.10.1. � ã ¯ ¥ à ª ® ­ ä ® à ¬ ­ ë ¥ ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ ï . � â¥à¬¨­ å ¯®«ã-
¬¨­®à®¢ ¯à¥®¡à §®¢ ­¨ï (4.346) ¨¬¥îâ ¢¨¤

~z =
az + b

cz + d
+ � � �etM� � z + �etM


(cz + d)
2 ;

~� =

z + �

cz + d
+ � � detMb � z + detMa

(cz + d)
2

:

(4.347)

�§ íâ®£® ¢ëà ¦¥­¨ï ¢¨¤­®, § ç¥¬ ¡ë«¨ ¢¢¥¤¥­ë ¯®«ã¬¨­®àë ¨  ­ «®£¨ ¬ âà¨ç-
­ëå äã­ªæ¨© ®â ­¨å.

�¯à¥¤¥«¥­¨¥ 4.109.�����������������������¥â­®-­¥ç¥â­ ï����������������á¨¬¬¥âà¨ï ¤à®¡­®-«¨­¥©­ëå ¯à¥®¡à §®¢ -

­¨© ®¯à¥¤¥«ï¥âáï ª ª
a$ 
; b$ �; det$ �et: (4.348)
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�ã¯¥àª®­ä®à¬­ë¥ ãá«®¢¨ï (4.37) ¤ îâ ç¥âëà¥ ãà ¢­¥­¨ï ­  ¯ à ¬¥âàë áã¯¥à-
¬ âà¨æë M (4.345) ¢ ¢¨¤¥

e� � �etM� = 0; e � �etM� = � � detMe;

� � perMe � e � �erM� = 2�cd; detMe = e
2 + 
� +

�e

2cd
� �erM�:

(4.349)

�¤¥áì ¯à¥¤¯®« £ ¥âáï, çâ® � [cd] 6= 0. � áá¬®âà¨¬ ¢®§¬®¦­ë¥ à¥è¥­¨ï á¨áâ¥¬ë
ãà ¢­¥­¨© (4.349), ãç¨âë¢ ï â ª¦¥ ¨ ­¥®¡à â¨¬ë© ¢ à¨ ­â. �¥à¢®¥ ãà ¢­¥­¨¥ ¢ (4.349)
§ ¤ ¥â âà¨ â¨¯  á®®â¢¥âáâ¢ãîé¨å à¥è¥­¨© ¯® ª®«¨ç¥áâ¢ã ¢ à¨ ­â®¢ ¥£® à¥è¥­¨ï

� � �etM� = 0; (4.350)

e� � �etM� = 0; (4.351)

e� = 0: (4.352)

� áá¬®âà¨¬ ¯¥à¢®¥ ãà ¢­¥­¨¥ (4.350) ¡®«¥¥ ¤¥â «ì­®. ¯à¨ ­¥­ã«¥¢ëå á®¬­®¦¨-
â¥«ïå ®­® ¨¬¥¥â á«¥¤ãîé¥¥ à¥è¥­¨¥

� = const � �etM�: (4.353)

�®£¤  ¯®«ãç ¥¬ à¥è¥­¨¥ ¤«ï M ¢ ¢¨¤¥ ¬ âà¨æë áã¯¥à¯à®¥ªâ¨¢­ëå ¯à¥®¡à §®-
¢ ­¨© [206,308]

Minv

SCf
=

0BBBBBBB@
a b

�etM�p
det Me

c d
�etM�p
det Me


 �
p

det Me � 3

2

�

1CCCCCCCA : (4.354)

�¥à¥§¨­¨ ­ áã¯¥à¬ âà¨æë Minv

SCf
¨¬¥¥â ¢¨¤

Ber inv
SCf

M =
q

det Me +
3

2

� � 2
�p

det Me

:

�¡à â¨¬ë¥ ¬ âà¨æë (4.354) á ¥¤¨­¨ç­ë¬ ¡¥à¥§¨­¨ ­®¬ ®¡à §ãîâ (3j2)-¬¥à­ãî
áã¯¥à£àã¯¯ã OSpC (2j1), á¢®©áâ¢  ª®â®à®© ¯à¨¬¥­ïîâáï ¤«ï à áç¥â  ¬­®£®¯¥â«¥¢ëå
 ¬¯«¨âã¤ ¢ áã¯¥àáâàã­­ëå â¥®à¨ïå [182, 208, 226]. �¯¨á ­¨¥ ª« áá®¢ áã¯¥àª®­ä®à¬-
­ëå ¬­®£®®¡à §¨© [205, 207] ¬®¦¥â ¡ëâì ¯à®¢¥¤¥­® á ¯®¬®éìî à §«¨ç­ëå ¤¨áªà¥â­ëå
¯®¤£àã¯¯ íâ®© áã¯¥à£àã¯¯ë [217].

� ­¥®¤­®à®¤­ëå ª®®à¤¨­ â å ¤«ï ®¡à â¨¬®£® ¤à®¡­®-«¨­¥©­®£® áã¯¥àª®­ä®à¬-
­®£® ¯à¥®¡à §®¢ ­¨ï C 1;1 ! C 1;1 ¯®«ãç ¥¬

~z =
az + b

cz + d
+ � � 
z + �

(cz + d)
2

q
det Me;

~� =

z + �

cz + d
� � �

p
det Me � 
�
cz + d

; (4.355)

¨ ¡¥à¥§¨­¨ ­ ¯à¥®¡à §®¢ ­¨ï Z ! ~Z ¨¬¥¥â ¢¨¤

J
inv

SCf
= Ber

�
~Z=Z

�
=

p
det Me � 
�
cz + d

+ � � �etM�

(cz + d)
2
: (4.356)

� ¬¥ç ­¨¥ 4.110. �¤¥áì ¬ë ¢¨¤¨¬ ï¢­® á¬ëá« ¢¢¥¤¥­¨ï ¯®«ã¤¥â¥à¬¨­ ­â®¢: ¥á«¨p
det Me ª®­âà®«¨àã¥â ç¨á«®¢ãî ç áâì ¡¥à¥§¨­¨ ­ , â® �etM� ®â¢¥ç ¥â §  ¥£® � -

§ ¢¨á¨¬®áâì [2]. �â® ¯®§¢®«ï¥â â ª¦¥ âà ªâ®¢ âì ¯®«ã¤¥â¥à¬¨­ â ª ª ª¢ ¤à â­ë© ª®-
à¥­ì ¨§ ®¡ëç­®£® ¤¥â¥à¬¨­ ­â .

�á«¨ ¢ª«îç¨âì ¢ à áá¬®âà¥­¨¥ ¨ ¯®«ã­¥®¡à â¨¬ë¥ (4.4) áã¯¥àª®­ä®à¬­ë¥ ¯à¥-
®¡à §®¢ ­¨ï, â® ¬®¦­® ¢®á¯®«ì§®¢ âìáï ¤àã£¨¬¨ ãà ¢­¥­¨ï¬¨ (4.351) ¨ (4.352). � ª,
ãá«®¢¨¥ (4.351) ¬®¦¥â ¡ëâì ¢ë¯®«¥­® á ¯®¬®éìî ¯®¤áâ ­®¢ª¨ e = � � �etM� , çâ® ¤«ï
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áã¯¥à¬ âà¨æë M ¤ ¥â

M
halfinv

SCf
=

0BB@ a b ��
 +
�

2cd
per Me

c d �


 � �etM�

1CCA ; (4.357)

£¤¥ ¢ë¯®«­ïîâáï ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï

det Me = 
�; (4.358)

� det Me = 0: (4.359)

�á«¨ áç¨â âì, çâ® � 6= 0 ¨ det Me 6= 0, â® ¤®«¦­® ¡ëâì � 2 Ann [det Me]
¨«¨ �
� = 0. �«ï ¢ë¯®«­¥­¨ï (4.358) ¨ (4.359) ¯®«®¦¨¬ a = a0
� ¨ b = b0
� , £¤¥

det

�
a0 b0
c d

�
= 1. �®£¤  ¯®«ãç ¥¬ ¯®«ã­¥®¡à â¨¬®¥ ¯à¥®¡à §®¢ ­¨¥

~z =
a0z + b0

cz + d
+ � � �
�

cz + d
; ~� =


z + �

cz + d
� � � � � �etM�

cz + d
; (4.360)

¤«ï ª®â®à®£® ­¥®¡à â¨¬ë©  ­ «®£ ïª®¡¨ ­  (4.90) ¨¬¥¥â ¢¨¤

J
halfinv

SCf
=
�etM�

cz + d

 
�+

�

cz + d

!
: (4.361)

� ¬¥ç ­¨¥ 4.111. �à ¢­¨¢ ï (4.356)
¨ (4.361), ¬®¦¥¬ ã¡¥¤¨âìáï, çâ® ¤«ï ¯®«ã­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨© ¯®«ã¤¥â¥à¬¨-
­ ­â �et M� ¨£à ¥â à®«ì,  ­ «®£¨ç­ãî â®©, ª®â®àãî ª®à¥­ì ¨§ ®¡ëç­®£® ¤¥â¥à¬¨­ ­â p

det Me ¨£à ¥â ¤«ï ®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©.

�áâ «ì­ë¥ ¢®§¬®¦­ë¥ á«ãç ¨ ¯¥à¥ç¨á«¥­ë ¢ [2].

4.10.2. � ¯ « ¥ â   î é ¨ ¥ ç ¥ â ­ ® á â ì ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ ï . �à¨¬¥­ïï
ãá«®¢¨¥ (4.38) ª ®¡é¨¬ ¤à®¡­®-«¨­¥©­ë¬ ¯à¥®¡à §®¢ ­¨ï¬, ¯®«ãç ¥¬ ãà ¢­¥­¨ï ­ 
¯ à ¬¥âàë áã¯¥à¬ âà¨æë M

det Me = 
�; �etM� = 
e; c � �etM
 = 
 � det Ma: (4.362)

�¨¤­®, çâ® ¯¥à¢®¥ ãà ¢­¥­¨¥ ¢ á®¢¯ ¤ ¥â á ¯®«ã®¡à â¨¬ë¬ áã¯¥àª®­ä®à¬­ë¬
ãá«®¢¨¥¬ (4.358).

�®£¤  ¢ ®¤­®¬ ¨§ ¢®§¬®¦­ëå ¢ à¨ ­â®¢ à¥è¥­¨ï á¨áâ¥¬ë (4.362) ¤«ï ¬ âà¨æë
M ¯®«ãç ¥¬

Mnoninv

TPt
=

0@ a b �ad�
c d �cd�

 � � � �erM�

1A ; (4.363)

£¤¥ � | ­¥ç¥â­ë© ¯ à ¬¥âà. �â¬¥â¨¬, çâ® áà¥¤¨ ¢á¥å à áá¬®âà¥­­ëå ¯à¥®¡à §®¢ ­¨©
£àã¯¯®¢ë¬¨ á¢®©áâ¢ ¬¨ ®¡« ¤ îâ «¨èì ®¡à â¨¬ë¥ áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï
(4.355).

4.10.3. � ã ¯ ¥ à   ­   « ® £ ¨ à   á á â ® ï ­ ¨ ï ¢ C1j1 . � ááâ®ï­¨¥ ¬¥¦¤ã

¤¢ã¬ï â®çª ¬¨ ¢ C 1j1 ®¯à¥¤¥«ï¥âáï ª ª jZ12j ; £¤¥

Z12 = z1 � z2 � �1�2 (4.364)

(á¬. [74,302,478]). �â­®á¨â¥«ì­® áã¯¥àª®­ä®à¬­ëå ®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨© (4.355)
¢¥«¨ç¨­  Z12 ¯à¥®¡à §ã¥âáï ª®¢ à¨ ­â­® [298]

~Z12 = J
inv

SCf
(Z1) J

inv

SCf
(Z2)Z12; (4.365)

£¤¥ J inv
SCf

(Z) - ïª®¡¨ ­ ¯à¥®¡à §®¢ ­¨ï, ª®â®àë© ¢ ¤ ­­®¬ á«ãç ¥ à ¢¥­ ¡¥à¥§¨­¨ ­ã

(4.356). �â®¡ë à áá¬®âà¥âì, ª ª ¯à¥®¡à §ã¥âáï Z12 ¢ ­¥®¡à â¨¬®¬ á«ãç ¥, ®áâ ­®¢¨¬áï
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­  á®®â­®è¥­¨¨ ¡®«¥¥ ¯®¤à®¡­®. �á¯®«ì§ãï (4.2), ¯à¥¤áâ ¢¨¬ «¥¢ãî ç áâì (4.365) ¢ ¢¨¤¥

~Z12 = f (z1) � f (z2)�  (z1) �  (z2) + (4.366)

(�1g (z1) + �2g (z2)) � ( (z1)�  (z2))� �1�2g (z1) g (z2) :

�¤¥áì ¬ë ¨á¯®«ì§®¢ «¨ áã¯¥àª®­ä®à¬­®¥ ãá«®¢¨¥ � (z) =  (z) g (z) (á¬. (4.81)
¯à¨ m = +1). �â¬¥â¨¬, ¤«ï «î¡ëå ¤à®¡­®-«¨­¥©­ëå äã­ªæ¨©

f (z) =
az + b

cz + d
;  (z) =


z + �

cz + d
;

çâ® á®®â¢¥âáâ¢ã¥â ä¨ªá æ¨¨ í«¥¬¥­â®¢ ¨§ ¯¥à¢ëå ¤¢ãå áâ®«¡æ®¢ áã¯¥à¬ âà¨æë M
(4.345), ¬®¦­® ¯®«ãç¨âì

f (z1)� f (z2) = R � (z1 � z2) � det Me;  (z1)�  (z2) = R � (z1 � z2) � �etM�;

 (z1) f (z2)�  (z2) f (z1) = R � (z1 � z2) � �etM�;  (z1) �  (z2) = R � (z1 � z2) 
�;
(4.367)

£¤¥ R
�1 = (cz1 + d) (cz2 + d) (á¬. â ª¦¥ (6.23) ¨ (6.24)). �®£¤  ¤«ï ¯à¥®¡à §®¢ ­­®£®

à ááâ®ï­¨ï ~Z12 ¨§ (4.366) ¯®«ãç ¥¬

~Z12 = R � (z1 � z2) � (det Me � 
�) + (4.368)

R � (z1 � z2) � (�1g (z1) + �2g (z2)) � �etM� � �1�2g (z1) g (z2) :

�âáî¤  á«¥¤ã¥â, çâ® ®â äã­ªæ¨¨ g (z) § ¢¨áïâ ¤ «ì­¥©è¨¥ á¢®©áâ¢  Z12 . � ª, ¢
á«ãç ¥ ®¡à â¨¬ëå áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© (4.355)

g (z) =

p
det Me � 
�
cz + d

: (4.369)

�á¥ ­¥®¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï á®¤¥à¦ â ãà ¢­¥­¨¥ det Me = 
� (á¬. (4.358)
¨ (4.362)), ¯®íâ®¬ã ¨§ (4.368) ¬ë ¨¬¥¥¬

�â¢¥à¦¤¥­¨¥ 4.112. �«ï ­¥®¡à â¨¬ëå ¤à®¡­®-«¨­¥©­ëå ¯à¥®¡à §®¢ ­¨© ~Z12 ­¥
á®¤¥à¦¨â � -­¥§ ¢¨á¨¬ëå á« £ ¥¬ëå, ¨ ¯®íâ®¬ã ï¢«ï¥âáï ç¨áâ® ¤�ãå®¢®© ¢¥«¨ç¨-
­®©.

�§ à áá¬®âà¥­¨ï ¯®á«¥¤­¥£® á« £ ¥¬®£® ¢ (4.368) á«¥¤ã¥â

�â¢¥à¦¤¥­¨¥ 4.113. �¨«ì¯®â¥­â­®áâì g (z) ¯à¨¢®¤¨â ª «¨­¥©­®áâ¨ ~Z12 ¯®
ç¥â­ë¬ ª®®à¤¨­ â ¬.

�ª®­ç â¥«ì­® ¬®¦­® áä®à¬ã«¨à®¢ âì

�à¥¤«®¦¥­¨¥ 4.114. �«ï ¯®«ã­¥®¡à â¨¬ëå áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨©

~Z12 = 0: (4.370)

�®ª § â¥«ìáâ¢®. � ¢á¥å ¢ à¨ ­â å ¯®«ã­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©
g (z) � Ann [�etM�] ; (4.371)

¯®íâ®¬ã ¢â®à®¥ á« £ ¥¬®¥ ¢ (4.368) à ¢­® ­ã«î. �¥à¢®¥ á« £ ¥¬®¥ § ­ã«ï¥âáï ¢á«¥¤áâ¢¨¥
�â¢¥à¦¤¥­¨ï 4.112. �®áª®«ìªã ¢ë¯®«­ï¥âáï (4.371), äã­ªæ¨ï g (z) ­¨«ì¯®â¥­â­ ,
¨ ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ (4.368) â ª¦¥ à ¢­® ­ã«î ¯® �â¢¥à¦¤¥­¨î 4.113. �

�®®â­®è¥­¨¥ (4.370) ¬®¦­® âà ªâ®¢ âì â ª¦¥ ¨ ª ª ®¯à¥¤¥«¥­¨¥ ¯®«ã­¥®¡à â¨-
¬ëå ¯à¥®¡à §®¢ ­¨©. �â¬¥â¨¬, çâ® ¤«ï ¢á¥å ¯®«ã­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨© ¢ë¯®«-
­ï¥âáï  ­ «®£¨ç­®¥ (4.365) á®®â­®è¥­¨¥

�et ~N = R � (z1 � z2) � �etM�; (4.372)

£¤¥ N =

�
z1 z2
�1 �2

�
:
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�à¥¤«®¦¥­¨¥ 4.115. �«ï ¯®«ã®¡à â¨¬ëå áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© à §-
­®áâ¨ ¯à¥®¡à §®¢ ­­ëå ç¥â­ëå ¨ ­¥ç¥â­ëå ª®®à¤¨­ â ¯à®¯®àæ¨®­ «ì­ë, â. ¥.

~z1 � ~z2 � ~�1 � ~�2 .

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥­­® ¨§ (4.360) ¯®«ãç ¥¬

~z1 � ~z2 = R � Zhinv

12 � det Me;
~�1 � ~�2 = R � Zhinv

12 � �etM�; (4.373)

£¤¥
Z
hinv

12 = z1 � z2 + �etN � �c+ (�1 � �2) � �d (4.374)

¨ á®¤¥à¦¨â ¢á¥ â¨¯ë à ááâ®ï­¨© ¨§ (4.372) ¨ (4.373). �

�àã£¨¥ ¯®¤®¡­ë¥ á®®â­®è¥­¨ï ¤«ï áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© ¯à¨¢¥-
¤¥­ë ¢ [2].

� á«ãç ¥ ¢à é îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨© (4.363) áã¯¥àà áâ®ï­¨¥ ¬¥¦¤ã
¤¢ã¬ï â®çª ¬¨ ï¢«ï¥âáï ®¡à §®¬ ­¥ç¥â­®£® à ááâ®ï­¨ï

~ZTPt

12 = R � (�1 � �2) � (�etM
 � e�) : (4.375)

�¤¥áì ¯ à ¬¥âàë ¢ë¡à ­ë â ª¨¬ ®¡à §®¬, çâ®¡ë § ­ã«¨âì ª¢ ¤à â¨ç­®¥ ¯® �

á« £ ¥¬®¥ ¢ (4.366).

4.10.4. � ¥ ® ¡ à   â ¨ ¬ ë ©   ­   « ® £ ¬ ¥ â à ¨ ª ¨ ¢ C 1j1 . �á«¨ ¯®«®¦¨âì
í«¥¬¥­âë áã¯¥à¬ âà¨æë M (4.345) ¤¥©áâ¢¨â¥«ì­ë¬¨,   à ááâ®ï­¨¥ ¬¥¦¤ã â®çª ¬¨ ¢
(4.375) ¡¥áª®­¥ç­® ¬ «ë¬, â® ¯®«ãç ¥¬

d ~ZTPt =
�etM
 � e�
jcz + dj2 d�; (4.376)

çâ® ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª ª«îç¥¢®¥ á®®â­®è¥­¨¥ ¤«ï ­ å®¦¤¥­¨ï ­¥®¡à â¨¬®£®
TPt  ­ «®£  [2] áã¯¥àª®­ä®à¬­®© ¬¥âà¨ª¨ ­  ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ [74, 194, 410].
�ç¥¢¨¤­®, çâ® (4.376) ï¢«ï¥âáï \¤à®¡­®-«¨­¥©­ë¬" á«¥¤áâ¢¨¥¬ ®¡é¥£® á®®â­®è¥­¨ï
¬¥¦¤ã ¤¨ää¥à¥­æ¨ « ¬¨ ¯à¨ ¢à é îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ïå (4.44). � «¥¥ ¨§
(4.375) ­ å®¤¨¬

Im ~z +
1

2
~�~� =

�etM
 � e�
jcz + dj2 Im �: (4.377)

�®íâ®¬ã ���d ~ZTPt

��� Im� = jd�j
�

Im ~z +
1

2
~�~��

�
: (4.378)

� ¬¥â¨¬, çâ® §¤¥áì ­¥â ¤¥«¥­¨ï, ¯®áª®«ìªã ­¥ª®â®àë¥ á®¬­®¦¨â¥«¨ ¬®£ãâ ¡ëâì
­¥®¡à â¨¬ë¬¨. �âáî¤  ¯®«ãç ¥¬

�¯à¥¤¥«¥­¨¥ 4.116. �¥®¡à â¨¬ë© TPt  ­ «®£ ¬¥âà¨ª¨ ­  ¢¥àå­¥© C 1j1 ¯®«ã¯«®á-
ª®áâ¨

���dsTPt��� ã¤®¢«¥â¢®àï¥â ®¤­®¢à¥¬¥­­® á®®â­®è¥­¨ï¬���dsTPt��� Im� = jd�j ;
���dsTPt��� �Im ~z +

1

2
~�~��

�
=
���d ~ZTPt

��� : (4.379)

� ª¨¬ ®¡à §®¬, ¯à¨¢¥¤¥­­ë¥ á®®â­®è¥­¨ï ¬®£ãâ âà ªâ®¢ âìáï ª ª ­¥®¡à â¨¬ë©
 ­ «®£ ¨­¢ à¨ ­â­®áâ¨ | \¯®«ã¨­¢ à¨ ­â­®áâì" ¢¢¥¤¥­­®© ¬¥âà¨ª¨ [2].

107



������ 5

����������� ���������
����������� ��������������

��������������

� à §¤¥«¥ ¨áá«¥¤ãîâáï á¢®©áâ¢  N = 2 ¨ N = 4 à¥¤ãæ¨à®¢ ­­ëå ®¡à â¨¬ëå
¨ ­¥®¡à â¨¬ëå ®â®¡à ¦¥­¨© áã¯¥à¯«®áª®áâ¨. �¥âà¨¢¨ «ì­ë¥ à¥¤ãªæ¨¨ à áè¨à¥­­ëå
ª á â¥«ì­ëå áã¯¥à¯à®áâà ­áâ¢ ¯à¨¢®¤ïâ ª N -®¡®¡é¥­¨î ¯®­ïâ¨ï ª®¬¯«¥ªá­®© áâàãª-
âãàë, ª ¯®«­®© ª« áá¨ä¨ª æ¨¨ N = 2 ¨ N = 4 ¯à¥®¡à §®¢ ­¨© ¢ â¥à¬¨­ å ¯¥à¬ ­¥­-
â®¢ ¨ ¯®«ã¬¨­®à®¢. �âà®ïâáï ¨  ­ «¨§¨àãîâáï N = 2 ¨ N = 4 áã¯¥àª®­ä®à¬­ë¥ ¯®«ã-
£àã¯¯ë ¢  «ìâ¥à­ â¨¢­®© ¯ à ¬¥âà¨§ æ¨¨ ¨ ¯à¨¢®¤¨âáï ¨å ª®¬¯®­¥­â­®¥ ¯à¥¤áâ ¢«¥-
­¨¥. �¡áã¦¤ îâáï á¢®©áâ¢  á¯«¥â îé¨å ç¥â­®áâì à áè¨à¥­­ëå ¯à¥®¡à §®¢ ­¨© ¨ á®-
®â¢¥âáâ¢ãîé¨å áã¯¥à¤¨ää¥à¥­æ¨ «®¢. �®à®è® ¨§¢¥áâ­®, çâ® ¬­®£¨¥ ¯à®áâà ­áâ¢¥­­®-
¢à¥¬¥­­ë¥ á¢®©áâ¢  áã¯¥àáâàã­­ëå â¥®à¨© í«¥¬¥­â à­ëå ç áâ¨æ â¥á­® á¢ï§ ­ë á®
á¢®©áâ¢ ¬¨ ¬¨à®¢®£® «¨áâ  áâàã­ë [71, 145, 148, 479]. � ª, ¢ à ¡®â å [480{483] ¡ë«®
¯®ª § ­®, çâ® ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ N = 1 (N = 2) ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®©
áã¯¥àá¨¬¬¥âà¨¨ ï¢«ï¥âáï N = 2 (N = 4) à áè¨à¥­­ ï áã¯¥àª®­ä®à¬­ ï á¨¬¬¥-
âà¨ï ­  ¬¨à®¢®¬ «¨áâ¥, ª®â®à ï ¡ë«  ¢¯¥à¢ë¥ à áá¬®âà¥­  ¢ ª®­â¥ªáâ¥ ä¥à¬¨®­­ëå
áâàã­ [484{486]. �¡é¨¥ á¢®©áâ¢  N -à áè¨à¥­­ëå áã¯¥àª®­ä®à¬­ëå  «£¥¡à ¨§ãç «¨áì
¢ à ¡®â å [487{493],   N -à áè¨à¥­­ë¥ áã¯¥àª®­ä®à¬­ë¥ â¥®à¨¨ ¯®«ï ¨áá«¥¤®¢ «¨áì
¢ [298,494{499]. �áª«îç¨â¥«ì­® ¢ ¦­®© ï¢«ï¥âáï â ª¦¥ á¢ï§ì à áè¨à¥­­ëå áã¯¥àª®­-
ä®à¬­ëå  «£¥¡à á £¥®¬¥âà¨¥© ¯à®áâà ­áâ¢   ­â¨-�¥ �¨ââ¥à  ¯à¨ N = 2 [500{502] ¨
N = 4 [503,504]. �¤­ ª® ª ª ¡ë«® ¯®ª § ­® ¢ [487], ¯à¨ N � 5 ­¥ áãé¥áâ¢ã¥â æ¥­âà «ì-
­ëå à áè¨à¥­¨©,   áã¯¥àª®­ä®à¬­ë¥ â¥®à¨¨ ¯®«ï, å®âï ¨ ¬®£ãâ ¡ëâì áä®à¬ã«¨à®¢ ­ë
¯à¨ ¯à®¨§¢®«ì­ëå N [505,506], ­® áâ ­®¢ïâáï âà¨¢¨ «ì­ë¬¨ ¨ ­¥ ¨¬¥îâ ®á¬ëá«¥­­®©
ª¢ ­â®¢®© ä¨§¨ª¨ [298]. �®íâ®¬ã §¤¥áì ¬ë à áá¬®âà¨¬ ­¥®¡à â¨¬ë¥ ®¡®¡é¥­¨ï áã¯¥à-
ª®­ä®à¬­®© £¥®¬¥âà¨¨ â®«ìª® ­  N = 2 ¨ N = 4 [3,4,13,18].

5.1. N = 2 áã¯¥àª®­ä®à¬­ ï £¥®¬¥âà¨ï
�áá«¥¤®¢ ­¨ï à §«¨ç­ëå ¢ à¨ ­â®¢ N = 2 áã¯¥àª®­ä®à¬­®© â¥®à¨¨ ¯®«ï

[493, 507{513] ¨ N = 2 áã¯¥àª®­ä®à¬­®© £¥®¬¥âà¨¨ [514] ï¢¨«®áì çà¥§¢ëç ©­® ¢ ¦-
­ë¬ ¨­áâàã¬¥­â®¬ ¤«ï ¯®áâà®¥­¨ï ª ª £¨¯®â¥â¨ç¥áª¨å â¥®à¨© ªà¨â¨ç¥áª¨å N = 2

áâàã­ �) ¢ ¯à®áâà ­áâ¢¥-¢à¥¬¥­¨ á á¨£­ âãà®© (2; 2) [522{525], â ª ¨ ¯®á«¥¤®¢ â¥«ì­ëå
à¥ «¨áâ¨ç­ëå ¬®¤¥«¥©, ®á­®¢ ­­ëå ­  áã¯¥àáâàã­­ëå ª®¬¯ ªâ¨ä¨ª æ¨ïå ¬¥â®¤®¬ ª®-
á¥â®¢ G=H [526{531]. � £¥®¬¥âà¨ç¥áª®© â®çª¨ §à¥­¨ï ¬¨à®¢®© «¨áâ áã¯¥àáâàã­ë (¢
¬®¤¥«ïå á ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®© áã¯¥àá¨¬¬¥âà¨¥©) ¯à¥¤áâ ¢«ï¥â á®¡®© N = 2
áã¯¥àà¨¬ ­®¢ã ¯®¢¥àå­®áâì [65, 297, 301, 532{534], áª«¥¥­­ãî N = 2 áã¯¥àª®­ä®à¬-
­ë¬¨ ¯à¥®¡à §®¢ ­¨ï¬¨ [508,535].

� íâ®¬ ¯®¤à §¤¥«¥ ¬ë ¯®¤à®¡­® ¨§ãç¨¬  ­ «®£¨ íâ¨å ¯à¥®¡à §®¢ ­¨© | ®¡à â¨-
¬ë¥ ¨ ­¥®¡à â¨¬ë¥ N = 2 à¥¤ãæ¨à®¢ ­­ë¥ ¯à¥®¡à §®¢ ­¨ï, ¨á¯®«ì§ãï â ª¦¥ ¨ ­¥áã-
¯¥àª®­ä®à¬­ë¥ à¥¤ãªæ¨¨,  ­ «®£¨ç­ë¥ ¢¢¥¤¥­­ë¬ ¢ �®¤à §¤¥«¥ 4.7 ¨ ä®à¬ «¨§¬
¯¥à¬ ­¥­â®¢ (á¬. [536] ¨ � §¤¥« 6).

� áâ ­¤ àâ­®¬ ¡ §¨á¥ áã¯¥à¯à®áâà ­áâ¢® C 1j2 «®ª «ì­® ®¯¨áë¢ ¥âáï £®«®¬®àä-

­ë¬¨ áã¯¥àª®®à¤¨­ â ¬¨ Z = (z; �1; �2), £¤¥ (�i)
2

= 0; f�1; �2g = 0. �à¨ ç¥â­ëå N

�à¨¬¥ç ­¨¥. �¥¬ ­¥ ¬¥­¥¥, ­¥¤ ¢­® [515, 516] ®¡­ àã¦¥­  â¥á­ ï á¢ï§ì N = 2 áâàã­ á M -â¥®à¨¥©
[160,161,517] ¨ D -¡à ­ ¬¨ [164,518{521].
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ã¤®¡­¥¥ ¯®«ì§®¢ âìáï ª®¬¯«¥ªá­ë¬ ¡ §¨á®¬ ¢ ­¥ç¥â­®¬ á¥ªâ®à¥ [297] �� =
�
1 � i�2p

2
.

(¤«ï ¯à®¨§¢®«ì­ëå N á¬. �à¨«®¦¥­¨¥ 4.3). �®£¤  ª á â¥«ì­®¥ áã¯¥à¯à®áâà ­áâ¢®

â ª¦¥ ¬®¦­® à áá¬ âà¨¢ âì ¢ ª®¬¯«¥ªá­®¬ ¡ §¨á¥ (@;D+
;D

�)
T

, £¤¥

D
� =

D1 � iD2p
2

= @� + �
�
@; @� =

@

@��
(5.1)

¨ Di ®¯à¥¤¥«¥­ë ¢ (4.100), ªà®¬¥ â®£®, ¤«ï á®®â­®è¥­¨ï áã¯¥àá¨¬¬¥âà¨¨ ¢¬¥áâ® (4.101)
¨¬¥¥¬ �

D
��2 = 0; (5.2)n

D
+
;D

�o = 2@: (5.3)

�­ «®£¨ç­® ¤«ï ª®ª á â¥«ì­®£® (1j2) áã¯¥à¯à®áâà ­áâ¢  ¢¬¥áâ® (4.110) ¯®«ã-
ç ¥¬

dZ = dz + �
+
d�

� + �
�
d�

+
; d�

� =
d�

1 � id�2p
2

: (5.4)

� ª®¬¯«¥ªá­®¬ ¡ §¨á¥ áã¯¥à¯®«¥¢®¥ à §«®¦¥­¨¥ (4.99) ¨¬¥¥â ¢¨¤

F

�
z; �

+
; �
�� = F0 (z) + �

+
F� (z) + �

�
F+ (z) + �

+
�
�
F+� (z) ; (5.5)

£¤¥ F0 ¨ F+� | ®¤­®© ç¥â­®áâ¨ á F ,   F+ ¨ F� | ¯à®â¨¢®¯®«®¦­®©.

5.1.1. � «   á á ¨ ä ¨ ª   æ ¨ ï N = 2 à   á è ¨ à ¥ ­ -
­ ë å á ã ¯ ¥ à   ­   « ¨ â ¨ ç ¥ á ª ¨ å ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ © . �«ï ª« áá¨ä¨ª æ¨¨
¯® ­¥®¡à â¨¬®áâ¨ N = 2 áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ­¥®¡å®¤¨¬® ¯®«ãç¨âì

¢ëà ¦¥­¨¥ ¤«ï N = 2 ¡¥à¥§¨­¨ ­  BerN=2
�

~Z=Z
�

(¨«¨ ¥£® ­¥®¡à â¨¬®£®  ­ «®£ ) ç¥-

à¥§ áã¯¥à¬ âà¨æã P
(N=2)

SA
¯®¤®¡­® N = 1 ¯à¥®¡à §®¢ ­¨ï¬ (4.91){(4.92) (á¬. �ã­ªâ

4.3.1).

� ¯¨è¥¬ áã¯¥à¬ âà¨æã ¯à®¨§¢®¤­ëå P
(N=2)

SA
(4.112) ¢ á«¥¤ãîé¥© ä®à¬¥, ª ã¤®¡-

­®© ¤«ï à áá¬®âà¥­¨ï ¤ «ìè¥©è¨å à¥¤ãªæ¨©,

P
(N=2)
SA

=

0B@ Q (z; �+; ��) @~�+ @~��
�� (z; �+; ��)
�+ (z; �+; ��)

H

1CA ; (5.6)

£¤¥

Q

�
z; �

+
; �
�� = @~z � @~�+ � ~�� � @~�� � ~�+; (5.7)

�� �
z; �

+
; �
�� = D

�~z �D�~�� � ~�+ �D�~�+ � ~��; (5.8)

H =

 
D
�~�+ D

�~��

D
+~�+ D

+~��

!
: (5.9)

�®£¤  N = 2 ¡¥à¥§¨­¨ ­ ¢ á«ãç ¥ � [det H] 6= 0 à ¢¥­

BerN=2
�

~Z=Z
�

= Ber P
(N=2)

SA
=

Q (z; �+; ��)�
�
@~�+; @~��

�
�H�1 �

�
�� (z; �+; ��)
�+ (z; �+; ��)

�
det H

=

Q (z; �+; ��)

det H
� @~�+ �D+ ~�� � @~�� �D+ ~�+

det2 H
��� �

z; �
+
; �
���
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@~�� �D� ~�+ � @~�+ �D�~��

det2 H
��+

�
z; �

+
; �
��
: (5.10)

�âáî¤  á«¥¤ã¥â ª« áá¨ä¨ª æ¨ï ¯® ­¥®¡à â¨¬®áâ¨ ®¡é¨å N = 2 áã¯¥à ­ «¨â¨-
ç¥áª¨å ¯à¥®¡à §®¢ ­¨©.

�¯à¥¤¥«¥­¨¥ 5.1.����������������¡à â¨¬ë¥ N = 2 áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ®¯à¥-

¤¥«ïîâáï ãá«®¢¨ï¬¨

�

h
Q

�
z; �

+
; �
��i 6= 0; � [det H] 6= 0: (5.11)

�¯à¥¤¥«¥­¨¥ 5.2.�������������������������®«ã­¥®¡à â¨¬ë¥ N = 2 áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï

®¯à¥¤¥«ïîâáï ãá«®¢¨ï¬¨

�

h
Q

�
z; �

+
; �
��i = 0; � [det H] 6= 0: (5.12)

�¯à¥¤¥«¥­¨¥ 5.3.�������������������¥®¡à â¨¬ë¥ N = 2 áã¯¥à ­ «¨â¨ç¥áª¨¥ ¯à¥®¡à §®¢ ­¨ï ®¯à¥-

¤¥«ïîâáï ãá«®¢¨ï¬¨

�

h
Q

�
z; �

+
; �
��i = 0; � [det H] = 0: (5.13)

5.1.2. � ® ¬ ¯ ® ­ ¥ ­ â ­ ® ¥ ¯ à ¥ ¤ á â   ¢ « ¥ ­ ¨ ¥ ¨ N = 2 á ã ¯ ¥ à   ­   « ¨ -
â ¨ ç ¥ á ª   ï ¯ ® « ã £ à ã ¯ ¯   . �ã¯¥à ­ «¨â¨ç¥áª®¥ ®â®¡à ¦¥­¨¥ Z (z; �+; ��) !
~Z
�
~z; ~�+; ~��

�
áã¯¥à¯à®áâà ­áâ¢  C 1j2 ¯®á«¥ à §«®¦¥­¨ï ¢ àï¤ ¯® ­¥ç¥â­ë¬ ª®®à¤¨­ â ¬

(ª ª (5.5)) ®¯à¥¤¥«ï¥âáï 12 äã­ªæ¨ï¬¨ ­  C 1j0 (6 ç¥â­ëå f; h; gab : C 1j0 ! C 1j0 ¨ 6

­¥ç¥â­ëå  a; �a; �a : C1j0 ! C 0j1 , £¤¥ a; b = �) á«¥¤ãîé¨¬ ®¡à §®¬(
~z = f (z) + �

+
�� (z) + �

�
�+ (z) + �

+
�
�
h (z) ;

~�� =  � (z) + �
�
g�� (z) + �

�
g�� (z) + �

�
�
�
�� (z) :

(5.14)

�¯à¥¤¥«¥­¨¥ 5.4. �­®¦¥áâ¢® ®¡à â¨¬ëå ¨ ­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨© C 1j2 !
C
1j2 (5.14) ®¡à §ã¥â ¯®«ã£àã¯¯ã ®â­®á¨â¥«ì­® ª®¬¯®§¨æ¨¨ ¯à¥®¡à §®¢ ­¨©, ª®â®-

àãî ¬ë ­ §®¢¥¬ ���������������¯®«ã£àã¯¯®© N = 2 áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© T
(N=2)

SA
.

� ¬¥ç ­¨¥ 5.5. �¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï ®ç¥¢¨¤­® ®¡à §ãîâ ¯®¤£àã¯¯ã G
(N=2)
SA

¯®-

«ã£àã¯¯ë T
(N=2)

SA
.

�¯à¥¤¥«¥­¨¥ 5.6. �¥®¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï C 1j2 ! C 1j2 (5.14) ¢å®¤ïâ ¢�������¨¤¥ «

I
(N=2)

SA
¯®«ã£àã¯¯ë T

(N=2)

SA
.

� ¬¥ç ­¨¥ 5.7. �®£« á­®  ¡áâà ªâ­®© â¥®à¨¨ ¯®«ã£àã¯¯ [29{31] ¢á¥ ¯à¥®¡à §®¢ ­¨ï
­¥ª®â®à®£® ¬­®¦¥áâ¢  ®¡à §ãâ ¯®«ã£àã¯¯ã ®â­®á¨â¥«ì­® ª®¬¯®§¨æ¨¨.

�®áª®«ìªã ­¥ç¥â­ë¥ äã­ªæ¨¨  � (z) ; �� (z) ; �� (z) ­¥®¡à â¨¬ë ¯® ®¯à¥¤¥«¥­¨î

[258],   äã­ªæ¨ï h (z) ¢å®¤¨â á ª®íää¨æ¨¥­â®¬ �
+
�
� , â® ¬ë ¨¬¥¥¬
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� §¤¥« 5. 5.1

�â¢¥à¦¤¥­¨¥ 5.8.
�¡à â¨¬®áâì ¢á¥£® ¯à¥®¡à §®¢ ­¨ï ¡ã¤¥â ®¯à¥¤¥«ïâìáï â®«ìª® äã­ªæ¨ï¬¨ f (z)

¨ gab (z).

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¢ â¥à¬¨­ å ª®¬¯®­¥­â­ëå äã­ªæ¨© f (z) ¨ gab (z)

¤«ï Q (z; �+; ��) (5.7) ¨ det H (5.9) ¯®«ãç ¥¬

�

h
Q

�
z; �

+
; �
��i = � [f 0 (z)] ; (5.15)

� [det H] = � [det G] ; (5.16)

£¤¥

G =

�
g+� (z) g++ (z)
g�� (z) g�+ (z)

�
: (5.17)

�

�®íâ®¬ã ®¯à¥¤¥«¥­¨ï (5.11){(5.13) ¬®£ãâ ¡ëâì ¯¥à¥ä®à¬ã«¨à®¢ ­ë ¢ â¥à¬¨­ å
äã­ªæ¨© f (z) ¨ gab (z) á ®ç¥¢¨¤­ë¬¨ § ¬¥­ ¬¨ (5.15).

�«ï á®®â¢¥âáâ¢ãîé¥© ¯ à ¬¥âà¨§ æ¨¨ ¯®«ã£àã¯¯ë N = 2 áã¯¥à ­ «¨â¨ç¥áª¨å

¯à¥®¡à §®¢ ­¨© T
(N=2)
SA

¬ë ¨á¯®«ì§ã¥¬ ª®¬¯®­¥­â­ë¥ äã­ªæ¨¨ ­  C 1j0 , ¢å®¤ïé¨¥ ¢
(5.14).

�¯à¥¤¥«¥­¨¥ 5.9.����������������������������ã¯¥à ­ «¨â¨ç¥áª ï���������������¯®«ã£àã¯¯  S
(N=2)

SA
3 s ¯ à ¬¥âà¨§ã¥âáï

äã­ªæ¨®­ «ì­®© ¬ âà¨æ¥©8<:
f h �� �+
 + �+ g+� g++
 �� g�� g�+

9=; def

= s 2 S(N=2)
SA

; (5.18)

  ¤¥©áâ¢¨¥
s1 � s2 = s3 (5.19)

®¯à¥¤¥«ï¥âáï ª®¬¯®§¨æ¨¥© ¯à¥®¡à §®¢ ­¨© Z ! ~Z ! e~Z .
� ¬¥ç ­¨¥ 5.10. �¬­®¦¥­¨¥ ¢ ¯®«ã£àã¯¯¥ S

(N=2)

SA
­¥ á¢ï§ ­® á ®¡ëç­ë¬ ¬ âà¨ç­ë¬

ã¬­®¦¥­¨¥¬ �),   ®¯à¥¤¥«ï¥âáï ª®¬¯®§¨æ¨¥© N = 2 áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ -
­¨©, § ¯¨á ­­ëå ¢ ª®¬¯®­¥­â­®¬ ¢¨¤¥ (5.14), ¯®íâ®¬ã äã­ªæ¨®­ «ì­ ï ¬ âà¨æ , ®¯à¥-
¤¥«ïîé ï í«¥¬¥­â s, ­¥ ®¡ï§ ­  ¡ëâì ª¢ ¤à â­®©, ª ª, ­ ¯à¨¬¥à, ¢ á«ãç ¥ N = 1
(4.6).

�áá®æ¨ â¨¢­®áâì ã¬­®¦¥­¨ï (5.19)

s1 � (s2 � s3) = (s1 � s2) � s3 (5.20)

á«¥¤ã¥â ¨§  áá®æ¨ â¨¢­®áâ¨ ¯à¥®¡à §®¢ ­¨© ®â­®á¨â¥«ì­® ª®¬¯®§¨æ¨¨ (¤«ï N = 1

á¬. �à¥¤«®¦¥­¨¥ 4.7). �¢ãáâ®à®­­ïï ¥¤¨­¨æ  ¢ ¯®«ã£àã¯¯¥ S
(N=2)
SA

®¯à¥¤¥«ï¥âáï
äã­ªæ¨®­ «ì­®© ¬ âà¨æ¥© á«¥¤ãîé¥£® ¢¨¤ 

e =

8<:
z 0 0 0
0 0 1 0
0 0 0 1

9=; ; (5.21)

  ¤¢ãáâ®à®­­¨© ­ã«ì ®¯à¥¤¥«ï¥âáï ­ã«¥¢®© â ª®© ¬ âà¨æ¥©.
� áá¬®âà¨¬ £®¬®¬®àä¨§¬ ' N = 2 áã¯¥à ­ «¨â¨ç¥áª®© ¯®«ã£àã¯¯ë ¢ ¯®«ã-

£àã¯¯ã N = 2 áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨© ' : S
(N=2)
SA

! T
(N=2)
SA

. �®£¤  «¥£ª®
¯à®¢¥à¨âì, çâ®, ª ª ¨ ¤®«¦­® ¡ëâì, ker' = e.

�à¨¬¥ç ­¨¥. �«ï íâ®£® ¨ ¨á¯®«ì§®¢ ­ë ä¨£ãà­ë¥ áª®¡ª¨ ¢¬¥áâ® ¬ âà¨ç­ëå ªàã£«ëå.
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5.1 � §¤¥« 5.

�à¨¢¥¤¥­­ ï ¯à®æ¥¤ãà  ¯à¥¤áâ ¢«ï¥â á®¡®© á¯¥æ¨ «ì­ãî \­¥«¨­¥©­ãî à¥ «¨§ -

æ¨î" N = 2 áã¯¥à ­ «¨â¨ç¥áª®© ¯®«ã£àã¯¯ë äã­ªæ¨®­ «ì­ë¬¨ ¬ âà¨æ ¬¨ �), ã¬­®-
¦¥­¨¥ ¢ ª®â®àëå § ¤ ¥âáï ª®¬¯®§¨æ¨¥© N = 2 áã¯¥à ­ «¨â¨ç¥áª¨å ¯à¥®¡à §®¢ ­¨©.

5.1.3. � ¥ ¤ ã ª æ ¨ ¨ N = 2 ª   á   â ¥ « ì ­ ® £ ® á ã ¯ ¥ à ¯ à ® á â à   ­ á â ¢   ¨
¯ ¥ à ¬   ­ ¥ ­ â ë . �­ ç «  ­ ©¤¥¬ á®®â­®è¥­¨¥ ¬¥¦¤ã áã¯¥àäã­ªæ¨ï¬¨ Q (z; �+; ��)

¨ �� (z; �+; ��) ,  ­ «®£¨ç­®¥ N = 1 á«ãç î (4.58). �«ï íâ®£® ¯à®¤¨ää¥à¥­æ¨àã¥¬

�� (z; �+; ��), ¯à¨¬¥­¨¬ (5.3) ¨ ¯®«ãç¨¬

Q

�
z; �

+
; �
��� D

+�� (z; �+; ��) +D
��+ (z; �+; ��)

2
= per H; (5.22)

£¤¥

per H = D
�~�+ �D+~�� +D

+~�+ �D�~�� (5.23)

| ¯¥à¬ ­¥­â ®¡ëç­®© ¬ âà¨æë H á ç¥â­ë¬¨ (¨ ¢®§¬®¦­® ­¨«ì¯®â¥­â­ë¬¨) í«¥¬¥­-
â ¬¨ (á¬. � §¤¥« 6).

� ¬¥ç ­¨¥ 5.11. �¡¥ (!) ¬ âà¨ç­ë¥ äã­ªæ¨¨ | ¯¥à¬ ­¥­â ¨ ¤¥â¥à¬¨­ ­â |
¬ âà¨æë H ¨£à îâ áãé¥áâ¢¥­­ãî à®«ì ¢ N = 2 £¥®¬¥âà¨¨ ¨ à¥¤ãªæ¨ïå ª á â¥«ì­®£®
áã¯¥à¯à®áâà ­áâ¢ .

�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ á«¥¤ãîé¨¥ 2� 2 ¬ âà¨æë á ç¨áâ® ­¨«ì¯®â¥­â­ë¬¨ í«¥-
¬¥­â ¬¨

Q =

 
@~�+ @~��
~�+ ~��

!
; (5.24)

D =

 
�+ (z; �+; ��) �� (z; �+; ��)

@~�+ @~��

!
; (5.25)

  â ª¦¥ £®à¨§®­â «ì­ë¥ ¯®«ã¬ âà¨æë (á¬. �ã­ªâ 6.1.2)

D� =

 
D
�~�+ D

� ~��
~�+ ~��

!
; (5.26)

R� =

 
@~�+ @~��

D
�~�+ D

�~��

!
: (5.27)

�á¯®«ì§ãï (5.22), ¤«ï N = 2 ¡¥à¥§¨­¨ ­  ¨¬¥¥¬

Ber
�

~Z=Z
�

=
per H

det H
+
D
+�� (z; �+; ��) +D

��+ (z; �+; ��)

2 det H
+

�� (z; �+; ��)

det H
� �etR+

det H
� �+ (z; �+; ��)

det H
� �etR�

det H
: (5.28)

� â® ¦¥ ¢à¥¬ï äã­ªæ¨¨ (5.7) ¨ (5.8) ¬®¦­® ¢ëà §¨âì ç¥à¥§ ¬ âà¨ç­ë¥ äã­ªæ¨¨
¨ ¯®«ã¬ âà¨ç­ë¥ äã­ªæ¨¨ á¨¬¬¥âà¨ç­ë¬ ®¡à §®¬

Q

�
z; �

+
; �
�� = @~z � per Q; (5.29)

�� �
z; �

+
; �
�� = D

�~z � �erD�; (5.30)

£¤¥ ¯®«ã¬ âà¨ç­ë¥ äã­ªæ¨¨ �er ¨ �et ®¯à¥¤¥«¥­ë ¢ (6.24) ¨ (6.23) (á¬. �ã­ªâ 6.1.2).

� ¬¥ç ­¨¥ 5.12. � ä®à¬ã« å (5.29) ï¢­® ¯à®á«¥¦¨¢ ¥âáï ç¥â­®-­¥ç¥â­ ï á¨¬¬¥âà¨ï,
 ­ «®£¨ç­ ï (4.348).

�à¨¬¥ç ­¨¥. �â® ­ §¢ ­¨¥ ­¥ á¢ï§ ­® á ­¥«¨­¥©­ë¬¨ à¥ «¨§ æ¨ï¬¨, ®¡ãá«®¢«¥­­ë¬¨ ¨­¤ãæ¨à®-
¢ ­­ë¬¨ ¯à¥¤áâ ¢«¥­¨ï¬¨, ª®â®àë¥ à áá¬®âà¥­ë ¢ �®¤à §¤¥«¥ 4.9.
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�â®¡ë ¢ëïá­¨âì, ª ª¨¥ à¥¤ãªæ¨¨ N = 2 ª á â¥«ì­®£® áã¯¥à¯à®áâà ­áâ¢  ¢®§-
¬®¦­ë, ¤®ª ¦¥¬ â¥®à¥¬ã á«®¦¥­¨ï ¡¥à¥§¨­¨ ­®¢ ¢ á«ãç ¥ N = 2 (á¬. ¤«ï N = 1
(4.34) ¨ (3.7)).

�¥®à¥¬  5.13. (�¥®à¥¬  á«®¦¥­¨ï N = 2 ¡¥à¥§¨­¨ ­®¢) �«ï N = 2 áã¯¥à ­ «¨â¨-

ç¥áª¨å ¯à¥®¡à §®¢ ­¨© Z (z; �+; ��) ! ~Z
�

~z; ~�+; ~��
�
¯®«­ë© N = 2 ¡¥à¥§¨­¨ ­ ¢

®¡à â¨¬®¬ (5.11) ¨ ¯®«ã­¥®¡à â¨¬®¬ (5.12) á«ãç ïå ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥ áã¬¬ë
âà¥å ¡¥à¥§¨­¨ ­®¢

Ber
�

~Z=Z
�

= Ber P
(N=2)

S
+ Ber P

(N=2)

T+ + Ber P
(N=2)

T� : (5.31)

�®ª § â¥«ìáâ¢®. � íâ®© æ¥«ìî ¯à¥¤áâ ¢¨¬ ¡¥à¥§¨­¨ ­ (5.10) (¨«¨ (5.28) ¢ ¢¨¤¥ âà¥å
á« £ ¥¬ëå

Ber
�

~Z=Z
�

=
Q (z; �+; ��)

det H
+ (5.32)

�� (z; �+; ��)

det H
� �etR+

det H
� �+ (z; �+; ��)

det H
� �etR�

det H
:

�¥£ª® ¢¨¤¥âì, çâ® ª ¦¤®¥ ¨§ íâ¨å á« £ ¥¬ëå ¯à¥¤áâ ¢«ï¥â á®¡®© ¡¥à¥§¨­¨ ­ áã¯¥à¬ -

âà¨æë, ª®â®à ï ¯®«ãç ¥âáï ¨§ ®¡é¥© áã¯¥à¬ âà¨æë P
(N=2)

SA
(5.6) § ­ã«¥­¨¥¬ ­¥ª®â®àëå

¥¥ í«¥¬¥­â®¢. �âáî¤  ¯®«ãç ¥¬ ¢¨¤ áã¯¥à¬ âà¨æ ¨ ¨å ¡¥à¥§¨­¨ ­®¢, ¢å®¤ïé¨å ¢ ¯à -
¢ãî ç áâì (5.31)

P
(N=2)
S

=

0@ Q (z; �+; ��) @~�+ @~��
0
0 H

1A ; (5.33)

BerP
(N=2)

S
=
Q (z; �+; ��)

det H
; (5.34)

P
(N=2)

T+ =

0@ 0 @~�+ @~��
�� (z; �+; ��)

0
H

1A ; (5.35)

Ber P
(N=2)

T+ =
�� (z; �+; ��)

det H
� �etR+

det H
; (5.36)

P
(N=2)

T� =

0@ 0 @~�+ @~��
0

�+ (z; �+; ��)
H

1A ; (5.37)

Ber P
(N=2)
T� = ��

+ (z; �+; ��)

det H
� �etR�

det H
: (5.38)

�

�§ ä®à¬ã« (5.33), (5.36) ¨ (5.38) á«¥¤ã¥â, çâ® ¯à¨ N = 2 ¨¬¥¥âáï ­¥ ®¤­  (ª ª
¢ ®¡à â¨¬®¬ á«ãç ¥ [297, 298, 535]), ­¥ ¤¢¥, ª ª ¢ N = 1 á«ãç ¥ (á¬. �ã­ªâ 4.1.3),  
âà¨ ¢®§¬®¦­ë¥ à¥¤ãªæ¨¨, á®®â¢¥âáâ¢ãîé¨¥ âà¥¬ à §«¨ç­ë¬ â¨¯ ¬ ¯à¥®¡à §®¢ ­¨©.

�¯à¥¤¥«¥­¨¥ 5.14. �¡à â¨¬ë¥, ¯®«ã­¥®¡à â¨¬ë¥ ¨ ­¥®¡à â¨¬ë¥ à¥¤ãæ¨à®¢ ­-
­ë¥ N = 2 �����������������������áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï ®¯à¥¤¥«ïîâáï ¤¢ã¬ï ãá«®¢¨ï¬¨

�+
�
z; �

+
; �
�� = D

+~z �D+~�� � ~�+ �D+~�+ � ~�� = 0; (5.39)

�� �
z; �

+
; �
�� = D

�~z �D�~�� � ~�+ �D�~�+ � ~�� = 0: (5.40)
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5.1 � §¤¥« 5.

�¯à¥¤¥«¥­¨¥ ¯®«ã­¥®¡à â¨¬ëå ¨ ­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨© ¤«ï N = 1 ¤ ­®
¢ (4.4) ¨ (4.5),   ¤«ï N = 2 | ¢ (5.12) ¨ (5.13).

�¯à¥¤¥«¥­¨¥ 5.15. �®«ã­¥®¡à â¨¬ë¥ ¨ ­¥®¡à â¨¬ë¥ �������«¥¢ë¥ N = 2 à¥¤ãæ¨à®¢ ­-

­ë¥ ¢à é îé¨¥ ç¥â­®áâì �) ª á â¥«ì­®£® ¯à®áâà ­áâ¢  ¯à¥®¡à §®¢ ­¨ï ®¯à¥¤¥«ï-
îâáï ¤¢ã¬ï ãá«®¢¨ï¬¨

Q

�
z; �

+
; �
�� = @~z � @~�+ � �� � @~�� � �+ = 0; (5.41)

�� �
z; �

+
; �
�� = D

�~z �D�~�� � ~�+ �D� ~�+ � ~�� = 0: (5.42)

�¯à¥¤¥«¥­¨¥ 5.16. �®«ã­¥®¡à â¨¬ë¥ ¨ ­¥®¡à â¨¬ë¥ ���������¯à ¢ë¥ N = 2 à¥¤ãæ¨à®-

¢ ­­ë¥ á¯«¥â îé¨¥ ç¥â­®áâì ª á â¥«ì­®£® ¯à®áâà ­áâ¢  ¯à¥®¡à §®¢ ­¨ï ®¯à¥-
¤¥«ïîâáï ¤¢ã¬ï ãá«®¢¨ï¬¨

Q

�
z; �

+
; �
�� = @~z � @~�+ � �� � @~�� � �+ = 0; (5.43)

�+
�
z; �

+
; �
�� = D

+~z �D+~�� � ~�+ �D+ ~�+ � ~�� = 0: (5.44)

�ã¤¥¬ ­ §ë¢ âì ãá«®¢¨ï (5.39){(5.40) SCf ãá«®¢¨ï¬¨, ãá«®¢¨ï (5.41){(5.42) |

TPt� ãá«®¢¨ï¬¨ ¨ (5.43){(5.44) | TPt+ ãá«®¢¨ï¬¨. � â¥à¬¨­ å ¯¥à¬ ­¥­â®¢ ¨ ¯®«ã-
¯¥à¬ ­¥­â®¢ ®­¨ ¯à¨®¡à¥â îâ ¢¨¤

D
�~z = �erD�; (SCf) (5.45)

�
@~z = per Q;

D
�~z = �erD�; (TPt�) (5.46)

�
@~z = per Q;

D
+~z = �erD+

:
(TPt+) (5.47)

�áå®¤ï ¨§ íâ¨å ãá«®¢¨©, ¬®¦­® ®¯à¥¤¥«¨âì âà¨ á®®â¢¥âáâ¢ãîé¨¥ à¥¤ãæ¨à®¢ ­-
­ë¥ áã¯¥à¬ âà¨æë ¯® ä®à¬ã« ¬

P
(N=2)

SCf

def

= P
(N=2)

S
j�+(z;�+ ;��)=0;��(z;�+ ;��)=0 =0@ QSCf (z; �+; ��) @~�+

SCf
@~��

SCf

0
0 HSCf

1A ; (5.48)

P
(N=2)

TPt+

def

= P
(N=2)

T+ jQ(z;�+;��)=0;�+(z;�+ ;��)=0 =0B@ 0 @~�+
TPt+ @~��

TPt+

��
TPt+ (z; �+; ��)

0
HTPt+

1CA ; (5.49)

P
(N=2)
TPt�

def

= P
(N=2)
T� jQ(z;�+;��)=0;��(z;�+ ;��)=0 =0B@ 0 @~�+

TPt� @~��
TPt�

0
�+
TPt� (z; �+; ��)

HTPt�

1CA ; (5.50)

�à¨¬¥ç ­¨¥. �à¨ç¨­  â ª®£® ­ §¢ ­¨ï ¡ã¤¥â ¯®ïá­¥­  ­¨¦¥ (¤«ï N = 1 ¢à é îé¨å ç¥â­®áâì
¯à¥®¡à §®¢ ­¨© á¬. �®¤à §¤¥« 4.7).
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£¤¥

QSCf

�
z; �

+
; �
�� def

= Q

�
z; �

+
; �
�� j�+(z;�+;��)=0;��(z;�+;��)=0; (5.51)

��
TPt�

�
z; �

+
; �
�� def

= �� �
z; �

+
; �
�� jQ(z;�+;��)=0;��(z;�+;��)=0; (5.52)

@~��
SCf

= @~��j�+(z;�+;��)=0;��(z;�+ ;��)=0;

@~�+
TPt� = @~�+jQ(z;�+ ;��)=0;��(z;�+ ;��)=0;

@~��
TPt� = @~��jQ(z;�+ ;��)=0;��(z;�+ ;��)=0;

(5.53)

HSCf = Hj�+(z;�+ ;��)=0;��(z;�+;��)=0;

HTPt� = HjQ(z;�+ ;��)=0;��(z;�+ ;��)=0; (5.54)

RTPt� = RjQ(z;�+ ;��)=0;��(z;�+;��)=0: (5.55)

�«ï ­ å®¦¤¥­¨ï äã­ªæ¨¨ QSCf (z; �+; ��) ¢®á¯®«ì§ã¥¬áï â ª¦¥ (5.22), â®£¤ 
¯®«ãç ¥¬

QSCf

�
z; �

+
; �
�� = per HSCf : (5.56)

�âáî¤  á«¥¤ã¥â ®ª®­ç â¥«ì­ë© ¢¨¤ SCf à¥¤ãæ¨à®¢ ­­®© áã¯¥à¬ âà¨æë

P
(N=2)

SCf
=

0@ per HSCf @~�+
SCf

@~��
SCf

0
0 HSCf

1A (5.57)

¨ äã­¤ ¬¥­â «ì­ ï âà®©­ ï ä®à¬ã« , á¢ï§ë¢ îé ï ¡¥à¥§¨­¨ ­, ¯¥à¬ ­¥­â ¨ ¤¥â¥à-
¬¨­ ­â

Ber P
(N=2)

SCf
=

per HSCf

det HSCf

: (5.58)

�à¥¤«®¦¥­¨¥ 5.17. �®¬¯®§¨æ¨ï ¤¢ãå N = 2 SCf ¯à¥®¡à §®¢ ­¨© ¥áâì N = 2 SCf
¯à¥®¡à §®¢ ­¨¥,   ª®¬¯®§¨æ¨ï N = 2 SCf ¯à¥®¡à §®¢ ­¨ï ¨ N = 2 TPt� ¯à¥®¡à §®-
¢ ­¨ï ¥áâì N = 2 TPt� ¯à¥®¡à §®¢ ­¨¥.

�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ¨§ ã¬­®¦¥­¨ï áã¯¥à¬ âà¨æ (5.48){(5.50)

P
(N=2)

SCf1
� P(N=2)

SCf2
= P

(N=2)

SCf3
; (5.59)

P
(N=2)

TPt
�

1

� P(N=2)

SCf2
= P

(N=2)

TPt
�

3

: (5.60)

�

�®ª ¦¥¬, çâ® ¡¥à¥§¨­¨ ­ë áã¯¥àª®­ä®à¬­®-¯®¤®¡­ëå ¨ á¯«¥â îé¨å ç¥â­®áâì
¯à¥®¡à §®¢ ­¨© ¢ëà ¦ îâáï ç¥à¥§ ¢¢¥¤¥­­ë¥ áã¯¥à¬ âà¨æë (5.48), (5.49) ¨ (5.50). �«ï
íâ®£® ­ ¬ ¯®­ ¤®¡¨âáï

�â¢¥à¦¤¥­¨¥ 5.18. �à¨¬¥­¥­¨¥ ãá«®¢¨© à¥¤ãªæ¨¨ (5.39){(5.44) ª áã¯¥à¬ âà¨æ ¬

P
(N=2)
S

¨ P
(N=2)
T� ¢ ¯®àï¤ª¥, ®¡à â­®¬, ç¥¬ ¢ (5.48){(5.50), ¯à¨¢®¤¨â ª ¢ëà®¦¤¥­­ë¬

áã¯¥à¬ âà¨æ ¬ á ­ã«¥¢ë¬ ¡¥à¥§¨­¨ ­®¬.

�®ª § â¥«ìáâ¢®. �à¨¬¥­ïï TPt� ãá«®¢¨ï (5.41){(5.44) ª áã¯¥à¬ âà¨æ¥ P
(N=2)

S
(5.33),

¯®«ãç ¥¬ ¢ëà®¦¤¥­­ë¥ áã¯¥à¬ âà¨æë á«¥¤ãîé¥£® ¢¨¤ 

P
(N=2)

D� = P
(N=2)

S
jQ(z;�+;��)=0;��(z;�+ ;��)=0 =

0@ 0 @~�+
TPt� @~��

TPt�
0
0 HTPt�

1A ; (5.61)
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5.1 � §¤¥« 5.

¡¥à¥§¨­¨ ­ ª®â®àëå, ®ç¥¢¨¤­®, à ¢¥­ ­ã«î Ber P
(N=2)

D� = 0. � ¤àã£®© áâ®à®­ë, ¥á«¨

¯à¨¬¥­¨âì SCf ãá«®¢¨ï (5.39){(5.40) ª áã¯¥à¬ âà¨æ ¬ P
(N=2)

T� (5.36){(5.38), â® ¯®«ãç¨¬
¢ ®¡®¨å á«ãç ïå ®¤­ã ¨ âã ¦¥ ¢ëà®¦¤¥­­ãî áã¯¥à¬ âà¨æã

P
(N=2)
D

= P
(N=2)
T� j�+(z;�+ ;��)=0;��(z;�+ ;��)=0 =

0@ 0 @~�+
SCf

@~��
SCf

0
0 HSCf

1A ; (5.62)

¡¥à¥§¨­¨ ­ ª®â®à®© â ª¦¥ à ¢¥­ ­ã«î Ber P
(N=2)
D

= 0. �

� ¦­® ®â¬¥â¨âì, çâ® ¢á¥ âà¨ ¢ëà®¦¤¥­­ë¥ áã¯¥à¬ âà¨æë (5.61) ¨ (5.62), ­¥á¬®-

âàï ­  ¯®¤®¡­ë© ¢­¥è­¨© ¢¨¤, ­¥ á®¢¯ ¤ îâ ¬¥¦¤ã á®¡®© P
(N=2)

D+ 6= P
(N=2)

D� 6= P
(N=2)

D
,

¯®áª®«ìªã ­  ¨å ®áâ ¢è¨¥áï ­¥­ã«¥¢ë¥ í«¥¬¥­âë @~�� ¨ H ­ «®¦¥­ë à §«¨ç­ë¥ ãá«®¢¨ï
| TPt+ (5.41){(5.42), TPt� (5.43){(5.44) ¨ SCf (5.39){(5.40). �«ï â®£®, çâ®¡ë ­ ©â¨
¡¥à¥§¨­¨ ­ë à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨©, ­¥®¡å®¤¨¬® á¯à®¥ªâ¨à®¢ âì ä®à¬ã«ã
á«®¦¥­¨ï N = 2 ¡¥à¥§¨­¨ ­®¢ (5.32) ­  à §«¨ç­ë¥ ¢ëà¨ ­âë à¥¤ãªæ¨¨, ¯®«ì§ãïáì SCf
¨ TPt� ãá«®¢¨ï¬¨ (5.39){(5.44),   â ª¦¥ �à¥¤«®¦¥­¨¥¬ 4.51 ¨ �â¢¥à¦¤¥­¨¥¬
5.18. �®£¤  ¯®«ãç¨¬

Ber
�

~Z=Z
�

= Ber P
(N=2)

SA
=8>>>><>>>>:

�
Ber P

(N=2)
S

+ Ber P
(N=2)
T+ + BerP

(N=2)
T�

�
j��(z;�+ ;��)=0�

Ber P
(N=2)
S

+ Ber P
(N=2)
T+ + BerP

(N=2)
T�

�
jQ(z;�+ ;��)=0;�+(z;�+;��)=0�

Ber P
(N=2)
S

+ Ber P
(N=2)
T+ + BerP

(N=2)
T�

�
jQ(z;�+ ;��)=0;��(z;�+ ;��)=0

=

8>>><>>>:
BerP

(N=2)

SCf
+ 0 + 0

0 + Ber P
(N=2)

TPt+ + 0

0 + 0 + BerP
(N=2)

TPt�

=

8>>><>>>:
Ber P

(N=2)

SCf
; (SCf)

Ber P
(N=2)

TPt+ ; (TPt +)

Ber P
(N=2)

TPt� ; (TPt �)

=

8>>>>>>>>>><>>>>>>>>>>:

per HSCf

det HSCf

; (SCf)

��
TPt+ (z; �+; ��)

det HTPt+

� �etR+
TPt+

det HTPt+

; (TPt+)

��+
TPt� (z; �+; ��)

det HTPt�
� �etR�

TPt�
det HTPt�

; (TPt�)

(5.63)

£¤¥ áã¯¥à¬ âà¨æë P
(N=2)

SCf
¨ P

(N=2)

TPt� ®¯à¥¤¥«¥­ë ¢ (5.48){(5.50), ¨ ¬ë ¢®á¯®«ì§®¢ «¨áì

âà®©­®© ä®à¬ã«®© (5.58) ¤«ï ¡¥à¥§¨­¨ ­  N = 2 áã¯¥àª®­ä®à¬­®-¯®¤®¡­ëå ¯à¥®¡à -
§®¢ ­¨©.

5.1.4. � «   á á ¨ ä ¨ ª   æ ¨ ï N = 2 S C f ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ © . � áá¬®-
âà¨¬ ¡®«¥¥ ¯®¤à®¡­® N = 2 ¯à¥®¡à §®¢ ­¨ï, ®¯à¥¤¥«ï¥¬ë¥ SCf ãá«®¢¨ï¬¨ (5.39){
(5.40) ¨«¨ (5.45). � ®¡à â¨¬®¬ á«ãç ¥ ®­¨ ­ §ë¢ îâáï N = 2 áã¯¥àª®­ä®à¬­ë¬¨
¯à¥®¡à §®¢ ­¨ï¬¨ [297, 298, 514] ¨ ¨á¯®«ì§ãîâáï ¤«ï ®¯¨á ­¨ï áªàëâ®© N = 2 áã¯¥à-
ª®­ä®à¬­®© á¨¬¬¥âà¨¨ ¢ áã¯¥àáâàã­­®© â¥®à¨¨ [201, 211], N = 2 áã¯¥àà¨¬ ­®¢ëå
¯®¢¥àå­®áâ¥© [301,533,535] ¨ N = 2 áã¯¥àª®­ä®à¬­®© â¥®à¨¨ ¯®«ï [507,508]. �¥®¡à -
â¨¬ë¥ á«ãç ¥ N = 2 à¥¤ãæ¨à®¢ ­­ë¥ ¯à¥®¡à §®¢ ­¨ï à áá¬ âà¨¢ «¨áì ¢ [4,13,18]. �§
(5.57) ¨ âà®©­®© ä®à¬ã«ë (5.58) á«¥¤ã¥â, çâ® à¥¤ãæ¨à®¢ ­­ë¥ N = 2 áã¯¥àª®­ä®à¬­®-
¯®¤®¡­ë¥ ¯à¥®¡à §®¢ ­¨ï ¯®«­®áâìî ®¯à¥¤¥«ïîâáï í«¥¬¥­â ¬¨ ®¡ëç­®© ¬ âà¨æë HSCf

(5.9) á ¢®§¬®¦­® ­¨«ì¯®â¥­â­ë¬¨ í«¥¬¥­â ¬¨ (á¬. [4,13] ¨ ­¨¦¥). � ª, ¤«ï ¯à¥®¡à §®-
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¢ ­¨ï áã¯¥à¯à®¨§¢®¤­ëå D
� ¨ ¤¨ää¥à¥­æ¨ «  dZ ¨§ (5.57) ¨ (5.9) ¨¬¥¥¬�

D
�

D
+

�
= HSCf �

 
~D�
~D+

!
; (5.64)

d ~Z = dZ � per HSCf : (5.65)

�®á«¥¤­ïï ä®à¬ã«  (5.65), ¢ ç áâ­®áâ¨, ¬®¦¥â âà ªâ®¢ âìáï â ª, çâ® per HSCf

¨£à ¥â à®«ì ïª®¡¨ ­  ¢ ª®¬¯«¥ªá­®¬ ¡ §¨á¥ [297].

� ¬¥ç ­¨¥ 5.19. � âà¨æ  HSCf ï¢«ï¥âáï ¯®«ã¬¨­®à®¬ (á¬. �ã­ªâ 6.1.2) ç¥â­®£®

í«¥¬¥­â  QSCf (z; �+; ��) ¢ áã¯¥à¬ âà¨æ¥ (5.48).

�§ (5.64) ¢¨¤­®, çâ® ­¥ç¥â­ë¥ áã¯¥à¯à®¨§¢®¤­ë¥ D� ®¡à §ãîâ (0j2)-¬¥à­®¥ ¯®¤-
¯à®áâà ­áâ¢® ¢ (1j2)-¬¥à­®¬ ª á â¥«ì­®¬ ¯à®áâà ­áâ¢¥. �àã£¨¬¨ á«®¢ ¬¨, ®­¨ ¯à¥-
®¡à §ãîâáï â®«ìª® ¤àã£ ç¥à¥§ ¤àã£  ª ª

D
� = D

� ~�� � ~D+ +D
�~�+ � ~D�

: (5.66)

�®®â¢¥âáâ¢ãîé¥¥ ª®ª á â¥«ì­®¥ (0j2)-¬¥à­®¥ ¯à®áâà ­áâ¢® áâà®¨âáï á ¯®¬®éìî
N = 2 áã¯¥à¤¨ää¥à¥­æ¨ «®¢, ¯à¥®¡à §ãîé¨åáï ¤ã «ì­® á ¯®¬®éìî â®© ¦¥ ¬ âà¨æë
HSCf á«¥¤ãîé¨¬ ®¡à §®¬�

d~�+
SCf

d~��
SCf

�
=
�
d�

+
SCf

d�
�
SCf

�
�HSCf : (5.67)

�¯à¥¤¥«¥­¨¥ 5.20. ������������­¥è­¨© SCf áã¯¥à¤¨ää¥à¥­æ¨ « �
(N=2)

SCf
®¯à¥¤¥«ï¥âáï ä®à¬ã-

«®©
�
(N=2)

SCf
= d�

+
SCf
�D� + d�

�
SCf
�D+

: (5.68)

�â¢¥à¦¤¥­¨¥ 5.21. �­¥è­¨© ¤¨ää¥à¥­æ¨ « (0j2)-¬¥à­®£® ¯®¤¯à®áâà ­áâ¢  ¨­-
¢ à¨ ­â¥­ ®â­®á¨â¥«ì­® N = 2 áã¯¥àª®­ä®à¬­®-¯®¤®¡­ëå ¯à¥®¡à §®¢ ­¨©.

�®ª § â¥«ìáâ¢®. �§ (5.64), (5.67) ¨ (5.68) ¨¬¥¥¬

�
(N=2)

SCf
=
�
d�

+
SCf

d�
�
SCf

�
�
�
D
�

D
+

�
=

�
d�

+
SCf

d�
�
SCf

�
�HSCf �

 
~D�
~D+

!
=

�
d~�+

SCf
d~��
SCf

�
�
 

~D�
~D+

!
= ~�

(N=2)

SCf
: (5.69)

�

�¢¥¤¥­­ë¥ N = 2 áã¯¥à¤¨ää¥à¥­æ¨ «ë d�
�
SCf

¤ã «ì­ë ª áã¯¥à¯à®¨§¢®¤­ë¬ ¨

¢ á¬ëá«¥ á®®â­®è¥­¨ï (á¬. (5.3))n
d�

+
SCf

; d�
�
SCf

o
= 2dZ: (5.70)

�à¨¬¥­¨¬ ®¯¥à â®à D
+ ª SCf ãá«®¢¨î (5.39)

D
+
�
D
+~z �D+~�� � ~�+ �D+~�+ � ~��

�
= 0: (5.71)

�á¯®«ì§ãï ­¨«ì¯®â¥­â­®áâì áã¯¥à¯à®¨§¢®¤­ëå ¢ ª®¬¯«¥ªá­®¬ ¡ §¨á¥ (5.2)

(D+)
2

= 0, ¯®«ãç ¥¬

D
+ ~�� �D+ ~�+ = 0;

D
� ~�+ �D� ~�� = 0:

(5.72)
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�âáî¤  á«¥¤ã¥â, çâ® ¬ âà¨æ  HT

SCf
ï¢«ï¥âáï 2 � 2 scf-¬ âà¨æ¥© (á¬. �®¤à §-

¤¥« 6.2), â. ¥. í«¥¬¥­âë ¢ áâ®«¡æ å HT

SCf
¢§ ¨¬­® ®àâ®£®­ «ì­ë. �«ï â ª¨å ¬ âà¨æ

á¯à ¢¥¤«¨¢® ®¡é¥¥ á®®â­®è¥­¨¥

(det HSCf )
2

= (per HSCf )
2
: (5.73)

�®£¤  ¢ á«ãç ¥ ®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨î
� [det HSCf ] 6= 0 (5.11){(5.12) (á ®ç¥¢¨¤­®áâìî, â ª¦¥ ¨ � [per HSCf ] 6= 0), ¤«ï ¡¥à¥-

§¨­¨ ­  (5.63) ¨¬¥¥¬

Ber SCf
�

~Z=Z
�

=
det HSCf

per HSCf

=
per HSCf

det HSCf

; (5.74)

¯®íâ®¬ã �
Ber SCf

�
~Z=Z

��2
= 1: (5.75)

�«¥¤®¢ â¥«ì­®, ¤«ï ®¡à â¨¬ëå N = 2 áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© ¡¥à¥-
§¨­¨ ­ à ¢¥­

Ber SCf
�

~Z=Z
�

= k = �1; (5.76)

£¤¥ k = +1 ®â¢¥ç ¥â ¯®¤£àã¯¯¥ SO�0
(2) ¯à¥®¡à §®¢ ­¨© (¢ ª®®à¤¨­ â­®¬ ¡ §¨á¥

(4.106)), ®¯¨áë¢ îé¨å N = 2 áã¯¥àà¨¬ ­®¢ë ¯®¢¥àå­®áâ¨ ¡¥§ â¢¨áâ ,   k = �1
á®®â¢¥âáâ¢ã¥â ®¡é¨¬ O�0

(2) ¯à¥®¡à §®¢ ­¨ï¬, ®¯¨áë¢ îé¨å N = 2 áã¯¥àà¨¬ ­®¢ë
¯®¢¥àå­®áâ¨ [297, 298, 533] ¨«¨ N = 2 áã¯¥àª®­ä®à¬­ë¥  «£¥¡àë [381, 537, 538] á â¢¨-
áâ®¬. �â®£® ¨ ¥áâ¥áâ¢¥­®®, ¯®áª®«ìªã £àã¯¯®© ¢­¥è­¨å  ¢â®¬®àä¨§¬®¢ §¤¥áì ï¢«ï¥âáï
Z2 = � [O�0

(2) =SO�0
(2)] [297,298].

�á«¨ � [det HSCf ] 6= 0, â® «¥£ª® ¢¨¤¥âì, çâ® í«¥¬¥­â ¬ âà¨æë ¬®¦¥â ¡ëâì «¨¡®
­¥­ã«¥¢ë¬ á ­¥­ã«¥¢®© ç¨á«®¢®© ç áâìî, «¨¡® ­ã«¥¬, ¯®íâ®¬ã ¢¥àå­¥¬ã ¨ ­¨¦­¥¬ã
§­ ª ¬ ®â¢¥ç ¥â ¤¨ £®­ «ì­ ï ¨  ­â¨¤¨ £®­ «ì­ ï ¬ âà¨æ  HSCf á®®â¢¥âáâ¢¥­­®

H
(k=+1)

SCf
=

 
D
�~�+ 0

0 D
+~��

!
; D

�~�� = D
+~�+ = 0; (5.77)

H
(k=�1)
SCf

=

 
0 D

�~��

D
+~�+ 0

!
; D

�~�+ = D
+~�� = 0: (5.78)

�â® á«¥¤ã¥â ¨ ¨§ ®¡é¥£® á®®â­®è¥­¨ï ¬¥¦¤ã 2 � 2 ¬ âà¨æ ¬¨ ¢ ª®®à¤¨­ â­®¬
H0 (4.103) ¨ ª®¬¯«¥ªá­®¬ H (5.9) ¡ §¨á å (á¬. [4] ¨ �®¤à §¤¥« 6.2)

HT

0 �H0 = per H � I + scf�HT � �+ + scf+HT � ��; (5.79)

£¤¥ I | ¥¤¨­¨ç­ ï 2 � 2 ¬ âà¨æ , �� = �3 � i�1 , �i | ¬ âà¨æë � ã«¨ ¨

scf�HT = D
�~�+ �D�~��: (5.80)

�§ (5.79) ¢¨¤­®, çâ® ãá«®¢¨¥ ¤«ï ¬ âà¨æë H0 ¢ ª®®à¤¨­ â­®¬ ¡ §¨á¥ ¡ëâì ¯à®-
¯®àæ¨®­ «ì­®© ®àâ®£®­ «ì­®© ¬ âà¨æ¥ á®¢¯ ¤ ¥â á ãá«®¢¨¥¬ ¤«ï ¬ âà¨æë H ¢ ª®¬-

¯«¥ªá­®¬ ¡ §¨á¥ ¡ëâì scf-¬ âà¨æ¥© (á¬. �®¤à §¤¥« 6.2) scf�HT

SCf
= 0, çâ® á®¢¯ ¤ ¥â

á ãá«®¢¨ï¬¨ (5.72) ¨ á®®â¢¥âáâ¢¥­­® á SCf ãá«®¢¨ï¬¨ (5.39){(5.40).
� ª¨¬ ®¡à §®¬, ¯à¨ � [det HSCf ] 6= 0 scf-¬ âà¨æ  HSCf ï¢«ï¥âáï ¤¨ £®­ «ì­®©

(5.77) ¨«¨  ­â¨¤¨ £®­ «ì­®© (5.78), ¨ â®£¤  ¨§ (5.66) ¨¬¥¥¬

D
� =

(
D
�~�� � ~D�

; k = +1

D
�~�+ � ~D�

; k = �1
: (5.81)

�¥à¢®¥ ãá«®¢¨¥ ¢ (5.81) ¯à¨¢®¤¨â ª ¢®§¬®¦­®áâ¨ £«®¡ «ì­®£® ®¯à¥¤¥«¥­¨ï D� , ¨
â ª¨¥ ¯à¥®¡à §®¢ ­¨ï ¬®£ãâ ¯à¨¬¥­ïâìáï ª ª äã­ªæ¨¨ ¯¥à¥å®¤  ­  N = 2 áã¯¥àà¨¬ -
­®¢ëå ¯®¢¥àå­®áâïå ¡¥§ â¢¨áâ , ¤®¯ãáª îé¨å U�0

(1) (= SO�0
(2)) £àã¯¯ã £®«®­®¬¨¨
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� §¤¥« 5. 5.1

¨ «¨­¥©­®¥ à áá«®¥­¨¥ ­ ¤ ®¡ëç­ë¬¨ à¨¬ ­®¢ë¬¨ ¯®¢¥àå­®áâï¬¨ ¢ â® ¢à¥¬ï, ª ª ¢â®-
à®¥ ãá«®¢¨¥ ­¥ ¯®§¢®«ï¥â £«®¡ «ì­® ®¯à¥¤¥«¨âì D

�
;çâ® ¯à¨¢®¤¨â ª ¯®¢¥àå­®áâï¬ á

â¢¨áâ®¬ [297,298,533].
� ­¥®¡à â¨¬®¬ á«ãç ¥ � [det HSCf ] = 0, å®âï ¬®¦¥â ®ª § âìáï, çâ® det HSCf 6= 0

¨§-§  ­ «¨ç¨ï ­¨«ì¯®â¥­â­ëå í«¥¬¥­â®¢ ¢ ¯®¤áâ¨« îé¥©  «£¥¡à¥ ¨ á®®â¢¥âáâ¢ãîé¨å
­¨«ì¯®â¥­â­ëå äã­ªæ¨©, ¢å®¤ïé¨å ¢ HSCf [4, 13]. �®£¤  ãá«®¢¨¥ (5.72) ¬®¦¥â ¢ë¯®«-
­ïâìáï ­¥ §  áç¥â § ­ã«¥­¨ï á®¬­®¦¨â¥«¥©,   §  áç¥â ¤¥«¨â¥«¥© ­ã«ï ¢ ª®¬¯®­¥­â­ëå
äã­ªæ¨ïå. � ¤«ï áã¯¥à¯à®¨§¢®¤­ëå D� ¡ã¤¥â ¢ë¯®«­ïâìáï á®®â­®è¥­¨¥ (5.66) á ¤¢ã¬ï
­¥­ã«¥¢ë¬¨ ç«¥­ ¬¨ ¢ ¯à ¢®© ç áâ¨, ­¥á¬®âàï ­  ¢ë¯®«­¥­¨¥ (5.72).

� ª¨¬ ®¡à §®¬, ¢ ¯®«ã­¥®¡à â¨¬®¬ ¨ ­¥®¡à â¨¬®¬ á«ãç ïå ¬ë ¡ã¤¥¬ ¡ã¤¥¬ ¨§-
¡¥£ âì ¤¥«¥­¨ï ¢ (5.74) ¨ ¯®«ì§®¢ âìáï ­¥®¡à â¨¬ë¬  ­ «®£®¬ (á¬. ¤«ï N = 1 �®¤-
à §¤¥« 4.1) ïª®¡¨ ­  (ª®â®àë© ­ §¢ ­ ¢ [4] ¤®®¯à¥¤¥«¥­­ë¬ ¡¥à¥§¨­¨ ­®¬) ¢ ¢¨¤¥

per HSCf � JnoninvSCf
= det HSCf ; (5.82)

�¤¥áì per HSCf 6= 0 ¨ det HSCf 6= 0, å®âï ¨ � [per HSCf ] = � [det HSCf ] = 0. �®£¤ 

à¥è¥­¨¥ (5.76) ­¥ ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ §  áç¥â ­¨«ì¯®â¥­â­®áâ¨ per HSCf ¨ det HSCf .

�à¨¬¥àë â ª¨å ­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©, ã¤®¢«¥â¢®àïîé¨å SCf ãá«®¢¨ï¬ (5.39){
(5.40), ¯à¨¢¥¤¥­ë ¢ [4,13] (á¬. ­¨¦¥).

�â¢¥à¦¤¥­¨¥ 5.22. �«ï ¯à¥®¡à §®¢ ­¨©, ã¤®¢«¥â¢®àïîé¨å SCf ãá«®¢¨ï¬ (5.39){
(5.40)

� [per HSCf ] = � [det HSCf ] : (5.83)

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥­­® á«¥¤ã¥â ¨§ (5.72) ¨ (5.73). �

� ª¨¬ ®¡à §®¬, ª« áá¨ä¨ª æ¨ï ®¡à â¨¬ëå ¨ ­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨©, ã¤®-
¢«¥â¢®àïîé¨å SCf ãá«®¢¨ï¬ (5.39){(5.40), ¬®¦¥â ¡ëâì ¯à®¢¥¤¥­  ¢ â¥à¬¨­ å ¯¥à¬ -
­¥­â  ¬ âà¨æë HSCf ¨ ¨¬¥¥â ¢¨¤:

1. �¡à â¨¬ë¥ N = 2 áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î
� [per HSCf ] 6= 0.

 ) U�0
(1) ¯à¥®¡à §®¢ ­¨ï per HSCf = det HSCf (¬ âà¨æ  HSCf ¤¨ £®­ «ì­ );

¡) O�0
(2) ¯à¥®¡à §®¢ ­¨ï per HSCf = �det HSCf (¬ âà¨æ  HSCf  ­â¨¤¨ £®­ «ì­ ).

2. �¥®¡à â¨¬ë¥ N = 2 áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î
� [per HSCf ] = 0.

 ) per HSCf 6= 0 (¬ âà¨æ  HSCf á®áâ®¨â ¨§ ­¨«ì¯®â¥­â­ëå í«¥¬¥­â®¢);

¡) per HSCf = 0 (¬ âà¨æ  HSCf ¬®­®¬¨ «ì­ , ¡¨­®¬¨ «ì­  ¨«¨ á®áâ®¨â ¨§ ¢§ ¨¬­®-

®àâ®£®­ «ì­ëå í«¥¬¥­â®¢).

�á®¡ë© á«ãç © ¯à¥¤áâ ¢«ïîâ á®¡®© à áé¥¯«¥­­ë¥ N = 2 SCf ¯à¥®¡à §®¢ ­¨ï,
ª®â®àë¥ à áá¬®âà¥­ë ¢ �à¨«®¦¥­¨¨ 4.5.1.

5.1.5. � ® ­ ¥ ç ­ ë ¥ ® ¡ à   â ¨ ¬ ë ¥ ¨ ­ ¥ ® ¡ à   â ¨ ¬ ë ¥ S C f ¯ à ¥ ® ¡ à   -
§ ® ¢   ­ ¨ ï ¨ N = 2 S C f ¯ ® « ã £ à ã ¯ ¯   . �â®¡ë ¯®«ãç¨âì ¨ ¯à®ª« áá¨ä¨æ¨à®-
¢ âì ­¥à áé¥¯«¥­­ë¥ N = 2 SCf ¯à¥®¡à §®¢ ­¨ï, ¯à¨¬¥­¨¬ SCf ãá«®¢¨ï (5.39){(5.40)
ª ¯®«­ë¬ N = 2 áã¯¥à ­ «¨â¨ç¥áª¨¬ ¯à¥®¡à §®¢ ­¨ï¬ ¢¨¤  (5.14). �«ï íâ®£® ã¤®¡­®
¢®á¯®«ì§®¢ âìáï á®®â­®è¥­¨ï¬¨, á«¥¤ãîé¨¬¨ ¨§ (5.14) ¨ (5.1),

D
�~z = �� (z) + �

� � (f 0 (z)� h (z)) + �
�
�
� � �0� (z) ; (5.84)
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5.1 � §¤¥« 5.

D
� ~�� = g�� (z) + �

� �
�
 
0
� (z) + �� (z)

�
+ �

�
�
� � g0�� (z) ; (5.85)

D
�~�� = g�� (z) + �

� �
�
 
0
� (z)� �� (z)

�
+ �

�
�
� � g0�� (z) : (5.86)

�®£¤  ­¥¯®áà¥¤áâ¢¥­­® ¨§ SCf ãá«®¢¨© (5.39){(5.40) ¯®«ãç ¥¬ á¨áâ¥¬ã ãà ¢­¥­¨©
­  ª®¬¯®­¥­â­ë¥ äã­ªæ¨¨

f
0 (z)� h (z) = g+� (z) g�+ (z) + g++ (z) g�� (z) +  

0
� (z) � (z) +

 
0
� (z) � (z) + �� (z) � (z)� �� (z) � (z) ;

�
0
� = g

0
�� (z) � (z)� g�� (z) 0� (z) + g

0
�� (z) � (z)�

g�� (z) 0� (z) + 2g�� (z)�� (z)� 2g�� (z)�� (z) ;

�� = g�� (z) � (z) + g�� (z) � (z) ;
g�� (z) g�� (z) = 0;

ª®â®àãî ¬®¦­® ¯à¨¢¥áâ¨ ª á«¥¤ãîé¥¬ã ¢¨¤ã
f
0 (z) = g+� (z) g�+ (z) + g++ (z) g�� (z) +  

0
+ (z) � (z) +  

0
� (z) + (z) ; (5.87)

h (z) = �+ (z) � (z)� �� (z) + (z) ; (5.88)
�� = g�� (z) � (z) + g�� (z) � (z) ; (5.89)

g�� (z)
h
�� (z)�  0� (z)

i
= g�� (z)

h
�� (z) +  

0
� (z)

i
; (5.90)

g�� (z) g�� (z) = 0: (5.91)

� â¥à¬¨­ å ¬ âà¨ç­ëå äã­ªæ¨© ¨ ¨å ­¥ç¥â­ëå  ­ «®£®¢ (á¬. 4.10) ¯¥à¢ë¥ 4
ãà ¢­¥­¨ï ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ª®¬¯ ªâ­®¬ ç¥â­®-­¥ç¥â­® á¨¬¬¥âà¨ç­®¬ ¢¨¤¥

f
0 (z) = per GSCf + per

�
 
0
+ (z)  

0
� (z)

 + (z)  � (z)

�
; (5.92)

h (z) = det

�
�+ (z) �+ (z)
 + (z)  � (z)

�
; (5.93)

�� = �er

�
g�� (z) g�� (z)
 � (z)  � (z)

�
; (5.94)

�er

�
g�� (z) g�� (z)
 
0
� (z)  

0
� (z)

�
= �et

�
g�� (z) g�� (z)
�� (z) �� (z)

�
: (5.95)

�âáî¤  á«¥¤ã¥â, çâ® ç¨á«® ­¥§ ¢¨á¨¬ëå äã­ªæ¨©, ª®â®àë¬¨ ®¯à¥¤¥«ï¥âáï N = 2
SCf ¯à¥®¡à §®¢ ­¨¥ à ¢­® 12 (áã¯¥à ­ «¨â¨ç¥áª¨å ª®¬¯®­¥­â­ëå äã­ªæ¨© (5.14)) - 8
(ãà ¢­¥­¨©) = 4. �áâ «ì­ë¥ äã­ªæ¨¨ ¬®£ãâ ¡ëâì ­ ©¤¥­ë ¨§ 8 ãà ¢­¥­¨© (5.87){(5.91).
� ç áâ­®áâ¨, ¢ ®¡à â¨¬®¬ á«ãç ¥, ¥á«¨ � [det GSCf ] 6= 0, â® äã­ªæ¨¨ h (z) ¨ �� (z)

¬®¦­® ¯®«ãç¨âì ¨§ ãà ¢­¥­¨© (5.93) ¨ (5.94) ¢ ï¢­®¬ ¢¨¤¥

h (z) =
per GSCf

det GSCf

( + (z) � (z))
0
+ (5.96)

2g�+ (z) g�� (z)

det GSCf

 
0
+ (z) + (z) +

2g+� (z) g++ (z)

det GSCf

 
0
� (z) � (z) ;

�� (z) =
per GSCf

detGSCf

 
0
� (z) +

2g�� (z) g�� (z)

det GSCf

 
0
� (z) : (5.97)

�à®¬¥ â®£®, ¯à¨ � [det GSCf ] 6= 0 ¨¬¥¥âáï «¨èì ¤¢  à¥è¥­¨ï ãà ¢­¥­¨© (5.91):

¬ âà¨æ  GSCf | ¤¨ £®­ «ì­  (4.136) ¨«¨  ­â¨¤¨ £®­ «ì­  (4.137), çâ® á­®¢  á®®â¢¥â-

áâ¢ã¥â U�0
(1) ¨ O�0

(2) á«ãç ï¬. �à¨ íâ®¬

per GSCf

det GSCf

= k =

�
+1; U�0

(1)
�1; O�0

(2)
: (5.98)
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� §¤¥« 5. 5.1

�®£¤  ¯®«ãç ¥¬ ¤«ï U�0
(1) ¨ O�0

(2) ¯à¥®¡à §®¢ ­¨ï ¢ ¢ë¡à ­­®© ¯ à ¬¥âà¨-
§ æ¨¨(

~z = f (z) + �
+
g+� (z) � (z) + �

�
g�+ (z) + (z) + �

+
�
� ( + (z) � (z))

0
;

~�� =  � (z) + �
�
g�� (z) + �

�
�
�
 
0
� (z) ;

(5.99)

£¤¥ f 0 (z) = g+� (z) g�+ (z) +  
0
+ (z) � (z) +  

0
� (z) + (z), ¨(

~z = f (z) + �
+
g�� (z) + (z) + �

�
g++ (z) � (z)� �+�� ( + (z) � (z))

0
;

~�� =  � (z) + �
�
g�� (z)� ���� 0� (z) ;

(5.100)

£¤¥ f 0 (z) = g++ (z) g�� (z)+ 
0
+ (z) � (z)+ 

0
� (z) + (z). � ª ¨ ¢ á«ãç ¥ à áé¥¯«¥­­®©

N = 2 ¯®«ã£àã¯¯ë (4.145), ¯à¥¤áâ ¢«¥­¨¥ ¯®«­®© N = 2 SCf ¯®«ã£àã¯¯ë äã­ªæ¨®­ «ì-
­ë¬¨ ¬ âà¨æ ¬¨ (á¬. �¯à¥¤¥«¥­¨¥ 5.9) ¡ã¤¥â ­¥ª®â®àë¬ áã¦¥­¨¥¬ ¯à¥¤áâ ¢«¥­¨ï
(5.18),   ¨¬¥­­®8<:

f h �� �+
 + �+ g+� g++
 �� g�� g�+

9=; jSCf nonsplit �!
�
 + g+� g++
 g�� g�+

�
: (5.101)

�®íâ®¬ã ¬®¦­® ®¯à¥¤¥«¨âì N = 2 SCf ¯®«ã£àã¯¯ã á«¥¤ãîé¨¬ ®¡à §®¬.

�¯à¥¤¥«¥­¨¥ 5.23. �«¥¬¥­â s ��������¯®«­®© N = 2 áã¯¥àª®­ä®à¬­®© ¯®«ã£àã¯¯ë

S
(N=2)

SCf
¯ à ¬¥âà¨§ã¥âáï äã­ªæ¨®­ «ì­®© ¬ âà¨æ¥©�

 + g+� g++
 g�� g�+

�
jg��(z)g��(z)=0 def

= s 2 S(N=2)

SCf
; (5.102)

  ¤¥©áâ¢¨¥ s(1) � s(2) = s(3)®¯à¥¤¥«ï¥âáï ª®¬¯®§¨æ¨¥© ¯®«­ëå ¯à¥®¡à §®¢ ­¨© Z !
~Z ! e~Z .

�áâ «ì­ë¥ äã­ªæ¨¨ f (z) ; h (z) ; �� (z) ; �� (z) ®¯à¥¤¥«ïîâáï ¨§ ãà ¢­¥­¨©
(5.87){(5.90),   ¢ ®¡à â¨¬®¬ á«ãç ¥ | ¨§ (5.96){(5.97).

� ­¥®¡à â¨¬®¬ á«ãç ¥ ¯à¨ � [det GSCf ] = 0 (¨, á«¥¤®¢ â¥«ì­®, � [per GSCf ] = 0)

ç¨á«® ¢®§¬®¦­ëå à¥è¥­¨© á¨áâ¥¬ë (5.87){(5.91) à¥§ª® ã¢¥«¨ç¨¢ ¥âáï §  áç¥â ¤¥«¨â¥«¥©
­ã«ï ¨ ­¨«ì¯®â¥­â®¢ áà¥¤¨ ª®¬¯®­¥­â­ëå äã­ªæ¨©. � ªâ¨ç¥áª¨ ­¥®¡å®¤¨¬® à¥è¨âì
á¨áâ¥¬ã ¤¢ãå ãà ¢­¥­¨© ­ ¤ à áè¨à¥­­ë¬ ª®«ìæ®¬, á®¤¥à¦ é¨¬ ­¨«ì¯®â¥­âë.

�®-¯¥à¢ëå, ª ª ¨ ¢ à áé¥¯«¥­­®¬ á«ãç ¥ (á¬. �à¨«®¦¥­¨¥ 4.5.1), ®àâ®£®-
­ «ì­®áâì í«¥¬¥­â®¢ áâ®«¡æ  ¬ âà¨æë GSCf â¥¯¥àì ã¦¥ ®§­ ç ¥â ­¥ § ­ã«¥­¨¥ ®¤­®£®
¨§ á®¬­®¦¨â¥«¥©,   ¨å ¢®§¬®¦­ãî ¯à®¯®àæ¨®­ «ì­®áâì ®¤­®© ¨ â®© ¦¥ ­¨«ì¯®â¥­â­®©
­¥ç¥â­®© äã­ªæ¨¨ (¯®¤®¡­® (4.144)). �®«¥¥ â®£®, ãà ¢­¥­¨ï (5.90), ¨á¯®«ì§ãï â®â ¦¥
¯®¤å®¤, ¬®£ãâ à¥è âìáï ¬­®£¨¬¨ á¯®á®¡ ¬¨, ­ ¯à¨¬¥à, ¯ãâ¥¬ ¢§ ¨¬­®© ®àâ®£®­ «ì­®-
áâ¨ ª ¦¤®£® ¨§ á®¬­®¦¨â¥«¥© ¢ ¯à ¢®© ¨ «¥¢®© ç áâ¨. �®£¤  ã¤®¡­® ¯ à ¬¥âà¨§®¢ âì
¢á¥ ¯à¥®¡à §®¢ ­¨¥ â®«ìª® ­¥ç¥â­ë¬¨ äã­ªæ¨ï¬¨,   í«¥¬¥­âë ¬ âà¨æë GSCf ­ å®¤¨âì

¨§ ãà ¢­¥­¨© (5.90){(5.91). �â¬¥â¨¬, çâ® ¢®§¬®¦¥­ ¨ ¯®«®¢¨­­ë© á«ãç ©, ª®£¤  ¢ ®¤­®¬
áâ®«¡æ¥ ¬ âà¨æë GSCf í«¥¬¥­âë ®àâ®£®­ «ì­ë §  áç¥â ­¨«ì¯®â¥­â­®áâ¨,   ¢ ¤àã£®¬
| §  áç¥â § ­ã«¥­¨ï ®¤­®£® ¨§ ­¨å. �«¥¤ã¥â ãç¥áâì ¨ \á ¬ë© ­¥®¡à â¨¬ë©" ¢ à¨ ­â,
ª®£¤  ¢á¥ í«¥¬¥­âë ¬ âà¨æë GSCf à ¢­ë ­ã«î.

�ã¬¬¨àãï, ¬®¦­® ¯à®ª« áá¨ä¨æ¨à®¢ âì ¢®§¬®¦­ë¥ ¯à¥®¡à §®¢ ­¨ï, ã¤®¢«¥â¢®-
àïîé¨¥ á¨áâ¥¬¥ (5.87){(5.91), á«¥¤ãîé¨¬ ®¡à §®¬:

1. �¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï á � [per G] 6= 0.

 ) U�0
(1) ¯à¥®¡à §®¢ ­¨ï per GSCf = det GSCf (¬ âà¨æ  GSCf ¤¨ £®­ «ì­ );
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¡) O�0
(2) ¯à¥®¡à §®¢ ­¨ï per GSCf = �det GSCf (¬ âà¨æ  GSCf  ­â¨¤¨ £®­ «ì­ ).

2. �¥®¡à â¨¬ë¥ ¯à¥®¡à §®¢ ­¨ï á � [per GSCf ] = 0.

 ) \�®«®¢¨­­ë©" ¢ à¨ ­â, ª®£¤  ®¤­® ãà ¢­¥­¨¥ ¨§ (5.91) ¢ë¯®«­ï¥âáï, ª ª ¢ ®¡à -
â¨¬®¬ á«ãç ¥, §  áç¥â § ­ã«¥­¨ï ®¤­®£® ¨«¨ ¤¢ãå á®¬­®¦¨â¥«¥©,   ¤àã£®¥ | § 
áç¥â ­¨«ì¯®â¥­â­®© ®àâ®£®­ «ì­®áâ¨;

¡) \�®«­ë©" ­¥®¡à â¨¬ë© ¢ à¨ ­â, ª®£¤  ¢á¥ í«¥¬¥­âë ¬ âà¨æë GSCf ­¥ à ¢­ë
­ã«î, ­® ¢§ ¨¬®­¨«ì¯®â¥­â­ë.

3. \� ¬ë© ­¥®¡à â¨¬ë©" ¢ à¨ ­â GSCf = 0.

�¡à â¨¬ë¥ á«ãç ¨ à áá¬ âà¨¢ «¨áì ¢ëè¥ (5.99){(5.100), ¯®íâ®¬ã ¬ë à áá¬®-
âà¨¬ ­¥®¡à â¨¬ë¥. �®á«¥¤­¨© \c ¬ë© ­¥®¡à â¨¬ë©" ¢ à¨ ­â 3 ¯®«ãç ¥âáï ¨§ ¡®«ì-
è¨­áâ¢  ­¥®¡à â¨¬ëå ¢ à¨ ­â®¢ 2 ¯ãâ¥¬ § ­ã«¥­¨ï ­¥ª®â®àëå ª®¬¯®­¥­â­ëå äã­ª-
æ¨©. �®®â¢¥âáâ¢ãîé¨¥ N = 2 ­¥®¡à â¨¬ë¥ SCf ¯à¥®¡à §®¢ ­¨ï ¢®®¡é¥ ­¥ á®¤¥à¦ â
ç¥â­ëå äã­ªæ¨© ¨ ¨¬¥îâ ¢¨¤(

~z = f (z) + �
+
�
� ( + (z)�� (z)�  � (z)�+ (z)) ;

~�� =  � (z) + �
�
�
�
�� (z) ;

(5.103)

£¤¥ f
0 (z) =  

0
+ (z) � (z) +  

0
� (z) + (z). � âà¨æ  GSCf ¢ \¯®«®¢¨­­ëå ¢ à¨ ­â å"

2  á®¤¥à¦¨â ®¤¨­ ­ã«ì ¨ ®¤¨­ í«¥¬¥­â, ª®â®àë© ¬®¦¥â ¡ëâì ­¥­¨«ì¯®â¥­â­ë¬,  
ãà ¢­¥­¨ï (5.90){(5.91) ¨¬¥îâ á«¥¤ãîé¨¥ ¢®§¬®¦­ë¥ à¥è¥­¨ï

1) GSCf =

 
g+� (z) � (z) 0� (z)

0 � (z)
�
�+ (z)�  0+ (z)

� !
; �� (z) =  

0
� (z) ; (5.104)

2) GSCf =

 
� (z)

�
�� (z)�  0� (z)

�
0

� (z) 0+ (z) g�+ (z)

!
; �+ (z) =  

0
+ (z) ; (5.105)

3) GSCf =

 
0 � (z)

�
�� (z) +  

0
� (z)

�
g�� (z) � (z) 0+ (z)

!
; �+ (z) = � 0+ (z) ; (5.106)

4) GSCf =

 
� (z) 0� (z) g++ (z)

� (z)
�
�+ (z) +  

0
+ (z)

�
0

!
; �� (z) = � 0� (z) : (5.107)

�áâ «ì­ë¥ äã­ªæ¨¨ f (z) ; h (z) ; �� (z) ­ å®¤ïâáï ¨§ ãà ¢­¥­¨© (5.87){(5.89). � -
à ¬¥âà¨§ æ¨ï â ª¨å ¯à¥®¡à §®¢ ­¨© ¯à®¢®¤¨âáï á ¯®¬®éìî ®¤­®© ç¥â­®© äã­ª-
æ¨¨ gab (z) (­¥­¨«ì¯®â¥­â­ë© í«¥¬¥­â ¬ âà¨æë GSCf ) ¨ ç¥âëà¥å ­¥ç¥â­ëå äã­ªæ¨©

 + (z) ;  � (z) ; � (z) ; �+ (z) (¨«¨ �� (z)). � ¯à¨¬¥à, ¤«ï ¢ à¨ ­â  1) (5.104) ¯®«ãç ¥¬
­¥®¡à â¨¬®¥ N = 2 ¯à¥®¡à §®¢ ­¨¥8>>>>><>>>>>:

~z = f (z) + �
�
h
� (z)

�
�+ (z)�  0+ (z)

�
 + (z) + � (z) 0� (z) � (z)

i
+

�
+
g+� (z) � (z) + �

+
�
�
h
�+ (z) � (z)�  0� (z) + (z)

i
;

~�+ =  + (z) + �
+
g+� (z) + �

�
� (z) 0� (z) + �

+
�
�
�+ (z) ;

~�� =  � (z) + �
�
� (z)

�
�+ (z)�  0+ (z)

�
� �+�� 0� (z) ;

(5.108)

£¤¥

f
0 (z) = g+� (z) � (z)

�
�+ (z)�  0+ (z)

�
+  

0
+ (z) � (z) +  

0
� (z) + (z) :
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� á«ãç ¥ 2¡ \¯®«­ëå" ­¥®¡à â¨¬ëå ¯à¥®¡à §®¢ ­¨© ¢á¥ í«¥¬¥­âë ¬ âà¨æë GSCf

®â«¨ç­ë ®â ­ã«ï, ­® ­¨«ì¯®â¥­â­ë. �®£¤  à¥è¥­¨¥ ãà ¢­¥­¨© (5.90){(5.91) ¤ ¥â

1) GSCf =

0@ � (z)
�
�� (z)�  0� (z)

�
� (z)

�
�� (z) +  

0
� (z)

�
� (z)

�
�+ (z) +  

0
+ (z)

�
� (z)

�
�+ (z)�  0+ (z)

� 1A ; (5.109)

2) GSCf =

0@ � (z)
�
�+ (z) +  

0
+ (z)

�
� (z)

�
�+ (z)�  0+ (z)

�
� (z)

�
�� (z)�  0� (z)

�
� (z)

�
�� (z) +  

0
� (z)

� 1A : (5.110)

� ª¨¥ ¯à¥®¡à §®¢ ­¨ï ¯ à ¬¥âà¨§ãîâáï è¥áâìî ­¥ç¥â-
­ë¬¨ äã­ªæ¨ï¬¨  � (z) ; �� (z) ; � (z) ; � (z) ¨, ­ ¯à¨¬¥à, ¢ ¯¥à¢®¬ ¢ à¨ ­â¥ (5.109)
¨¬¥îâ ¢¨¤

~z = f (z) + �
+
�
� [�+ (z) � (z)� �� (z) + (z)] +

�
+
h
� (z)�+ (z) + � (z)�� (z) + ( + (z) � (z))

0i
+

�
�
h
� (z)�� (z) + � (z)�+ (z)� ( + (z) � (z))

0i
;

~�+ =  + (z) + �
+
� (z)

�
�+ (z) +  

0
+ (z)

�
+

�
�
� (z)

�
�+ (z)�  0+ (z)

�
+ �

+
�
�
�+ (z) ;

~�� =  � (z) + �
�
� (z)

�
�� (z) +  

0
� (z)

�
+

�
+
� (z)

�
�� (z)�  0� (z)

�
� �+���� (z) ;

(5.111)

£¤¥

f
0 (z) = 2� (z) � (z)

h
�� (z) 0+ (z)� �+ (z) 0� (z)

i
+

 
0
+ (z) � (z) +  

0
� (z) + (z) :

�­®© ¢ à¨ ­â à¥è¥­¨ï ãà ¢­¥­¨© (5.90){(5.91) ¢®§­¨ª ¥â, ª®£¤  ®¡¥ äã­ªæ¨¨
�� (z) ¯à¨à ¢­¨¢ îâáï ª  

0
� (z) á à §«¨ç­ë¬¨ §­ ª ¬¨, çâ® ¯à¨¢®¤¨â ¥é¥ ª ç¥âëà¥¬

à¥è¥­¨ï¬

1) GSCf =

�
� (z)� (z) � (z) 0� (z)
� (z) 0+ (z) � (z)� (z)

�
; �� (z) =  

0
� (z) ; (5.112)

2) GSCf =

�
� (z) 0� (z) � (z)� (z)
� (z)� (z) � (z) 0+ (z)

�
; �� (z) = � 0� (z) ; (5.113)

3) GSCf=

�
� (z) 0� (z) � (z)� (z)
� (z) 0+ (z) � (z)� (z)

�
; �+ (z) =  

0
+ (z) ; �� (z) = � 0� (z) ; (5.114)

4) GSCf =

�
� (z)� (z) � (z) 0� (z)
� (z) � (z) � (z) 0+ (z)

�
; �+ (z) = � 0+ (z) ; �� (z) =  

0
� (z) : (5.115)

�¥®¡à â¨¬ë¥ N = 2 ¯à¥®¡à §®¢ ­¨ï, á®®â¢¥âáâ¢ãîé¨¥, ­ ¯à¨¬¥à, ¢ à¨ ­âã
(5.112), ¨¬¥îâ ¢¨¤

~z = f (z) + �
+
h
� (z)� (z) � (z) + � (z) 0+ (z) + (z)

i
+

�
�
h
� (z)� (z) + (z) + � (z) 0� (z) � (z)

i
+ �

+
�
� ( + (z) � (z))

0
;

~�+ =  + (z) + �
+
� (z)� (z) + �

�
� (z) 0� (z) + �

+
�
�
 
0
+ (z) ;

~�� =  � (z) + �
�
� (z)� (z) + �

+
� (z) 0+ (z)� �+�� 0� (z) ; (5.116)

£¤¥

f
0 (z) = � (z) � (z)

h
� (z)� (z) +  

0
+ (z) 0� (z)

i
+  

0
+ (z) � (z) +  

0
� (z) + (z) : (5.117)

�áâ ¢è¨©áï ¢ à¨ ­â | íâ® ¡¨­®¬¨ «ì­ ï ¬ âà¨æ  G, ª®â®à ï á®¤¥à¦¨â ¤¢ 
­ã«¥¢ëå í«¥¬¥­â  ¢ ®¤­®¬ ¨§ áâ®«¡æ®¢ ¨ ¤¢  ­¥­¨«ì¯®â¥­â­ëå í«¥¬¥­â . �à¨ íâ®¬
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®¤­  ¨§ ­¥ç¥â­ëå ª®®à¤¨­ â ¢ëà®¦¤ ¥âáï (ª ª ¢ (4.76) ¤«ï N = 1),   ¤àã£ ï á®åà ­ï¥â
®¡é¨© áã¯¥à ­ «¨â¨ç¥áª¨© ¢¨¤ (5.14). �à¨ íâ®¬ ¢®§¬®¦­ë ¤¢  à¥è¥­¨ï

1) GSCf =

�
0 g++ (z)
0 g�+ (z)

�
; �+ (z) = 0;  0+ (z) = 0; (5.118)

2) GSCf =

�
g+� (z) 0
g�� (z) 0

�
; �� (z) = 0;  0� (z) = 0; (5.119)

¯¥à¢®¥ ¨§ ª®â®àëå ¯à¨¢®¤¨â ª á«¥¤ãîé¨¬ ¢ëà®¦¤¥­­ë¬ ¯à¥®¡à §®¢ ­¨ï¬8><>:
~z = ~���+ c =  � (z)�+ �

+
g�� (z)�+ �

�
g�+ (z)� � �+���� (z)�+ c;

~�+ = � = const;

~�� =  � (z) + �
�
g�+ (z) + �

+
g�� (z)� �+���� (z) :

(5.120)

�«ï ¢ëïá­¥­¨ï ¯®«ã£àã¯¯®¢ëå á¢®©áâ¢ ¢á¥å ¯à¨¢¥¤¥­­ëå ¯à¥®¡à §®¢ ­¨© ­¥-
®¡å®¤¨¬® ¯®áâà®¨âì ¨å â ¡«¨æã ã¬­®¦¥­¨ï, ¯®¤®¡­ãî ¯à¨¢¥¤¥­­®© ¢ �ã­ªâ¥ 4.1.4.
�¤­ ª®, íâ® ­¥ ¯à¥¤áâ ¢«ï¥âáï ¢®§¬®¦­ë¬ ¨§-§  ­¥¨¬®¢¥à­®£® à §¬¥à  ä®à¬ã« ¨ ª®«¨-
ç¥áâ¢  à §«¨ç­ëå ¢ à¨ ­â®¢. �£à ­¨ç¨áï «¨èì § ¬¥ç ­¨¥¬, çâ® U�0

(1) ¯à¥®¡à §®¢ -
­¨ï (5.99) ¯à¥¤áâ ¢«ïîâ á®¡®© ®ç¥¢¨¤­ãî ¯®¤¯®«ã£àã¯¯ã (¨«¨ ¯®¤£àã¯¯ã ¢ ®¡à â¨¬®¬
á«ãç ¥ [297,298,533,535]). � ª¦¥ ¯®¤¯®«ã£àã¯¯ë (­® ­¥ ¯®¤£àã¯¯ë) ¯à¥¤áâ ¢«ïîâ á®-
¡®© ¢ëà®¦¤¥­­ë¥ ¯à¥®¡à §®¢ ­¨ï á ¡¨­®¬¨ «ì­ë¬¨ ¬ âà¨æ ¬¨ GSCf (5.118){(5.119)

¨ \á ¬ë¥ ­¥®¡à â¨¬ë¥" ¯à¥®¡à §®¢ ­¨ï ¢ à¨ ­â  3 á ­ã«¥¢®© ¬ âà¨æ¥© G (5.103).

5.1.6. � ¯ « ¥ â   î é ¨ ¥ ç ¥ â ­ ® á â ì N = 2 ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ ï . � á-
á¬®âà¨¬ §¤¥áì ¤àã£¨¥ â¨¯ë à¥¤ãªæ¨© (5.49){(5.50) ¨ á®®â¢¥âáâ¢ãîé¨¥ ¯à¥®¡à §®¢ ­¨ï,
®¯à¥¤¥«ï¥¬ë¥ ãá«®¢¨ï¬¨ (5.41){(5.44). �­ ç «  ¢®á¯®«ì§ã¥¬áï ­¥ª®â®àë¬¨ á®®â­®è¥-
­¨ï¬¨, á«¥¤ãîé¨¬¨ ¨§ ®¡é¥© ä®à¬ã«ë (5.22) ¨ TPt� ãá«®¢¨© (5.41){(5.44). �â¬¥â¨¬
â ª®¥ á®®â­®è¥­¨¥

per HTPt� = �1

2
D
���

TPt�
�
z; �

+
; �
��
; (5.121)

á«¥¤ãîé¥¥ ¨§ (5.22). �âáî¤  D
� (per HTPt�) = 0 ¨«¨

D
�
D
�~��

TPt� �D�~��
TPt� = �D�

D
�~��

TPt� �D�~��
TPt�: (5.122)

�à®¬¥ â®£®, ¨§ ãá«®¢¨© D
���

TPt� (z; �+; ��) = 0 (5.42), (5.44) ­ å®¤¨¬

D
�~�+

TPt� �D�~��
TPt� = 0; (5.123)

¨ íâ® á¢¨¤¥â¥«ìáâ¢ã¥â ® â®¬, çâ® â¥¯¥àì í«¥¬¥­âë «¨èì ®¤­®£® áâ®«¡æ  ¬ âà¨æë HT

TPt�
®àâ®£®­ «ì­ë (áà. SCf (5.72)), ¨ ¯®íâ®¬ã HT

TPt� ¡®«¥¥ ­¥ ï¢«ï¥âáï scf-¬ âà¨æ¥© (á¬.

�®¤à §¤¥« 6.2). � «¥¥ ¢ëïá­¨¬ ¤¥©áâ¢¨¥ TPt� ¯à¥®¡à §®¢ ­¨© ¢ ª á â¥«ì­®¬ ¯à®-
áâà ­áâ¢¥. �§ (5.49){(5.50) á«¥¤ãîâ § ª®­ë ¯à¥®¡à §®¢ ­¨ï ¯à®¨§¢®¤­ëå ¨ ¤¨ää¥à¥­-

æ¨ «®¢ ¤«ï TPt+ ¯à¥®¡à §®¢ ­¨© (5.41){(5.42)�
@

D
�
�

= RTPt+ �
 

~D�
~D+

!
; (5.124)

d ~Z = d�
+ ���

TPt+(z; �+; ��); (5.125)

£¤¥ RTPt+ | ¯®«ã¬ âà¨æ  (á¬. �ã­ªâ 6.1.2) ¨§ (5.55). �®®â¢¥âáâ¢¥­­® ¤«ï TPt�
¯à¥®¡à §®¢ ­¨© (5.43){(5.44) �

@

D
+

�
= RTPt� �

 
~D�
~D+

!
; (5.126)

d ~Z = d�
� ��+

TPt�(z; �+; ��): (5.127)
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� ¬¥ç ­¨¥ 5.24. �®«ã¬ âà¨æë RTPt+ ¨ RTPt� ï¢«ïîâáï ¯®«ã¬¨­®à ¬¨ (á¬. �ã­ªâ

6.1.2) á«¥¤ãîé¨å ­¥ç¥â­ëå í«¥¬¥­â®¢ ��
TPt+(z; �+; ��) ¨ �+

TPt�(z; �+; ��) ¢ áã¯¥à¬ -

âà¨æ å (5.49) ¨ (5.50) á®®â¢¥âáâ¢¥­­® (á¬. � ¬¥ç ­¨¥ 5.19).

�§ áà ¢­¥­¨ï SCf ¯à¥®¡à §®¢ ­¨© ª á â¥«ì­®£® ¯à®áâà ­áâ¢  (5.64) ¨ ä®à¬ã«
(5.124) ¨ (5.126) á«¥¤ã¥â, çâ® §¤¥áì ¨¬¥¥âáï ­¥ª®â®à ï  ­ «®£¨ï á (0j2) ¬¥à­ë¬ ¯®¤¯à®-
áâà ­áâ¢®¬ (1j2) ¬¥à­®£® ª á â¥«ì­®£® ¯à®áâà ­áâ¢ , £¤¥ ¬ âà¨æ  HSCf ®áâ ¢«ï«  ¥£®

¨­¢ à¨ ­â­ë¬ T C0j2 ! T C0j2 .

� ¬¥ç ­¨¥ 5.25. � ¤ ­­®¬ ­¥ç¥â­®¬ á«ãç ¥ ¯®«ã¬ âà¨æë RTPt� ¤¥©áâ¢ãîâ â ª¦¥ ¢

¤¢ã¬¥à­®¬ ¯®¤¯à®áâà ­áâ¢¥, ®¤­ ª® ¬¥­ïîâ ¥£® ç¥â­®áâì,   ¨¬¥­­® T C1j1 ! T C0j2 .

�®íâ®¬ã, ¯®  ­ «®£¨¨ á N = 1 (á¬.�¯à¥¤¥«¥­¨¥ 4.75) ¬®¦­® áä®à¬ã«¨à®¢ âì

�¯à¥¤¥«¥­¨¥ 5.26. �¥¤ãæ¨à®¢ ­­ë¥ N = 2 ¯à¥®¡à §®¢ ­¨ï, ã¤®¢«¥â¢®àïîé¨¥
á«¥¤ãîé¨¬ ãá«®¢¨ï¬ Q(z; �+; ��) = 0; �+(z; �+; ��) = 0 ¨«¨ Q(z; �+; ��) =

0; ��(z; �+; ��) = 0 (5.41){(5.44), ¤¥©áâ¢ãîé¨¥ ¢ ª á â¥«ì­®¬ ¯à®áâà ­áâ¢¥ ª ª

T C 1j1 ! T C 0j2 ­ §®¢¥¬ ������������������á¯«¥â îé¨¬¨��������������ç¥â­®áâì (ª á â¥«ì­®£® ¯à®áâà ­áâ¢ )

N = 2 ¯à¥®¡à §®¢ ­¨ï¬¨ (TPt | twisting parity of tangent space transformations).

�à®¨áå®¦¤¥­¨¥ íâ®£® ®¯à¥¤¥«¥­¨ï ïá­® ¨§ ¢ëà ¦¥­¨ï ¤«ï ç¥â­®© ¯à®¨§¢®¤­®©

@ = @~�+
TPt� � ~D� + @~��

TPt� � ~D+
; (5.128)

á«¥¤ãîé¥£® ¨§ (5.124) ¨ (5.126) (áà. SCf (5.66)),   â ª¦¥ ¨§ TPt ä®à¬ã« ¤«ï ç¥â­®£®
¤¨ää¥à¥­æ¨ «  (5.125) ¨ (5.127) (áà. N = 1 (4.209){(4.211)). �®  ­ «®£¨¨ á N = 2

áã¯¥àª®­ä®à¬­ë¬¨ ¤¨ää¥à¥­æ¨ « ¬¨ (5.67), ª®â®àë¥ ¤ã «ì­ë áã¯¥à¯à®¨§¢®¤­ë¬ D
�

¢ á¬ëá«¥ ä®à¬ã«ë (5.64), ®¯à¥¤¥«¨¬ N = 2 TPt ¤¨ää¥à¥­æ¨ «ë, ¨áå®¤ï ¨§ (5.124)
á«¥¤ãîé¨¬ ®¡à §®¬ (áà. N = 1 (4.219)).

�¯à¥¤¥«¥­¨¥ 5.27. � §®¢¥¬��������N = 2������TPt������������������������������áã¯¥à¤¨ää¥à¥­æ¨ « ¬¨ á ªàãç¥­¨¥¬ ç¥â-

­®áâ¨ â ª¨¥ ®¡ê¥ªâë d�TPt� , ª®â®àë¥ ¯à¥®¡à §ãîâáï ¯à¨ á¯«¥â îé¨å ç¥â­®áâì

¯à¥®¡à §®¢ ­¨ïå Z ! ~Z (á¬. �¯à¥¤¥«¥­¨¥ 5.26) ¯® § ª®­ã�
d~� even+
TPt� d~� even�

TPt�
�

=
�
d�

odd

TPt� d�
even�
TPt�

�
� RTPt�; (5.129)

£¤¥ ¯®«ã¬ âà¨æë RTPt� ®¯à¥¤¥«¥­ë ¢ (5.27).

� ï¢­®¬ ¢¨¤¥ ¨¬¥¥¬

d~� even+
TPt� = d�

odd

TPt� � @~�+
TPt� + d�

even�
TPt� �D� ~�+

TPt�; (5.130)

d~� even�
TPt� = d�

odd

TPt� � @~��
TPt� + d�

even�
TPt� �D�~��

TPt�: (5.131)

� ¬¥ç ­¨¥ 5.28. �¥â­®áâ¨ d~� even+
TPt� ; d~� even�

TPt� ; d�
even+
TPt� ¨ d�

odd�
TPt� ¯à®â¨¢®¯®«®¦­ë, ¯®-

íâ®¬ã ¢ ª®ª á â¥«ì­®¬ ¯à®áâà ­áâ¢¥ ¬ë ¨¬¥¥¬ ®â®¡à ¦¥­¨¥ á ªàãç¥­¨¥¬ ç¥â­®áâ¨

T
�C 1j1 ! T

�C 2j0 (áà. � ¬¥ç ­¨¥ 5.25).

�®  ­ «®£¨¨ á áã¯¥àª®­ä®à¬­ë¬ á«ãç ¥¬ (5.68) ®¯à¥¤¥«¨¬ ¢­¥è­¨¥ TPt� ¤¨ä-
ä¥à¥­æ¨ «ë

�TPt+ = d�
odd

TPt+ � @ + d�
even+
TPt+ �D�

: (5.132)

�TPt� = d�
odd

TPt� � @ + d�
even�
TPt� �D+

: (5.133)

~�TPt� = d~� even+
TPt� � ~D� + d~� even�

TPt� � ~D+
: (5.134)

� ¬¥ç ­¨¥ 5.29. �¥â­®áâì ¢­¥è­¨å N = 2 TPt ¤¨ää¥à¥­æ¨ «®¢ (5.132){(5.134)
ä¨ªá¨à®¢ ­ , ®­¨ | ­¥ç¥â­ë ¯à¨ «î¡ëå á¯«¥â îé¨å ç¥â­®áâì ¯à¥®¡à §®¢ ­¨ïå.
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5.1 � §¤¥« 5.

�à¥¤«®¦¥­¨¥ 5.30. �­¥è­¨¥ N = 2 TPt ¤¨ää¥à¥­æ¨ «ë ¨­¢ à¨ ­â­ë ®â­®á¨-
â¥«ì­® N = 2 TPt ¯à¥®¡à §®¢ ­¨©.

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥­¨© (5.132){(5.134) ¨ § ª®­®¢ ¯à¥®¡à §®¢ ­¨ï (5.124),

(5.126) ¨ (5.129) ¨¬¥¥¬, ­ ¯à¨¬¥à, ¤«ï TPt+ ¯à¥®¡à §®¢ ­¨©

�TPt+ =
�
d�

odd

TPt� d�
even�
TPt�

�
�
�
@

D
�
�

=

�
d�

odd

TPt� d�
even�
TPt�

�
� RTPt+ �

 
~D�
~D+

!
=

�
d~� even+
TPt� d~� even�

TPt�
�
�
 

~D�
~D+

!
= ~�TPt+:

�  ­ «®£¨ç­® ¤«ï TPt� ¯à¥®¡à §®¢ ­¨©. �

� ª¨¬ ®¡à §®¬, ­¥®¡à â¨¬ë©  ­ «®£ N = 2 ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ ¯à¨
TPt ¯à¥®¡à §®¢ ­¨ïå ®ª §ë¢ ¥âáï ­¥ áâ®«ì ¯à®áâ ¨ ¯à®§à ç¥­, ª ª ¢ SCf á«ãç ¥. �â®
¤ ¥â ¢®§¬®¦­®áâì ¯®áâà®¥­¨ï N = 2 à áá«®¥­¨© á ªàãç¥­¨¥¬ ç¥â­®áâ¨ (á¬. ¤«ï N = 1
�ã­ªâ 4.7.2). �áå®¤ï ¨§ (5.63),   â ª¦¥ ¨§ â¥®à¥¬ë á«®¦¥­¨ï N = 2 ¡¥à¥§¨­¨ ­®¢,
¬®¦­® âà ªâ®¢ âì N = 2 ¯à¥®¡à §®¢ ­¨ï á«¥¤ãîé¨¬ ®¡à §®¬.

�à¥¤¯®«®¦¥­¨¥ 5.31. �á«¨ áç¨â âì N = 2 SCf ¯à¥®¡à §®¢ ­¨ï N = 2 áã¯¥à ­ -
«®£®¬ ®¡ëç­ëå £®«®¬®àä­ëå ¯à¥®¡à §®¢ ­¨© [297, 298], â® ¤«ï  ­â¨£®«®¬®àä­ëå
¯à¥®¡à §®¢ ­¨©, ¢ ®â«¨ç¨¥ ®â N = 1 (á¬. �®¤à §¤¥« 4.7), ¨¬¥¥âáï ����¤¢  (!) ­¥-

ç¥â­ëå áã¯¥à ­ «®£ : TPt+ ¨ TPt� ¯à¥®¡à §®¢ ­¨ï.

5.1.7. � ã   « ì ­ ë ¥ á ã ¯ ¥ à   ­   « ¨ â ¨ ç ¥ á ª ¨ ¥ N = 1 ¯ à ¥ ® ¡ à   § ® ¢   -
­ ¨ ï ¨ à ¥ ¤ ã æ ¨ à ® ¢   ­ ­ ë ¥ N = 2 ¯ à ¥ ® ¡ à   § ® ¢   ­ ¨ ï . �¥®¡å®¤¨¬®áâì à á-
á¬®âà¥­¨ï á¢ï§¨ N = 1 ¨ N = 2 à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨© ®¡ãá«®¢«¥­ , ¯à¥¦¤¥
¢á¥£®, ®¡­ àã¦¥­¨¥¬ áªàëâ®© N = 2 áã¯¥àª®­ä®à¬­®© á¨¬¬¥âà¨¨ ¢ áã¯¥àáâàã­­®© â¥-
®à¨¨ [201, 539]. �®«¥¥ â®£®, ¨§ à áè¨à¥­¨ï  ªá¨®¬ â¨ª¨ [540{542] ª®­ä®à¬­®© â¥®à¨¨
¯®«ï [543{546] ­  N = 2 ¤¥« «áï ¢ë¢®¤ ® â®¬, çâ® \N = 2 áã¯¥àª®­ä®à¬­ ï á¨¬¬¥âà¨ï
¡®«¥¥ äã­¤ ¬¥­â «ì­ , ç¥¬ N = 1 áã¯¥àª®­ä®à¬­ ï á¨¬¬¥âà¨ï" [283].

�¤¥áì ¬ë ®¡®¡é¨¬ á ãç¥â®¬ ­¥®¡à â¨¬®áâ¨ ¯®«ãç¥­¨¥ ¤ã «ì­ëå N = 1 ¯à¥®¡à -
§®¢ ­¨© ¨§ à¥¤ãæ¨à®¢ ­­ëå N = 2 ¯à¥®¡à §®¢ ­¨© ¯®¤®¡­® [390, 539]. �à®¬¥ â®£®, ¢
�ã­ªâ¥ 4.5.2 ¬ë à áá¬®âà¨¬ ¢«®¦¥­¨ï N = 1 ,! N = 2, ¨£à îé¨¥ ¢ ¦­ãî à®«ì
¢ áã¯¥àáâàã­­ëå ¢ëç¨á«¥­¨ïå [304]. �ãáâì ¬ë ¨¬¥¥¬ U (1) SCf ¯à¥®¡à §®¢ ­¨¥ (5.99),
®¯à¥¤¥«ï¥¬®¥ ¤¢ã¬ï ç¥â­ë¬¨ g�� (z) ¨ ¤¢ã¬ï ­¥ç¥â­ë¬¨ äã­ªæ¨ï¬¨  � (z), § ¯¨á ­-
­®¥ ¢ ¢¨¤¥

T (N=2)

SCf
:

8>>><>>>:
~z = f (z) + �

+
g�+ (z) + (z) + �

�
g+� (z) � (z) +

�
+
�
� ( + (z) � (z))

0
;

~�+ =  + (z) + �
+
g+� (z) + �

+
�
�
 
0
+ (z) ;

~�� =  � (z) + �
�
g�+ (z)� �+�� 0� (z) ;

(5.135)

£¤¥
f
0 (z) = g+� (z) g�+ (z) +  

0
+ (z) � (z) +  

0
� (z) + (z) : (5.136)

�¡à â¨¬ ¢­¨¬ ­¨¥ ­  â®, çâ® ¯à ¢ ï ç áâì ¢â®à®£® ãà ¢­¥­¨ï ¢ (5.135) § ¢¨á¨â

®â �
� â®«ìª® ¢ ª®¬¡¨­ æ¨¨ z + �

+
�
� ,   § ¢¨á¨¬®áâì ®â �

+ ¢ âà¥âì¥¬ ãà ¢­¥­¨¨ | ¢
ª®¬¡¨­ æ¨¨ z��+�� . �®íâ®¬ã ¥áâ¥áâ¢¥­­ë¬ ï¢«ï¥âáï ¢¢¥¤¥­¨¥ ­®¢ëå N = 2 ª®®à¤¨­ â
(ZA; �A) ¨ (ZB; �B), £¤¥ N = 1 ª®®à¤¨­ âë à ¢­ë ZA = (zA; �A) ¨ ZB = (zB; �B), ¯®
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� §¤¥« 5. 5.1

ä®à¬ã« ¬

UA :

8>>>>><>>>>>:

zA = z + �
+
�
�
;

�A =
�
+

p
2
;

�A =
�
�
p

2
;

UB :

8>>>>><>>>>>:

zB = z � �+��;
�B =

�
+

p
2
;

�B =
�
�
p

2
:

(5.137)

�ç¥¢¨¤­®, çâ® Ber ((ZA; �A) =Z) = Ber ((ZB; �B) =Z) = 2. �®£¤  ¨§ (5.135){

(5.137) ¯®«ãç ¥¬ N = 2 SCf ¯à¥®¡à §®¢ ­¨ï T (N=2)

A
: (ZA; �A) !

�
~ZA; ~�A

�
¨ T (N=2)

B
:

(ZB; �B)!
�

~ZB; ~�B
�

¢ ¢¨¤¥ �)

T (N=1)

A
:

8><>:
~zA = FA (zA; �A) = f (zA) +  + (zA) � (zA) +

�A � g+� (zA)
p

2 � (zA) ;
~�A = 	A (zA; �A) =

p
2 + (zA) + �A � g+� (zA) ;

(5.138)

T (N=1)
�A

:
~�A = �A �HA (zA; �A) + �A (zA; �A) =p

2 � (zA) + �A � g�+ (zA)� �A�A �
p

2 0� (zA) ;
(5.139)

T (N=1)

B
:

8><>:
~zB = FB (zB; �B) = f (zB) +  + (zB) � (zB) +

�B � g�+ (zB)
p

2 + (zB) ;
~�B = 	B (zB; �B) =

p
2 � (zB) + �B � g�+ (zB) ;

(5.140)

T (N=1)
�B

:
~�B = �B �HB (zB; �B) + �B (zB; �B) =p

2 + (zB) + �B � g+� (zB)� �B�B �
p

2 0+ (zB) :
(5.141)

�¡à â¨¬ ¢­¨¬ ­¨¥ ­  â®, çâ® ¯à¥®¡à §®¢ ­¨¥ ¯¥à¥¬¥­­ëå �A; �B ¢ (5.138){
(5.141) \®âé¥¯«ï¥âáï", â. ¥. ­¥ ¢å®¤¨â ¢ ¯¥à¢ë¥ 2 ãà ¢­¥­¨ï, ¨ ¯®íâ®¬ã ¬®¦­® áå¥-

¬ â¨ç¥áª¨ § ¯¨á âì T (N=2)

A
= T (N=1)

A

 T (N=1)

�A
¨ T (N=2)

B
= T (N=1)

B

 T (N=1)

�B
. � ª¨¬

®¡à §®¬, ¬ë ¯®«ãç ¥¬ á«¥¤ãîé¥¥

�â¢¥à¦¤¥­¨¥ 5.32. � ¦¤®¬ã N = 2 SCf ¯à¥®¡à §®¢ ­¨î ¡¥§ â¢¨áâ  (¨«¨ U (1))

T (N=2)

SCf : (z; �+; ��) !
�
~z; ~�+; ~��

�
(5.135) ¬®¦­® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ¯ àã

¤ã «ì­ëå N = 1 (¢ ®¡é¥¬ á«ãç ¥ ­¥ áã¯¥àª®­ä®à¬­ëå,   áã¯¥à ­ «¨â¨ç¥áª¨å

(4.2)) ¯à¥®¡à §®¢ ­¨© T (N=1)

A
: (zA; �A) !

�
~zA; ~�A

�
¨ T (N=1)

B
: (zB; �B) !

�
~zB; ~�B

�
¯® ä®à¬ã« ¬ (5.138){(5.141).

�®£¤  «¥£ª® ¢¨¤¥âì, çâ® ¤¨£à ¬¬  ¯à¥®¡à §®¢ ­¨©

-

6

Z

�B; ZB

�A; ZA

~Z

~ZA; ~�A

~ZB; ~�B

UA

UB

?

6

T
(N=2)

SCf

T
(N=1)
A

T
(N=1)

B

-

-
?

~UA

~UB

(5.142)

�à¨¬¥ç ­¨¥. �® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬ ­¥â áã¬¬¨à®¢ ­¨ï, ¨ ­¨¦¥á«¥¤ãîé¨¥ ãà ¢­¥­¨ï ï¢«ï-
îâáï ®¤­®¢à¥¬¥­­® ®¯à¥¤¥«¥­¨¥¬ äã­ªæ¨© FA (zA; �A) ; 	A (zA; �A) ; HA (zA; �A) ; 	A (zA; �A) ¨
FB (zB ; �B) ; 	B (zB ; �B) ; HB (zB ; �B) ; 	B (zB ; �B) .
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5.1 � §¤¥« 5.

ª®¬¬ãâ â¨¢­ . � ¦­® ®â¬¥â¨âì äã­¤ ¬¥­â «ì­ë¥ à ¢¥­áâ¢ 

HA (zA; �A) = BerN=1
�

~ZA=ZA
�
; (5.143)

�A (zA; �A) =

@FA (zA; �A)

@�A

@	A (zA; �A)

@�A

; (5.144)

(¨  ­ «®£¨ç­ë¥ ¤«ï A! B ), ª®â®àë¥ á«¥¤ãîâ ­¥¯®áà¥¤áâ¢¥­­® ¨§ N = 2 SCf ãá«®¢¨©

¨ âà¥¡®¢ ­¨ï ª®¢ à¨ ­â­®áâ¨ ¯à¥®¡à §®¢ ­¨ï ¤¨ää¥à¥­æ¨ «®¢ dZ = dz + �
+
d�

� +
�
�
d�

+ = dzA + �Ad�A = dzB + �Bd�B . � ®¡à â¨¬®¬ á«ãç ¥, ¥á«¨ ¨á¯®«ì§®¢ âì ¯à¥-

®¡à §®¢ ­¨ï T (N=2)

SCf
ª ª äã­ªæ¨¨ ¯¥à¥å®¤  ­  N = 2 áã¯¥àà¨¬ ­®¢®© ¯®¢¥àå­®áâ¨,  

¯à¥®¡à §®¢ ­¨ï T (N=1)

A
¨ T (N=1)

B
| ª ª äã­ªæ¨¨ ¯¥à¥å®¤  ¤«ï (1j1) ¬¥à­ëå áã¯¥à¬-

­®£®®¡à §¨©, â® ¯®«ãç ¥¬

�â¢¥à¦¤¥­¨¥ 5.33. � ¦¤®© N = 2 áã¯¥àà¨¬ ­®¢®© ¯®¢¥àå­®áâ¨ ¡¥§ â¢¨áâ 
á®®â¢¥âáâ¢ã¥â ¯ à  ¤ã «ì­ëå (1j1)-¬¥à­ëå áã¯¥à¬­®£®®¡à §¨©, ª®¬¯®­¥­â­ë¥
äã­ªæ¨¨ ¯¥à¥å®¤  ª®â®àëå (á¬. (4.2)) à ¢­ë

fA (z) = fB (z) = f (z) +  + (z) � (z) ; (5.145)

gA (z) = g+� (z) ; gB (z) = g�+ (z) ; (5.146)

 A (z) =
p

2 + (z) ;  B (z) =
p

2 � (z) ; (5.147)

�A (z) =
p

2 � (z) g+� (z) ; �A (z) =
p

2 + (z) g�+ (z) : (5.148)

�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ¨§ ¢¨¤  ¯à¥®¡à §®¢ ­¨© (5.138){(5.141). �

�âáî¤  ¬®¦­® ¯®«ãç¨âì

�à¥¤«®¦¥­¨¥ 5.34. �®¬¯®­¥­â­ë¥ äã­ªæ¨¨ ¤ã «ì­ëå N = 1 ¯à¥®¡à §®¢ ­¨© (¨
äã­ªæ¨¨ ¯¥à¥å®¤  ¤ã «ì­ëå (1j1) áã¯¥à¬­®£®®¡à §¨©) á¢ï§ ­ë ¬¥¦¤ã á®¡®© á®®â-
­®è¥­¨ï¬¨

f
0
A

(z) = f
0
B

(z) = gA (z) gB (z) +  
0
A

(z) B (z) ; (5.149)

�A (z) = gA (z) B (z) ; (5.150)

�B (z) = gB (z) A (z) : (5.151)

�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ (5.135){(5.136) ¨ ¢ëà ¦¥­¨© (5.145){
(5.148). �

� áá¬®âà¨¬ à áé¥¯«¥­­ë¥ ¤ã «ì­ë¥ N = 1 ¯à¥®¡à §®¢ ­¨ï, ª®â®àë¥ ­¥ á®¤¥à-
¦ â ­¥ç¥â­ëå ª®¬¯®­¥­â­ëå äã­ªæ¨©.

�â¢¥à¦¤¥­¨¥ 5.35. �¥à¥§¨­¨ ­ë à áé¥¯«¥­­ëå ¤ã «ì­ëå ¯à¥®¡à §®¢ ­¨© ¢§ ¨-
¬®®¡à â­ë ®â­®á¨â¥«ì­® f

0 (z).

�®ª § â¥«ìáâ¢®. �® ®¡é¥© ä®à¬ã«¥ ¤«ï ¡¥à¥§¨­¨ ­  N = 1 áã¯¥à ­ «¨â¨ç¥áª¨å
¯à¥®¡à §®¢ ­¨© (4.95) ¨¬¥¥¬

BerN=1
�

~ZA=ZA
�

=
f
0
A

(z)

gA (z)
; BerN=1

�
~ZB=ZB

�
=
f
0
B

(z)

gB (z)
;
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â®£¤ , ¯®«ì§ãïáì (5.149) ¨ (5.145), ¯®«ãç ¥¬

BerN=1
�

~ZA=ZA
�

BerN=1
�

~ZB=ZB
�

=

f
0
A

(z)

gA (z)

f
0
B

(z)

gB (z)
=

(f 0 (z))2

f 0 (z)
= f

0 (z) : (5.152)

�

� â¥à¬¨­ å ¢¢¥¤¥­­®© ¤ã «ì­®áâ¨ N = 1 áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï (¨
¢ ®¡à â¨¬®¬ á«ãç ¥ á®®â¢¥âáâ¢ãîé¨¥ ¨¬ áã¯¥àà¨¬ ­®¢ë ¯®¢¥àå­®áâ¨) ¬®¦­® ®¯à¥¤¥-
«¨âì á«¥¤ãîé¨¬ ®¡à §®¬.

�â¢¥à¦¤¥­¨¥ 5.36. N = 1 áã¯¥àª®­ä®à¬­ë¥ ¯à¥®¡à §®¢ ­¨ï á ¬®¤ã «ì­ë.

�®ª § â¥«ìáâ¢®. �á«¨ ¯à¨à ¢­ïâì äã­ªæ¨¨ á ¨­¤¥ªá ¬¨ A ¨ B ¢ ãà ¢­¥­¨ïå ¤ã «ì-
­®áâ¨ (5.149){(5.151), â® ¯®«ãç¨¬ N = 1 áã¯¥àª®­ä®à¬­ë¥ ãá«®¢¨ï (4.81). �

�­ «®£¨ç­ë¥ ª®­áâàãªæ¨¨ ¬®¦­® ¯®áâà®¨âì ¨ ¤«ï à §«¨ç­ëå â¨¯®¢ ­¥®¡à â¨-
¬ëå N = 2 áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨©, à áá¬®âà¥­­ëå ¢ �ã­ªâ¥ 5.1.5 ¨ ¤®-
¯ãáª îé¨å \®âé¥¯«¥­¨¥" ®¤­®© ¨§ ­¥ç¥â­ëå ª®®à¤¨­ â (­ ¯à¨¬¥à, (5.108) ¨ (5.116)).
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������ 6

����������, SCF-������� �
����������� ���������������

���������

� ¤ ­­®¬ à §¤¥«¥ ¨áá«¥¤ãîâáï ­¥®¡à â¨¬ë¥ á¢®©áâ¢  ¬ âà¨æ, á®¤¥à¦ é¨å ­¨«ì-
¯®â¥­â­ë¥ í«¥¬¥­âë ¨ ¤¥«¨â¥«¨ ­ã«ï, ®¯à¥¤¥«¥­­ë© â¨¯ ª®â®àëå ¢®§­¨ª ¥â ¯à¨  ­ -
«¨§¥ N -à áè¨à¥­­ëå à¥¤ãæ¨à®¢ ­­ëå ¯à¥®¡à §®¢ ­¨©. �®ª §ë¢ ¥âáï, çâ® ¯¥à¬ ­¥­âë
¨£à îâ ¤«ï ­¨å ¤ã «ì­ãî (¯® ®â­®è¥­¨î ª ¤¥â¥à¬¨­ ­â ¬) à®«ì ¢ ¡®«ìè¨­áâ¢¥ ¯à¨­-
æ¨¯¨ «ì­ëå ä®à¬ã« ¨ ãâ¢¥à¦¤¥­¨© (¤ ¦¥ ¢ ­ å®¦¤¥­¨¨ ®¡à â­®© ¬ âà¨æë). �â¨ ¤ã-
 «ì­ë¥ á¢®©áâ¢  ¨§ãç îâáï ¢ ®¡é¥¬ á«ãç ¥ ¬ âà¨æ á®¤¥à¦ é¨å ­¨«ì¯®â¥­â­ë¥ í«¥-
¬¥­âë, çâ® ¬®¦¥â ¡ëâì ¯à¨¬¥­¥­® ¢® ¬­®£¨å ¬®¤¥«ïå í«¥¬¥­â à­ëå ç áâ¨æ, ¨á¯®«ì§ã-
îé¨å áã¯¥àá¨¬¬¥âà¨î ¢ ª ç¥áâ¢¥ ®á­®¢®¯®« £ îé¥£® ¯à¨­æ¨¯ . �¢¥¤¥­­ë¥ ¬ âà¨æë
¨á¯®«ì§ãîâáï ¤«ï ®¯à¥¤¥«¥­¨ï ®¡à â¨¬ëå ¨ ­¥®¡à â¨¬ëå ¤à®¡­®-«¨­¥©­ëå ¯à¥®¡à §®-
¢ ­¨© á¯¥æ¨ «ì­®£® ¢¨¤ , ¤«ï ª®â®àëå ­ ©¤¥­ ­®¢ë© ¢¨¤ á¨¬¬¥âà¨¨. �âà®¨âáï ­¥®¡à -
â¨¬ ï £¨¯¥à¡®«¨ç¥áª ï £¥®¬¥âà¨ï ­  ç¥â­®© ç áâ¨ áã¯¥à¯«®áª®áâ¨, ¢ ª®â®à®© ¨¬¥¥âáï
¤¢  à §«¨ç­® ®¯à¥¤¥«¥­­ëå ¨­¢ à¨ ­â­ëå ¤¢®©­ëå ®â­®è¥­¨ï ¨ ¤¢  £¨¯¥à¡®«¨ç¥áª¨å
à ááâ®ï­¨ï,  ­ «®£ ¯à®¨§¢®¤­®© �¢ àæ  ¨ ¤àã£¨å ª« áá¨ç¥áª¨å ä®à¬ã«.

6.1. �¥à¬ ­¥­âë ¨ ¨å ®¡®¡é¥­¨ï ¤«ï ¬ âà¨æ á
­¨«ì¯®â¥­â­ë¬¨ í«¥¬¥­â ¬¨

�¥à¬ ­¥­âë ¯à¥¤áâ ¢«ïîâ á®¡®© ®¡ê¥ªâ ¬ â¥¬ â¨ç¥áª®£® ¨áá«¥¤®¢ ­¨ï, ¢ ­ áâ®-
ïé¥¥ ¢à¥¬ï ¢¥áì¬  à á¯à®áâà ­¥­­ë©, ¯à¥¦¤¥ ¢á¥£®, ¢ ª®¬¡¨­ â®à¨ª¥ ¨ «¨­¥©­®©  «-
£¥¡à¥ [536]. �¥®à¨ï ¯¥à¬ ­¥­â®¢ ¤¢ ¦¤ë áâ®å áâ¨ç¥áª¨å ¬ âà¨æ ¨ (0; 1)-¬ âà¨æ áâ « 
á¥©ç á áãé¥áâ¢¥­­®© ¨ ­¥®âê¥¬«¥¬®© ç áâìî ª®¬¡¨­ â®à­®© ¬ â¥¬ â¨ª¨,   ¨¬¥­­® â®£®
¥¥ à §¤¥« , £¤¥ à áá¬ âà¨¢ îâáï ¬ âà¨ç­ë¥ ª®¬¡¨­ â®à­ë¥ § ¤ ç¨. �­â¥à¥á­ë¥ á ¬¨
¯® á¥¡¥ ¯à®¡«¥¬ë, á¢ï§ ­­ë¥ á ¯¥à¬ ­¥­â ¬¨, ¯à¨®¡à¥«¨  ªâã «ì­®áâì â ª¦¥ ¢ á¢ï§¨
á ¬­®£®®¡à §­ë¬¨ ¨å ¯à¨«®¦¥­¨ï¬¨ | ª ª ¬ â¥¬ â¨ç¥áª¨¬¨ (­ ¯à¨¬¥à, ¢  «£¥¡à¥ ¨
â¥®à¨¨ ¢¥à®ïâ­®áâ¥©), â ª ¨ ¢ ¤àã£¨å ®âà á«ïå §­ ­¨ï (¢ ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï, ä¨-
§¨ç¥áª®© å¨¬¨¨, áâ â¨áâ¨ç¥áª®© ä¨§¨ª¥). � á¢®¥¬ §­ ¬¥­¨â®¬ ¬¥¬ã à¥ 1812 £. �®è¨
à §¢¨¢ « â¥®à¨î ¤¥â¥à¬¨­ ­â®¢ ª ª á¯¥æ¨ «ì­®£® ¢¨¤  §­ ª®¯¥à¥¬¥­­ëå á¨¬¬¥âà¨-
ç¥áª¨å äã­ªæ¨©, ª®â®àë¥ ®­ ®â«¨ç « ®â ®¡ëç­ëå á¨¬¬¥âà¨ç¥áª¨å äã­ªæ¨©, ­ §ë¢ ï
¯®á«¥¤­¨¥ "¯¥à¬ ­¥­â­ë¬¨ á¨¬¬¥âà¨ç¥áª¨¬¨ äã­ªæ¨ï¬¨". �­ ¢¢¥« â ª¦¥ ­¥ª®â®àë©
¯®¤ª« áá á¨¬¬¥âà¨ç¥áª¨å äã­ªæ¨©, ª®â®àë¥ ¡ë«¨ ¯®§¤­¥¥ �î¨à®¬ ­ §¢ ­ë ¯¥à¬ ­¥­-
â ¬¨. �­â¥à¥á­®, çâ® ¥é¥ ¢ 1872 £. à áá¬ âà¨¢ «¨áì á®®â­®è¥­¨ï ¬¥¦¤ã ¯¥à¬ ­¥­-
â ¬¨ ¨ ¤¥â¥à¬¨­ ­â ¬¨ ¬ âà¨æ, í«¥¬¥­â ¬¨ ª®â®àëå ï¢«ï«¨áì áãâì \ «ìâ¥à­¨àãîé¨¥"
(alternate) ç¨á« , â. ¥.  ­â¨ª®¬¬ãâ¨àãîé¨¥ (!) [547].

� ¯®ï¢«¥­¨¥¬ áã¯¥à¬ â¥¬ â¨ª¨ à®«ì ¯¥à¬ ­¥­â®¢ ¯à¨­æ¨¯¨ «ì­® ¬¥­ï¥âáï, ¯®-
áª®«ìªã í«¥¬¥­â ¬¨ ¬ âà¨æ ¬®£ãâ ¡ëâì ­¨«ì¯®â¥­â­ë¥ ¨  ­â¨ª®¬¬ãâ¨àãîé¨¥ ç¨á« 
¨ äã­ªæ¨¨, ¨ ¯®íâ®¬ã ¬­®£¨¥ ª« áá¨ç¥áª¨¥ â¥®à¥¬ë áâ ­®¢ïâáï ­¥¯à¨¬¥­¨¬ë¬¨ ¨«¨
¬®¤¨ä¨æ¨àãîâáï (á¬. � §¤¥«ë 5 ¨ 6,   â ª¦¥ [3,4,14]).

6.1.1. � ¥ à ¬   ­ ¥ ­ â ë ¨ ¤ ¥ â ¥ à ¬ ¨ ­   ­ â ë . �ãáâì V ¥áâì n�¬¥à­®¥
¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ [536]. �®£¤  Z-£à ¤ã¨à®¢ ­­®¥ ª®­âà ¢ à¨-

 ­â­®¥ â¥­§®à­®¥ ¯à®áâà ­áâ¢® ­ ¤ V , â. ¥. ¯à®áâà ­áâ¢® T0 (V ) = C _+V _+V 
 V _+V 

V 
 V _+ : : : ­ á«¥¤ã¥â ®â V áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥, ®¯à¥¤¥«ï¥¬®¥ ä®à¬ã«®©
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� §¤¥« 6. 6.1

(x1 
 : : :
 xp; y1 
 : : : yp) =
pY
t=1

(xt; yt) (6.1)

¤«ï ®¤­®à®¤­ëå áâ¥¯¥­¨ p à §«®¦¨¬ëå í«¥¬¥­â®¢. �¨¬¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® V

¥áâì ®¡« áâì §­ ç¥­¨© ®¯à¥¤¥«¥­­®£® ­  T0 (V ) ®¯¥à â®à  á¨¬¬¥âà¨¨
P
p=0

Sp , £¤¥

Sp =
1

p!

P
� , ¨ áã¬¬¨à®¢ ­¨¥ ¯à®¨§¢®¤¨âáï ¯® í«¥¬¥­â ¬ á¨¬¬¥âà¨ç¥áª®© £àã¯¯ë

áâ¥¯¥­¨ p (¤¥©áâ¢¨¥ ¯¥à¥áâ ­®¢ª¨ � ­  à §«®¦¨¬®¬ â¥­§®à¥ ®¯à¥¤¥«ï¥âáï ª ª
� (x1 
 x2 : : :
 xp) = x�(1) 
 x�(2) : : :
 x�(p) ). � ¦¤ë© Sp íà¬¨â®¢® ¨¤¥¬¯®â¥­â¥­, â ª

çâ®, ¥á«¨ x1 : : :xp = Spx1 
 x2 : : :
 xp , â®

(x1 : : :xp; y1 : : : yp) = (x1 
 : : :
 xp;Spy1 
 : : :
 yp) =

1

p!

X
�

pY
t=1

�
xt; y�(t)

�
=

1

p!
per ((xi; yj)) : (6.2)

� ª¨¬ ®¡à §®¬, äã­ªæ¨ï ¯¥à¬ ­¥­â  ¥áâ¥áâ¢¥­­® ¢®§­¨ª ¥â ª ª  ­ «¨â¨ç¥áª®¥

¢ëà ¦¥­¨¥ ¤«ï áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢ V (p) = imSp â®ç­® â ª¨¬ ¦¥ ®¡à §®¬,
ª ª ¤¥â¥à¬¨­ ­â ¢ p-¬ ¢­¥è­¥¬ ¯à®¨§¢¥¤¥­¨¨ ^pV . �â® ®§­ ç ¥â, çâ® ã­¨â à­ãî

£¥®¬¥âà¨î V
(p) ¬®¦­® ¯à¨¬¥­¨âì ¤«ï ¨áá«¥¤®¢ ­¨ï perA, ¨ íâ® ­ ¡«î¤¥­¨¥ ¯à¨¢¥«®

ª §­ ç¨â¥«ì­®¬ã ¯à®£à¥ááã ¢ ®¡à é¥­¨¨ á íâ®© äã­ªæ¨¥©.
�ãáâì A = (aij) | ¬ âà¨æ  à §¬¥à  m� n ­ ¤ ª®¬¬ãâ â¨¢­ë¬ ª®«ìæ®¬, m E n

. �¥à¬ ­¥­â ¬ âà¨æë A, ®¡®§­ ç ¥¬ë© Per A; ®¯à¥¤¥«ï¥âáï ª ª

PerA =
X
�

a1�(1)a2�(2) : : : am�(m); (6.3)

£¤¥ áã¬¬¨à®¢ ­¨¥ à á¯à®áâà ­ï¥âáï ­  ¢á¥ ¢§ ¨¬­® ®¤­®§­ ç­ë¥ ®â®¡à ¦¥­¨ï ¨§
f1; 2; : : : ;mg ¢ f1; 2; : : : ng.

�®á«¥¤®¢ â¥«ì­®áâì
�
a1�(1); : : : ; am�(m)

�
­ §ë¢ ¥âáï ¤¨ £®­ «ìî,   ¯à®¨§¢¥¤¥­¨¥

a1�(1); : : : ; am�(m) | ¤¨ £®­ «ì­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¬ âà¨æë A: � ª¨¬ ®¡à §®¬, Per A

¥áâì áã¬¬  ¤¨ £®­ «ì­ëå ¯à®¨§¢¥¤¥­¨© ¬ âà¨æë. �àã£¨¬¨ á«®¢ ¬¨, Per A ¥áâì áã¬¬ 
¢á¥å ¯à®¨§¢¥¤¥­¨© m â ª¨å í«¥¬¥­â®¢ A;çâ® ­¨ª ª¨¥ ¤¢  ¨§ ­¨å ­¥ ­ å®¤ïâáï ¢ ®¤­®©
áâà®ª¥ ¨«¨ ®¤­®¬ áâ®«¡æ¥. �âáî¤  á«¥¤ã¥â, çâ® ¢á¥ ç«¥­ë Per A ­ àï¤ã á ¤àã£¨¬¨
á®¤¥à¦ âáï ¢ ¬­®¦¥áâ¢¥ ç«¥­®¢, ¯®«ãç îé¨åáï ¯à¨ ¯¥à¥¬­®¦¥­¨¨ áã¬¬ ¯® áâà®ª¥
¬ âà¨æë A:�á®¡¥­­® ¢ ¦¥­ á«ãç © m = n. �¥à¬ ­¥­â ª¢ ¤à â­®© ¬ âà¨æë A ®¡®-
§­ ç ¥âáï ç¥à¥§ per A ¢¬¥áâ® Per A: � ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ ã¯®âà¥¡«¥­¨¥ â¥à¬¨­ 
"¯¥à¬ ­¥­â" ä ªâ¨ç¥áª¨ ®£à ­¨ç¨¢ ¥â á«ãç ¥¬ ª¢ ¤à â­ëå ¬ âà¨æ.

�ãáâì A = (aij) | ¬ âà¨æ  ¯®àï¤ª  n. �®£¤ 

per A det A =

 X
�2E

nY
i=1

ai�(i)

!2
�
 X
�2F

nY
i=1

ai�(i)

!2
; (6.4)

£¤¥ E ¨ F | ¬­®¦¥áâ¢  ¢á¥å ç¥â­ëå ¨ ­¥ç¥â­ëå ¯¥à¥áâ ­®¢®ª á®®â¢¥âáâ¢¥­­®.

�¥®à¥¬  6.1. �ãáâì A = (aij) ¨ X = (xij) | ª¢ ¤à â­ë¥ ¬ âà¨æë ¯®àï¤ª  n:

�®£¤ 
per A det X =

X
�2Sn

" (�) det (A �X�) ; (6.5)

£¤¥ X� | ¬ âà¨æ , i-áâà®ª  ª®â®à®© ¥áâì � (i)-ï áâà®ª  ¬ âà¨æë X; A
X� |
¯à®¨§¢¥¤¥­¨¥ �¤ ¬ à , a" (�) ®¡®§­ ç ¥â §­ ª ¯®¤áâ ­®¢ª¨ � ¨§ á¨¬¬¥âà¨ç¥áª®©
£àã¯¯ë Sn .
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6.1 � §¤¥« 6.

�¯à¥¤¥«¥­¨¥ 6.2. �à®¨§¢¥¤¥­¨¥ �¤ ¬ à  ¤¢ãå ¬ âà¨æ P = (pij) ¨ Q = (qij) ¯®-
àï¤ª  n ¥áâì P
Q = R, £¤¥ ¬ âà¨æ  R = (pijqij) :

�«ï ¬ âà¨æë A ¯®àï¤ª  n ¨¬¥¥¬

per (A� �In) = �
n+

nX
k=1

ck�
n�k

; (6.6)

£¤¥ ck = (�1)
k P
!2Qk;n

per A [!] : �à¨ íâ®¬ per (A� �In) ­ §ë¢ ¥âáï ¯¥à¬ ­¥­â­ë¬

å à ªâ¥à¨áâ¨ç¥áª¨¬ ¬­®£®ç«¥­®¬ A (á¬. [536]). �á«¨ A | ª¢ ¤à â­ ï ¬ âà¨æ , â®

jper Aj2 � per (AA�) : (6.7)

� ¢¥­áâ¢® ¯®«ãç ¥âáï ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  A ¨¬¥¥â ­ã«¥¢ãî áâà®ªã ¨«¨
A ¥áâì ®¡®¡é¥­­ ï ¬ âà¨æ  ¯¥à¥áâ ­®¢ª¨.

�á«¨ U | ã­¨â à­ ï ¬ âà¨æ , â®

jper Uj � det U (6.8)

á à ¢¥­áâ¢®¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  A ¤¨ £®­ «ì­  ¨«¨ ¨¬¥¥â ­ã«¥¢ãî
áâà®ªã.

�¥®à¥¬  6.3. (�¥®à¥¬  �ãà ) �á«¨ A | ¯®«®¦¨â¥«ì­® ¯®«ã®¯à¥¤¥«¥­­ ï íà¬¨-
â®¢  ¬ âà¨æ , â®

per A � det A (6.9)

á à ¢¥­áâ¢®¬ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  A ¤¨ £®­ «ì­  ¨«¨ ¨¬¥¥â
­ã«¥¢ãî áâà®ªã.

�ãáâì A ¥áâì ¬ âà¨æ  à §¬¥à  m � n,   D ¨ G | ¤¨ £®­ «ì­ë¥ ¬ âà¨æë
¯®àï¤ª®¢ m ¨ n á®®â¢¥âáâ¢¥­­®. �®£¤ 

Per (DAG) 6= Per D � Per A � Per G: (6.10)

�ãáâì A = (aij) 2Mn ¥áâì (0; 1)-¬ âà¨æ , â. ¥. ¬ âà¨æ , á®áâ ¢«¥­­ ï ¨§ 0 ¨ 1. �ãáâì

B = (bij) | ¬ âà¨æ  "¯¥à¬ ­¥­â­ëå ¤®¯®«­¥­¨©" ¤«ï A, â. ¥. bij = per A (jji) : �âáî¤ 
¬®¦­® ¢ë¢¥áâ¨ çâ®

(per A)
2 � ktr (BB�) ; (6.11)

£¤¥ k =
P
i;j

aij=n
2 .

6.1.2. � ® « ã ¬ ¨ ­ ® à ë ¨ ¯ ® « ã ¬   â à ¨ æ ë . �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ áã-
¯¥à ­ «®£¨ ¬¨­®à®¢ ¢ ¬ âà¨æ¥ M | \¯®«ã¬¨­®àë"

Ma =

�
d �

� e

�
; Mb =

�
c �


 e

�
; Mc =

�
b �

� e

�
;

Md =

�
a �


 e

�
; Me =

�
a b

c d

�
; M� =

�
c d


 �

�
;

M� =

�
a b


 �

�
; M
 =

�
b �

d �

�
; M� =

�
a �

c �

�
:

(6.12)

�¥ ¢á¥ ¯®«ã¬¨­®àë (6.12) ï¢«ïîâáï áã¯¥à¬ âà¨æ ¬¨ ¢ ®¡ëç­®¬ á¬ëá«¥ [33],  
«¨èì Ma;Mb;Mc;Md;Me , â. ¥. ¯®«ã¬¨­®àë ç¥â­ëå í«¥¬¥­â®¢, ¯à¨ç¥¬ Me - ®¡ëç­ ï (­¥
áã¯¥à) ¬ âà¨æ .

�¯à¥¤¥«¥­¨¥ 6.4. � §®¢¥¬ ¯®«ã¬¨­®àë M�;M�;M
;M� ­¥ç¥â­ëå í«¥¬¥­â®¢

���������������������¯®«ã¬ âà¨æ ¬¨.
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� §¤¥« 6. 6.1

�®  ­ «®£¨¨ á áã¯¥à¬ âà¨æ ¬¨ (á¬. [33] ¨ �®¤à §¤¥« 3.1) ®¡®§­ ç¨¬ ¬­®¦¥-
áâ¢® 2� 2 ¯®«ã¬ âà¨æ Mat (1j1).

�®£¤  ¬®¦­® áä®à¬ã«¨à®¢ âì ®¡é¥¥ ãâ¢¥à¦¤¥­¨¥.

�à¥¤¯®«®¦¥­¨¥ 6.5. � (p + q) � (p + q)-áã¯¥à¬ âà¨æ¥ ®¡é¥£® ¯®«®¦¥­¨ï M 2
Mat (pjq) ¯®«ã¬¨­®àë ç¥â­ëå í«¥¬¥­â®¢ ai ï¢«ïîâáï áã¯¥à¬ âà¨æ ¬¨ Mai

2
Mat (p � 1jq � 1),   ¯®«ã¬¨­®àë ­¥ç¥â­ëå í«¥¬¥­â®¢ �i ï¢«ïîâáï ¯®«ã¬ âà¨-
æ ¬¨ M�i

2 Mat (p � 1jq � 1) :

�¯à¥¤¥«¥­¨¥ 6.6. � §®¢¥¬ �����������������������£®à¨§®­â «ì­ë¬¨ ¯®«ã¬ âà¨æë M�; M� ,   ¯®«ã¬ -

âà¨æëM
;M� -���������������������¢¥àâ¨ª «ì­ë¬¨ (¢ § ¢¨á¨¬®áâ¨ ®â à á¯®«®¦¥­¨ï ­¥ç¥â­ëå í«¥-

¬¥­â®¢).

�¡®§­ ç¨¬ M�;M� 2 MatH (1j1) ¨ M
;M� 2 MatV (1j1). �®£¤  «¥£ª® ¯®«ã-
ç¨âì á«¥¤ãîé¥¥

�â¢¥à¦¤¥­¨¥ 6.7. �à®¨§¢¥¤¥­¨¥ £®à¨§®­â «ì­®© ¨ ¢¥àâ¨ª «ì­®© ¯®«ã¬ âà¨æ
¤ ¥â áã¯¥à¬ âà¨æã ®¡é¥£® ¯®«®¦¥­¨ï,   ¯à®¨§¢¥¤¥­¨¥ ¢¥àâ¨ª «ì­®© ¨ £®à¨§®­-
â «ì­®© ¯®«ãà¬ âà¨æ ¤ ¥â ®¡ëç­ãî (­¥ áã¯¥à) ¬ âà¨æã.

� ®¡é¥¬ á«ãç ¥ ¯®«ã¬ âà¨æë ­¥ ®¡à §ãîâ ¯®«ã£àã¯¯ã ®â­®á¨â¥«ì­® ®¡ëç­®£®
ã¬­®¦¥­¨ï ¬ âà¨æ. �­¨ ®â«¨ç îâáï ®â áã¯¥à¬ âà¨æ ¯¥à¥áâ ­®¢ª®© í«¥¬¥­â®¢ â®«ìª®
¢ ®¤­®¬ áâ®«¡æ¥ ¨«¨ áâà®ª¥.

� ¬¥ç ­¨¥ 6.8. �®«ã¬ âà¨æë á«¥¤ã¥â ®â«¨ç âì ®â ­¥áâ ­¤ àâ­ëå (â®ç­¥¥, ¤¨ £®­ «ì-
­ëå [35]) ä®à¬ â®¢ áã¯¥à¬ âà¨æ, ¯à¨¬¥­ï¥¬ëå ¢ N = 2 áã¯¥àª®­ä®à¬­®© â¥®à¨¨
¯®«ï [299,548] ¨ ¡¥áª®­¥ç­®¬¥à­ëå áã¯¥à¯à¥¤áâ ¢«¥­¨ïå [549].

�®  ­ «®£¨¨ á áã¯¥àâà ­á¯®­¨à®¢ ­¨¥¬ [33] ¨ �-âà ­á¯®­¨à®¢ ­¨¥¬ [32,75] (á¬.
â ª¦¥ �ã­ªâ 3.1.3) ¢¢¥¤¥¬

�¯à¥¤¥«¥­¨¥ 6.9. �¯à¥¤¥«¨¬ ¢¥àâ¨ª «ì­®¥ �V

¨ £®à¨§®­â «ì­®¥ �H �����������������������������¯®«ãâà ­á¯®­¨à®¢ ­¨ï ª ª ¯¥à¥áâ ­®¢ªã í«¥¬¥­â®¢ ¢â®-

à®£® áâ®«¡æ  ¨«¨ áâà®ª¨ á®®â¢¥âáâ¢¥­­®�
a1 a2
a3 a4

��V

=

�
a1 a4
a3 a2

�
; (6.13)�

a1 a2
a3 a4

��H

=

�
a1 a2
a4 a3

�
(6.14)

­¥§ ¢¨á¨¬® ®â ç¥â­®áâ¨ í«¥¬¥­â®¢.

�â¢¥à¦¤¥­¨¥ 6.10. �®«ãâà ­á¯®­¨à®¢ ­¨ï ï¢«ïîâáï ¨¤¥¬¯®â¥­â ¬¨,
¯®áª®«ìªã �2

V
= �V ¨ �2

H
= �H .

�à®¬¥ â®£®, ®­¨ ¯à¥¢à é îâ ¯®«ã¬ âà¨æë ¢ áã¯¥à¬ âà¨æë ¨ ­ ®¡®à®â ¯® ä®à-
¬ã« ¬

MatH (1j1)
�V$ Mat (1j1) ;

MatV (1j1)
�H$ Mat (1j1) ;

(6.15)

  ¨å ¯à®¨§¢¥¤¥­¨¥ ¯¥à¥¢®¤¨â £®à¨§®­â «ì­ë¥ ¯®«ã¬ âà¨æë ¢ ¢¥àâ¨ª «ì­ë¥ ¨ ­ ®¡®à®â

MatH (1j1)
�V�H ! MatV (1j1) : (6.16)

133



6.1 � §¤¥« 6.

�¤­ ª®, �V ¤«ï ¢¥àâ¨ª «ì­ëå ¯®«ã¬ âà¨æ ¨ �H ¤«ï £®à¨§®­â «ì­ëå ¯®«ã¬ -
âà¨æ ï¢«ïîâáï  ¢â®¬®àä¨§¬ ¬¨

MatH (1j1)
�H$ MatH (1j1) ;

MatV (1j1)
�V$ MatV (1j1) :

(6.17)

�â¢¥à¦¤¥­¨¥ 6.11. �à®¨§¢¥¤¥­¨¥ ¯®«ãâà ­á¯®­¨à®¢ ­¨© ¤ ¥â
�-âà ­á¯®­¨à®¢ ­¨¥ (¨§ [32,75])

�V�H = �: (6.18)

�®íâ®¬ã ¯®«ãâà ­á¯®­¨à®¢ ­¨¥ ¬®¦­® âà ªâ®¢ âì ª ª ¨§¢«¥ç¥­¨¥ ª¢ ¤à â­®£®
ª®à­ï ¨§ �-âà ­á¯®­¨à®¢ ­¨ï (á¬. â ª¦¥ (3.20)). �®à¨§®­â «ì­ë¥ ¨ ¢¥àâ¨ª «ì­ë¥ ¯®-
«ã¬ âà¨æë ®¯¨áë¢ îâ ¢à é îé¨¥ ç¥â­®áâì ®â®¡à ¦¥­¨ï «¨­¥©­ëå ¤¢ã¬¥à­ëå áã¯¥à-
¯à®áâà ­áâ¢

M�;M� : �2j0! �1j1
;

M
;M� : �1j1! �2j0 (6.19)

á®®â¢¥âáâ¢¥­­®. �®£¤ , ª ª áã¯¥à¬ âà¨æë ¤¥©áâ¢ãîâ ¢ áã¯¥à¯à®áâà ­áâ¢¥ �1j1

Ma;Mb;Mc;Md : �1j1! �1j1
; (6.20)

  ®¡ëç­ ï ¬ âà¨æ  Me ¤¥©áâ¢ã¥â ¢ ç¥â­®¬ ¯à®áâà ­áâ¢¥ �2j0

Me : �2j0 ! �2j0
: (6.21)

�«¥¤áâ¢¨¥ 6.12. �®«ã¬ âà¨æë, ¢ ®â«¨ç¨¥ ®â ®¡ëç­ëå ¬ âà¨æ ¨ áã¯¥à¬ âà¨æ,
¬¥­ïîâ â¨¯ ¯à®áâà ­áâ¢ , ¢ ª®â®à®¬ ®­¨ ¤¥©áâ¢ãîâ ¨ ¢à é îâ ç¥â­®áâì ®¤­®©
¨§ ª®®à¤¨­ â.

�â® «¥£ª® ¢¨¤¥âì ¨§ á«¥¤ãîé¥© ¤¨ £à ¬¬ë

�1j1

�2j0

�1j1

�2j0

M

6

M

susy

M

nonsusy

-

-

6
M

(6.22)

£¤¥ ¯®«ã¬ âà¨æë ¤¥©áâ¢ãîâ ¯® ¢¥àâ¨ª «ì­ë¬ áâà¥«ª ¬, ¨§¬¥­ïï ç¥â­®-­¥ç¥â­ãî á¨£-
­ âãàã ¯à®áâà ­áâ¢ , ¢ â® ¢à¥¬ï, ª ª (áã¯¥à)¬ âà¨æë ¤¥©áâ¢ãîâ ¯® £®à¨§®­â «ì­ë¬,
®áâ ¢«ïï ç¥â­®-­¥ç¥â­ãî á¨£­ âãàã ­¥¨§¬¥­­®©.

� ¬¥ç ­¨¥ 6.13. �­â¥à¥á­® áà ¢­¨âì ¨ ¯à®á«¥¤¨âì  ­ «®£¨¨ à áá¬ âà¨¢ ¥¬®£® ¨§¬¥-
­¥­¨ï ç¥â­®-­¥ç¥â­®© á¨£­ âãàë áã¯¥à¯à®áâà ­áâ¢  á ¢®§¬®¦­ë¬¨ íää¥ªâ ¬¨ ¨§¬¥-
­¥­¨ï ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®© á¨£­ âãàë ®¡ëç­®£® ¯à®áâà ­áâ¢  [550{553].

�«ï ¯®«ã¬ âà¨æ ¨§ (6.12) ¬®¦­® ¢¢¥áâ¨ ­¥ç¥â­ë¥  ­ «®£¨ ®¡ëç­®£® (­¥ áã¯¥à)
¤¥â¥à¬¨­ ­â  ¨ ¯¥à¬ ­¥­â . � §«¨ç­ë¥ á¢®©áâ¢  ¯¥à¬ ­¥­â®¢ [536] ¨ ¬ âà¨æ, á®¤¥à-
¦ é¨å ­¨«ì¯®â¥­â­ë¥ í«¥¬¥­âë, ¯à¨¢¥¤¥­ë ¢ � §¤¥«¥ 6.

�¯à¥¤¥«¥­¨¥ 6.14. �������������������������®«ã¤¥â¥à¬¨­ ­â £®à¨§®­â «ì­®© ¯®«ã¬ âà¨æë M� ®¯à¥-

¤¥«ï¥âáï ä®à¬ã«®©

�etM� = �et

�
c d


 �

�
def

= c� � d
: (6.23)
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�¯à¥¤¥«¥­¨¥ 6.15. ���������������������®«ã¯¥à¬ ­¥­â £®à¨§®­â «ì­®© ¯®«ã¬ âà¨æë M� ®¯à¥¤¥«ï-

¥âáï ä®à¬ã«®©

�erM� = �er

�
c d


 �

�
def

= c� + d
: (6.24)

�­ «®£¨ç­ë¥ ®¯à¥¤¥«¥­¨ï á¯à ¢¥¤«¨¢ë ¨ ¤«ï ¢¥àâ¨ª «ì­ëå ¯®«ã¬ âà¨æ. �à®¬¥
â®£®, ¢ á«ãç ¥ áã¯¥à¬ âà¨æ ªà®¬¥ ¡¥à¥§¨­¨ ­  ¬ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï ¨ ®¡ëç­ë¬¨
¤¥â¥à¬¨­ ­â®¬ ¨ ¯¥à¬ ­¥­â®¬, ­ ¯à¨¬¥à,

det Ma = det

�
d �

� e

�
= ed� ��: (6.25)

per Ma = per

�
d �

� e

�
= ed+ ��: (6.26)

� ªãî ¦¥ ä®à¬ã«ã ¡ã¤¥¬ ¯à¨¬¥­ïâì ¨ ¤«ï ¬ âà¨æ á® ¢á¥¬¨ ­¥ç¥â­ë¬¨ í«¥¬¥­-
â ¬¨

det

�
� �


 �

�
= �� � 
�: (6.27)

per

�
� �


 �

�
= �� + 
�: (6.28)

� ¬¥ç ­¨¥ 6.16. �®«ã¤¥â¥à¬¨­ ­âë ¨ ¯®«ã¯¥à¬ ­¥­âë ­¥ á¢ï§ ­ë á ª¢ §¨¤¥â¥à¬¨­ ­-
â ¬¨ [554{557], ª®â®àë¥ ¯à¨¬¥­ïîâáï ¤«ï ¬ âà¨æ á ­¥ª®¬¬ãâ¨àãîé¨¬¨ í«¥¬¥­â ¬¨ ¨
à¥è îâ ­¥ª®â®àë¥ ¯à®¡«¥¬ë á ®¡à â¨¬®áâìî ¯à¨ ¨§ãç¥­¨¨ á¨áâ¥¬ «¨­¥©­ëå ãà ¢­¥-
­¨© ­ ¤ £à áá¬ ­®¢®©  «£¥¡à®© (á¬. [558] ¨ ¯à¨«®¦¥­¨ï ¢ [390]).

�à¨¢¥¤¥¬ ­¥ª®â®àë¥ á¢®©áâ¢  ¯®«ã¤¥â¥à¬¨­ ­â®¢ ¨ ¯®«ã¯¥à¬ ­¥­â®¢. �ç¥-
¢¨¤­®, çâ® ®­¨ ­¨«ì¯®â¥­â­ë, â. ¥. ¤«ï «î¡®© ¯®«ã¬ âà¨æë M ¨¬¥¥¬

(�etM)
2

= (�erM)
2

= 0:

�à®¬¥ â®£®,

�et

�
det Me per Me

�etM� �erM�

�
= 2cd � �etM�; (6.29)

�etM� � �erM� = 2cd�
: (6.30)

�®á«¥¤­¥¥ á®®â­®è¥­¨¥ ¨­â¥à¥á­® áà ¢­¨âì á  ­ «®£¨ç­ë¬ á®®â­®è¥­¨¥¬ ¤«ï
®¡ëç­ëå (¨ áã¯¥à) ¬ âà¨æ

det Me � per Me = a
2
b
2 (6.31)

(á¬. [536] ¨ � §¤¥« 6). �à¨¢¥¤¥¬ â ª¦¥ ­¥ª®â®àë¥ ¯®«¥§­ë¥ ¨ ¨á¯®«ì§ã¥¬ë¥ ¢ ¤ «ì-
­¥©è¥¬ á®®â­®è¥­¨ï ¬¥¦¤ã ¯®«ã¤¥â¥à¬¨­ ­â ¬¨ ¯®«ã¬¨­®à ¬¨

b � �etM� � a � �etM
 = � �
 

per

det

!
Me;

d � �etM� � c � �etM
 = � �
 

per

det

!
Me;

c � �etM� � a � �etM� = 
 �
 

per

det

!
Me;

d � �etM� � b � �etM� = � �
 

per

det

!
Me:

(6.32)

�àã£¨¥ á¢®©áâ¢  ¬ âà¨æ á ­¨«ì¯®â¥­â­ë¬¨ í«¥¬¥­â ¬¨ ¬®¦­® ­ ©â¨ ¢ � §¤¥«¥
6.
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6.2. �¢®©áâ¢  scf-¬ âà¨æ ¨ ¨å ¯¥à¬ ­¥­â®¢
�¢®©áâ¢  ¯¥à¬ ­¥­â®¢ ®¡ëç­ëå ¬ âà¨æ ®â«¨ç îâáï ®â á¢®©áâ¢ ¤¥â¥à¬¨­ ­â®¢

(á¬. �ã­ªâ 6.1), çâ® ¤® á¨å ¯®à áãé¥áâ¢¥­­® ®£à ­¨ç¨¢ «® ¨å ¯à¨¬¥­¥­¨¥ ª®¬¡¨­ -
â®à­ë¬¨ ¯®áâà®¥­¨ï¬¨ ¨ ¢¥à®ïâ­®áâ­ë¬¨ § ¤ ç ¬¨ [536],   â ª¦¥ â¥®à¨¥© ¨­¢ à¨ ­-
â®¢ [559] ¨ ¯¥à¬ ­¥­â­ëå ¨¤¥ «®¢ [560]. �¤­ ª®, ¥á«¨ ¬ âà¨æë á®¤¥à¦ â ­¨«ì¯®â¥­â­ë¥
í«¥¬¥­âë ¨ ¤¥«¨â¥«¨ ­ã«ï, â® ¤«ï ­¥ª®â®à®£® â¨¯  ¬ âà¨æ, ¢®§­¨ª îé¨å ¯à¨  ­ «¨§¥
N -à áè¨à¥­­ëå áã¯¥àª®­ä®à¬­ëå ¯à¥®¡à §®¢ ­¨© (á¬. � §¤¥« 5), ¯¥à¬ ­¥­âë ­ -
ç¨­ îâ ¨£à âì ¤ã «ì­ãî (¯® ®â­®è¥­¨î ª ¤¥â¥à¬¨­ ­â ¬) à®«ì [3]. �®íâ®¬ã ¢ ¦­®
à áá¬®âà¥âì íâ¨ ¤ã «ì­ë¥ á¢®©áâ¢  ¢ ®¡é¥¬ á«ãç ¥ ­¨«ì¯®â¥­â­ëå ¬ âà¨æ, çâ® ¬®-
¦¥â ¡ëâì ¯à¨¬¥­¥­® ¨ ¢ ¤àã£¨å ¬®¤¥«ïå, ¨á¯®«ì§ãîé¨å áã¯¥àá¨¬¬¥âà¨î ¢ ª ç¥áâ¢¥
®á­®¢®¯®« £ îé¥£® ¯à¨­æ¨¯ .

6.2.1. N = 2 scf - ¬   â à ¨ æ ë . � áá¬®âà¨¬ ç¥â­ë¥ 2 � 2 ¬ âà¨æë á í«¥-

¬¥­â ¬¨ ¨§ �0 , â. ¥. A=

�
a b

c d

�
2 Mat �0

(2). �®£¤  ¨§ ®¡é¥© ä®à¬ã«ë (6.3) á«¥¤ã¥â,

çâ®
per A = ad+ bc: (6.33)

�á«¨ ®¯à¥¤¥«¨âì áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ áâ ­¤ àâ­ë¬ ®¡à §®¬

A� B
def

= tr ABT
; (6.34)

â® ¤«ï ¯¥à¬ ­¥­â  áã¬¬ë ¬ âà¨æ ¯®«ãç ¥¬

per (A + B) = per A + per B + A� BM
; (6.35)

£¤¥ BT | âà ­á¯®­¨à®¢ ­­ ï ¬ âà¨æ  ¨ BM | ¬ âà¨æ  ¬¨­®à®¢. �§ (6.35) á«¥¤ãîâ
¢ ¦­ë¥ ç áâ­ë¥ á«ãç ¨ (á¬. (6.6)), ª®â®àë¥ ¡ã¤ãâ ¨á¯®«ì§®¢ ­ë ¢ ¤ «ì­¥©è¨å ¢ëª« ¤-
ª å,

per (A� kI) = k
2 � k � tr A + per A; (6.36)

per
�
A�AMT

�
= 2per A� tr A2

; (6.37)

£¤¥ k 2 �0 ¨ I | ¥¤¨­¨ç­ ï ¬ âà¨æ . �âáî¤  á«¥¤ã¥â ®¯à¥¤¥«¥­¨¥ ¯¥à¬ ­¥­â  2 � 2
¬ âà¨æë ¢ â¥à¬¨­ å áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï

per A =
1

2
tr A�AM (6.38)

(áà. (6.2)).

� ¬¥ç ­¨¥ 6.17. �á«¨ ¬ âà¨æ  A ­¥ á®¤¥à¦¨â ­¨«ì¯®â¥­â­ëå á®áâ ¢«ïîé¨å ¨ ¯®«®-
¦¨â¥«ì­  ¨ per A = 1; â® ¬ âà¨æ  B = A� I ­¨«ì¯®â¥­â­  [561].

�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ¥é¥ ®¤­ã ¬ âà¨ç­ãî äã­ªæ¨î scf�A, ª®â®à ï ¨£à ¥â
¢ ¦­ãî à®«ì ¯à¨ à áá¬®âà¥­¨¨ á¢®©áâ¢ ¬ âà¨æ, á®¤¥à¦ é¨å ­¨«ì¯®â¥­â­ë¥ í«¥¬¥­âë,
¯® ä®à¬ã« ¬

scf+A
def

= ac; scf�A
def

= bd; (6.39)
â. ¥. scf�A ®¯à¥¤¥«ï¥â áâ¥¯¥­ì ®àâ®£®­ «ì­®áâ¨ í«¥¬¥­â®¢ ¯¥à¢®£® ¨ ¢â®à®£® áâ®«¡æ 
¬ âà¨æë A á®®â¢¥âáâ¢¥­­®. �¥®¡å®¤¨¬®áâì ¢¢¥¤¥­¨ï äã­ªæ¨¨ scf�A ¢¨¤­  ¨§ á«¥¤ã-
îé¥£® ª«îç¥¢®£® á®®â­®è¥­¨ï

AMT �A =

�
per A 2scf�A

2scf+A per A

�
: (6.40)

�à ¢­¨¬ íâ® á®®â­®è¥­¨¥ á ¯®¤®¡­ë¬ ¤«ï ¤¥â¥à¬¨­ ­â 

ADT �A =

�
det A 0

0 det A

�
= det A � I; (6.41)

£¤¥ AD | ¬ âà¨æ   «£¥¡à ¨ç¥áª¨å ¤®¯®«­¥­¨©.
�®£¤  ¥áâ¥áâ¢¥­­ë¬ ï¢«ï¥âáï á«¥¤ãîé¥¥
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�¯à¥¤¥«¥­¨¥ 6.18. ��������N = 2����������������scf-¬ âà¨æ  | íâ® 2 � 2 ç¥â­ ï ¬ âà¨æ  á í«¥¬¥­-

â ¬¨ ¨§ �0 , ã ª®â®à®© í«¥¬¥­âë áâ®«¡æ®¢ ®àâ®£®­ «ì­ë

scf�Ascf = 0: (6.42)

�«¥¤áâ¢¨¥ 6.19. �«ï N = 2 scf-¬ âà¨æ ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥,  ­ «®£¨ç­®¥
(6.41)

AMT

scf �Ascf =

�
per Ascf 0

0 per Ascf

�
= per Ascf � I; (6.43)

¨, á«¥¤®¢ â¥«ì­®, ¨¬¥¥â ¬¥áâ® ¤ã «ì­®áâì

per Ascf $ det Ascf; AM

scf $ AD

scf: (6.44)

�®£¤  ¯®­ïâ­®, çâ® ¯à¨ � [per Ascf] 6= 0 ¤«ï scf-¬ âà¨æ ¬®¦­® ¢¢¥áâ¨ ¤àã£®¥
¤ã «ì­®¥ ®¯à¥¤¥«¥­¨¥ ®¡à â­®© ¬ âà¨æë, ¨á¯®«ì§ãîé¥© ­¥ ¤¥â¥à¬¨­ ­â,   ¯¥à¬ ­¥­â
[3].

�¯à¥¤¥«¥­¨¥ 6.20. �«ï N = 2 scf-¬ âà¨æë, ã¤®¢«¥â¢®àïîé¥© ãá«®¢¨î

� [per Ascf] 6= 0, ����������������per-®¡à â­ ï������������¬ âà¨æ  ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¥© ä®à¬ã«®© �)

A
�1per
scf

def

=
AMT

scf

per Ascf

: (6.45)

�â¢¥à¦¤¥­¨¥ 6.21. �«ï per-®¡à â­®© ¬ âà¨æë ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥

A
�1per
scf �Ascf = I: (6.46)

�®ª § â¥«ìáâ¢®. �¥¯®áà¥¤áâ¢¥­­® ¯®«ãç ¥âáï ¨§ (6.43) ¯à¨ ãá«®¢¨¨ � [per Ascf] 6= 0.
�

�â¬¥â¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  N = 2 scf-¬ âà¨æ, á«¥¤ãîé¨¥ ¨§ ¨å ®¯à¥¤¥«¥­¨ï,
ª®â®àë¥, ®¤­ ª®, ­¥ ¢ë¯®«­ïîâáï ¤«ï ®¡ëç­ëå ¬ âà¨æ. � ¯à¨¬¥à, ¤«ï n-®© áâ¥¯¥­¨
«î¡®© N = 2 scf-¬ âà¨æë ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

tr An

scf = a
n + d

n + [1 + (�1)
n
] (bc)

n

2 ; (6.47)�
per
det

�
n

Ascf =

�
per
det

�
An

scf = (ad)
n

+ (�1)
n

(bc)
n
: (6.48)

�âáî¤ , ¢ ç áâ­®áâ¨, á«¥¤ãîâ á¢ï§¨ ¬¥¦¤ã ¯¥à¬ ­¥­â®¬ ¨ ¤¥â¥à¬¨­ ­â®¬ scf-
¬ âà¨æ

per 2nAscf = det2n Ascf; (6.49)

per A2n
scf = det A2n

scf: (6.50)

�â¢¥à¦¤¥­¨¥ 6.22. �á«¨ å®âï ¡ë ®¤¨­ ¨§ í«¥¬¥­â®¢ scf-¬ âà¨æë ­  ª ¦¤®© ¨§
¤¨ £®­ «¥© ­¨«ì¯®â¥­â¥­ ¨ ¨­¤¥ªá ­¨«ì¯®â¥­â­®áâ¨ à ¢¥­ 2 ¨«¨ í«¥¬¥­âë ­ 
ª ¦¤®© ¤¨ £®­ «¨ ®àâ®£®­ «ì­ë, â® ¯à®¨§¢¥¤¥­¨¥ ¤¥â¥à¬¨­ ­â  ­  ¯¥à¬ ­¥­â
à ¢­® ­ã«î.

�®ª § â¥«ìáâ¢®. �§ ®¯à¥¤¥«¥­¨© ¤¥â¥à¬¨­ ­â  ¨ ¯¥à¬ ­¥­â  (6.33) ¯®«ãç ¥¬

det Ascf � per Ascf = a
2
d
2 � b2c2; (6.51)

�à¨¬¥ç ­¨¥. �à. á® áâ ­¤ àâ­®© ä®à¬ã«®© A
�1 = A

DT
= detA ¨ (6.41).
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®âªã¤  ¨ á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥. �

�à®¬¥ â®£®, ¨¬¥¥âáï ­¥âà¨¢¨ «ì­ ï á¢ï§ì ¬¥¦¤ã ¯¥à¬ ­¥­â®¬ ¨ á«¥¤®¬ scf-
¬ âà¨æë �

2per Ascf � tr A2
scf

� �
2per Ascf + tr A2

scf � tr 2Ascf

�
= 0; (6.52)

£¤¥ ª ¦¤ë© ¨§ á®¬­®¦¨â¥«¥© ®â«¨ç¥­ ®â ­ã«ï,   ¨å ®àâ®£®­ «ì­®áâì ¤®áâ¨£ ¥âáï §  áç¥â
scf-ãá«®¢¨© (6.42). �®-¢¨¤¨¬®¬ã, ®¤­®© ¨§ ¯à¨ç¨­, ¯®ç¥¬ã ¯¥à¬ ­¥­âë ­¥ ¯à¨¬¥­ï«¨áì
è¨à®ª® ¢ ¯à¨«®¦¥­¨ïå, ª ª ¤¥â¥à¬¨­ ­âë, á«ã¦¨â â®â ä ªâ, çâ® ¢ ®¡é¥¬ á«ãç ¥
¯¥à¬ ­¥­â ­¥ ¬ã«ìâ¨¯«¨ª â¨¢¥­, â. ¥. ä®à¬ã«  �¨­¥-�®è¨ det (AB) = det A � det B

­¥ ¢ë¯®«­ï¥âáï �) ¡¥§ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨© ¤«ï ¯¥à¬ ­¥­â®¢ [536]. � ¬¥ç â¥«ì­®,
çâ® ¨¬¥­­® ãà ¢­¥­¨ï (6.42) ¨ ï¢«ïîâáï âà¥¡ã¥¬ë¬¨ ¤®¯®«­¨â¥«ì­ë¬¨ ãá«®¢¨ï¬¨.

�à¥¤«®¦¥­¨¥ 6.23. (�®à¬ã«  �¨­¥-�®è¨ ¤«ï ¯¥à¬ ­¥­â®¢) �á«¨ Ascf ¨ Bscf |
«î¡ë¥ scf-¬ âà¨æë, â® ¬¥¦¤ã ¨å ¯¥à¬ ­¥­â ¬¨ ¢ë¯®«­ï¥âáï á®®â­®è¥­¨ï

per (Ascf � Bscf) = per Ascf � per Bscf: (6.53)

�®ª § â¥«ìáâ¢®. �«ï N = 2 scf-¬ âà¨æ á®®â­®è¥­¨¥ (6.53) á«¥¤ã¥â ¨§ (6.33) ­¥¯®-
áà¥¤áâ¢¥­­ë¬ ¯¥à¥¬­®¦¥­¨¥¬ ¨ § â¥¬ ¯à¨¬¥­¥­¨¥¬ scf-ãá«®¢¨© (6.42) . �

�â¬¥â¨¬ â ª¦¥ ¨ ¤àã£¨¥ ¢ ¦­ë¥ ä®à¬ã«ë, á¯à ¢¥¤«¨¢ë¥ ¤«ï ¤¥â¥à¬¨­ ­â®¢ ¨
â®«ìª® ¤«ï scf-¬ âà¨æ [3]

per
�
Ascf � Bscf �A�1

scf

�
= per Bscf; (6.54)

per A�1
scf = per�1Ascf; (6.55)

£¤¥ A�1
scf | ®¡à â­ ï ¬ âà¨æ  ¢ ®¡ëç­®¬ ®¯à¥¤¥«¥­¨¨.

6.2.2. � à â ® £ ® ­   « ì ­ ë ¥ ¨ scf - ¬   â à ¨ æ ë . � ¦­ë¬ á¢®©áâ¢®¬ scf-
¬ âà¨æ ï¢«ï¥âáï ¨å á¢ï§ì á ®àâ®£®­ «ì­ë¬¨ ¬ âà¨æ ¬¨ ¯à¨ á¬¥­¥ ¡ §¨á  [3], çâ® ¨á-
¯®«ì§®¢ «®áì ­ ¬¨ ¯à¨ à áá¬®âà¥­¨¨ ­¥®¡à â¨¬ëå à¥¤ãæ¨à®¢ ­­ëå N = 2 ¨ N = 4
¯à¥®¡à §®¢ ­¨© (á¬. � §¤¥« 5). �¥©áâ¢¨â¥«ì­®, ¯ãáâì

A0 = U�1 �A �U; B0 = U�1 �B �U; (6.56)

£¤¥

U =
1p
2

�
1 i

1 �i
�

(6.57)

| ¬ âà¨æ  ¯¥à¥å®¤  �) ¢ ª®¬¯«¥ªá­ë© ¡ §¨á, ¯à¨ç¥¬

UT �U =

�
1 0
0 �1

�
= �3; U �UT =

�
0 1
1 0

�
= �1; (6.58)

£¤¥ �i | ¬ âà¨æë � ã«¨. �®£¤  ¤«ï ¯à®¨§¢¥¤¥­¨ï ¤¢ãå ¬ âà¨æ ¢ à §­ëå ¡ §¨á å ¬®¦­®
¯®«ãç¨âì

AT

0 � B0 = U�1 �AMT � B �U: (6.59)

�á«¨ ¢ë¡à âì A0 = B0 , â® ¯®«ãç¨¬ á¢ï§ì ®àâ®£®­ «ì­®áâ¨ ¢ ª®®à¤¨­ â­®¬ ¡ §¨á¥
á® á¢®©áâ¢ ¬¨ scf-¬ âà¨æ ¢ ª®¬¯«¥ªá­®¬ ¡ §¨á¥ [3]

AT

0 �A0 = U�1 �AMT �A �U =

per A � I + scf+A � �+ + scf�A � ��; (6.60)

£¤¥ I | ¥¤¨­¨ç­ ï 2 � 2 ¬ âà¨æ , �� = �3 � i�1 (á¬. (6.58)).

�à¨¬¥ç ­¨¥. � ª¦¥, ª ª ¨ ¨­¢ à¨ ­â­®áâì ¯à¨ «¨­¥©­ëå ®¯¥à æ¨ïå ­ ¤ ¬ âà¨æ ¬¨ [536].
�à¨¬¥ç ­¨¥. � ­ã«¥¢ë¬ ¯¥à¬ ­¥­â®¬ perU = 0 ¨ detU = �i .
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�â¢¥à¦¤¥­¨¥ 6.24. � ®¡à â¨¬®¬ á«ãç ¥ � [per A] 6= 0 ­®à¬¨à®¢ ­­ë¥ ­ 
p

per A
scf-¬ âà¨æë ¯®¤®¡­ë ®àâ®£®­ «ì­ë¬ ¬ âà¨æ ¬.

�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï scf-ãá«®¢¨ï (6.42) scf�Ascf = 0, ¨§ (6.60) ­ å®¤¨¬

AT

0;scf �A0;scf = per Ascf � I: (6.61)

�¡®§­ ç¨¬ N0;scf = A0;scf=
p

per Ascf , â®£¤  ¨§ (6.61) á«¥¤ã¥â, çâ® ¬ âà¨æ  N0;scf |

®àâ®£®­ «ì­ ï, â. ¥. NT

0;scf �N0;scf = I, á«¥¤®¢ â¥«ì­® N0;scf 2 O�0
(2). � ¤àã£®© áâ®à®­ë,

¯ãáâì

Nscf =
Ascfp

per Ascf

; (6.62)

®âáî¤  ¨ ¨§ (6.56) ¯®«ãç ¥¬ âà¥¡ã¥¬ãî á¢ï§ì ­®à¬¨à®¢ ­­ëå ¬ âà¨æ ¢ à §«¨ç­ëå

¡ §¨á å N0;scf = U�1 �Nscf �U. �

�«¥¤áâ¢¨¥ 6.25. �«ï ­®à¬¨à®¢ ­­ëå scf-¬ âà¨æ ®àâ®£®­ «ì­®áâì ¢ ®¤­®¬ ¡ §¨á¥
á¢ï§ ­  á per-®¡à â¨¬®áâìî ¢ ¤àã£®¬

NT

0;scf �N0;scf = U�1 �N�1per
scf �Nscf �U; (6.63)

£¤¥ N
�1per
scf ®¯à¥¤¥«¥­® ¢ (6.45).

6.2.3. � ¡ à   â ¨ ¬ ® á â ì ¨ ¤ ® ® ¯ à ¥ ¤ ¥ « ¥ ­ ­ ë ¥ scf - ¬   â à ¨ æ ë . � á-
á¬®âà¨¬ ¡®«¥¥ ¯®¤à®¡­® á¢®©áâ¢  ®¡à â¨¬®áâ¨ scf-¬ âà¨æ.

�â¢¥à¦¤¥­¨¥ 6.26. �«ï ®¤­®© ¨ â®© ¦¥ ¬ âà¨æë �) ç¨á«®¢ë¥ ç áâ¨ ¤¥â¥à¬¨-
­ ­â  ¨ ¯¥à¬ ­¥­â  (®â«¨ç­ëå ®â ­ã«ï per A 6= 0, det A 6= 0) ®¡à é îâáï ¢ ­ã«ì
®¤­®¢à¥¬¥­­®

� [per A] = 0, � [det A] = 0: (6.64)

�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ¨§ ®¯à¥¤¥«¥­¨© ¤¥â¥à¬¨­ ­â  ¨ ¯¥à¬ ­¥­â  (6.33) ¨ à §«®-
¦¥­¨ï ¨å ¢ àï¤ ¯® ®¡à §ãîé¨¬ �0 . �

�«¥¤áâ¢¨¥ 6.27. �«ï § ¤ ­­®© scf-¬ âà¨æë Ascf ¯à¨ per Ascf 6= 0 ¨ det Ascf 6= 0
®¡à â­ ï ¨ per-®¡à â­ ï (6.45) ¬ âà¨æë ®¯à¥¤¥«¥­ë ¨«¨ ­¥®¯à¥¤¥«¥­ë ®¤­®¢à¥-
¬¥­­®.

� áá¬®âà¨¬ ®¡à â¨¬ë© á«ãç © � [per Ascf] 6= 0, � [det Ascf] 6= 0, â®£¤  ¥¤¨­áâ¢¥­-
­ë¬ à¥è¥­¨¥¬ scf-ãá«®¢¨© (6.42) ¬®£ãâ ¡ëâì ¢ à¨ ­âë, ª®£¤  ®¤¨­ ¨§ á®¬­®¦¨â¥«¥©
®¡à é ¥âáï ¢ ­ã«ì. �âáî¤  á ®ç¥¢¨¤­®áâìî á«¥¤ã¥â

�â¢¥à¦¤¥­¨¥ 6.28. �¡à â¨¬ë¥ scf-¬ âà¨æë ¤¨ £®­ «ì­ë ¨«¨  ­â¨¤¨ £®­ «ì­ë.

�«¥¤áâ¢¨¥ 6.29. �«ï ®¡à â¨¬ëå scf-¬ âà¨æ per-®¡à â­ ï ¬ âà¨æ  á®¢¯ ¤ ¥â á

®¡à â­®© A
�1per
scf = A�1

scf .

�à¨¬¥ç ­¨¥. �â® ãâ¢¥à¦¤¥­¨¥ á¯à ¢¥¤«¨¢® ¤«ï ¬ âà¨æ «î¡®£® ¯®àï¤ª , á®áâ®ïé¨å ¨§ ç¥â­ëå
í«¥¬¥­â®¢.
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6.2 � §¤¥« 6.

� ­¥®¡à â¨¬®¬ á«ãç ¥ � [per Ascf] = 0 ­®à¬¨à®¢ª , ¯®¤®¡­ ï (6.62), ­¥¢®§¬®¦­ .
�®íâ®¬ã ­ã¦­® ­¥¯®áà¥¤áâ¢¥­­® ¯®«ì§®¢ âìáï scf-ãá«®¢¨ï¬¨ (6.42) ¨ ­¥­®à¬¨à®¢ ­-
­ë¬¨ ä®à¬ã« ¬¨ (6.59){(6.61). �®£¤  ¬ âà¨æ  Ascf ­¥ ®¡ï§ â¥«ì­® ¡ã¤¥â ¤¨ £®­ «ì­®©
¨«¨  ­â¨¤¨ £®­ «ì­®©, ª ª ¢ �â¢¥à¦¤¥­¨¨ 6.28. �«ï ­ å®¦¤¥­¨ï ¤®®¯à¥¤¥«¥­­®©

per-®¡à â­®© ¬ âà¨æë �A�1per
scf ¢ íâ®¬ á«ãç ¥ ­¥®¡å®¤¨¬® ¨§¡¥£ âì ¤¥«¥­¨ï ¢ (6.45) ¨

à¥è âì ãà ¢­¥­¨¥
�A
�1per
scf � per Ascf = AMT

scf (6.65)

á ­¨«ì¯®â¥­â­ë¬¨ ®¡¥¨¬¨ ç áâï¬¨. �á«¨  ­ «®£¨ç­® ¢¢¥áâ¨ ¤®®¯à¥¤¥«¥­­ãî ®¡à â­ãî

¬ âà¨æã �A�1
scf ¯® ä®à¬ã«¥

�A�1
scf � det Ascf = ADT

scf ; (6.66)

â® ¢ ®¡é¥¬ á«ãç ¥ �A
�1per
scf 6= �A�1

scf .

�à¨¬¥à 6.30. �ãáâì

Ascf =

�
�� ��

�� �


�
(6.67)

| ­¨«ì¯®â¥­â­ ï scf-¬ âà¨æ , ¤«ï ª®â®à®©

per Ascf = ���
 + ���� = �� (
� + ��) ; (6.68)

det Ascf = ���
 � ���� = �� (
� � ��) : (6.69)

�­  ­¥®¡à â¨¬ , ¯®áª®«ìªã � [per Ascf] = � [det Ascf] = 0. �ãáâì

�A�1per
scf =

�
x1 x2
x3 x4

�
; �A�1

scf =

�
y1 y2
y3 y4

�
; (6.70)

â®£¤  ¨§ (6.65){(6.66) ¨ (6.67){(6.69) ¨¬¥¥¬ 2(!) à §«¨ç­ë¥ á¨áâ¥¬ë ãà ¢­¥­¨© ¤«ï
®¯à¥¤¥«¥­¨ï í«¥¬¥­â®¢ xi ¨ yi8>><>>:

�� (
� + ��)x1 = �
;

�� (
� + ��)x2 = ��;

�� (
� + ��)x3 = ��;

�� (
� + ��)x3 = ��;

8>><>>:
�� (
� � ��)y1 = �
;

�� (
� � ��) y2 = ���;
�� (
� � ��)y3 = ���;
�� (
� � ��) y3 = ��;

(6.71)

ª®â®àë¥ ¬®£ãâ ¡ëâì à¥è¥­ë à §«®¦¥­¨¥¬ ¯® ®¡à §ãîé¨¬ �.

6.2.4. � ® « ã £ à ã ¯ ¯   N = 2 scf - ¬   â à ¨ æ . � àï¤ã á ¬ã«ìâ¨¯«¨ª â¨¢­®-
áâìî ¯¥à¬ ­¥­â  N = 2 scf-¬ âà¨æ (6.53) ¢ ¦­ë¬ â ª¦¥ ï¢«ï¥âáï ¯®¢¥¤¥­¨¥ ¢¢¥¤¥­­®©
¬ âà¨ç­®© äã­ªæ¨¨ scf�A ¯à¨ ã¬­®¦¥­¨¨. � áá¬®âà¨¬ äã­ªæ¨î scf � ®â ¯à®¨§¢¥¤¥-

­¨ï ¬ âà¨æ A ¨ B =

�
p q

r s

�
. �®«ì§ãïáì ®¯à¥¤¥«¥­¨¥¬ (6.39), ¯®«ãç ¥¬

scf+ (AB) = p
2 � scf+A + r

2 � scf �A + 2per A � scf+B; (6.72)

scf� (AB) = q
2 � scf+A + s

2 � scf�A + 2per A � scf�B: (6.73)

�¡®§­ ç¨¬ ¬­®¦¥áâ¢® 2 � 2 ç¥â­ëå ¬ âà¨æ, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î (6.42),
Ascf =

S
Ascf . �®£¤  ¬ë ¨¬¥¥¬

�à¥¤«®¦¥­¨¥ 6.31.�­®¦¥áâ¢® Ascf ®¡à §ã¥â ������������������¯®¤¯®«ã£àã¯¯ã ¯®«­®© «¨­¥©­®©

¯®«ã£àã¯¯ë 2 � 2 ç¥â­ëå ¬ âà¨æ.

�®ª § â¥«ìáâ¢®. �§ (6.72){(6.73) ¯®«ãç ¥¬ ®â­®è¥­¨ï

scf� (AB) = 0, scf�A = 0 ^ scf�B = 0; (6.74)

çâ® ¤ ¥â Ascf ?Ascf � Ascf ¨ íâ¨¬ ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥­¨¥. �

�¯à¥¤¥«¥­¨¥ 6.32. �¨­¥©­ãî ¯®«ã£àã¯¯ã, ¨§®¬®àä­ãî fAscfj�g, £¤¥ (�) | ¬ -
âà¨ç­®¥ ã¬­®¦¥­¨¥, ­ §®¢¥¬����������������¯®«ã£àã¯¯®©���������N = 2���������������scf-¬ âà¨æ SCF�0

(2).
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�¯à¥¤¥«¥­¨¥ 6.33. �¡à â¨¬ë¥ í«¥¬¥­âë ¨§ ¯®«ã£àã¯¯ë SCF�0
(2) ®¡à §ãîâ

��������£àã¯¯ã���������N = 2���������������scf-¬ âà¨æ GSCF�0
(2) .

�¯à¥¤¥«¥­¨¥ 6.34. �¥¡à â¨¬ë¥ í«¥¬¥­âë ¨§¯®«ã£àã¯¯ë SCF�0
(2) ®¡à §ãîâ

�������¨¤¥ « ISCF�0
(2) .

�®áª®«ìªã ¨¬¥¥âáï á®®â­®è¥­¨¥ ¯®¤®¡¨ï (6.56) ¨ ¤«ï scf-¬ âà¨æ ¢ë¯®«­ï¥âáï
®àâ®£®­ «ì­®áâì (6.61), ¢ ®¡à â¨¬®¬ á«ãç ¥ ¯®«ãç ¥¬

�â¢¥à¦¤¥­¨¥ 6.35. �àã¯¯  GSCF�0
(2) ¨§®¬®àä­  ®àâ®£®­ «ì­®©

£àã¯¯¥ O�0
(2).

�¥âà¨¢¨ «ì­ë¬ ï¢«ï¥âáï ­¥®¡à â¨¬ë© á«ãç © � [per Ascf] = 0, ª®£¤  scf-ãá«®¢¨ï
(6.39) ¢ë¯®«­ïîâáï ­¥ §  áç¥â § ­ã«¥­¨ï ®¤­®£® ¨§ á®¬­®¦¨â¥«¥©,   §  áç¥â ®àâ®£®-
­ «ì­®áâ¨ ­¨«ì¯®â¥­â­ëå ­¥­ã«¥¢ëå á®¬­®¦¨â¥«¥©. � ª¨¥ scf-¬ âà¨æë ¯à¨­ ¤«¥¦ â
¨¤¥ «ã ISCF�0

(2) (á¬. �à¨¬¥à 6.30).

6.3. �¥í¢ª«¨¤®¢  ¯«®áª®áâì ¨ scf-¬ âà¨æë
�¤¥áì ¬ë à áá¬®âà¨¬ ­¥ª®â®àë¥ ­¥®¡ëç­ë¥ á¢®©áâ¢  ¤à®¡­®-«¨­¥©­ëå ¯à¥®¡à -

§®¢ ­¨©, ª ª®â®àë¬ ¯à¨¢®¤ïâ N = 2 scf-¬ âà¨æë.

�®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ¬ âà¨æ¥ A =

�
a b

c d

�
2 Mat �0

(2) ¤à®¡­®-«¨­¥©­®¥

¯à¥®¡à §®¢ ­¨¥ f : C 1j0 ! C 1j0 ¯® ä®à¬ã«¥ (á¬. ­ ¯à¨¬¥à, [562,563])

fA (z) =
az + b

cz + d
: (6.75)

�®®¯à¥¤¥«¨¬ fA (z) ­  ­¥®¡à â¨¬ë© á«ãç ©, ª®£¤  cz + d 6= 0, ­® � [cz + d] = 0
¯® ä®à¬ã«¥

�fA (z) (cz + d) = az + b : (6.76)

�ã¤¥¬ ®¡®§­ ç âì à ¢¥­áâ¢  ¤«ï ¤®®¯à¥¤¥«¥­­ëå ¢¥«¨ç¨­ §­ ª®¬ $,   ¨¬¥­­®

�fA (z) $
az + b

cz + d
: (6.77)

�ãáâì �F |¯®«ã£àã¯¯  ¢á¥å ®¡à â¨¬ëå ¨ ­¥®¡à â¨¬ëå ¤®®¯à¥¤¥«¥­­ëå ¯à¥®¡à -

§®¢ ­¨© �fA (z),   L�0
(2) | ¯®«ã£àã¯¯  ¬ âà¨æ A 2 Mat �0

(2). �®áª®«ìªã ¤«ï «î¡ëå
¤¢ãå ¬ âà¨æ A ¨ B ¨¬¥¥â ¬¥áâ®

�fA � �fB = �fAB; (6.78)

â® ®â®¡à ¦¥­¨¥ ¯®«ã£àã¯¯ ' : L�0
(2)! �F ¥áâì £®¬®¬®àä¨§¬ �) ¯®«ã£àã¯¯.

�à¥¤«®¦¥­¨¥ 6.36. �®®¯à¥¤¥«¥­­ë¥ ¤à®¡­®-«¨­¥©­ë¥ ¯à¥®¡à §®¢ ­¨ï �fA (z)
¨¬¥îâ ¤®¯®«­¨â¥«ì­ãî ­¥¯®¤¢¨¦­ãî â®çªã á ­¨«ì¯®â¥­â­®© ª®®à¤¨­ â®©.

�®ª § â¥«ìáâ¢®. �¥¯®¤¢¨¦­ ï â®çª  z�x ®â®¡à ¦¥­¨ï �fA (z) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
�fA (z�x) $ z�x . �§ (6.76) ¨¬¥¥¬ cz

2
�x + (d� a) z�x � b = 0, ®âªã¤  á«¥¤ã¥â ­¥ ®¤­ , ª ª ¢

áâ ­¤ àâ­®¬ à áá¬®âà¥­¨¨ ¯à¨ c 6= 0 [564],  ����¤¢¥����(!) ¢®§¬®¦­®áâ¨:

�à¨¬¥ç ­¨¥. �®ç­¥¥ | í¯¨¬®àä¨§¬ á ­¥­ã«¥¢ë¬ ï¤à®¬ a � I , a 2 �0 (á¬. [563]).
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6.3 � §¤¥« 6.

1. � [b] 6= 0; � [z�x] 6= 0; â®£¤  z
(�)
�x $

a� d �
q

(a+ d)
2 � 4 det A

2c
;

2. � [b] = 0; �
h
z
(0)

�x

i
= 0;

�
z
(0)

�x

�2
= 0; â®£¤  z

(0)

�x $
b

d� a .

�

�á«¨ ¢ë¡à âì ¢ ª ç¥áâ¢¥ ¬ âà¨æë A ª®¬¯«¥ªá­ãî ¬ âà¨æã á ¥¤¨­¨ç­ë¬ ¤¥-
â¥à¬¨­ ­â®¬, â® fA (z) | ¯à¥®¡à §®¢ ­¨¥ �¥¡¨ãá , ¨£à îé¥¥ ¢ ¦­ãî à®«ì ¢ â¥®à¨¨
áâàã­ ¨ à¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥©.

6.3.1. � ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ ¨ á ¢ ® © á â ¢   per - ® â ® ¡ à   ¦ ¥ ­ ¨ © . �ë¡¥à¥¬
¢ ª ç¥áâ¢¥ A ¢¢¥¤¥­­ë¥ ¢ �®¤à §¤¥«¥ 6.2 N = 2 scf-¬ âà¨æë Ascf . �ë ¯®ª ¦¥¬, çâ®
­ ¨¡®«¥¥ ª«îç¥¢ë¥ á®®â­®è¥­¨ï ¡ã¤ãâ ¨¬¥âì ¤ã «ì­ë¥, £¤¥ ¤¥â¥à¬¨­ ­â § ¬¥­ï¥âáï ­ 
¯¥à¬ ­¥­â [3]. �®áª®«ìªã N = 2 scf-¬ âà¨æë Ascf ®¡à §ãîâ ¯®«ã£àã¯¯ã SCF�0

(2) (á¬.

�à¥¤«®¦¥­¨¥ 6.31), â® á®®â¢¥âáâ¢ãîé¨¥ ¤à®¡­®-«¨­¥©­ë¥ ¯à¥®¡à §®¢ ­¨ï �fAscf
(z)

®¡à §ãîâ ¯®«ã£àã¯¯ã �Fscf � �F ®â­®á¨â¥«ì­® ª®¬¯®§¨æ¨¨ ¢ á¨«ã (6.78), ¨ ®â®¡à ¦¥­¨¥

¯®«ã£àã¯¯ 'scf : SCF�0
(2)! �Fscf ¥áâì â ª¦¥ £®¬®¬®àä¨§¬ ¯®«ã£àã¯¯.

�¯à¥¤¥«¥­¨¥ 6.37. � §®¢¥¬ ������������������������per-®â®¡à ¦¥­¨¥¬ ¤à®¡­®-«¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥

(6.77) á N = 2 scf-¬ âà¨æ¥© A = Ascf .

�á­®¢­ë¬ ¤«ï ¤ «ì­¥©è¥£® à áá¬®âà¥­¨ï ¡ã¤¥â

�â¢¥à¦¤¥­¨¥ 6.38. Per-®â®¡à ¦¥­¨ï (��̈�����������â®«ìª®������®­¨) ã¤®¢«¥â¢®àïîâ á«¥¤ãî-

é¥¬ã â®¦¤¥áâ¢ã

n1 � �fAscf
(z1) + n2 � �fAscf

(z2) $

(n1 + n2) (z1 + z2) � per Ascf

2 (cz1 + d) (cz2 + d)
+

(n1 � n2) (z1 � z2) � det Ascf

2 (cz1 + d) (cz2 + d)
: (6.79)

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ à §­®áâì ¬¥¦¤ã «¥¢®© ¨ ¯à ¢®© ç áâï¬¨ ¢ (6.79) § 
�f (z1; z2). �«ï «î¡®© ¬ âà¨æë A ­¥¯®áà¥¤áâ¢¥­­® ¨§ (6.77) ¨¬¥¥¬

�f (z1; z2) = (z1z2 � scf+A + scf�A) (n1 + n2) ; (6.80)

â®£¤  ¢ á¨«ã â®£®, çâ® ¢ ­ è¥¬ á«ãç ¥ A = Ascf | N = 2 scf-¬ âà¨æ , ¨§ scf-ãá«®¢¨©
(6.42) scf �Ascf = 0 ¯®«ãç ¥¬ �f (z1; z2) = 0. �

�§ â®¦¤¥áâ¢  (6.79) ï¢­® ¯à®á«¥¦¨¢ ¥âáï ¤ã «ì­ ï à®«ì per Ascf ¨ det Ascf .
�®íâ®¬ã ­ àï¤ã á ­®¢ë¬¨ ä®à¬ã« ¬¨ ¬ë ¡ã¤¥¬ ¯à¨¢®¤¨âì ¨ áâ ­¤ àâ­ë¥.

�à¥¤«®¦¥­¨¥ 6.39. �à¨ per-®â®¡à ¦¥­¨ïå à §­®áâì ª®®à¤¨­ â ¯à¥®¡à §ã¥âáï
¬­®¦¨â¥«¥¬, ¯à®¯®àæ¨®­ «ì­ë¬ det Ascf ,   áã¬¬  ª®®à¤¨­ â ¯à¥®¡à §ã¥âáï ¬­®-
¦¨â¥«¥¬, ¯à®¯®àæ¨®­ «ì­ë¬ per Ascf .

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¤«ï áã¬¬ë ¨ à §­®áâ¨ (  ­¥ â®«ìª® ¤«ï à §­®áâ¨
[563]) ¯à¥®¡à §®¢ ­­ëå ª®®à¤¨­ â ¨§ (6.79) ¯®«ãç ¥¬

�fAscf
(z1) + �fAscf

(z2) $
per Ascf

(cz1 + d) (cz2 + d)
(z1 + z2) ; (6.81)

�fAscf
(z1)� �fAscf

(z2) $
det Ascf

(cz1 + d) (cz2 + d)
(z1 � z2) : (6.82)
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�

� ¬¥ç ­¨¥ 6.40. �®®â­®è¥­¨¥(6.82) ¢ë¯®«­ï¥âáï ­¥ â®«ìª® ¤«ï scf-¬ âà¨æ, ­® ¨ ¤«ï
«î¡ëå ¬ âà¨æ A (á¬. ­ ¯à¨¬¥à, [563]).

� ¬¥ç ­¨¥ 6.41. �®®â­®è¥­¨¥ (6.81) £®¢®à¨â ® ¯®ï¢«¥­¨¨ ­  C 1j0 ­®¢®© á¨¬¬¥âà¨¨,

á¢ï§ ­­®© á scf-¬ âà¨æ ¬¨ ¨ ¯¥à¬ ­¥­â ¬¨ �).

�á«¨ í«¥¬¥­âë Ascf ¤¥©áâ¢¨â¥«ì­ë, â® ¨§ (6.81){(6.82) ­ å®¤¨¬ ¤ã «ì­ë¥ ä®à-
¬ã«ë

Re �fAscf
(z) $

per Ascf

jcz + dj2 � Re z; (6.83)

Im �fAscf
(z) $

det Ascf

jcz + dj2 � Im z; (6.84)

®âªã¤  á«¥¤ã¥â, çâ® ¬®¦­® ®¯à¥¤¥«¨âì ����¤¢ ����(!) \¥¤¨­¨ç­ëå ªàã£ " ­  áã¯¥à¯«®áª®áâ¨

C 1j0

Re �fAscf
(z) = Re z , jcz + dj =

q
per Ascf; (6.85)

Im �fAscf
(z) = Imz , jcz + dj =

q
det Ascf: (6.86)

�à®¬¥ â®£®, ��� �fAscf
(z1) + �fAscf

(z2)
���2

Re �fAscf
(z1) � Re �fAscf

(z2)
$

jz1 + z2j2
Re z1 � Re z2

; (6.87)

��� �fAscf
(z1)� �fAscf

(z2)
���2

Im �fAscf
(z1) � Im �fAscf

(z2)
$

jz1 � z2j2
Imz1 � Imz2

: (6.88)

6.3.2. � à   ¢ ë ¥ ¨ « ¥ ¢ ë ¥ ¤ ¢ ® © ­ ë ¥ ® â ­ ® è ¥ ­ ¨ ï . �ãáâì

z1; z2; z3; z4 2 C 1j0 | ç¥âëà¥ à §«¨ç­ë¥ â®çª¨. �¯à¥¤¥«¨¬ ­¥ ®¤­® (ª ª ¢ [563, 565]),
  ¤¢  ¤¢®©­ëå ®â­®è¥­¨ï á«¥¤ãîé¨¬ ®¡à §®¬.

�¯à¥¤¥«¥­¨¥ 6.42. ������������������������®®¯à¥¤¥«¥­­ë¬¨�����������¯à ¢ë¬��̈���������«¥¢ë¬ ¤¢®©­ë¬¨ ®â­®è¥­¨ï¬¨

­ §®¢¥¬ â ª¨¥ äã­ªæ¨¨ ç¥âëà¥å â®ç¥ª

D
� (z1; z2; z3; z4) $

(z1 � z3) (z2 � z4)
(z1 � z4) (z2 � z3) : (6.89)

� ¬¥ç ­¨¥ 6.43. � (6.89) ¯à®á«¥¦¨¢ ¥âáï 2 ®â«¨ç¨ï ®â áâ ­¤ àâ­ëå ®¯à¥¤¥«¥­¨© [563]:
1) ­ «¨ç¨¥ ­ àï¤ã á «¥¢ë¬ ¤¢®©­ë¬ ®â­®è¥­¨¥¬ á à §­®áâï¬¨ ª®®à¤¨­ â â ª¦¥ ¨
¯à ¢®£® ¤¢®©­®£® ®â­®è¥­¨ï á ¨å áã¬¬ ¬¨; 2) à á¯à®áâà ­¥­¨¥ ®¯à¥¤¥«¥­¨© (­®¢®£®

¨ ¨§¢¥áâ­®£®) ­  ­¨«ì¯®â¥­â­ãî ®¡« áâì C 1j0 á ¨á¯®«ì§®¢ ­¨¥¬ ¤®®¯à¥¤¥«¥­­®£® §­ ª 
à ¢¥­áâ¢  $ (6.76){(6.77).

�â¬¥â¨¬, çâ®, ¢ ç áâ­®áâ¨,

D
� (z; 1; 0;1) = z: (6.90)

�â­®á¨â¥«ì­® ¤à®¡­®-«¨­¥©­ëå ¯à¥®¡à §®¢ ­¨© ®¡é¥£® ¢¨¤  (6.75) «¥¢®¥ ¤¢®©-
­®¥ ®â­®è¥­¨¥ (6.89) ¨­¢ à¨ ­â­® [563, 565] ¢ á¨«ã (6.82) ¨ � ¬¥ç ­¨ï 6.40. �«ï per-
®â®¡à ¦¥­¨© ¢ë¯®«­ïîâáï ®¡  á®®â­®è¥­¨ï (6.81) ¨ (6.82), ¯®íâ®¬ã ¤«ï ­¨å ¨¬¥¥¬

�à¨¬¥ç ­¨¥. �â® ¯à®ïá­ï¥â ¯à®¨áå®¦¤¥­¨¥ �¯à¥¤¥«¥­¨ï 6.37.
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�¥®à¥¬  6.44. � ª ��������¯à ¢®¥, â ª ¨ �������«¥¢®¥ ¤¢®©­ë¥ ®â­®è¥­¨ï (6.89) ¨­¢ à¨ ­â­ë

®â­®á¨â¥«ì­® per-®â®¡à ¦¥­¨©

D
� � �fAscf

(z1) ; �fAscf
(z2) ; �fAscf

(z3) ; �fAscf
(z4)

�
$ D

� (z1; z2; z3; z4) = r
�
: (6.91)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à¥®¡à §®¢ ­­®¥ ¯à ¢®¥ ¤¢®©­®¥ ®â­®è¥­¨¥ á

D
+
�

�fAscf
(z1) ; �fAscf

(z2) ; �fAscf
(z3) ; �fAscf

(z4)
�

. �«ï à §«¨ç­ëå áã¬¬ ¯à¥®¡à §®¢ ­­ëå ª®-

®à¤¨­ â ¢®á¯®«ì§ã¥¬áï (6.81)

�fAscf
(zi) + �fAscf

(zj) $
per Ascf

(czi + d) (czj + d)
(zi + zj) ; (6.92)

¯®á«¥ ç¥£® ¢ ç¨á«¨â¥«¥ ¨ §­ ¬¥­ â¥«¥ (6.89) á®ªà â¨¬ ­  per Ascf ®â ª ¦¤®© áã¬¬ë
¨ ­  ®¡é¥¥ ¢ëà ¦¥­¨¥ (cz1 + d) (cz2 + d) (cz3 + d) (cz4 + d) , â®£¤  ¯®«ãç¨¬ ¨áª®¬®¥ ­¥-

¯à¥®¡à §®¢ ­­®¥ ¯à ¢®¥ ¤¢®©­®¥ ®â­®è¥­¨¥ D+ (z1; z2; z3; z4). �«ï «¥¢®£® ¤¢®©­®£® ®â-
­®è¥­¨ï ¤®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï  ­ «®£¨ç­®. �

�«¥¤áâ¢¨¥ 6.45. �á«¨ ¤«ï ¤¢ãå ç¥â¢¥à®ª â®ç¥ª zi ¨ wi «¥¢ë¥ (¨«¨ ¯à ¢ë¥) ¤¢®©-
­ë¥ ®â­®è¥­¨ï á®¢¯ ¤ îâ, â® áãé¥áâ¢ã¥â per-®â®¡à ¦¥­¨¥, ª®â®à®¥ ¯¥à¥¢®¤¨â
®¤­ã ç¥â¢¥àªã ¢ ¤àã£ãî wi = �fAscf

(zi).

�â ª, ¬ë ¤®ª § «¨, çâ® per-®â®¡à ¦¥­¨ï ¨¬¥îâ ¤®¯®«­¨â¥«ì­ë© ¨­¢ à¨ ­â r+
| ¯à ¢®¥ ¤¢®©­®¥ ®â­®è¥­¨¥ D+ (z1; z2; z3; z4) = r+ , ª®â®à®¥ § ¢¨á¨â ­¥ ®â ª®­ªà¥â­®£®
§­ ç¥­¨ï ª®®à¤¨­ â z1; z2; z3; z4 ,   ®â ¨å ¯¥à¥áâ ­®¢®ª z�1; z�2; z�3; z�4; � 2 S4 , £¤¥ S4
| £àã¯¯  ¯¥à¥áâ ­®¢®ª ¬­®¦¥áâ¢  ¨§ 4 í«¥¬¥­â®¢. �¢¥¤¥¬ ¯à ¢ë¥ ¨ «¥¢ë¥ äã­ªæ¨¨
p
�
�

(r�) ­  ¯à ¢ëå ¨ «¥¢ëå ¤¢®©­ëå ®â­®è¥­¨ïå á®®â¢¥âáâ¢¥­­® ¯® ä®à¬ã«¥

D
� (z�1; z�2; z�3; z�4) = p

�
�

�
D
� (z1; z2; z3; z4)

�
: (6.93)

�â¢¥à¦¤¥­¨¥ 6.46. �â®¡à ¦¥­¨ï £àã¯¯ë ¯¥à¥áâ ­®¢®ª

!
� : � ! p

�
�

(6.94)
ï¢«ïîâáï £®¬®¬®àä¨§¬ ¬¨.

�®ª § â¥«ìáâ¢®. �«ï ¤¢ãå ¯®á«¥¤®¢ â¥«ì­ëå ¯¥à¥áâ ­®¢®ª ¨§ (6.93) ¨¬¥¥¬

p
�
�

h
p
�
�

�
D
� (z1; z2; z3; z4)

�i
= p

�
�

h
D
� (z�1; z�2; z�3; z�4)

i
=

D
� (z��1; z��2; z��3; z��4) = p

�
��

�
D
� (z1; z2; z3; z4)

�
; (6.95)

â. ¥. p�
�
p
�
�

= p
�
��

, çâ® ¨ ¤®ª §ë¢ ¥â ãâ¢¥à¦¤¥­¨¥. �

� ©¤¥¬ ®¡à §, ­ ¯à¨¬¥à, âà ­á¯®§¨æ¨¨ � = �23 = (2; 3) ¯à¨ £®¬®¬®àä¨§¬¥ !
�

(6.94). �§ (6.91) á«¥¤ã¥â, çâ® ¨¬¥¥âáï ����¤¢ ����(!) per-®â®¡à ¦¥­¨ï h
� (z1), ¯¥à¥¢®¤ïé¨å

â®çª¨ z2; z3; z4 ¢ 1; 0;1 á®®â¢¥âáâ¢¥­­®

D
� (z1; z2; z3; z4) = D

� �
h
� (z1) ; 1; 0;1

�
: (6.96)

� ¤àã£®© áâ®à®­ë, ¯®«ì§ãïáì (6.90), ¨¬¥¥¬ D
� (h� (z1) ; 1; 0;1) = h

� (z1). � ¨§
®¯à¥¤¥«¥­¨ï ¨­¢ à¨ ­â®¢ (6.91) ¨¬¥¥¬

r
� = D

� �
h
� (z1) ; 1; 0;1

�
= h

� (z1) = D
� �

r
�
; 1; 0;1

�
: (6.97)

�à¨¬¥­ï¥¬ ¤ «¥¥ âà ­á¯®§¨æ¨î �23 ª (6.97) ¨ ¯®«ãç ¥¬

p
�
�23

�
r
�� = D

� �
r
�
; 0; 1;1

�
= 1� r�; (6.98)

¨, á«¥¤®¢ â¥«ì­®, �23
!
�! 1� r� . �à®¤¥«ë¢ ï ¯®¤®¡­ë¥ ¢ëª« ¤ª¨ ¤«ï ®áâ «ì­ëå âà ­á-

¯®§¨æ¨©, ¯®«ãç ¥¬ á«¥¤ãîé¥¥
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�â¢¥à¦¤¥­¨¥ 6.47. �¡à § ¬¨ £àã¯¯ë ¯¥à¥áâ ­®¢®ª S4 ¯à¨ £®¬®¬®àä¨§¬ å !
+

¨ !
� (6.94) ï¢«ïîâáï ��������¤¢¥�(!) ª®­¥ç­ë¥ £àã¯¯ë, ª ¦¤ ï ¨§ ª®â®àëå á®áâ®¨â ¨§

6 í«¥¬¥­â®¢

!
+ (S4) =

(
r
+
;

1

r+
; 1 + r

+
;

1

1 + r+
;
1 + r

+

r+
;

r
+

1 + r+

)
; (6.99)

!
� (S4) =

(
r
�
;

1

r�
; 1� r�; 1

1� r� ;
1 � r�
r�

;
r
�

1 � r�
)

(6.100)

¯à¨ � [r�] 6= 0.

�á«¨ � [r�] = 0, â® ª®«¨ç¥áâ¢® í«¥¬¥­â®¢ ¢ (6.99){(6.100) ã¬¥­ìè ¥âáï ¤® 4

!
+ (S4) =

(
r
+
; 1 + r

+
;

1

1 + r+
;

r+

1 + r+

)
; (6.101)

!
� (S4) =

(
r
�
; 1� r�; 1

1� r� ;
r�

1� r�
)
: (6.102)

�¤­ ª® ¤àã£¨¥ ªà¨â¨ç¥áª¨¥ §­ ç¥­¨ï ¨­¢ à¨ ­â®¢ r+ ¨ r� ­¥ á®¢¯ ¤ îâ ¬¥¦¤ã
á®¡®©. �§ (6.99){(6.100) á«¥¤ã¥â, çâ® ®¡à §ë ®â®¡à ¦¥­¨© !

� á®¤¥à¦ â ¯® 3 í«¥¬¥­â ,

¥á«¨ 1� r� = 1=r� , â. ¥. ¯à¨ à §«¨ç­ëå §­ ç¥­¨ïå ¨­¢ à¨ ­â®¢

r
+
1;2 =

�1�p5

2
; (6.103)

r
�
1;2 =

1 � ip3

2
(6.104)

á®®â¢¥âáâ¢¥­­®. �á«¨ r� = �1, â® £®¢®àïâ, çâ® â®çª¨ z1; z2; z3; z4 ®¡à §ãîâ £ à¬®-
­¨ç¥áªãî ¯®á«¥¤®¢ â¥«ì­®áâì [563]. �®®â¢¥âáâ¢ãîé¥¥ §­ ç¥­¨¥ ¨­¢ à¨ ­â  r+ à ¢­®
+1,   â ªãî ¯®á«¥¤®¢ â¥«ì­®áâì â®ç¥ª ¬®¦­® ­ §¢ âì per-£ à¬®­¨ç¥áª®©. �à¨ íâ®¬

!
+ (S4) = !

� (S4) =

�
1

2
; 1; 2

�
.

�â¢¥à¦¤¥­¨¥ 6.48. �«ï ç¥âëà¥å â®ç¥ª z1; z2; z3; z4 , «¥¦ é¨å ­  ¥¤¨­¨ç­®¬
ªàã£¥, ¯à ¢®¥ D+ (z1; z2; z3; z4) ¨ «¥¢®¥ D� (z1; z2; z3; z4) ¤¢®©­ë¥ ®â­®è¥­¨ï

¤¥©áâ¢¨â¥«ì­ë �).

�®ª § â¥«ìáâ¢®. �  ¥¤¨­¨ç­®¬ ªàã£¥ ¯®« £ ¥¬ zi = e
iti; ti 2 R, â®£¤  ¨§ (6.89)

¯®«ãç ¥¬

D
+
�
e
it1; e

it2; e
it3; e

it4

�
=

cos (t1 � t3) cos (t2 � t4)
cos (t1 � t4) cos (t2 � t3) ; (6.105)

D
� �
e
it1; e

it2; e
it3; e

it4

�
=

sin (t1 � t3) sin (t2 � t4)
sin (t1 � t4) sin (t2 � t3) : (6.106)

�«¥¤®¢ â¥«ì­® D� (eit1; eit2; eit3; eit4) 2 R. �

�¬¥¥âáï â ª¦¥ per- ­ «®£ ä®à¬ã«ë � ££¥à  [566], ¯®§¢®«ïîé¨© ¢ëà §¨âì ¯à -
¢®¥ ¤¢®©­®¥ ®â­®è¥­¨¥ ç¥à¥§ \ã£®«" # ¬¥¦¤ã \¯àï¬ë¬¨". �¥©áâ¢¨â¥«ì­®, ¯ãáâì tg# =
m1 �m2

1 +m1m2

, â®£¤  ¨§ (6.89) ¬®¦­® ¯®«ãç¨âì

D
� (m1;m2;+i;�i) = e

�i#
; (6.107)

�à¨¬¥ç ­¨¥. �«ï «¥¢®£® ¤¢®©­®£® ®â­®è¥­¨ï á¬., ­ ¯à¨¬¥à, [566].
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£¤¥ ¢ëà ¦¥­¨¥ á ­¨¦­¨¬ §­ ª®¬ ¯à¥¤áâ ¢«ï¥â á®¡®© ª« áá¨ç¥áªãî ä®à¬ã«ã � ££¥à 
[566].

�á«¨ A | ¬ âà¨æ , á®®â¢¥âáâ¢ãîé ï ¤à®¡­®-«¨­¥©­®¬ã ¯à¥®¡à §®¢ ­¨î fA (z)
(á¬. (6.75)), â® ¤«ï «¥¢®£® ¤¢®©­®£® ®â­®è¥­¨ï ¬®¦­® ¢ë¢¥áâ¨ ä®à¬ã«ã

D
� �
z; f

�3
A (z) ; f�2A (z) ; fA (z)

�
=

tr 2A

det A
; (6.108)

£¤¥ f�nA (z) | ª®¬¯®§¨æ¨ï ¨§ n ¯à¥®¡à §®¢ ­¨©.
�®¤®¡­ ï ä®à¬ã«  ¤«ï ¯à ¢®£® ¤¢®©­®£® ®â­®è¥­¨ï (¥á«¨ A = Ascf ) ¨¬¥¥â ¢¨¤

D
+
�
z; f

�3
Ascf

(z) ; f�2Ascf
(z) ; fAscf

(z)
�

= z

�
ad

3 + 2b2c2 + a
3
d

�
=

z

�
per Ascf

�
tr A2

scf +
1

2
tr 2Ascf

�
+

1

4
tr 2Ascf

�
tr 2Ascf � tr A2

scf

��
; (6.109)

£¤¥ f�nAscf
(z) | ª®¬¯®§¨æ¨ï n per-®â®¡à ¦¥­¨©.

�â¬¥â¨¬, çâ® ¨¬¥¥âáï â¥á­ ï á¢ï§ì ¬¥¦¤ã «¥¢ë¬ ¤¢®©­ë¬ ®â­®è¥­¨¥¬ ¨ ¯à®¨§-
¢®¤­®© �¢ àæ  [567]. �¥©áâ¢¨â¥«ì­®, ¤«ï «î¡®© äã­ªæ¨¨ f (z) ¨§ (6.89) ¯®«ãç ¥¬

D
� (f (z + ta) ; f (z + tb) ; f (z + tc) ; f (z + td)) =

D
� (a; b; c; d)

"
1 +

t
2

6
(a� b) (c� d) S�

f
(z)

#
+ O

�
t
3
�
; (6.110)

£¤¥ a; b; c; d; t 2 �0 , ¨ ¯à®¨§¢®¤­ ï �¢ àæ  ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

S
�
f

(z) =
f
000 (z)
f 0 (z)

� 3

2

 
f
00 (z)
f 0 (z)

!2
: (6.111)

�­ «®£¨ç­ ï ä®à¬ã«  ¤«ï ¯à ¢®£® ¤¢®©­®£® ®â­®è¥­¨ï ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤

D
+ (f (z + ta) ; f (z + tb) ; f (z + tc) ; f (z + td)) =

1 +
t
2

6
(a� b) (c� d) S+

f
(z) +

t
3

8
(a� b) (c� d) (a+ b+ c+ d) S

(3)+

f
(z) + O

�
t
4
�
; (6.112)

£¤¥ äã­ªæ¨¨ S
+
f

(z) ¨ S
(3)+

f
(z) à ¢­ë

S
+
f

(z) = �3

2

 
f
0 (z)
f (z)

!2
; (6.113)

S
(3)+

f
(z) = �f

0 (z)
f (z)

 
f
0 (z)
f (z)

!0
: (6.114)

�§ áà ¢­¥­¨ï ¢ëà ¦¥­¨ï ¢ ª¢ ¤à â­ëå áª®¡ª å (6.110) ¨ ¢â®à®© áâà®ª¨ ¢ (6.112)

á«¥¤ã¥â, çâ® äã­ªæ¨î S
+
f

(z) (6.113) ¬®¦­® âà ªâ®¢ âì ª ª per- ­ «®£ ¯à®¨§¢®¤­®©

�¢ àæ  [562,568].

6.3.3. Per -   ­   « ® £ £ ¨ ¯ ¥ à ¡ ® « ¨ ç ¥ á ª ® £ ® à   á á â ® ï ­ ¨ ï ­  
á ã ¯ ¥ à ¯ « ® á ª ® á â ¨ . �ãáâì â®çª¨ z1; z2; z3; z4 «¥¦ â ­  ®¤­®© ¨ â®© ¦¥ \£¥®-
¤¥§¨ç¥áª®©", ®¯à¥¤¥«ï¥¬®© «¨èì â®çª ¬¨ z1; z2 , ¢ â® ¢à¥¬ï, ª ª â®çª¨ z3; z4 «¥¦ â ­ 
\¥¤¨­¨ç­®¬ ªàã£¥" (6.85){(6.86). �®£¤  ¬®¦­® ®¯à¥¤¥«¨âì ¢¬¥áâ® ®¤­®£® [564,567] ¤¢ 
£¨¯¥à¡®«¨ç¥áª¨å à ááâ®ï­¨ï.

�¯à¥¤¥«¥­¨¥ 6.49. ����������à ¢®¥���̈��������«¥¢®¥����������������������£¨¯¥à¡®«¨ç¥áª¨¥�����������������à ááâ®ï­¨ï ¢ \¥¤¨­¨ç­®¬

ªàã£¥" ®¯à¥¤¥«ïîâáï ä®à¬ã« ¬¨ [3]

d
� (z1; z2)

def

= lnD� (z1; z2; z3; z4) : (6.115)
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�§ �â¢¥à¦¤¥­¨ï 6.48 á«¥¤ã¥â, çâ®, ¥á«¨ â®çª¨ z1; z2 «¥¦ â ­  \¥¤¨­¨ç­®¬
ªàã£¥" (6.85){(6.86), â® à ááâ®ï­¨ï d

� (z1; z2) ¤¥©áâ¢¨â¥«ì­ë (á¬. [566,569]). �¤¤¨â¨¢-

­®áâì à ááâ®ï­¨ï d
� (z1; z2) (6.115) ®¡¥á¯¥ç¨¢ ¥âáï ¬ã«ìâ¨¯«¨ª â¨¢­®áâìî ¯à ¢®£® ¨

«¥¢®£® ¤¢®©­ëå ®â­®è¥­¨©

D
� (z1; z2; z; z

0)D� (z2; z3; z; z
0) = D

� (z1; z3; z; z
0) : (6.116)

�¬¥îâáï ¨ ¤àã£¨¥ ä®à¬ã«ë ¤«ï à ááâ®ï­¨ï �) [563,567], ª®â®àë¥ ãç¨âë¢ îâ ï¢­®

ãá«®¢¨¥ Im z � 0, ®¯à¥¤¥«ïîé¥¥ ¢¥àå­îî ¯®«ã¯«®áª®áâì H2
im

[564, 570]. � ¯à¨¬¥à, ¨§
(6.88) á«¥¤ã¥â, çâ® ¢ëà ¦¥­¨¥ [563]

d
�
im

(z1; z2) = Arch

 
1 +

jz1 � z2j2
Im z1Im z2

!
(6.117)

¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¤à®¡­®-«¨­¥©­ëå ¯à¥®¡à §®¢ ­¨©. �¤­ ª® ¢ á«ãç ¥ per-
®â®¡à ¦¥­¨© (á¬. �¯à¥¤¥«¥­¨¥ 6.37) ¬ë ¨¬¥¥¬ ¤àã£ãî ¨­¢ à¨ ­â­®áâì (6.87), çâ®

¯à¨¢®¤¨â ª ­¥®¡å®¤¨¬®áâ¨ à áá¬®âà¥­¨ï \¯à ¢®© ¯®«ã¯«®áª®áâ¨" H2
re

, ®¯à¥¤¥«ï¥¬®©
ãá«®¢¨¥¬ Re z � 0. �®£¤  ¯®  ­ «®£¨¨ á (6.117) ¬®¦­® ®¯à¥¤¥«¨âì ¯à ¢®¥ à ááâ®ï­¨¥ [3]

d
+
re

(z1; z2) = Arch

 
1 +

jz1 + z2j2
Re z1Re z2

!
; (6.118)

¨­¢ à¨ ­â­®¥ ®â­®á¨â¥«ì­® per-®â®¡à ¦¥­¨© ¢á«¥¤áâ¢¨¥ (6.87).

� â¥à¬¨­ å ¯à ¢®£® ¤¢®©­®£® ®â­®è¥­¨ï D
+ (z1; z2; z3; z4) ¨ ¯à ¢®£® à ááâ®ï-

­¨ï d
+ (z1; z2) (6.115) (¨«¨ d

+
re

(z1; z2)) ¬®¦­® ¯®á«¥¤®¢ â¥«ì­® ¯®áâà®¨âì per- ­ «®£
£¨¯¥à¡®«¨ç¥áª®© £¥®¬¥âà¨¨ [563,571], âà¨£®­®¬¥âà¨¨ [567,569] ­  ª®¬¯«¥ªá­®© áã¯¥à-
¯«®áª®áâ¨ ¨«¨ ¢ ¬­®£®¬¥à­ëå ª®¬¯«¥ªá­ëå áã¯¥à¯à®áâà ­áâ¢ å [572].

�à¨¬¥ç ­¨¥. �¥¢®£® ¢ ­ è¥¬ ®¯à¥¤¥«¥­¨¨.

147



������ 7

������ �����������
�����������������

� ¤ ­­®¬ à §¤¥«¥ à áá¬ âà¨¢ ¥âáï ®¡®¡é¥­¨¥ ¯®­ïâ¨© áã¯¥à¬­®£®®¡à §¨ï, à á-
á«®¥­¨ï ¨ £®¬®â®¯¨¨ ­  ­¥®¡à â¨¬ë© á«ãç ©. �á¯®«ì§ã¥¬ë© ï§ëª ª àâ ¨ äã­ªæ¨© ¯¥-
à¥å®¤  ¯®§¢®«ï¥â ®¯à¥¤¥«¨âì ¯®«ãáã¯¥à¬­®£®®¡à §¨¥ ª ª ­¥®¡à â¨¬ë©  ­ «®£ áã¯¥à¬-
­®£®®¡à §¨ï ¢ ®¡é¥¯à¨­ïâ®¬ ®¯à¥¤¥«¥­¨¨ äã­ªæ¨®­ «ì­®£® ¯®¤å®¤ . �¢®¤ïâáï ­¥®¡à -
â¨¬ë¥ ª àâë,  â« áë ¨ äã­ªæ¨¨ ¯¥à¥å®¤ , ¤«ï ª®â®àëå ¯à¥¤« £ îâáï á®®â¢¥âáâ¢ãîé¨¥
ãà ¢­¥­¨ï. � å®¤ïâáï ®¡®¡é¥­­ë¥ ãá«®¢¨ï ª®æ¨ª« ,   â ª¦¥ ­®¢ë© ­¨«ì¯®â¥­â­ë© â¨¯
®à¨¥­â¨àã¥¬®áâ¨ ¯®«ãáã¯¥à¬­®£®®¡à §¨©. �®à¬ã«¨àã¥âáï ®¡é¨© ¯à¨­æ¨¯ ¯®«ãª®¬¬ã-
â â¨¢­®áâ¨ ¤«ï ­¥®¡à â¨¬ëå ¬®àä¨§¬®¢. � â¥à¬¨­ å ãà ¢­¥­¨© ­  äã­ªæ¨¨ ¯¥à¥å®¤ 
®¯à¥¤¥«ïîâáï ¬®àä¨§¬ë ¯®«ãà áá«®¥­¨©. �à¨¢®¤ïâáï â ª¦¥ ãá«®¢¨ï à¥ä«¥ªá¨¢­®áâ¨
¤«ï ¯®«ãáã¯¥à¬­®£®®¡à §¨© ¨ ¯®«ãà áá«®¥­¨©. �¢®¤ïâáï ç¥â­ë¥ ¨ ­¥ç¥â­ë¥ ¯®«ã£®¬®-
â®¯¨¨ á ­¥®¡à â¨¬ë¬ ç¥â­ë¬ ¨«¨ ­¥ç¥â­ë¬ áã¯¥à¯ à ¬¥âà®¬ á®®â¢¥âáâ¢¥­­®, ª®â®àë¥
¨£à îâ ¢ ¦­ãî à®«ì ¢ ª« áá¨ä¨ª æ¨¨ ¯®«ãáã¯¥à¬­®£®®¡à §¨© ¨ ¯®áâà®¥­¨¨ äã­¤ -
¬¥­â «ì­ëå ¯®«ã£àã¯¯.

�¡é¥¯à¨­ïâë¬ áç¨â ¥âáï [573, 574], çâ® ¨¤¥ï ®¡à â¨¬ëå áã¯¥à¬­®£®®¡à §¨©
¢¯¥à¢ë¥ ¡ë«  ¢ëáª § ­  ­¥ï¢­® ¢ à ¡®â å [575, 576] ¢ á¢ï§¨ á ®¡®¡é¥­¨¥¬ ª« áá¨ç¥-
áª®© ¤¨­ ¬¨ª¨ ¨ ¤¨áªãáá¨¥© ® ª« áá¨ç¥áª®¬ ¯à¥¤¥«¥ ¤«ï ä¥à¬¨®­®¢ [577]. � â¥¬ â¨-
ç¥áª¨¥  á¯¥ªâë £àã¯¯ ¨  «£¥¡à á  ­â¨ª®¬¬ãâ¨àãîé¨¬¨ ¯¥à¥¬¥­­ë¬¨ ¯¥à¢®­ ç «ì­®
à áá¬ âà¨¢ «¨áì ¢ à ¡®â å [578{580], ­® «¨èì ¢ à ¬ª å ä®à¬ «ì­®£® ¯à ¢¨«  \¯à®-
â áª¨¢ ­¨ï §­ ª " ¨ ¯à¥¤¯¨á ­¨ï \® ¢®§¬®¦­®áâ¨ ®¡®¡é¥­¨ï ¢á¥å ®á­®¢­ëå ¯®­ïâ¨©
 ­ «¨§ , ¯à¨ ª®â®à®¬ ®¡à §ãîé¨¥ £à áá¬ ­®¢®©  «£¥¡àë áâ «¨ ¡ë ¨£à âì à®«ì, à ¢­®-
¯à ¢­ãî á ¢¥é¥áâ¢¥­­ë¬¨ ¨«¨ ª®¬¯«¥ªá­ë¬¨ ¯¥à¥¬¥­­ë¬¨" ( [33, c. 9]). �¬¥­­® ¢ íâ®©
è¨à®ª® ¨§¢¥áâ­®© äà §¥ ¨ § ª«îç «®áì ®£à ­¨ç¥­¨¥ ­  ¤ «ì­¥©è¥¥ à §¢¨â¨¥ â¥®à¨¨
áã¯¥à¬­®£®®¡à §¨© ¢  ¡áâà ªâ­®¬ ­ ¯à ¢«¥­¨¨: \à ¢­®¯à ¢¨¥" ¯®¤à §ã¬¥¢ «® ¢ ª ç¥-
áâ¢¥ \áã¯¥à ­ «®£®¢" âà¨¢¨ «ì­® ¯®¤®¡­ë¥ (á â®ç­®áâìî ¤® § ¬¥­ë ­¥ª®â®àëå §­ ª®¢
á ¬¨­ãá  ­  ¯«îá ¨ ç¥â­ëå ¢¥«¨ç¨­ ­  ­¥ç¥â­ë¥) ®¡ê¥ªâë ¨ ­¥ ¯®§¢®«ï«® ¤ ¦¥ ¯à¥¤-
¯®« £ âì áãé¥áâ¢®¢ ­¨ï ¨­ëå  ¡áâà ªâëå  «£¥¡à ¨ç¥áª¨å ¨ £¥®¬¥âà¨ç¥áª¨å áâàãªâãà.

� ­ ç «¥ 70-å ¢ ª®­ªà¥â­ëå ¬®¤¥«ïå í«¥¬¥­â à­ëå ç áâ¨æ [425,426] ®â¥ç¥áâ¢¥­-
­ë¬¨ ä¨§¨ª ¬¨ ¡ë« ®âªàëâ ­®¢ë© â¨¯ á¨¬¬¥âà¨¨ [110, 423, 424, 581{584] | ¬¥¦¤ã
ª®¬¬ãâ¨àãîé¨¬¨ ¡®§®­ ¬¨, ª®â®àë¥ ®¯¨áë¢ îâ ª «¨¡à®¢®ç­ë¥ ¢§ ¨¬®¤¥©áâ¢¨ï, ¨  ­-
â¨ª®¬¬ãâ¨àãîé¨¬¨ ä¥à¬¨®­ ¬¨, ª®â®àë¥ á®®â¢¥âáâ¢ãîâ ¢§ ¨¬®¤¥©áâ¢ãîé¨¬ á ¨å ¯®-
¬®éìî ç áâ¨æ ¬. �¤­ ª® ¤¥©áâ¢¨â¥«ì­®¥ ¯à¨§­ ­¨¥ íâ® äã­¤ ¬¥­â «ì­®¥ ­ ¯à ¢«¥­¨¥

¯®«ãç¨«® â®«ìª® ç¥à¥§ ­¥áª®«ìª® «¥â �), ª®£¤  â ª ï ¦¥ ¡®§®­-ä¥à¬¨®­­ ï á¨¬¬¥âà¨ï,
­® ¢ ¤àã£¨å ¬®¤¥«ïå, ¡ë«  ­ §¢ ­  § ¯ ¤­ë¬¨ ãç¥­ë¬¨ ªà á¨¢ë¬ ¨ íää¥ªâ­ë¬ á«®-
¢®¬ \áã¯¥àá¨¬¬¥âà¨ï" [586{591]. � ¬®¬¥­âã ¯®ï¢«¥­¨ï áã¯¥àá¨¬¬¥âà¨¨ ¢ ä¨§¨ª¥ ®ª -
§ «®áì, çâ® ¬ â¥¬ â¨ç¥áª¨©  ¯¯ à â ¤«ï ¥¥ ®¯¨á ­¨ï (áã¯¥à£àã¯¯ë ¨ áã¯¥à «£¥¡àë
�¨) ã¦¥ ¡ë« á®§¤ ­ [578, 592]. �®á«¥ ç¥£® ª®«¨ç¥áâ¢® à ¡®â ¯® áã¯¥à®¡®¡é¥­¨ï¬ ä¨-
§¨ç¥áª¨å â¥®à¨© áâà¥¬¨â¥«ì­® ­ ç «® ¢®§à áâ âì (á¬., ­ ¯à¨¬¥à, ®¡§®àë [593{603] ¨
ª­¨£¨ [604{608]). �«¥¬¥­â ¬ à áá¬ âà¨¢ ¥¬ëå â¥®à¨© ¯à¨á¢ ¨¢ « áì § ¢®à ¦¨¢ îé ï
¯à¨áâ ¢ª  \áã¯¥à", ­® à¥ «ì­®¥ \ãá®¢¥àè¥­áâ¢®¢ ­¨¥" ®¯ïâì-â ª¨ á¢®¤¨«®áì ª § ¬¥­ ¬
§­ ª®¢ ¨ ¤®¡ ¢«¥­¨î ­¥ç¥â­ëå ¢¥«¨ç¨­ ¯à¨ ­¥¨§¬¥­­ëå ®á­®¢­ëå  ¡áâà ªâ­ëå ª®­-
áâàãªæ¨ïå, çâ®, ª § «®áì ¡ë, ¯®¤â¢¥à¦¤ «® ¬ â¥¬ â¨ç¥áªãî £¨¯®â¥§ã \à ¢­®¯à ¢¨ï"
 ­â¨ª®¬¬ãâ¨àãîé¨å ¢¥«¨ç¨­ [33,573], ­® «¨èì ­  ¯¥à¢ë© ¢§£«ï¤.

� ¦­®, çâ® áã¯¥àá¨¬¬¥âà¨ï ¯®ï¢¨« áì ¡« £®¤ àï ®á« ¡«¥­¨î ®¤­®£® ¨§ ãá«®-
¢¨© â¥®à¥¬ë �®ã«¬¥­ -� ­¤ã«ë ® ç¨á«¥ á¨¬¬¥âà¨© S -¬ âà¨æë [609] | ®£à ­¨ç¥­¨î

�à¨¬¥ç ­¨¥. �áâ®à¨ï íâ®£® ¯¥à¨®¤  ¯®¤à®¡­® ¨§«®¦¥­  ¢ [585].
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â®«ìª® ª®¬¬ãâ¨àãîé¨¬¨ £¥­¥à â®à ¬¨ â ª, çâ® \...¬®¦­® ¯à¥¤áâ ¢¨âì á¥¡¥, çâ® ¤ «ì-
­¥©è¥¥ ®á« ¡«¥­¨¥ ãá«®¢¨© ¬®¦¥â ¯à¨¢¥áâ¨ ª ­®¢ë¬ á¨¬¬¥âà¨ï¬" [610, c. 2] (­ ¯à¨¬¥à,
­¥ áá®æ¨ â¨¢­ë¥ £¥­¥à â®àë à áá¬ âà¨¢ «¨áì ¢ [611,612]). �¬¥­­® ¢¢¥¤¥­¨¥  ­â¨ª®¬-
¬ãâ¨àãîé¨å £¥­¥à â®à®¢ [578, 580, 582, 613] ¯®§¢®«¨«® ¥¤¨­ë¬ ®¡à §®¬ à áá¬®âà¥âì
¢­ãâà¥­­¨¥ ¨ ¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­ë¥ á¨¬¬¥âà¨¨ [110, 586, 588], â. ¥. ®¡ê¥¤¨­¨âì
¡®§®­ë ¨ ä¥à¬¨®­ë ¢ ®¡®¡é¥­­ë¥ ¬ã«ìâ¨¯«¥âë { áã¯¥à¯®«ï [589, 591, 614] ¨ ¢¢¥áâ¨
áã¯¥à¯à®áâà ­áâ¢® [111] ª ª £« ¢­ãî  à¥­ã ¤«ï \áã¯¥à¯à¥¢à é¥­¨©" í«¥¬¥­â à­ëå
ç áâ¨æ [596, 606, 615{617]. � ª, á®£« á­® ä¥­®¬¥­®«®£¨¨ ®¡ê¥¤¨­¥­­ëå áã¯¥àá¨¬¬¥-
âà¨ç­ëå [72,618,619] ¨ áã¯¥àáâàã­­ëå [620,621] â¥®à¨©, ª ¦¤®© ­ ¡«î¤ ¥¬®© ç áâ¨æ¥
¤®«¦¥­ á®®â¢¥âáâ¢®¢ âì \áã¯¥à¯ àâ­¥à" á ¯à®â¨¢®¯®«®¦­®© áâ â¨áâ¨ª®© (å®âï ¨ ¥áâì
¯®¯ëâª¨ ¢ª«îç¨âì ¢ ç¨á«® áã¯¥à¯ àâ­¥à®¢ ¨¬¥îé¨¥áï ç áâ¨æë [622] ¨«¨ ¢®®¡é¥ ¨å ­¥
¢¢®¤¨âì [623]). �­®£®ç¨á«¥­­ë¥ íªá¯¥à¨¬¥­â «ì­ë¥ ¯®¨áª¨ â ª¨å ç áâ¨æ (á¬. ®¡§®àë

[15,16,624,625]) ¯®ª  ­¥ ¯à¨¢¥«¨ ª ¨å ­¥¯®áà¥¤áâ¢¥­­®¬ã ®¡­ àã¦¥­¨î �) [630{633]. �â®
­ ¢®¤¨â ­  ¬ëá«ì ® â®¬, çâ®, ¢®§¬®¦­®, ¬ â¥¬ â¨ç¥áª¨¥ ®á­®¢ ­¨ï áã¯¥àá¨¬¬¥âà¨ç-
­ëå â¥®à¨© í«¥¬¥­â à­ëå ç áâ¨æ ­ã¦¤ îâáï ¢ ¤ «ì­¥©è¥¬ ¢­ãâà¥­­¥¬ à §¢¨â¨¨. �¥©-
áâ¢¨â¥«ì­®, \à ¢­®¯à ¢¨¥"  ­â¨ª®¬¬ãâ¨àãîé¨å ¢¥«¨ç¨­ ¯®¤à §ã¬¥¢ «® ®¤­®§­ ç­ë©
®â¢¥â ­  ¢®¯à®á \¢ ª ª¨å ª â¥£®à¨ïå?" | ¢ â¥å ¦¥, çâ® ¨ à ­ìè¥: £àã¯¯, â®¯®«®£¨ç¥-
áª¨å ¯à®áâà ­áâ¢ ¨ ¬­®£®®¡à §¨©, å®âï ¨ \áã¯¥à". �ãé¥áâ¢¥­­ë¬ ®ª §ë¢ ¥âáï â®, çâ®
íâ  ¢¯¥ç â«ïîé ï ¯à¨áâ ¢ª  ­¥ ¨§¬¥­ï«  á ¬®£®  ¡áâà ªâ­®£® ¨ â¥®à¥â¨ª®-ª â¥£®à­®£®
á®¤¥à¦ ­¨ï ¯®­ïâ¨© (\å®âï ­¨ç¥£® \áã¯¥à" ¢ áã¯¥à¬ â¥¬ â¨ª¥ ­¥â..." [236, c. 6]). � -
¯à¨¬¥à, áã¯¥à£àã¯¯  [634{636] ï¢«ï¥âáï £àã¯¯®© ¨ ­¥ ¡®«¥¥ â®£®, â. ¥. ¯à¨­ ¤«¥¦¨â
ª ª â¥£®à¨¨ £àã¯¯ [637{641], ¯ãáâì á ­¥ª®â®àë¬¨ ¤®¯®«­¨â¥«ì­ë¬¨ á¢®©áâ¢ ¬¨. �®
¦¥ ª á ¥âáï áã¯¥à¯à®áâà ­áâ¢ ¨ áã¯¥à¬­®£®®¡à §¨©. �®¡ ¢«¥­¨¥ ­¥®¡à â¨¬ëå ­¨«ì-
¯®â¥­â­ëå ª®®à¤¨­ â ¨ ­ ¯à ¢«¥­¨© ­¥ ¯®§¢®«ï«® ¨§¬¥­¨âì á ¬¨ ª â¥£®à¨¨,   â®«ìª®
­¥áª®«ìª® ¬®¤¨ä¨æ¨à®¢ âì ã¦¥ ¨¬¥îé¨¥áï ¢ ¦¥áâª¨å à ¬ª å \£¨¯®â¥§ë à ¢­®¯à -
¢¨ï" [573].

�¤­ ª® å®à®è® ¨§¢¥áâ­®, çâ® ­¥®¡à â¨¬ë¥ ®¡ê¥ªâë ®¯¨áë¢ îâáï ­¥ £àã¯¯ ¬¨,

  ¯®«ã£àã¯¯ ¬¨ �) [29{31, 70], ª®â®àë¥ á®¤¥à¦ â £àã¯¯ë ª ª á®áâ ¢­ãî ®¡à â¨¬ãî
ç áâì. �«¥¤®¢ â¥«ì­®, ª â¥£®à¨ï £àã¯¯ [643] á«¨èª®¬ ã§ª  ¤«ï â®£®, çâ®¡ë áâà®-
¨âì ­  ¥¥ ®á­®¢¥ áã¯¥àá¨¬¬¥âà¨ç­ë¥ ¬®¤¥«¨ í«¥¬¥­â à­ëå ç áâ¨æ (á¬. [5]). �á­®¢-
­ë¬ ¨ äã­¤ ¬¥­â «ì­ë¬ ®¡ê¥ªâ®¬ â ª¨å ¬®¤¥«¥© ï¢«ï¥âáï ¯®­ïâ¨¥ áã¯¥à¬­®£®®¡à -
§¨ï [34, 60, 421, 592, 644, 645] (á¬. �à¨«®¦¥­¨¥ 1). �¤¥áì ¬ë ¯®áâà®¨¬ ­¥®¡à â¨¬ë©
 ­ «®£ áã¯¥à¬­®£®®¡à §¨© | ¯®«ãáã¯¥à¬­®£®®¡à §¨ï,   â ª¦¥  ­ «®£¨ á®¯ãâáâ¢ãîé¨å
®¡ê¥ªâ®¢ | à áá«®¥­¨© ¨ £®¬®â®¯¨©.

�¥®¡à â¨¬®¥ à áè¨à¥­¨¥ ¯®­ïâ¨ï áã¯¥à¬­®£®®¡à §¨ï ¯à¥¤áâ ¢«ï¥âáï ¥áâ¥áâ¢¥­-
­ë¬ ¢ á¢ï§¨ á ¯à¥¤¯®«®¦¥­¨ï¬¨, á¤¥« ­­ë¬¨ ¢® ¬­®£¨å à ¡®â å ®â­®á¨â¥«ì­® ¢­ãâà¥­-
­¥© ­¥®¡à â¨¬®áâ¨ ª®­ªà¥â­ëå ª®­áâàãªæ¨©. � ¯à¨¬¥à, \... ®¡é ï áã¯¥àà¨¬ ­®¢  ¯®-
¢¥àå­®áâì ­¥ ¨¬¥¥â ç¨á«®¢®© ç áâ¨" [74], \... ¢®§¬®¦­® ­¥ áãé¥áâ¢ã¥â ®¡à â¨¬ëå ®¯¥-
à â®à®¢ ¯à®¥ªâ¨à®¢ ­¨ï (ç¨á«®¢®£® ®â®¡à ¦¥­¨ï [67]) ¢®®¡é¥" [646], ¨«¨ \... ç¨á«®¢ ï
ç áâì ¤ ¦¥ ¬®¦¥â ­¥ áãé¥áâ¢®¢ âì ¢ á ¬ëå íªáâà¥¬ «ì­ëå ¯à¨¬¥à å" [647]. � ç áâ­®-
áâ¨, ¯à¨ ¨áá«¥¤®¢ ­¨¨ á¢®©áâ¢ ­¥®¡à â¨¬®áâ¨ áã¯¥àª®­ä®à¬­®© á¨¬¬¥âà¨¨ [6,9] ¯à¥¤-
¯®« £ «®áì [2, 14] ¢®§¬®¦­®¥ áãé¥áâ¢®¢ ­¨¥ áã¯¥àá¨¬¬¥âà¨ç­ëå ®¡ê¥ªâ®¢,  ­ «®£¨ç-
­ëå áã¯¥àà¨¬ ­®¢ë¬ ¯®¢¥àå­®áâï¬, ­® ¡¥§ ç¨á«®¢®© ç áâ¨, ¨ ¯à¥¤¢ à¨â¥«ì­® ¯®ª § ­®,
ª ª ¨å áâà®¨âì [10].

�¥®¡à â¨¬®áâì ¢ â¥®à¨¨ áã¯¥à¬­®£®®¡à §¨© [68, 648{650] ¢ ¤¥©áâ¢¨â¥«ì­®áâ¨
ï¢«ï¥âáï à¥§ã«ìâ â®¬ ¤®¡ ¢«¥­¨ï ­¥ç¥â­ëå ­¨«ì¯®â¥­â­ëå í«¥¬¥­â®¢ [258,651] ¨ ¤¥«¨-
â¥«¥© ­ã«ï [124,333,334,652], ¢®§­¨ª îé¨å ¢  «£¥¡à å �à áá¬ ­ -� ­ å  (á¬. [653,654]
¤«ï ­¥âà¨¢¨ «ì­ëå ¯à¨¬¥à®¢). � ¡¥áª®­¥ç­®¬¥à­®¬ á«ãç ¥ [655{659] ¨¬¥îâáï (â®¯®-
«®£¨ç¥áª¨) ª¢ §¨­¨«ì¯®â¥­â­ë¥ ­¥ç¥â­ë¥ í«¥¬¥­âë, ª®â®àë¥ ­  á ¬®¬ ¤¥«¥ ­¥ ­¨«ì-
¯®â¥­â­ë [259], ¢ ­¥ª®â®àëå áã¯¥à «£¥¡à å ¬®¦­® ¯®áâà®¨âì ç¨áâ® ¤�ãå®¢ë¥ í«¥¬¥­âë,

�à¨¬¥ç ­¨¥. �¤¨¢¨â¥«ì­®, ®¤­ ª®, çâ® áâàãªâãà  £¥­¥â¨ç¥áª®£® ª®¤  ç¥«®¢¥ª  ®¯¨áë¢ ¥âáï áã¯¥à-
 «£¥¡à ¬¨ �¨ [626{629].
�à¨¬¥ç ­¨¥. �¯¥à¢ë¥ ¯®«ã£àã¯¯ë ¡ë«¨ ¢¢¥¤¥­ë å àìª®¢áª¨¬ ¬ â¥¬ â¨ª®¬ �ãèª¥¢¨ç¥¬ ¥é¥ ¢ 30-å

£®¤ å [642].
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7.1 � §¤¥« 7.

ª®â®àë¥ ­¥ ­¨«ì¯®â¥­â­ë ¤ ¦¥ â®¯®«®£¨ç¥áª¨ [114] ¨«¨ ¢¢¥áâ¨  ­ «®£ ®¡à â¨¬®£® ­¥-
ç¥â­®£® á¨¬¢®«  [260],   â ª¦¥ ¨á¯®«ì§®¢ âì ¬¥â®¤ë ­¥áâ ­¤ àâ­®£®  ­ «¨§  [660,661].
�ëáª §ë¢ « áì ¤ ¦¥ ¯à®â¨¢®¯®«®¦­ ï \à ¢­®¯à ¢¨î" ¨¤¥ï ® â®¬, çâ® \ç¥â­ ï £¥®¬¥-
âà¨ï = ª®««¥ªâ¨¢­®¬ã íää¥ªâã ¡¥áª®­¥ç­®¬¥à­®© ­¥ç¥â­®© £¥®¬¥âà¨¨" [662] (á¬. ¥¥
ª®­ªà¥â­ãî à¥ «¨§ æ¨î ¢ [663]). �áâ â¨, ç¨áâ® ­¥ç¥â­ë¥ ¬­®£®®¡à §¨ï à áá¬ âà¨¢ -
«¨áì ¢ [664{666], â ª¦¥ ¢¢®¤¨«¨áì íª§®â¨ç¥áª¨¥ áã¯¥à¬­®£®®¡à §¨ï á ­¨«ì¯®â¥­â­ë¬¨
ç¥â­ë¬¨ ª®®à¤¨­ â ¬¨ [667], áã¯¥à ­ «®£¨ ¬­®£®®¡à §¨© �à®¡¥­¨ãá  [668, 669] á ­¥-
ä¨ªá¨à®¢ ­­®© ¬¥âà¨ª®© [670, 671] ¨ ä¨­á«¥à®¢ëå ¯à®áâà ­áâ¢ [672{676], à áá¬ âà¨-
¢ « áì £à ¢¨â æ¨ï [677] ¨ áã¯¥à£à ¢¨â æ¨ï [678] á ­¥®¡à â¨¬ë¬ à¥¯¥à®¬. �¯¨á®ª ®¡é¨å
¯à®¡«¥¬ á ­¥ç¥â­ë¬¨ ­ ¯à ¢«¥­¨ï¬¨ (¨, á«¥¤®¢ â¥«ì­®, á¢ï§ ­­ëå á ­¥®¡à â¨¬®áâìî)
¤«ï áã¯¥à¬­®£®®¡à §¨© ¯à¨¢¥¤¥­ ¢ [679]. �â¬¥â¨¬, çâ® ¤¥« «¨áì ¯®¯ëâª¨  ¡áâà ªâ-
­®£® ®¡®¡é¥­¨ï áã¯¥à «£¥¡à ¨ áã¯¥à¬­®£®®¡à §¨© ­  â¥à­ à­ë¥ áâàãªâãàë [680] ¨ ¬®-
­®¨¤ «ì­ë¥ ª â¥£®à¨¨ [681, 682],   â ª¦¥ ¨áá«¥¤®¢ âì ­¨«ì¯®â¥­â­®áâì [312, 337, 683],
®¡à â¨¬®áâì [684] ¨ ¯®«ã£àã¯¯ë â¥®à¥â¨ª®-ª â¥£®à­ë¬¨ ¬¥â®¤ ¬¨ [685, 686]. � ¤àã-
£®© áâ®à®­ë, ¯®«ã£àã¯¯ë ¢®§­¨ª «¨ ¢ â¥®à¨¨ áã¯¥à «£¥¡à �¨ [687], £à ¤ã¨à®¢ ­­ëå
 «£¥¡à [688, 689] ¨  «£¥¡à �¨ [690, 691], â®¯®«®£¨ç¥áª®© ª¢ ­â®¢®© â¥®à¨¨ ¯®«ï [692],
á¢®¡®¤­ ï ¯®«ã£àã¯¯  ¢®§­¨ª «  ¯à¨ ®¡®¡é¥­¨¨ ä¥à¬¨®­­ëå ¨ ¡®§®­­ëå ª®¬¬ãâ æ¨-

®­­ëå á®®â­®è¥­¨© [693], áã¯¥à¯®«ã£àã¯¯  âà ­á«ïæ¨© ¢ R
1j1
+ ¯à¨¬¥­ï« áì ¯à¨ áã¯¥à-

¯®«¥¢®© ä®à¬ã«¨à®¢ª¥ å à ªâ¥à  �¥à­  [694], ¯®«ã£àã¯¯  �à ­¤â  ¨á¯®«ì§®¢ « áì ¢
â¥­§®à­ëå ª®­áâàãªæ¨ïå â¥®à¨¨ áâàã­ [695].

�¥®¡å®¤¨¬® â ª¦¥ ­ ¯®¬­¨âì ® ¢®§¬®¦­®áâ¨ ®¯à¥¤¥«¥­¨ï áã¯¥à¬­®£®®¡à §¨ï
¡¥§ ¢¢¥¤¥­¨ï ¯®­ïâ¨ï â®¯®«®£¨ç¥áª®£® ¯à®áâà ­áâ¢  [696]. �¤¥áì ¬ë ¯à¥¤« £ ¥¬ ¯®©â¨
¤ «ìè¥ ¢ íâ®¬ ­ ¯à ¢«¥­¨¨ ¨ ®âª § âìáï ®â à áá¬®âà¥­¨ï ª®­ªà¥â­®© ¢­ãâà¥­­¥©

áâàãªâãàë ¨§ ¯®¤áâ¨« îé¨å  «£¥¡à �) (£à áá¬ ­®¢ëå ¨«¨ ¡®«¥¥ ®¡é¨å),   ¢á¥ ®¯à¥-
¤¥«¥­¨ï ­¥®¡à â¨¬ëå áã¯¥à¬­®£®®¡à §¨© ¤ ¢ âì ¢ â¥à¬¨­ å  ¡áâà ªâ­®© â¥®à¨¨ ¯®«ã-
£àã¯¯ [20].

7.1. �¡à â¨¬ë¥ áã¯¥à¬­®£®®¡à §¨ï ¨ ¯®¤å®¤ë ª
¨å ®¯¨á ­¨î

�ãé¥áâ¢ãîâ ¤¢¥ ®á­®¢­ë¥ ¬ â¥¬ â¨ç¥áª¨¥ ª®­æ¥¯æ¨¨ áã¯¥à¬­®£®®¡à §¨ï. �¥à-
¢ ï, à §à ¡®â ­­ ï �¥à¥§¨­ë¬ [33,573,578,592,613,644], �¥©â¥á®¬ [32,34,48,580,697,698]
¨ �®áâ ­â®¬ [699], ­ §ë¢ ¥¬ ï  «£¥¡à ¨ç¥áª®©, á®áâ®¨â ¢ à áè¨à¥­¨¨ ¯ãçª  ¢¥é¥áâ¢¥­-
­ëå äã­ªæ¨© ­  ¤¥©áâ¢¨â¥«ì­®¬ ¬­®£®®¡à §¨¨ ¤® ¯ãçª  Z2-£à ¤ã¨à®¢ ­­ëå ª®¬¬ã-
â â¨¢­ëå  «£¥¡à [60, 75, 392, 394, 421, 646, 700{707]. �â®à®© ¯®¤å®¤, äã­ªæ¨®­ «ì­ë©,
à §¢¨âë© ¢ à ¡®â å �®¤¦¥àá [67, 636, 655, 708{710], �¥�¨ââ  [113] ¨ �« ¤¨¬¨à®¢ -
�®«®¢¨ç  [68, 711] (á¬. ®¡§®à ¢ [236]), á¢®¤¨âáï ª ¬®¤¨ä¨ª æ¨¨ ®¯à¥¤¥«¥­¨ï á ¬®£®
¬­®£®®¡à §¨ï [238,256,257,275,649,656,712,713]. � à ¡®â¥ [714] ¤¥« « áì ¯®¯ëâª  ®¡ê-
¥¤¨­¨âì íâ¨ ¤¢  ¯®¤å®¤  ¨ à áá¬®âà¥âì ¡¥áª®­¥ç­®¬¥à­ë¥ áã¯¥à¬­®£®®¡à §¨ï  «£¥¡à -
¨ç¥áª®£® ¯®¤å®¤  á ¬ã«ìâ¨£à ¤ã¨à®¢ª®©. �à ¢­¨â¥«ì­ë©  ­ «¨§ à §«¨ç­ëå ¯®¤å®¤®¢
ª ®¯à¥¤¥«¥­¨î áã¯¥à¬­®£®®¡à §¨© ¯à®¢®¤¨«áï ¢ [236,237,648,715{719].

7.1.1. � « £ ¥ ¡ à   ¨ ç ¥ á ª ¨ © ¯ ® ¤ å ® ¤ . �ã¯¥à¬­®£®®¡à §¨¥  «£¥¡à ¨ç¥-
áª®£® ¯®¤å®¤  | íâ® ¯ à  (X;OX), £¤¥ X | C

1 -¬­®£®®¡à §¨¥ ¨ OX -¯ãç®ª Z2-
£à ¤ã¨à®¢ ­­ëå ª®¬¬ãâ â¨¢­ëå  «£¥¡à, ã¤®¢«¥â¢®àïîé¨å á«¥¤ãîé¨¬ ãá«®¢¨ï¬: 1)
áãé¥áâ¢ã¥â áîàê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ¯ãçª®¢ � : OX ! C

1 , £¤¥ C1| ¯ãç®ª £« ¤-
ª¨å ¤¥©áâ¢¨â¥«ì­ëå äã­ªæ¨© ­  X; 2) áãé¥áâ¢ã¥â ®âªàëâ®¥ ¯®ªàëâ¨¥ fUig ­  X ¨
¨§®¬®àä¨§¬ë Z2-£à ¤ã¨à®¢ ­­ëå ª®¬¬ãâ â¨¢­ëå  «£¥¡à:

'i : OXjUi ! �
C1jUi; (7.1)

£¤¥ � |  «£¥¡à  �à áá¬ ­ , ¨¬¥îé ï ª®­¥ç­®¥ ç¨á«® K ª ­®­¨ç¥áª¨å  ­â¨ª®¬¬ãâ¨-
àãîé¨å ®¡à §ãîé¨å f�1; : : : �Kg :
�à¨¬¥ç ­¨¥. � §¢ ­­®© ¢ [113] \áª¥«¥â®¬" áã¯¥à¬­®£®®¡à §¨ï.
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� §¤¥« 7. 7.1

� ª®¥ ®¯à¥¤¥«¥­¨¥ áã¯¥à¬­®£®®¡à §¨© ®¡®¡é ¥â  «£¥¡à ¨ç¥áª®¥ ®¯à¥¤¥«¥­¨¥
¤¥©áâ¢¨â¥«ì­®£® £« ¤ª®£® ¬­®£®®¡à §¨ï [720,721].

�§®¬®àä¨§¬ë 'i ®§­ ç îâ, çâ® OX «®ª «ì­® ¬®¦­® à áá¬ âà¨¢ âì ª ª ¯ãç®ª
à®áâª®¢ äã­ªæ¨© ­  X á® §­ ç¥­¨¥¬ ¢  «£¥¡à¥ �à áá¬ ­  �: �î¡ ï â ª ï äã­ªæ¨ï f

¯®«­®áâìî ®¯à¥¤¥«ï¥âáï á¥¬¥©áâ¢®¬ 2K ¤¥©áâ¢¨â¥«ì­ëå äã­ªæ¨© fi1:::ir , ¢å®¤ïé¨å ¢
à §«®¦¥­¨¥ (2.1) ¯à¨ n = K . �á«¨ à áá¬ âà¨¢ âì f ª ª áã¯¥à¯®«¥, ¥¬ã ¡ã¤¥â á®®â¢¥â-
áâ¢®¢ âì áã¯¥à¬ã«ìâ¨¯«¥â, ¢á¥ í«¥¬¥­âë ª®â®à®£® | äã­ªæ¨¨ X! R, ¨, á«¥¤®¢ â¥«ì­®,
íâ¨ äã­ªæ¨¨ ¬®£ãâ à áá¬ âà¨¢ âìáï ª ª ª« áá¨ç¥áª¨¥ ¯®«ï.

�¨áâ¥¬  ª®®à¤¨­ â ­  ®¡« áâ¨ Ui âà¨¢¨ «¨§ æ¨¨ áã¯¥à¬­®£®®¡à §¨ï (X;OX)
á®áâ®¨â ¨§ ª®®à¤¨­ â fxig ­  ¬­®£®®¡à §¨¨ X ¨ ®¡à §ãîé¨å Z2-£à ¤ã¨à®¢ ­­®©  «-
£¥¡àë OXjUi . � ª ç¥áâ¢¥ â ª¨å ®¡à §ãîé¨å ¬®¦­® ¢ë¡à âì ª®®à¤¨­ â­ë¥ äã­ªæ¨¨
[xi] : Ui ! R ¨ «®ª «ì­® ¯®áâ®ï­­ë¥ ­  Ui äã­ªæ¨¨ [�A] á® §­ ç¥­¨¥¬ ¢ ®¡à §ãîé¨å
 «£¥¡à å �à áá¬ ­ . � ª¨¬ ®¡à §®¬ ­¥ç¥â­ë¥ ª®®à¤¨­ âë ¯®ï¢«ïîâáï ª ª ­¥ç¥â­ë¥
®¡à §ãîé¨¥ Z2-£à ¤ã¨à®¢ ­­®©  «£¥¡àë äã­ªæ¨©.

� ª ç¥áâ¢¥ áã¯¥àª®®à¤¨­ â­ëå ¯à¥®¡à §®¢ ­¨© ¢ëáâã¯ îâ  ¢â®¬®àä¨§¬ë ¯ãçª 
(X;OX) : �ãé¥áâ¢ã¥â ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã â ª¨¬¨  ¢â®¬®àä¨§¬ ¬¨ ¨ á¥-
¬¥©áâ¢®¬ fyi ([xi] ; [�A]) ; �A ([xi] ; [�A])g «®ª «ì­ëå á¥ç¥­¨© ¯ãçª  OX: �® § ¤ ­­®¬ã
á¥ç¥­¨î  ¢â®¬®àä¨§¬ ®¯à¥¤¥«ï¥âáï ª ª: xi ! yi (xi; 0) ; f ([yi] ; [�A]) ! f ([xi] ; [�A]).
� ª¨¬ ®¡à §®¬, ç¥â­ë¥ ®¡à §ãîé¨¥ ¯ãçª  [xi] ®â®¦¤¥áâ¢«ïîâáï á ª®®à¤¨­ â ¬¨ ¢
®¡ëç­®¬ á¬ëá«¥. �¤­ ª® â ª®¥ ®â®¦¤¥áâ¢«¥­¨¥ ­ àãè ¥âáï ¯à¨ áã¯¥àª®®à¤¨­ â­®¬
¯à¥®¡à §®¢ ­¨¨, ¯®áª®«ìªã ç¥â­ë¥ ®¡à §ãîé¨¥ [yi] ¯ãçª  ¢ ®â«¨ç¨¥ ®â ­®¢ëå ª®®à¤¨-
­ â á®¤¥à¦ â ­¨«ì¯®â¥­â­ãî ç áâì.

�¥ç¥â­ë¥ ®¡à §ãîé¨¥ ¯ãçª  [�A] ­¥ ï¢«ïîâáï ª®®à¤¨­ â ¬¨ ¢ ®¡ëç­®¬ á¬ëá«¥.
� ¯à¨¬¥à, ¢  «£¥¡à ¨ç¥áª®¬ ¯®¤å®¤¥ ­¥ áãé¥áâ¢ã¥â £«®¡ «ì­ëå âà ­á«ïæ¨© [�A] !
[�A + �] ;£¤¥ � | ­¥ç¥â­ë© í«¥¬¥­â �;­¥ § ¢¨áïé¨© ®â �A: �«¥¤®¢ â¥«ì­®, ª®®à¤¨-
­ âë [xi] ; [�A] áã¯¥à¬­®£®®¡à §¨ï ¨ áã¯¥à¯®«ï f ([xi] ; [�A]) ¤®¯ãáª îâ ¯à¥¤áâ ¢«¥­¨ï
áã¯¥à «£¥¡àë �ã ­ª à¥, ­® ­¥ áã¯¥à£àã¯¯ë �ã ­ª à¥.

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® í«¥¬¥­âë áã¯¥à£àã¯¯ �¨ ¯ à ¬¥âà¨§ãîâáï ®¯à¥¤¥-
«¥­­ë¬ ­ ¡®à®¬ ç¥â­ëå ¨ ­¥ç¥â­ëå í«¥¬¥­â®¢ � [32,33,578]. �, â ª¨¬ ®¡à §®¬, ­¥ç¥â-
­ë¥ ª®®à¤¨­ âë £àã¯¯®¢®£® ¯à®áâà ­áâ¢  ®â«¨ç îâáï ®â äã­ªæ¨®­ «ì­ëå ­¥ç¥â­ëå
ª®®à¤¨­ â [�A]. �®íâ®¬ã £àã¯¯®¢®¥ ¯à®áâà ­áâ¢® áã¯¥à£àã¯¯ �¨ ­¥ ï¢«ï¥âáï áã¯¥à¬-
­®£®®¡à §¨¥¬ ¢ à ¬ª å  «£¥¡à ¨ç¥áª®£® ¯®¤å®¤ .

7.1.2. � ã ­ ª æ ¨ ® ­   « ì ­ ë © ¯ ® ¤ å ® ¤ . �   «£¥¡à¥ �à áá¬ ­  ¬®¦¥â ¡ëâì
§ ¤ ­  áâàãªâãà  ¡ ­ å®¢®©  «£¥¡àë. �â® ¬®¦­® á¤¥« âì, ­ ¯à¨¬¥à, á ¯®¬®éìî ­®à¬ë
¢¨¤  [67]

k�k =
X���aA1:::AJ

��� ; � =
KX
J=0

a
A1:::AJ �A1

: : : �AJ : (7.2)

�ã¯¥à¯à®áâà ­áâ¢® äã­ªæ¨®­ «ì­®£® ¯®¤å®¤  [236] à §¬¥à­®áâ¨ (njm) ®¯à¥-
¤¥«ï¥âáï ª ª ¯àï¬®¥ ¯à®¨§¢¥¤¥­¨¥ n íª§¥¬¯«ïà®¢ ç¥â­®© ç áâ¨ � ¨ m íª§¥¬¯«ïà®¢

­¥ç¥â­®© ç áâ¨ �: Bnjm = �n

0 � �m

1 . � ®¤­®© áâ®à®­ë, â ª®¥ áã¯¥à¯à®áâà ­áâ¢® ¬®-
¦¥â à áá¬ âà¨¢ âìáï ª ª �-®¡®«®çª  Z2-£à ¤ã¨à®¢ ­­®£® ¢¥ªâ®à­®£® ¯à®áâà ­áâ¢ 

L
njm = L0�L1 = Rn�Rm, ª®â®à ï ¯®«ãç ¥âáï ã¬­®¦¥­¨¥¬ ç¥â­ëå (­¥ç¥â­ëå) í«¥¬¥­-

â®¢ L ­  ç¥â­ë¥ (­¥ç¥â­ë¥) í«¥¬¥­âë �. �à¨ â ª®¬ ¯®¤å®¤¥ ¢ ª ç¥áâ¢¥ ¡ §¨á  Bnjm ¢ë-
áâã¯ îâ (n+m) ¡ §¨á­ëå ¢¥ªâ®à®¢ ¯à®áâà ­áâ¢  L : fli; i = 1; : : : ; n; lj; j = 1; : : : ;mg,
  ¢ ª ç¥áâ¢¥ ª®®à¤¨­ â | í«¥¬¥­âë fxi; �jg ¨§ Bnjm . � ¤àã£®© áâ®à®­ë, Bnjm ï¢«ï¥âáï

R
2
L�1(n+m)

| ¬¥à­ë¬ ¤¥©áâ¢¨â¥«ì­ë¬ ¢¥ªâ®à­ë¬ ¯à®áâà ­áâ¢®¬ [722,723].

�  áã¯¥à¯à®áâà ­áâ¢¥ Bnjm à áá¬ âà¨¢ îâáï �-§­ ç­ë¥ äã­ªæ¨¨ f (xi; �j). �å
¤¨ää¥à¥­æ¨à®¢ ­¨¥ ¯® £à áá¬ ­®¢ë¬ ª®®à¤¨­ â ¬ ®¯à¥¤¥«ï¥âáï  ­ «®£¨ç­® ®¡ëç-
­®¬ã ¤¨ää¥à¥­æ¨à®¢ ­¨î ­  ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ å á ãç¥â®¬ á¯¥æ¨ä¨ª¨, á¢ï§ ­-
­®© á  ­â¨ª®¬¬ãâ¨à®¢ ­¨¥¬ ­¥ç¥â­ëå ª®®à¤¨­ â [724,725].
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7.1 � §¤¥« 7.

�«ï § ¤ ­¨ï ª ª ç¥â­®©, â ª ¨ ­¥ç¥â­®© ª®®à¤¨­ âë ¢ äã­ªæ¨®­ «ì­®¬ ¯®¤å®¤¥
­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­® § ¤ âì 2K�1 ¤¥©áâ¢¨â¥«ì­ëå ª®íää¨æ¨¥­â®¢ à §«®¦¥­¨ï ¥¥
¯® ¡ §¨áã �. �ãé¥áâ¢ã¥â  ­ «®£¨ï á ª®¬¯«¥ªá­ë¬  ­ «¨§®¬, £¤¥ ¯¥à¥¬¥­­ ï z = x+ iy

á®¤¥à¦¨â ¤¢¥ ¤¥©áâ¢¨â¥«ì­ë¥ ¯¥à¥¬¥­­ë¥ x ¨ y . �â   ­ «®£¨ï ¬®¦¥â ¡ëâì à áè¨à¥­ .
� ¯à¨¬¥à, ãá«®¢¨¥ áã¯¥à¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¢¥¤¥â ª ãà ¢­¥­¨ï¬ ¤«ï ¯à®¨§¢®¤­ëå ¯®
¤¥©áâ¢¨â¥«ì­ë¬ ª®®à¤¨­ â ¬,  ­ «®£¨ç­ë¬ ãá«®¢¨ï¬ �®è¨-�¨¬ ­  [68]. �  áã¯¥à¯à®-

áâà ­áâ¢¥ M njm ¬®¦¥â ¡ëâì ¯®áâà®¥­  â¥®à¨ï ª®­âãà­®£® ¨­â¥£à¨à®¢ ­¨ï [726{730], ¢
â®¬ ç¨á«¥ ¢ ­¥ç¥â­®¬ á¥ªâ®à¥ [731,732] ¨ ¢ ­¥ª®¬¯ ªâ­®¬ á«ãç ¥ [733].

�ã¯¥à¬­®£®®¡à §¨¥¬ M njm à §¬¥à­®áâ¨ (njm) ­ §ë¢ ¥âáï ¡ ­ å®¢® ¬­®£®®¡à -

§¨¥, ¤®¯ãáª îé¥¥  â« á
n
Ui;  i : Ui ! B

njm
o

, äã­ªæ¨¨ ¯¥à¥å®¤  ª®â®à®£® | áã¯¥à-

£« ¤ª¨¥. �®¦­® ¯®áâà®¨âì ª á â¥«ì­®¥ áã¯¥àà áá«®¥­¨¥ TM njm ­ ¤ ¬­®£®®¡à §¨¥¬

M njm . �¨¯¨ç­ë¬ á«®¥¬ ¥£® ¡ã¤¥â áã¯¥à¯à®áâà ­áâ¢® B
njm , ¨ áâàãªâãà­®© £àã¯¯®©

¡ã¤¥â áã¯¥à£àã¯¯  �¨ L (njm)  ¢â®¬®àä¨§¬®¢ B
njm .

�®­ïâ¨ï áã¯¥à¯à®áâà ­áâ¢ , áã¯¥à¬­®£®®¡à §¨ï, áã¯¥àà áá«®¥­¨ï ¢ äã­ªæ¨®-
­ «ì­®¬ ¯®¤å®¤¥ ï¢«ïîâáï ­¥¯®áà¥¤áâ¢¥­­ë¬¨ £à ¤ã¨à®¢ ­­ë¬¨ ®¡®¡é¥­¨ï¬¨ ¯®­ï-
â¨© ®¡ëç­®© ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨.

7.1.3. �   § « ¨ ç ¨ ï ¬ ¥ ¦ ¤ ã   « £ ¥ ¡ à   ¨ ç ¥ á ª ¨ ¬ ¨ ä ã ­ ª æ ¨ ® ­   « ì -
­ ë ¬ ¯ ® ¤ å ® ¤   ¬ ¨ . �¥ç¥â­ë¥ ª®®à¤¨­ âë [�A] ¢  «£¥¡à ¨ç¥áª®¬ ¯®¤å®¤¥ ï¢«ïîâáï
®¡à §ãîé¨¬¨  «£¥¡àë �à áá¬ ­ , ¢ â® ¢à¥¬ï ª ª ª®®à¤¨­ âë �j ¯à¨­¨¬ îâ §­ ç¥­¨ï
¢® ¢á¥© ­¥ç¥â­®© ç áâ¨ �. �­¤¥ªáë i | íâ® ¨­¤¥ªáë Z2-£à ¤ã¨à®¢ ­­®£® ¢¥ªâ®à-
­®£® ¯à®áâà ­áâ¢  L,   ­¥ ¨­¤¥ªáë ®¡à §ãîé¨å �. �®áª®«ìªã ¯à¨ áâà®£®¬ à áá¬®âà¥-
­¨¨ ­¥ç¥â­ë¥ ª®®à¤¨­ âë [�A]  «£¥¡à ¨ç¥áª®£® ¯®¤å®¤  ¢ëáâã¯ îâ ª ª ®¡à §ãîé¨¥
 «£¥¡àë äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢ �, â® ¢ äã­ªæ¨®­ «ì­®¬ ¯®¤å®¤¥ ­¥ áãé¥áâ¢ã¥â
¯®­ïâ¨ï ­¥ç¥â­ëå ¯¥à¥¬¥­­ëå,   § ¯¨áì ¢¨¤  f (�) «¨èì ãâ®ç­ï¥â ¯® ª ª®© á¨áâ¥¬¥
®¡à §ãîé¨å ¯à®¨§¢®¤¨âáï à §«®¦¥­¨¥. � ¯à®â¨¢, ¢ ¯®¤å®¤¥ äã­ªæ¨®­ «ì­®¬ ­¥ç¥â-
­ë¥ ¢¥«¨ç¨­ë �j ¬®£ãâ à áá¬ âà¨¢ âìáï ª ª ­¥ç¥â­ë¥ ¯¥à¥¬¥­­ë¥, ª ¦¤ ï ¨§ ª®â®àëå

á®¤¥à¦¨â 2K�1 "áªàëâëå" ¨­¤¥ªá®¢ �. �¥â­ë¥, ª®®à¤¨­ âë áã¯¥à¬­®£®®¡à §¨ï äã­ª-
æ¨®­ «ì­®£® ¯®¤å®¤  xi ­¥ ï¢«ïîâáï ¢¥é¥áâ¢¥­­ë¬¨,   ¯à¨­¨¬ îâ §­ ç¥­¨ï ¢ ç¥â­®©
ç áâ¨ �. �«¥¤®¢ â¥«ì­®,¢ ¯®¤å®¤¥ äã­ªæ¨®­ «ì­®¬ ­¥®¡å®¤¨¬  ®á®¡ ï ¯à®æ¥¤ãà  ¤«ï
¯à¨¤ ­¨ï ä¨§¨ç¥áª®£® á¬ëá«  ¬ã«ìâ¨¯«¥â ¬, ®â¢¥ç îé¨¬ áã¯¥à¯®«ï¬.

�ã­ªæ¨¨ ¢  «£¥¡à ¨ç¥áª®¬ ¨ äã­ªæ¨®­ «ì­®¬ ¯®¤å®¤ å, ¯à¨­¨¬ ï §­ ç¥­¨ï

¢ �, ®¯à¥¤¥«¥­ë ­  á®¢¥àè¥­­® à §­ëå ¬­®¦¥áâ¢ å ( R ¨ B
njm á®®â¢¥âáâ¢¥­­®). �

 «£¥¡à ¨ç¥áª®¬ ¯®¤å®¤¥ à §«®¦¥­¨¥ äã­ªæ¨¨ ¯® ­¥ç¥â­ë¬ ®¡à §ãîé¨¬ [�A] ¥áâì ¥¥
à §«®¦¥­¨¥ ¯® ¡ §¨áã ®¡« áâ¨ §­ ç¥­¨©, ¢ â® ¢à¥¬ï ª ª ¢ äã­ªæ¨®­ «ì­®¬ ¯®¤å®¤¥
à §«®¦¥­¨¥ äã­ªæ¨¨ ¯® ­¥ç¥â­ë¬ ¯¥à¥¬¥­­ë¬ �j  ­ «®£¨ç­® à §«®¦¥­¨î ¢ àï¤ �¥©-
«®à . �à®¬¥ â®£®, ¯à¨ ­¥ç¥â­®¬ ç¨á«¥ £¥­¥à â®à®¢ ¢ � áãé¥áâ¢ã¥â ­¥®¤­®§­ ç­áâì ¢
®¯à¥¤¥«¥­¨¨ ¯à®¨§¢®¤­ëå @=@� , ª®â®à ï ®âáãâáâ¢ã¥â ¯à¨  «£¥¡à ¨ç¥áª®¬ ®¯à¥¤¥«¥­¨¨
@=@�A ¢  «£¥¡à ¨ç¥áª®¬ ¯®¤å®¤¥ [734].

�«ï ¯à¨¤ ­¨ï ä¨§¨ç¥áª®£® á¬ëá«  áã¯¥à¯®«¥¢ë¬ ¬®¤¥«ï¬ ­¥®¡å®¤¨¬® á ª -

¦¤ë¬ áã¯¥à¬­®£®®¡à §¨¥¬ M njm á¢ï§ âì ¤¥©áâ¢¨â¥«ì­®¥ ¬­®£®®¡à §¨¥ ¨ ãáâ ­®¢¨âì
á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã äã­ªæ¨ï¬¨ ­  ­¨å. �à¨ à áá¬®âà¥­¨¨ âà¨¢¨ «ì­®£® áã¯¥à¬­®£®-

®¡à §¨ï | ®¡« áâ¨ ¢ Bnjm | âàã¤­®áâ¥© ­¥ ¢®§­¨ª ¥â, â ª ª ª Rn � Bnjm ¨ áãé¥áâ¢ã¥â

¢§ ¨¬­®®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã áã¯¥à£« ¤ª¨¬¨ äã­ªæ¨ï¬¨ ­  B
nj0 (â.¥. í«¥-

¬¥­â ¬¨ áã¯¥à¬ã«ìâ¨¯«¥â  fi1:::ir (xi) ¤«ï áã¯¥à¯®«ï f (xi; �j)) ¨ £« ¤ª¨¬¨ äã­ªæ¨ï¬¨

­  Rn (ä¨§¨ç¥áª¨¬¨ ¯®«ï¬¨ fi1:::ir (x0)). �®âï ¯¥à¥å®¤ ®â fi1:::ir (xi) ª fi1:::ir (x0) ­¥ ®£®-
¢ à¨¢ ¥âáï ¢ ä¨§¨ç¥áª¨å à ¡®â å, ®­ ­¥®¡å®¤¨¬, â ª ª ª ä¨§¨ç¥áª¨¥ ¯®«ï | äã­ªæ¨¨
¢¥é¥áâ¢¥­­ëå ¯¥à¥¬¥­­ëå.

�«®¦­¥¥ ¤¥«® ®¡áâ®¨â ¢ ®¡é¥¬ á«ãç ¥. �¥âà¨¢¨ «ì­ ï áª«¥©ª  ®¡« áâ¥© B
njm

§ âàã¤­ï¥â ¢ë¤¥«¥­¨¥ Rn. �«ï íâ®£® ®¡ëç­® ¨á¯®«ì§ã¥âáï ®â®¡à ¦¥­¨¥ �, áâ ¢ïé¥¥

152



� §¤¥« 7. 7.2

¢ á®®â¢¥âáâ¢¨¥ í«¥¬¥­âã � ¥£® ¤¥©áâ¢¨â¥«ì­ãî ç áâì. �  áã¯¥à¬­®£®®¡à §¨¨ ®¯à¥-

¤¥«ï¥âáï ®â­®è¥­¨¥ íª¢¨¢ «¥­â­®áâ¨: x s y

�
x; y 2 M njm

�
, ¥á«¨ áãé¥áâ¢ã¥â ª àâ 

(U ;  ) : x 2 U ; y 2 U ¨ � (x) = � (y). �¤­ ª® íâ® ®â­®è¥­¨¥ ­¥ ¢ëï¢«ï¥âáï ¢ ®¡é¥¬
á«ãç ¥ ­¥§ ¢¨á¨¬ë¬ ®â ¢ë¡®à  ª àâë (¥á«¨ ª àâë ¨¬¥îâ ­¥á¢ï§­®¥ ¯¥à¥á¥ç¥­¨¥). � 
áã¯¥à¬­®£®®¡à §¨¨ ¬®¦­® § ¤ âì â ª®©  â« á, çâ® �-íª¢¨¢ «¥­â­®áâì ¡ã¤¥â ®¯à¥¤¥«¥­ 
£«®¡ «ì­®­  ¬­®£®®¡à §¨¨ [254,735,736]. �¤­ ª® ä ªâ®à áã¯¥à¬­®£®®¡à §¨ï ¯® â ª®¬ã
®â­®è¥­¨î íª¢¨¢ «¥­â­®áâ¨ ­¥ ¢á¥£¤  ¡ã¤¥â ¤ ¦¥ â®¯®«®£¨ç¥áª¨¬ ¬­®£®®¡à §¨¥¬.

�â  ¯à®¡«¥¬  ï¢«ï¥âáï ®¡é¥© ¤«ï ¢á¥å ¬®¤¥«¥©, ¨á¯®«ì§ãîé¨å ä®à¬ «¨§¬ áã-
¯¥à¯®«¥©, ¨ ®áâ ¥âáï ¯à¨­æ¨¯¨ «ì­®© ¤«ï ä¨§¨ç¥áª®© ¨­â¥à¯à¥â æ¨¨ áã¯¥à£¥®¬¥âà¨-
ç¥áª®£® ä®à¬ «¨§¬  [239,737,738].

7.2. �¡à â¨¬ë¥ áã¯¥à¬­®£®®¡à §¨ï ¢ â¥à¬¨­ å
®ªà¥áâ­®áâ¥©

� áá¬®âà¨¬ áâ ­¤ àâ­®¥ ®¯à¥¤¥«¥­¨¥ áã¯¥à¬­®£®®¡à §¨ï M ¢ â¥à¬¨­ å ®ªà¥áâ-
­®áâ¥© [68, 185, 238], ª®â®à®¥ ®â«¨ç ¥âáï ®â ®¯à¥¤¥«¥­¨ï ®¡ëç­®£® ¬­®£®®¡à §¨ï [739,
740] «¨èì \áã¯¥à" â¥à¬¨­®«®£¨¥©. �«¥¤ãîé¥¥ ¯®áâà®¥­¨¥ ï¢«ï¥âáï ®¡é¥¯à¨­ïâë¬ ¤«ï
®¯¨á ­¨ï ¬­®£®®¡à §¨© [741] ¨ áã¯¥à¬­®£®®¡à §¨© [113,236] ¢ â¥à¬¨­ å ®ªà¥áâ­®áâ¥©.
�ã¯¥à¬­®£®®¡à §¨¥ ¯®ªàë¢ ¥âáï ­ ¡®à®¬ áã¯¥à®¡« áâ¥© U� , â ª¨å,çâ® M =

S
�

U� .

� â¥¬ ¢ ª ¦¤®© ®¡« áâ¨ ¢ë¡¨à îâáï ­¥ª®â®àë¥ äã­ªæ¨¨ (ª®®à¤¨­ â­ë¥ ®â®¡à ¦¥-

­¨ï) '� : U� ! D
njm � Rnjm, £¤¥ Rnjm ¯à¥¤áâ ¢«ï¥â á®¡®© áã¯¥à¯à®áâà ­áâ¢®,¢ ª®â®-

à®¬ áãé¥áâ¢ãîâ \áã¯¥àè àë" ¨ D
njm ®âªàëâ ï ®¡« áâì ¢ Rnjm. � «¥¥, ¯ à  fU�; '�g

­ §ë¢ ¥âáï «®ª «ì­®© ª àâ®©,   ®¡ê¥¤¨­¥­¨¥ ª àâ
S
�

fU�; '�g ®¡êï¢«ï¥âáï  â« á®¬

áã¯¥à¬­®£®®¡à §¨ï.
� â¥¬ ¢¢®¤ïâáï áª«¥¨¢ îé¨¥ äã­ªæ¨© ¯¥à¥å®¤  á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì

U�� = U� \ U� 6= ? ¨

'� : U�! V� � Rnjm;
'� : U� ! V� � Rnjm:

(7.3)

� â®¬ã ¦¥, ¢ëè¥ã¯®¬ï­ãâë¥ ¬®àä¨§¬ë ®£à ­¨ç¨¢ îâáï '� : U�� ! V�� =

V� \ '� (U��) ¨ '� : U�� ! V�� = V� \ '� (U��). �â®¡à ¦¥­¨ï ��� : V�� ! V�� ,
ª®â®àë¥ ­¥®¡å®¤¨¬ë, çâ®¡ë á¤¥« âì á«¥¤ãîéãî ¤¨ £à ¬¬ã

U�� V��

V��

'�

@
@
@@R

'�-

?

���

(7.4)

ª®¬¬ãâ¨àãîé¥©, ­ §ë¢ îâáï äã­ªæ¨ï¬¨ ¯¥à¥å®¤  ¬­®£®®¡à §¨ï ¢ ¤ ­­®¬  â« á¥.

�¤¥áì ¬ë ¯®¤ç¥àª¨¢ ¥¬, ¢®-¯¥à¢ëå, çâ® U�� � M ,   V��; V�� � Rnjm. �®-¢â®àëå, ¨§

(7.4) ®¡ëç­® ¤¥« ¥âáï ¢ë¢®¤, çâ®

��� = '� � '�1� : (7.5)

(�ã¯¥à) äã­ªæ¨¨ ¯¥à¥å®¤  ��� ¤ îâ ­ ¬ ¢®§¬®¦­®áâì ª ¢®ááâ ­®¢¨âì ¢á¥ (áã-

¯¥à) ¬­®£®®¡à §¨¥ M ¨§ ¨­¤¨¢¨¤ã «ì­ëå ª àâ ¨ ª®®à¤¨­ âëå ®â®¡à ¦¥­¨©. � á ¬®¬
¤¥«¥, ®­¨ á®¤¥à¦ â ¢áî ¨­ä®à¬ æ¨î ® (áã¯¥à) ¬­®£®®¡à §¨¨. �­¨ ¬®£ãâ ¯à¨­ ¤«¥¦ âì
ª à §«¨ç­ë¬ äã­ªæ¨®­ «ì­ë¬ ª« áá ¬, çâ® ¤ ¥â ¢®§¬®¦­®áâì ãâ®ç­¨âì ¡®«¥¥ ã§ª¨¥
ª« ááë ¬­®£®®¡à §¨© ¨ áã¯¥à¬­®£®®¡à §¨©, ­ ¯à¨¬¥à (áã¯¥à) £« ¤ª¨¥,  ­ «¨â¨ç¥áª¨¥,
«¨¯è¨æ¥¢ë ¨ ¤àã£¨¥ [741,742]. � ¡®«ìè¨­áâ¢¥ á«ãç ¥¢ \áã¯¥à" â®«ìª® ä®à¬ «ì­® à §-
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7.3 � §¤¥« 7.

«¨ç ¥â ®ªà¥áâ­®áâ­®¥ ®¯à¥¤¥«¥­¨¥ ¬­®£®®¡à §¨ï ¨ áã¯¥à¬­®£®®¡à §¨ï (çâ® ¤ ¥â ­ ¬
¢®§¬®¦­®áâì § ¯¨á âì ¥£® ¢ áª®¡ª å) ¨ á¢®©áâ¢  äã­ªæ¨© ��� , ¡®«ìè¨­áâ¢® ¦¥ ä®à-

¬ã« ¯à¨ íâ®¬ ®áâ îâáï ¯à¥¦­¨¬¨ [67, 113, 254]. �¤¥áì ¬ë ­¥ ®¡áã¦¤ ¥¬ ¨å ¯®¤à®¡­®
¨ ¯ëâ ¥¬áï ­ « £ âì ¬¨­¨¬ã¬ ®£à ­¨ç¥­¨© ­  ��� , ª®­æ¥­âà¨àãï ­ è¥ ¢­¨¬ ­¨¥ ­ 

¨å  ¡áâà ªâ­ëå á¢®©áâ¢ å ¨ ®¡®¡é¥­¨ïå, á«¥¤ãîé¨å ¨§ ­¨å. �®¯®«­¨â¥«ì­®, ¨§ (7.5)
á«¥¤ã¥â, çâ® äã­ªæ¨¨ ¯¥à¥å®¤  ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ ª®æ¨ª« 

��1
��

= ��� (7.6)

­  ¯¥à¥á¥ç¥­¨ïå U� \ U� ¨

��� � ��
 � �
� = 1�� (7.7)

­  âà®©­ëå ¯¥à¥á¥ç¥­¨ïå U�\U�\U
 , £¤¥ 1��
def

= id (U�) . �¡ëç­® ¯à¥¤¯®« £ ¥âáï, çâ®
¢á¥ ®â®¡à ¦¥­¨ï '� ï¢«ïîâáï £®¬¥®¬®àä¨§¬ ¬¨, ¨ ®­¨ ¬®£ãâ ®¯¨áë¢ âìáï ¢§ ¨¬®®¤­®-
§­ ç­ë¬¨ ®¡à â¨¬ë¬¨ ­¥¯à¥àë¢­ë¬¨ (áã¯¥à) £« ¤ª¨¬¨ äã­ªæ¨ï¬¨ (â. ¥. ¯à®¨áå®¤¨â
\¯¥à¥å®¤" ¢ ®¡®¨å ­ ¯à ¢«¥­¨ïå ¬¥¦¤ã «î¡ë¬¨ ¤¢ã¬ï ¯¥à¥á¥ª îé¨¬¨áï ®¡« áâï¬¨

U� \ U� 6= ?). �®¦­® ¡ë«® ¡ë ¯à¥¤¯®«®¦¨âì, çâ® «®£¨ç­® ­¥ ®â«¨ç âì U� ¨ D
njm ,

â. ¥. «®ª «ì­® áã¯¥à¬­®£®®¡à §¨ï ¯à¥¤áâ ¢«ïîâáï ª ª æ¥«®áâ­®¥ áã¯¥à¯à®áâà ­áâ¢®

Rnjm. �¤­ ª®, ¤¥«® ­¥ â®«ìª® ¢ ¡®«¥¥ ¡®£ â®© áâàãªâãà¥ à áá«®¥­¨¨ [369, 743, 744] ¨
¯ãçª  [32, 34, 699] ¨§-§  à áá¬®âà¥­¨ï ¢á¥å ¯®áâà®¥­¨© ­ ¤  «£¥¡à®© �à áá¬ ­  (¨«¨
­ ¤ ¡®«¥¥ ®¡é¥©  «£¥¡à®© [68, 114, 275, 654]). �à®¡«¥¬  § ª«îç ¥âáï ¢ ¨­®¬  ¡áâà ªâ-
­®¬ ãà®¢­¥ ¯®áâà®¥­¨©, ¥á«¨ ãá«®¢¨ï ®¡à â¨¬®áâ¨ ¢ ­¥ª®â®à®© ¬¥à¥ ®á« ¡«¥­ë.

7.3. �¥®¡à â¨¬ë¥ áã¯¥à¬­®£®®¡à §¨ï

� ­¥¥ áãé¥áâ¢®¢ « á«¥¤ãîé¨© ®¡é¨© à¥æ¥¯â: ¨¬¥îâáï £®â®¢ë¥ ®¡ê¥ªâë (­ ¯à¨-
¬¥à ¢¥é¥áâ¢¥­­ë¥ ¬­®£®®¡à §¨ï, ª®â®àë¥ ¬®£ãâ ¡ëâì ¨áá«¥¤®¢ ­ë ¯®çâ¨ ¢¨§ã «ì­®),  
§ â¥¬, ¨á¯®«ì§ãï à §«¨ç­ë¥ ¯à¨¥¬ë ¨ ¤®£ ¤ª¨, ¢ëç¨á«ï«¨áì ®£à ­¨ç¥­¨ï ­  äã­ªæ¨¨
¯¥à¥å®¤  (á¬., ­ ¯à¨¬¥à, [562,739,741]). �¥á¬®âàï ­  íâ®, ­¥®¡à â¨¬ë¥ äã­ªæ¨¨ ¯à®áâ®
¨áª«îç «¨áì ¨§ à áá¬®âà¥­¨ï áã¯¥à¬­®£®®¡à §¨© [469,645,722] (¯à®¨§­®áï ¬ £¨ç¥áª¨¥
á«®¢  \ä ªâ®à¨§ãï ¯® ­¨«ì¯®â¥­â ¬, ¬ë ®¯ïâì ¯®«ãç ¥¬ ¨§¢¥áâ­ë© à¥§ã«ìâ â"), ¢á«¥¤-
áâ¢¨¥ ¦¥« ­¨ï ¡ëâì ¢ ­ ¨¡®«¥¥ ¡«¨§ª®©  ­ «®£¨¨ á ¨­âã¨â¨¢­® ïá­ë¬ ¨ ¯®­¨¬ ¥¬ë¬
­¥áã¯¥àá¨¬¬¥âà¨ç­ë¬ á«ãç ¥¬. �¤¥áì ¬ë ¨¤¥¬ ¢ ®¡à â­®¬ ­ ¯à ¢«¥­¨¨: ¨§¢¥áâ­®, çâ®
¢ áã¯¥à¬ â¥¬ â¨ª¥ ­¥®¡à â¨¬ë¥ ¯¥à¥¬¥­­ë¥ ¨ äã­ªæ¨¨ áãé¥áâ¢ãîâ. � ª¨¥ ®¡ê¥ªâë
¬®£ãâ ¡ëâì ¯®áâà®¥­ë ¯®áà¥¤áâ¢®¬ ­¨å? �â® ¤ ¥â \ä ªâ®à¨§ æ¨ï ¯® ­¥­¨«ì¯®â¥­â ¬",
â. ¥. à áá¬®âà¥­¨¥ ­¥£àã¯¯®¢ëå ®á®¡¥­­®áâ¥© â¥®à¨¨? � ª ¨§¬¥­ïâáï ®¡é¨©  ¡áâà ªâ-
­ë© á¬ëá« á ¬ëå ¢ ¦­ëå ¯®­ïâ¨©, ­ ¯à¨¬¥à ¬­®£®á¢ï§­ëå ®¡« áâ¥© ¨ à áá«®¥­¨©?
�ë á¥©ç á ¯®¯ëâ ¥¬áï ®áâ ¢¨âì ¢ áâ®à®­¥ ¢­ãâà¥­­¥¥ áâà®¥­¨¥ ­¥®¡à â¨¬ëå ®¡ê¥ª-
â®¢,  ­ «®£¨ç­ëå áã¯¥à¬­®£®®¡à §¨ï¬, ¨ áª®­æ¥­âà¨àã¥¬ ­ è¥ ¢­¨¬ ­¨¥ ­  ®¡é¨å
 ¡áâà ªâ­ëå ®¯à¥¤¥«¥­¨ïå.

�ç¥¢¨¤­®, çâ® áà¥¤¨ ®à¤¨­ à­ëå (­¥áã¯¥àá¨¬¬¥âà¨ç­ëå) äã­ªæ¨© ¨ ®â®¡à -
¦¥­¨© â ª¦¥ áãé¥áâ¢ãîâ ­¥®¡à â¨¬ë¥ [272, 276] (¨ ­¥à¥¢¥àá¨¢­ë¥ [745]), ­® â¨¯ ­¥-
®¡à â¨¬®áâ¨, à áá¬ âà¨¢ ¥¬ë© §¤¥áì, ¢¥áì¬  á¯¥æ¨ «ì­ë©: ®­ ¢®§­¨ª ¥â â®«ìª® ¨§-§ 
áãé¥áâ¢®¢ ­¨ï ­¨«ì¯®â¥­â®¢ ¢ ¯®¤áâ¨« îé¥© áã¯¥à «£¥¡à¥ [259,653,654]. �¤¥áì ¬ë ­¥
à áá¬ âà¨¢ ¥¬ ª®­ªà¥â­ë¥ ãà ¢­¥­¨ï ¨ á¯®á®¡ë ¨å à¥è¥­¨ï, ¬ë â®«ìª® ¨á¯®«ì§ã¥¬
ä ªâ ¨å áãé¥áâ¢®¢ ­¨ï, çâ®¡ë ¯¥à¥ä®à¬ã«¨à®¢ âì ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï ¨ à áè¨-
à¨âì ¨§¢¥áâ­ë¥ ¯®­ïâ¨ï.

7.3.1. � ® « ã á ã ¯ ¥ à ¬ ­ ® £ ® ® ¡ à   § ¨ ï . �¥¯¥àì ¬ë áä®à¬ã«¨àã¥¬ ®ªà¥áâ-
­®áâ­®¥ ®¯à¥¤¥«¥­¨¥ ®¡ê¥ªâ ,  ­ «®£¨ç­®£® áã¯¥à¬­®£®®¡à §¨î, â. ¥. ¯®¯ëâ ¥¬áï ®á« -
¡¨âì âà¥¡®¢ ­¨¥ ®¡à â¨¬®áâ¨ ª®®à¤¨­ â­ëå ®â®¡à ¦¥­¨© [7]. � áá¬®âà¨¬ ­¥ª®â®à®¥
®¡®¡é¥­­®¥ (¢ ª ª®¬ á¬ëá«¥, ¡ã¤¥â ¯®ïá­¥­® ­¨¦¥) áã¯¥à¯à®áâà ­áâ¢® M , ¯®ªàë-
â®¥ ®âªàëâë¬¨ ¬­®¦¥áâ¢ ¬¨ U� ª ª M =

S
�

U� . �à¥¤¯®«®¦¨¬, çâ® ®â®¡à ¦¥­¨ï

'� : U� ! V� � Rnjm ­¥ ¢á¥ ®¡à â¨¬ë¥ £®¬¥®¬®àä¨§¬ë, â. ¥. áà¥¤¨ ­¨å ¨¬¥îâáï ­¥®¡à -
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â¨¬ë¥ ®â®¡à ¦¥­¨ï. �¬¥­­® ¢ íâ®¬ á¬ëá«¥ áã¯¥à¯à®áâà ­áâ¢® M ï¢«ï¥âáï ­¥®¡à â¨¬®

®¡®¡é¥­­ë¬, ¨ ¢¬¥áâ® Rnjm ¬®¦­® à áá¬ âà¨¢ âì â ª¦¥ ­¥ª®â®à®¥ ¥£® ­¥®¡à â¨¬®¥ ®¡-
®¡é¥­¨¥.

�¯à¥¤¥«¥­¨¥ 7.1.���������� àâ  ¥áâì ¯ à  fU inv

�
; '

inv

�
g, £¤¥ 'inv

�
| ®¡à â¨¬ë© ¬®àä¨§¬.

���������������®«ãª àâ  ¥áâì ¯ à  fU noninv

�
; '

noninv

�
g, £¤¥ 'noninv

�
| ­¥®¡à â¨¬ë¥ ¬®àä¨§¬ë.

�¯à¥¤¥«¥­¨¥ 7.2.���������������®«ã â« á fU�; '�g ¥áâì ®¡ê¥¤¨­¥­¨¥ ª àâ ¨ ¯®«ãª àâ

fU inv

�
; '

inv

�
g [ fU noninv

�
; '

noninv

�
g.

�¯à¥¤¥«¥­¨¥ 7.3.�������������������������������®«ãáã¯¥à¬­®£®®¡à §¨¥ ¥áâì áã¯¥à¯à®áâà ­áâ¢® M , ¯à¥¤áâ -

¢«¥­­®¥ ¢ ª ç¥áâ¢¥ ¯®«ã â« á  M =
S
�

fU�; '�g.

�¯à¥¤¥«¨¬  ­ «®£ äã­ªæ¨© ¯¥à¥å®¤  ¯®«ãáã¯¥à¬­®£®®¡à §¨© �). �ë ¤®«¦­ë
à áá¬ âà¨¢ âì âã ¦¥ ¤¨ £à ¬¬ã (7.4), ­® ¬ë ­¥ ¬®¦¥¬ ¨á¯®«ì§®¢ âì (7.5) ¨§-§  ­¥-
®¡à â¨¬®áâ¨ ­¥ª®â®àëå '� .

�¯à¥¤¥«¥­¨¥ 7.4. �ª«¥¨¢ îé¨¥ �����������äã­ªæ¨¨�������������������¯®«ã¯¥à¥å®¤  ¯®«ãáã¯¥à¬­®£®®¡à §¨ï

®¯à¥¤¥«ïîâáï ãà ¢­¥­¨ï¬¨
��� � '� = '� (7.8)

��� � '� = '�: (7.9)

� ¬¥ç ­¨¥ 7.5. �â®¡ë ­ ©â¨ ��� , ãà ¢­¥­¨¥ (7.8) ­¥ ¬®¦¥â ¡ëâì à¥è¥­® á ¯®¬®-

éìî (7.5). �¬¥áâ® íâ®£® ¬ë ¤®«¦­ë ¨áª âì ¨áªãááâ¢¥­­ë¥ ¯à¨¥¬ë ¥£® à¥è¥­¨ï, ª ª ¢
¯à¥¤ë¤ãé¥¬ ¯®¤à §¤¥«¥, à §«®¦¥­¨¥¬ ¢ àï¤ ¯® £¥­¥à â®à ¬ áã¯¥à «£¥¡àë (á¬. ­ ¯à¨-
¬¥à, [752{754]), «¨¡® ¨á¯®«ì§ãï  ¡áâà ªâ­ë¥ ¬¥â®¤ë â¥®à¨¨ ¯®«ã£àã¯¯ [29,92], ª®â®àë¥
à áá¬ âà¨¢ îâ à¥è¥­¨ï ãà ¢­¥­¨© ª ª ª« ááë íª¢¨¢ «¥­â­®áâ¨.

�ã­ªæ¨¨ ��� â¥¯¥àì ­ å®¤ïâáï ­¥ ¨§ (7.6), £¤¥ «¥¢ ï ç áâì ­¥ ¢¯®«­¥ ®¯à¥¤¥«¥­ ,
  ¨§ ª®¬¬ãâ â¨¢­®© ¤¨ £à ¬¬ë

U�� V��

V��

'�

@
@
@@R

'�-

6���

(7.10)

¨ ãà ¢­¥­¨ï (7.9), á«¥¤ãîé¥£® ¨§ ­¥¥. �¤­ ª® â¥¯¥àì äã­ªæ¨¨ ��� ¬®£ãâ ¡ëâì â ª¦¥

­¥®¡à â¨¬ë¬¨, ¨, á«¥¤®¢ â¥«ì­®, ãá«®¢¨ï ª®æ¨ª«  (7.6){(7.7) ¤®«¦­ë ¡ëâì ¬®¤¨ä¨æ¨-
à®¢ ­ë, çâ®¡ë ­¥ ¨á¯®«ì§®¢ âì ®¡à â¨¬®áâì [20].

� ¬¥ç ­¨¥ 7.6. � ¦¥ ¢ áâ ­¤ àâ­®¬ á«ãç ¥ ãá«®¢¨ï ª®æ¨ª«  (7.7) ¤«ï áã¯¥à¬­®£®-
®¡à §¨©  ¢â®¬ â¨ç¥áª¨ ­¥ ã¤®¢«¥â¢®àïîâáï, ª®£¤  ãá«®¢¨¥ (7.5) ¨¬¥¥â ¬¥áâ®, ¨ ¯®íâ®¬ã
®­¨ ¤®«¦­ë ¡ëâì ­ «®¦¥­ë ¨áªãááâ¢¥­­® ¤®¯®«­¨â¥«ì­ë¬¨ âà¥¡®¢ ­¨ï¬¨ [469].

� ª¨¬ ®¡à §®¬, ¢¬¥áâ® (7.6) ¨ (7.7) ¬ë ¯®«ãç ¥¬

�à¨¬¥ç ­¨¥. �â¬¥â¨¬, çâ® ¨¬¥¥âáï áå®¤­ ï â¥à¬¨­®«®£¨ï ¤«ï ¤àã£¨å (®â«¨ç­ëå ®â à áá¬ âà¨-
¢ ¥¬®£®) ®¡®¡é¥­¨© ¬­®£®®¡à §¨©: ¯®«ãà¨¬ ­®¢ë ¬­®£®®¡à §¨ï [746{748], ¯®«ã¯á¥¢¤®à¨¬ ­®¢ë ¯à®-
áâà ­áâ¢  [553], ¯®«ã¨­¢ à¨ ­â­ë¥ ¯®¤¬­®£®®¡à §¨ï [749{751].
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�â¢¥à¦¤¥­¨¥ 7.7. �ã­ªæ¨¨ ¯®«ã¯¥à¥å®¤  ¯®«ãáã¯¥à¬­®£®®¡à §¨ï ã¤®¢«¥â¢®àïîâ
á«¥¤ãîé¨¬ ®â­®è¥­¨ï¬

��� � ��� � ��� = ��� (7.11)

­  U� \ U� ¯¥à¥á¥ç¥­¨ïå ¨

��� � ��
 � �
� � ��� = ���; (7.12)

��
 � �
� � ��� � ��
 = ��
; (7.13)

�
� � ��� � ��
 � �
� = �
� (7.14)

­  âà®©­ëå ¯¥à¥á¥ç¥­¨ïå U� \ U� \ U
 ¨

��� � ��
 � �
� � ��� � ��� = ���; (7.15)

��
 � �
� � ��� � ��� � ��
 = ��
; (7.16)

�
� � ��� � ��� � ��
 � �
� = �
�; (7.17)

��� � ��� � ��
 � �
� � ��� = ��� (7.18)

­  U� \ U� \ U
 \ U� .

�¤¥áì ¯¥à¢®¥ á®®â­®è¥­¨¥ (7.11) ¯à¨§¢ ­® ®¡®¡é¨âì ¯¥à¢®¥ ãá«®¢¨¥ ª®æ¨ª« 
(7.6), â®£¤  ª ª ¤àã£¨¥ á®®â­®è¥­¨ï á®®â¢¥âáâ¢ãîâ (7.7). �ë ­ §ë¢ ¥¬ á®®â­®è¥­¨ï
(7.11){(7.18) ¡ è¥­­ë¬¨ á®®â­®è¥­¨ï¬¨ [20].

�¯à¥¤¥«¥­¨¥ 7.8. �®«ãáã¯¥à¬­®£®®¡à §¨¥ | �����������������à¥ä«¥ªá¨¢­®¥, ¥á«¨, ¢ ¤®¯®«­¥­¨¥ ª

(7.11){(7.18), äã­ªæ¨¨ ¯®«ã¯¥à¥å®¤  ��� ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ à¥ä«¥ªá¨¢­®áâ¨

��� � ��� � ��� = ��� (7.19)

­  U� \ U� ¯¥à¥á¥ç¥­¨ïå ¨

��
 � �
� � ��� � ��
 = ��
; (7.20)

�
� � ��� � ��
 � �
� = �
�; (7.21)

��� ���
 � �
� � ��� = ��� (7.22)

­  âà®©­ëå ¯¥à¥á¥ç¥­¨ïå U� \ U� \ U
 ¨

��� � ��
 � �
� � ��� � ��� = ���; (7.23)

��
 � �
� � ��� � ��� � ��
 = ��
 ; (7.24)

�
� � ��� � ��� � ��
 � �
� = �
�; (7.25)

��� � ��� � ��
 � �
� � ��� = ��� (7.26)

­  U� \ U� \ U
 \ U� .

� ¬¥ç ­¨¥ 7.9. �®¦­® ¡ë«® ¡ë áç¨â âì, çâ® ãá«®¢¨ï à¥ä«¥ªá¨¢­®áâ¨ (7.19){(7.26) ®â-
«¨ç îâáï ®â (7.11){(7.18) «¨èì ¨­¤¥ªá®¬ ¯¥à¥áâ ­®¢ª¨, ®¤­ ª®, íâ® â ª. �ã­ªæ¨¨ ��� ,
¢å®¤ïé¨¥ ¢ íâ¨ ¤¢¥ á¨áâ¥¬ë ãà ¢­¥­¨©, ï¢«ïîâáï â¥¬¨ ¦¥ á ¬ë¬¨, ¨, á«¥¤®¢ â¥«ì­®, ¯®-
á«¥¤­¨¥ ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã ­¥§ ¢¨á¨¬ëå ãà ¢­¥­¨©, ­ ª« ¤ë¢ ¥¬ëå ­  ��� .

�à¥¤«®¦¥­¨¥ 7.10. �®®â­®è¥­¨ï,  ­ «®£¨ç­ë¥ (7.11){(7.26), ­® ¨¬¥îé¨¥ ¤¢ 
¨«¨ ¡®«¥¥ ¬­®¦¨â¥«¥© ¢ ¯à ¢®© ç áâ¨, á«¥¤ãîâ ¨§ ¯à¥¤ë¤ãé¨å.

�®ª § â¥«ìáâ¢®. � ¯à¨¬¥à, à áá¬®âà¨¬

��� � ��
 � �
� � ��� � ��
 = ��� � ��
: (7.27)
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�¬­®¦ ï á¯à ¢  ­  ���; ¬ë ¢ë¢®¤¨¬

��� � ��
 � �
� � ��� � ��
 � ��� = ��� � ��
 � ���: (7.28)

� â¥¬, ¨á¯®«ì§ãï (7.11), ¬ë ¯®«ãç ¥¬

��� � ��
 � �
� � ��� = ���; (7.29)

çâ® á®¢¯ ¤ ¥â á (7.12). �

� ¬¥ç ­¨¥ 7.11. � «î¡ëå ¤¥©áâ¢¨ïå á ­¥®¡à â¨¬ë¬¨ äã­ªæ¨ï¬¨ ��� ¬ë ­¥ ¨¬¥¥¬
¯à ¢  á®ªà é âì, ¯®áª®«ìªã ¯®«ã£àã¯¯  äã­ªæ¨© ��� ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ã£àã¯¯ã

¡¥§ á®ªà é¥­¨©, ¨ ¬ë ¢ë­ã¦¤¥­ë ¨á¯®«ì§®¢ âì ¬¥â®¤ë, ¯®¤®¡­ë¥ [266,274,755,756].

�«¥¤áâ¢¨¥ 7.12. �®®â­®è¥­¨ï (7.11){(7.26) ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥­­® ¢
áâ ­¤ àâ­®¬ ®¡à â¨¬®¬ á«ãç ¥, â. ¥. ª®£¤  ãá«®¢¨ï (7.5), (7.6) ¨ (7.7) ¢ë¯®«­ï-
îâáï.

� ¬¥ç ­¨¥ 7.13. �à ¢­¥­¨ï (7.8){(7.9), ®¯à¥¤¥«ïîé¨¥ äã­ªæ¨¨ ¯®«ã¯¥à¥å®¤  ���;

¬®£ãâ ­¥ ¨¬¥âì ¥¤¨­áâ¢¥­­ëå à¥è¥­¨©, ¨ ¢ â ª®¬ á«ãç ¥ ��� ¤®«¦­ë à áá¬ âà¨¢ âìáï,
¢ ª ç¥áâ¢¥ á®®â¢¥âáâ¢ãîé¨å ¬­®¦¥áâ¢ äã­ªæ¨©.

�«¥¤áâ¢¨¥ 7.14. �ã­ªæ¨¨ ���; ã¤®¢«¥â¢®àïîé¨¥ (7.11){(7.26), ¬®£ãâ ¡ëâì à á-
á¬®âà¥­ë ª ª ­¥ª®â®à®¥ ­¥®¡à â¨¬®¥ áã¯¥à®¡®¡é¥­¨¥ äã­ªæ¨© ¯¥à¥å®¤  ¤«ï ª®-
æ¨ª«®¢ ¢ ç¥å®¢áª¨å ª®£®¬®«®£¨ïå ¯®ªàëâ¨© [757,758].

7.3.2. � à ¨ ¥ ­ â   æ ¨ ¨ ¯ ® « ã á ã ¯ ¥ à ¬ ­ ® £ ® ® ¡ à   § ¨ © . �§¢¥áâ­®, çâ®
®à¨¥­â æ¨¨ ®¡ëç­ëå ¬­®£®®¡à §¨© ®¯à¥¤¥«ï¥âáï §­ ª®¬ ïª®¡¨ ­  äã­ªæ¨© ¯¥à¥å®¤ 
���; § ¯¨á ­­ë¬ ¢ § ¢¨á¨¬®áâ¨ ®â «®ª «ì­ëå ª®®à¤¨­ â ­  U� \ U� ¯¥à¥á¥ç¥­¨ïå

[562, 739, 740]. �®áª®«ìªã íâ®â §­ ª ¯à¨­ ¤«¥¦¨â Z2, áãé¥áâ¢ãîâ ¤¢¥ ®à¨¥­â æ¨¨ ­ 
U� . �¢¥ ¯¥à¥ªàë¢ îé¨¥áï ª àâë ­ §ë¢ îâáï á®£« á®¢ ­­® ®à¨¥­â¨à®¢ ­ë¬¨ (¨«¨
á®åà ­ïîé¨¬¨ ®à¨¥­â æ¨î), ¥á«¨ ��� ¨¬¥¥â ¯®«®¦¨â¥«ì­ë© ïª®¡¨ ­, ¨ ¬­®£®®¡à §¨¥
­ §ë¢ ¥âáï ®à¨¥­â¨àã¥¬ë¬, ¥á«¨ ¥£® ¬®¦­® ¯®ªàëâì â ª¨¬¨ ª àâ ¬¨. �«¥¤®¢ â¥«ì­®,
®¡ëç­ëå ¬­®£®®¡à §¨© ¨¬¥¥âáï ¤¢  â¨¯ : ®à¨¥­â¨àã¥¬ë© ¨ ­¥®à¨¥­â¨àã¥¬ë© [280,739].

� áã¯¥àá¨¬¬¥âà¨ç­®¬ á«ãç ¥ à®«ì ïª®¡¨ ­  ¨£à ¥â ¡¥à¥§¨­¨ ­ [33,573], ª®â®àë©
¨¬¥¥â \§­ ª", ¯à¨­ ¤«¥¦ é¨© ª Z2�Z2 [645,759], ¨ â ª¨¬ ®¡à §®¬ §¤¥áì ¨¬¥¥âáï ç¥âëà¥
®à¨¥­â æ¨¨ ­  U� ¨ ¯ïâì á®®â¢¥âáâ¢ãîé¨å â¨¯®¢ ®à¨¥­â¨àã¥¬®áâ¨ áã¯¥à¬­®£®®¡à §¨ï
[696,760].

�¯à¥¤¥«¥­¨¥ 7.15. � á«ãç ¥, ¥á«¨ ­¥ ®¡à é îé¨©áï ¢ ­ã«ì ¡¥à¥§¨­¨ ­ äã­ªæ¨©
��� ï¢«ï¥âáï ­¨«ì¯®â¥­â­ë¬ (¨ ¯®íâ®¬ã ­¥ ¨¬¥¥â ®¯à¥¤¥«¥­­®£® §­ ª  ¢ ¯à¥¤ë-
¤ãé¥¬ á¬ëá«¥), áãé¥áâ¢ã¥â ¤®¯®«­¨â¥«ì­ ï ��������������������­¨«ì¯®â¥­â­ ï ®à¨¥­â æ¨ï ¯®«ã-

áã¯¥à¬­®£®®¡à §¨ï ­  U� ¨, á®®â¢¥âáâ¢¥­­®, è¥áâ®© (¯® ª« áá¨ä¨ª æ¨¨ [696,760])
â¨¯ ®à¨¥­â¨àã¥¬®áâ¨ | ��������������������­¨«ì¯®â¥­â­ ï ®à¨¥­â¨àã¥¬®áâì.

�â¥¯¥­ì ­¨«ì¯®â¥­â­®áâ¨ ¡¥à¥§¨­¨ ­  ¯®§¢®«ï¥â ­ ¬ á¨áâ¥¬ â¨§¨à®¢ âì ¯®«ã-
áã¯¥à¬­®£®®¡à §¨ï, ¨¬¥îé¨¥ ­¨«ì¯®â¥­âãî ®à¨¥­â¨àã¥¬®áâì.

7.3.3. � à ¥ ¯ ï â á â ¢ ¥ ­ ­ ® á â ì ¨ ¯ ® « ã ¬ ­ ® £ ® ® ¡ à   § ¨ ï . �®«ãáã¯¥à-
¬­®£®®¡à §¨ï, ®¯à¥¤¥«¥­­ë¥ ¢ëè¥, ¯à¥¤áâ ¢«ïîâ á®¡®©  ­ «®£ â ª ­ §ë¢ ¥¬ëå ¯à¥-
¯ïâáâ¢¥­­ëå ¯®«ã¬­®£®®¡à §¨© [413, 415{418, 761]. �¤­ ª® §¤¥áì ¬ë ®¯à¥¤¥«¨¬ ¯à¥-
¯ïâáâ¢¥­­®áâì ¢ ­¥áª®«ìª® ¨­®¬ á¬ëá«¥, ç¥¬ ®¯à¥¤¥«ï¥âáï ¯à¥¯ïâáâ¢¨¥ ¢ [33], á¢ï§ ¢
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¥¥ á ­¥®¡à â¨¬®áâìî. � ¯¨è¥¬ (7.5), (7.6) ¨ (7.7) ¢ ¢¨¤¥ á«¥¤ãîé¥£® (¡¥áª®­¥ç­®£®)
àï¤ 

n = 1 : ��� = 1��; (7.30)
n = 2 : ��� � ��� = 1��; (7.31)

n = 3 : ��� � ��
 � �
� = 1��; (7.32)
n = 4 : ��� � ��
 � �
� � ��� = 1�� (7.33)

� � � � � �
�¯à¥¤¥«¥­¨¥ 7.16. �®«ã¬­®£®®¡à §¨¥ M | ���������������������¯à¥¯ïâáâ¢¥­­®¥, ¥á«¨ ­¥ª®â®àë¥ ¨§

ãá«®¢¨© ª®æ¨ª«  (7.30){(7.33) ­ àãè îâáï.

� ¬¥ç ­¨¥ 7.17. �¢¥¤¥­­®¥ ¯®­ïâ¨¥ ¯à¥¯ïâáâ¢¥­­®£® ¬­®£®®¡à §¨ï ­¥ ¤®«¦­® á¬¥è¨-
¢ âìáï á ¯®­ïâ¨¥¬ ¯à¥¯ïâáâ¢¨ï ¤«ï ®¡ëª­®¢¥­­ëå ¬­®£®®¡à §¨© [413,414] ¨ áã¯¥à¬­®-
£®®¡à §¨© [33,419] ¨«¨ ¯à¥¯ïâáâ¢¨¥¬ ª à áè¨à¥­¨î [757,762] ¨ ¢ â¥®à¨¨ å à ªâ¥à¨áâ¨-
ç¥áª¨å ª« áá®¢ [763,764].

�ãáâì, ­ ç¨­ ï á ­¥ª®â®à®£® n = n� , ¢á¥ ãá«®¢¨ï ª®æ¨ª«  ¢ëáè¥£® ¯®àï¤ª 
¢ë¯®«­ïîâáï.

�¯à¥¤¥«¥­¨¥ 7.18. �����������â¥¯¥­ì�����������������������������������¯à¥¯ïâáâ¢¥­­®áâ¨ ¯®«ã¬­®£®®¡à §¨ï

¯à¥¤áâ ¢«ï¥â á®¡®© ¬ ªá¨¬ «ì­®¥ n� , ¤«ï ª®â®à®£® ãá«®¢¨ï ª®æ¨ª«  (7.30){(7.33)

­ àãè îâáï. �á«¨ ¢á¥ ¨§ ¨å ¢ë¯®«­ïîâáï, â® n�
def

= 0.

�«¥¤áâ¢¨¥ 7.19. �¡ëç­ë¥ ¬­®£®®¡à §¨ï (á ®¡à â¨¬ë¬¨ äã­ªæ¨ï¬¨ ¯¥à¥å®¤ )
¨¬¥îâ ­ã«¥¢ãî ¯à¥¯ïâáâ¢¥­­®áâì, ¨ áâ¥¯¥­ì ¯à¥¯ïâáâ¢¥­­®áâ¨ ¤«ï ­¨å à ¢­ 
­ã«î, â. ¥. ¤«ï ­¨å n� = 0.

�à¥¤¯®«®¦¥­¨¥ 7.20. �à¥¯ïâáâ¢¥­­ë¥ ¯®«ã¬­®£®®¡à §¨ï ¬®£ãâ â ª¦¥ ¨¬¥âì
­¥­ã«¥¢®¥ ®¡ëç­®¥ ¯à¥¯ïâáâ¢¨¥ ª®â®à®¥ ¬®¦¥â ¡ëâì ¢ëç¨á«¥­® á ¯®¬®éìî à á-
è¨à¥­¨ï ®¡é¥¯à¨­ïâëå ¬¥â®¤®¢ ¢ëç¨á«¥­¨ï ¯à¥¯ïâáâ¢¨© [33,414,415] ­  ­¥®¡à -
â¨¬ë© á«ãç ©.

�®íâ®¬ã, ¨á¯®«ì§ãï áâ¥¯¥­ì ¯à¥¯ïâáâ¢¥­­®áâ¨ n� , ¬ë ¨¬¥¥¬ ¢®§¬®¦­®áâì á¨-
áâ¥¬ â¨§¨à®¢ âì ¯®«ã¬­®£®®¡à §¨ï ¤®«¦­ë¬ ®¡à §®¬. � ¯®¨áª¥  ­ «®£¨© ¬ë ¬®¦¥¬
á®¯®áâ ¢¨âì ¯®«ãáã¯¥à¬­®£®®¡à §¨ï á áã¯¥àç¨á« ¬¨ ª ª ¢ � ¡«¨æ¥ 7.1.

� «¥¥ ãçâ¥¬ â®â ä ªâ, çâ® ç¨áâë¥ ¤ãå®¢ë¥ áã¯¥àç¨á«  áãé¥áâ¢ãîâ â®«ìª® ¯à¨
­ «¨ç¨¨ ­¥ç¥â­ëå ­ ¯à ¢«¥­¨© [113,238,256,736].

� ¬¥ç ­¨¥ 7.21. �à¥¯ïâáâ¢¥­­ë¥ ¯®«ãáã¯¥à¬­®£®®¡à §¨ï ¨¬¥îâ ­¥ à ¢­ãî ­ã«î ­¥-
ç¥â­ãî à §¬¥à­®áâì.

�®«¥¥ â®£®, ®ç¥¢¨¤­® ç¨áâë¥ ¤ãå®¢ë¥ áã¯¥àç¨á«  ­¥ á®¤¥à¦ â ¥¤¨­¨æã.

� ¬¥ç ­¨¥ 7.22. �à¥¯ïâáâ¢¥­­ë¥ ¯®«ãáã¯¥à¬­®£®®¡à §¨ï ­¥ ¬®£ãâ ¨¬¥âì â®¦¤¥áâ¢¥­-
­ëå äã­ªæ¨© ¯®«ã¯¥à¥å®¤ .

� ª ¢®§¬®¦­ë¥ äã­ªæ¨¨ ¯®«ã¯¥à¥å®¤  ¤«ï ¯à¥¯ïâáâ¢¥­­ëå ¯®«ãáã¯¥à¬­®£®-
®¡à §¨© ¬®¦­® à áá¬ âà¨¢ âì ¯à¥®¡à §®¢ ­¨ï, ¢à é îé¨¥ ç¥â­®áâì ª á â¥«ì­®£® ¯à®-
áâà ­áâ¢  ¢¢¥¤¥­­ë¥ ¢ [2, 8, 10]. �¡ê¥ªâë, ¯®«ãç¥­­ë¥ â ª¨¬ ®¡à §®¬, ¬®£ãâ ¡ëâì à á-
á¬®âà¥­ë ª ª ­¥®¡à â¨¬ë¥  ­ «®£¨ áã¯¥àà¨¬ ­®¢ëå ¯®¢¥àå­®áâ¥© [74,183,765].

7.3.4. � ® « ã £ à ã ¯ ¯   ¡   è ¥ ­ ­ ë å â ® ¦ ¤ ¥ á â ¢ . P áá¬®âà¨¬ àï¤ ®â®-

¡à ¦¥­¨© e(n)
��

: U� ! U� ¯®«ã¬­®£®®¡à §¨ï M ¢ á¥¡ï ¢¨¤ 

e(1)
��

= ���; (7.34)
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� ¡«¨æ  7.1

�à ¢­¥­¨â¥«ì­ë¥ â¨¯ë áã¯¥àç¨á¥« ¨ ¯®«ãáã¯¥à¬­®£®®¡à §¨©

�ã¯¥àç¨á«  �®«ãáã¯¥à¬­®£®®¡à §¨ï

�¡ëª­®¢¥­­ë¥ ­¥ à ¢­ë¥ ­ã«î ç¨á« 
(®¡à â¨¬ë¥)

�¡ëª­®¢¥­­ë¥ ¤¨ää¥-
à¥­æ¨àã¥¬ë¥ ¬­®£®®¡à §¨ï (äã­ªæ¨¨
¯¥à¥å®¤  ®¡à â¨¬ë)

�ã¯¥àç¨á« , ¨¬¥îé¨¥ ­¥ ®¡à é î-
éãîáï ¢ ­ã«ì ç¨á«®¢ãî ç áâì (®¡à -
â¨¬ë¥)

�ã¯¥à¬­®£®®¡à §¨ï (äã­ªæ¨¨ ¯¥à¥-
å®¤  ®¡à â¨¬ë)

�¨áâë¥ ¤ãå®¢ë¥ áã¯¥àç¨á«  ¡¥§ ç¨-
á«®¢®© ç áâ¨ (­¥®¡à â¨¬ë¥)

�à¥¯ïâáâ¢¥­­ë¥
¯®«ãáã¯¥à¬­®£®®¡à §¨ï (äã­ªæ¨¨ ¯¥-
à¥å®¤  ­¥®¡à â¨¬ë)

e(2)
��

= ��� � ���; (7.35)

e(3)
��

= ��� � ��
 � �
�; (7.36)

e(4)
��

= ��� � ��
 � �
� � ��� (7.37)

� � � � � �
�ë ¡ã¤¥¬ ­ §ë¢ âì e(n)

��
¡ è¥­­ë¬¨ â®¦¤¥áâ¢ ¬¨, ª®â®àë¥ ¢ëâ¥ª îâ ¨§ ¡ -

è¥­­ëå á®®â­®è¥­¨© (7.11){(7.18). �§ ä®à¬ã« (7.30){(7.33) á«¥¤ã¥â

�â¢¥à¦¤¥­¨¥ 7.23. �«ï ®¡ëç­ëå áã¯¥à¬­®£®®¡à §¨© ¢á¥ ¡ è¥­­ë¥ â®¦¤¥áâ¢ 
á®¢¯ ¤ îâ á ®¡ëç­ë¬ â®¦¤¥áâ¢¥­­ë¬ ®â®¡à ¦¥­¨¥¬

e(n)
��

= 1��: (7.38)

� ¬¥ç ­¨¥ 7.24. � âà¨¢¨ «ì­®¬ á«ãç ¥, ª®£¤  ¢á¥ ��� ï¢«ïîâáï â®¦¤¥áâ¢¥­­ë¬¨ ®â®-

¡à ¦¥­¨ï¬¨, ®ç¥¢¨¤­®, çâ® á®®â­®è¥­¨ï (7.34){(7.37) ã¤®¢«¥â¢®àïîâáï â®¦¤¥áâ¢¥­­®.

�â¥¯¥­ì ¯à¥¯ïâáâ¢¥­­®áâ¨ ¬®¦¥â âà ªâ®¢ âìáï ¢ ª ç¥áâ¢¥ ¬ ªá¨¬ «ì­®£® n =
n� , ¤«ï ª®â®à®© ¡ è¥­­ë¥ â®¦¤¥áâ¢  ®â«¨ç îâáï ®â â®¦¤¥áâ¢ , â. ¥. á®®â­®è¥­¨¥ (7.38)
­ àãè¥­®. � ª¨¬ ®¡à §®¬, ¡ è¥­­ë¥ â®¦¤¥áâ¢  § ¤ îâ ¬¥àã ®â«¨ç¨ï ¯®«ãáã¯¥à¬­®£®-
®¡à §¨ï ®â ®¡ëª­®¢¥­­®£® áã¯¥à¬­®£®®¡à §¨ï. �ã¤ãç¨ ¢­ãâà¥­­¥© å à ªâ¥à¨áâ¨ª®©,
¡ è¥­­ë¥ â®¦¤¥áâ¢  ¨£à îâ ¢ ¦­ãî à®«ì ¢ ®¯¨á ­¨¨ ¯®«ãáã¯¥à¬­®£®®¡à §¨© [20].
�áá«¥¤ã¥¬ ­¥ª®â®àë© ¨å á¢®©áâ¢  ¡®«¥¥ ¯®¤à®¡­®.

�à¥¤«®¦¥­¨¥ 7.25. � è¥­­ë¥ â®¦¤¥áâ¢  ï¢«ïîâáï ¥¤¨­¨æ ¬¨ ¤«ï äã­ªæ¨© ¯®-
«ã¯¥à¥å®¤ 

e(n)
��
� ��� = ���; (7.39)

��� � e
(n)

��
= ���: (7.40)
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�®ª § â¥«ìáâ¢®. �«¥¤ã¥â ¯àï¬® ¨§ á®®â­®è¥­¨© (7.11){(7.18) ¨ ®¯à¥¤¥«¥­¨© (7.11){
(7.18). �

�à¥¤«®¦¥­¨¥ 7.26. � è¥­­ë¥ â®¦¤¥áâ¢  ï¢«ïîâáï ¨¤¥¬¯®â¥­â ¬¨

e(n)
��
� e(n)

��
= e(n)

��
: (7.41)

�®ª § â¥«ìáâ¢®. �ë ¤®ª §ë¢ ¥¬ ãâ¢¥à¦¤¥­¨¥ ¤«ï n = 2 ¨ ¤«ï ¤àã£®£® n ¥£® ¬®¦­®
¤®ª § âì ¯® ¨­¤ãªæ¨¨. � ¯¨è¥¬ (7.41) ª ª

e(2)
��
� e(2)

��
= e(2)

��
� ��� � ��� =

�
e(2)
��
� ���

�
� ���:

� â¥¬, ¨á¯®«ì§ãï (7.39), ¬ë ¯®«ãç ¥¬�
e(2)
��
� ���

�
� ��� = ��� � ��� = e(2)

��
:

�

�¥áã¯¥àá¨¬¬¥âà¨ç­ë¥ äã­ªæ¨®­ «ì­ë¥ ãà ¢­¥­¨ï ¯®¤®¡­®£® ¢¨¤  ¡ë«¨ ¨áá«¥-
¤®¢ ­ë ¢ [766].

�¯à¥¤¥«¥­¨¥ 7.27. ������������������®¯àï¦¥­­ë¥��������������¡ è¥­­ë¥����������������â®¦¤¥áâ¢  á®®â¢¥âáâ¢ãîâ â®¬ã

¦¥ à §¡¨¥­¨î ¯®«ãáã¯¥à¬­®£®®¡à §¨ï ¨ á®áâ®ïâ ¨§ äã­ªæ¨© ¯®«ã¯¥à¥å®¤ , ¢§ïâëå
¢ ¯à®â¨¢®¯®«®¦­®¬ ¯®àï¤ª¥

~e(1)
��

= e(1)
��
; (7.42)

~e(2)
��

= e(2)
��
; (7.43)

~e(3)
��

= ��
 � �
� � ���; (7.44)

~e(4)
��

= ��� � ��
 � �
� � ��� (7.45)

� � � � � �

�®¯àï¦¥­­ë¥ ¡ è¥­­ë¥ â®¦¤¥áâ¢  â ª¦¥ ¨£à îâ à®«ì ¡ è¥­­ëå â®¦¤¥áâ¢, ­®
¤«ï ãá«®¢¨© à¥ä«¥ªá¨¢­®áâ¨ (7.19){(7.26). �®  ­ «®£¨¨ á (7.39){(7.40) ¬ë ¨¬¥¥¬

�à¥¤«®¦¥­¨¥ 7.28. �®¯àï¦¥­­ëï ¡ è¥­­ë¥
â®¦¤¥áâ¢  ï¢«ïîâáï ��������������������à¥ä«¥ªá¨¢­ë¬¨���������������¥¤¨­¨æ ¬¨, ­® ¤«ï äã­ªæ¨© ¯®«ã¯¥à¥å®¤ 

���

~e
(n)

��
� ��� = ���; (7.46)

��� � ~e(n)
��

= ���: (7.47)

�à¥¤«®¦¥­¨¥ 7.29. �à¨ ®¤­®¬ ¨ â®¬ ¦¥ à §¡¨¥­¨¨ á®¯àï¦¥­­ë¥ ¡ è¥­­ë¥ â®-
¦¤¥áâ¢   ­­ã«¨àãîâ ¡ è¥­­ë¥ â®¦¤¥áâ¢  ¢ á«¥¤ãîé¥¬ á¬ëá«¥

e(n)
��
� ~e(n)

��
= e(2)

��
: (7.48)

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à¨¬¥à n = 3. �á¯®«ì§ãï ®¯à¥¤¥«¥­¨ï, ¬ë ¢ë¢®¤¨¬

e(3)
��
� ~e(3)

��
= ��� � ��
 � �
� � ��
 � �
� � ���

= ��� � ��
 � (�
� � ��
) � �
� � ��� = ��� � ��
 � e(2)



� �
� � ���

= ��� � (��
 � �
�) � ��� = ��� � e
(2)

��
� ��� = ��� � ��� = e(2)

��
:

�«ï ®áâ «ì­ëå n ãâ¢¥à¦¤¥­¨¥ ¤®ª §ë¢ ¥âáï ¯® ¨­¤ãªæ¨¨. �
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�¯à¥¤¥«¥­¨¥ 7.30. �®«ãáã¯¥à¬­®£®®¡à §¨¥ ­ §ë¢ ¥âáï ����������â®ç­ë¬, ¥á«¨ ¡ è¥­­ë¥

â®¦¤¥áâ¢  ­¥ § ¢¨áïâ ®â à §¡¨¥­¨ï.

�¬­®¦¥­¨¥ ¡ è¥­­ëå â®¦¤¥áâ¢ ¤«ï â®ç­®£® ¯®«ãáã¯¥à¬­®£®®¡à §¨ï ®¯à¥¤¥«ï-
¥âáï á«¥¤ãîé¨¬ ®¡à §®¬

e(n)
��
� e(m)

��
= e(n+m)

��
: (7.49)

�â¢¥à¦¤¥­¨¥ 7.31. �¬­®¦¥­¨¥ (7.49)  áá®æ¨ â¨¢­®.

�«¥¤®¢ â¥«ì­®, ¬ë ¬®¦¥¬ ¤ âì

�¯à¥¤¥«¥­¨¥ 7.32. � è¥­­ë¥ â®¦¤¥áâ¢  â®ç­®£® ¯®«ãáã¯¥à¬­®£®®¡à §¨ï ®¡à -
§ãîâ ������������¡ è¥­­ãî���������������¯®«ã£àã¯¯ã ®â­®á¨â¥«ì­® ã¬­®¦¥­¨ï (7.49).

� ª¨¬ ®¡à §®¬, ¬ë ¯®«ãç¨«¨ ª®«¨ç¥áâ¢¥­­®¥ ®¯¨á ­¨¥ ¢­ãâà¥­­¨å á¢®©áâ¢ ­¥-
®¡à â¨¬®áâ¨ ¯®«ãáã¯¥à¬­®£®®¡à §¨©.

�à¥¤¯®«®¦¥­¨¥ 7.33. �¢¥¤¥­­ ï ¡ è¥­­ ï ¯®«ã£àã¯¯  ¨£à ¥â âã ¦¥ à®«ì ¤«ï
¯®«ãáã¯¥à¬­®£®®¡à §¨©, çâ® ¨ äã­¤ ¬¥­â «ì­ ï £àã¯¯  ¤«ï ®¡ëª­®¢¥­­ëå ¬­®£®-
®¡à §¨© [757,767,768].

7.3.5. � ¡ ® ¡ é ¥ ­ ­   ï à ¥ £ ã « ï à ­ ® á â ì ¨ ¯ ® « ã ª ® ¬ ¬ ã â   â ¨ ¢ ­ ë ¥
¤ ¨   £ à   ¬ ¬ ë . �®«ãç¥­­ë¥ ¢ëè¥ ¯®áâà®¥­¨ï ¨¬¥îâ ®¡é¥¥ §­ ç¥­¨¥ ¤«ï «î¡®£® ç¨-
á«  ­¥®¡à â¨¬ëå ®â®¡à ¦¥­¨©. � áè¨à¥­¨¥ n = 2 ª®æ¨ª« , § ¤ ¢ ¥¬®¥ (7.11), ¬®¦¥â
¡ëâì à áá¬®âà¥­® ª ª ­¥ª®â®à ï  ­ «®£¨ï á à¥£ã«ïà­ë¬¨ [769{772] ¨«¨ ¯á¥¢¤®®¡à â-
­ë¬¨ [773] í«¥¬¥­â ¬¨ ¢ ¯®«ã£àã¯¯ å [139, 774{776] ¨«¨ ®¡®¡é¥­­ë¬¨ ®¡à â­ë¬¨ ¢
â¥®à¨¨ ¬ âà¨æ [777{781] ¨ ¢ â¥®à¨¨ ®¡®¡é¥­­ëå ¨­¢¥àá­ëå ¬®àä¨§¬®¢ [782, 783]. �®-
®â­®è¥­¨ï (7.12){(7.18) á ¢ëáè¨¬¨ n ¬®£ãâ à áá¬ âà¨¢ âìáï ª ª ­¥®¡à â¨¬ë©  ­ «®£
à¥£ã«ïà­®áâ¨ ¤«ï ª®æ¨ª«®¢ ¢ëáè¥£® ¯®àï¤ª . �«¥¤®¢ â¥«ì­®, ¯®  ­ «®£¨¨ á (7.11){
(7.18), ¥áâ¥áâ¢¥­­® áä®à¬ã«¨à®¢ âì ®¡é¥¥

�¯à¥¤¥«¥­¨¥ 7.34. �â®¡à ¦¥­¨¥ ��� ­ §ë¢ ¥âáï ������������������n-à¥£ã«ïà­ë¬, ¥á«¨ ®­® ã¤®-
¢«¥â¢®àï¥â ãá«®¢¨ï¬

n+1z }| {
��� � ��
 � : : : � ��� � ��� = ��� + permutations (7.50)

­  ¯¥à¥á¥ç¥­¨ïå

nz }| {
U� \ U� \ : : : \ U� .

� íâ®¬ ®¯à¥¤¥«¥­¨¨ ä®à¬ã«  (7.11) ®¯¨áë¢ ¥â 3-à¥£ã«ïà­ë¥ ®â®¡à ¦¥­¨ï, á®®â-
­®è¥­¨ï (7.12){(7.14) á®®â¢¥âáâ¢ãîâ 4-à¥£ã«ïà­ë¬ ®â®¡à ¦¥­¨ï¬, ¨ (7.15){(7.18) ¤ îâ
5-à¥£ã«ïà­ë¥ ®â®¡à ¦¥­¨ï.

� ¬¥ç ­¨¥ 7.35. �ç¥¢¨¤­®, çâ® 3-à¥£ã«ïà­®áâì á®¢¯ ¤ ¥â á ®¡ëç­®© ¯®«ã£àã¯¯®¢®©
à¥£ã«ïà­®áâìî [30,92].

�­®¥ ®¯à¥¤¥«¥­¨¥ n-à¥£ã«ïà­®áâ¨ ¬®¦¥â § ¤ ¢ âìáï ä®à¬ã« ¬¨ (7.39){(7.40).
�á«®¢¨ï à¥£ã«ïà­®áâ¨ ¢ëáè¥£® ¯®àï¤ª  áãé¥áâ¢¥­­® ¨§¬¥­ïîâ ®¡é¨© ¤¨ £à ¬¬­ë©
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¬¥â®¤ ¤«ï ¬®àä¨§¬®¢, ª®£¤  ¨á¯®«ì§ãîâáï ­¥®¡à â¨¬ë¥ ¥¤¨­¨æë �). � á ¬®¬ ¤¥«¥, ª®¬-
¬ãâ â¨¢­®áâì ¤¨ £à ¬¬ ¤«ï ®¡à â¨¬ëå ¬®àä¨§¬®¢ ®á­®¢ ­  ­  § ¢¨á¨¬®áâïå (7.30){
(7.33), â. ¥. ­  â®¬ ä ªâ¥, çâ® ¡ è¥­­ë¥ â®¦¤¥áâ¢  ï¢«ïîâáï ¢ íâ®¬ á«ãç ¥ ®¡ëç­ë¬¨
â®¦¤¥áâ¢ ¬¨ (7.38). �®£¤  ¬®àä¨§¬ë ­¥®¡à â¨¬ë (¯®«ãáã¯¥à¬­®£®®¡à §¨¥ ¨¬¥¥â ­¥
®¡à é îéãîáï ¢ ­ã«ì ¯à¥¯ïâáâ¢¥­­®áâì), ¬ë ­¥ ¬®¦¥¬ \¢¥à­ãâìáï ¢ âã ¦¥ â®çªã",

¯®áª®«ìªã ¢ ®¡é¥¬ á«ãç ¥ e(n)
��
6= 1�� , ¨ ¬ë ¢ë­ã¦¤¥­ë à áá¬ âà¨¢ âì \­¥§ ¬ª­ãâë¥"

¤¨ £à ¬¬ë ¨§-§  â®£® ä ªâ , çâ® á®®â­®è¥­¨¥ e(n)
��
� ��� = ��� â¥¯¥àì ­¥á®ªà â¨¬®.

�®¤¢®¤ï ¨â®£, ¬ë ¯à¥¤« £ ¥¬ á«¥¤ãîéãî ¨­âã¨â¨¢­® ­¥¯à®â¨¢®à¥ç¨¢ãî § ¬¥­ã
áâ ­¤ àâ­®£® ¤¨ £à ¬¬­®£® ¬¥â®¤  ¢ ¯à¨¬¥­¥­¨¨ ª ­¥®¡à â¨¬ë¬ ¬®àä¨§¬ ¬ [7,20]. �
ª ¦¤®¬ á«ãç ¥ ¬ë ¤®¡ ¢«ï¥¬ ­®¢ãî áâà¥«ªã, ª®â®à ï á®®â¢¥âáâ¢ã¥â ¤®¯®«­¨â¥«ì­®¬ã
¬­®¦¨â¥«î ¢ (7.39).

� ª¨¬ ®¡à §®¬, ¤«ï n = 2 ¬ë ¯®«ãç ¥¬ ®¡®¡é¥­¨¥ ¤¨ £à ¬¬­®£® ¨áç¨á«¥­¨ï
ª ª ­  �¨á. 7.1, çâ® ®¯¨áë¢ ¥â ¯¥à¥å®¤ ®â ®¡à â¨¬®£® ¬®àä¨§¬  (7.31) ª ­¥®¡à â¨¬®¬ã
(7.11) ¨ á  ¡áâà ªâ­®© â®çª¨ §à¥­¨ï ¯à¥¤áâ ¢«ï¥â á®¡®© ãá«®¢¨¥ à¥£ã«ïà­®áâ¨ ¤«ï
¬®àä¨§¬®¢ [782].

���

���

-
� =)

���

���-
�

-n = 2

�¡à â¨¬ë© ¬®àä¨§¬ �¥®¡à â¨¬ë© (à¥£ã«ïà­ë©) ¬®àä¨§¬

�¨á. 7.1. �¥à¥å®¤ ®â ®¡à â¨¬®£® ª ­¥®¡à â¨¬®¬ã ¬®àä¨§¬ã
¯à¨ n = 2

�®«¥¥ ­¥®¡ëç­®© ¯®«ãª®¬¬ãâ â¨¢­®© ¤¨ £à ¬¬®© ï¢«ï¥âáï âà¥ã£®«ì­ ï ­  �¨á.
7.2, ª®â®à ï ®¡®¡é ¥â ­  ­¥®¡à â¨¬ë© á«ãç © ãá«®¢¨¥ ª®æ¨ª«  (7.7).

@
@
@
@I

���

�
�

-

?

=) + permutations
��
 �
�

@
@
@
@I

���

-
-

?

��


n = 3

�¡à â¨¬ë© ¬®àä¨§¬ �¥®¡à â¨¬ë© (à¥£ã«ïà­ë©) ¬®àä¨§¬

�¨á. 7.2. �¡®¡é¥­¨¥ ãá«®¢¨ï ª®æ¨ª«  ­  ­¥®¡à â¨¬ë© ¢ à¨ ­â
á®áâ ¢«ïîé¨å ¬®àä¨§¬®¢

�à¨¬¥ç ­¨¥. �â¬¥â¨¬, çâ® ¢ ­¥áã¯¥àá¨¬¬¥âà¨ç­®¬ á«ãç ¥ ¯®å®¦ ï ª®­áâàãªæ¨ï (\multiply
wrapped cycles") ¤«ï ¬­®£®®¡à §¨© � « ¡¨-�ã à áá¬ âà¨¢ « áì ¢ [784].
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�®  ­ «®£¨¨ ¬ë ¬®¦¥¬ ¯à¥¤áâ ¢¨âì ¯®«ãª®¬¬ãâ â¨¢­ë¥ ¤¨ £à ¬¬ë ¤«ï n-
à¥£ã«ïà­®áâ¨ ¡®«¥¥ ¢ëá®ª®£® ¯®àï¤ª , çâ® ¬®¦­® à áá¬®âà¥âì â ª¦¥ ¢ à ¬ª å ®¡-
®¡é¥­­ëå ª â¥£®à¨© [679,785{791].

7.4. �à¨¬¥àë ¯®«ãáã¯¥à¬­®£®®¡à §¨©

� ª ç¥áâ¢¥ ¯à¨¬¥à  [25] à áá¬®âà¨¬ ¢®§¬®¦­ë¥ ­¥®¡à â¨¬ë¥ ®¡®¡é¥­¨ï ¬®-
¤¥«ì­ëå áã¯¥à¬­®£®®¡à §¨© �®¤¦¥àá [710], ª®â®àë¥ ï¢«ïîâáï ¢ ¦­ë¬ ¨­£à¥¤¨¥­â®¬
äã­ªæ¨®­ «ì­®£® ¯®¤å®¤  [67,68,236].

7.4.1. � ® ¤ ¥ « ì ­ ë ¥ á ã ¯ ¥ à ¬ ­ ® £ ® ® ¡ à   § ¨ ï . �ãáâì B
1;2
2 |  «£¥¡à 

�à áá¬ ­ -� ­ å  ¢¨¤  B
1;2
2 = fhx; �; �ig, £¤¥

x = a11+ a2�1�2; (7.51)

� = b1�1 + b2�2; (7.52)

� = c1�1 + c2�2: (7.53)

¨ ai; bi; ci 2 R, 1 | ¥¤¨­¨æ   «£¥¡àë ¨ �i |  ­â¨ª®¬¬ãâ¨àãîé¨¥ ­¥ç¥â­ë¥ ­¨«ì¯®â¥­â-
­ë¥ ®¡à §ãîé¨¥ �1�2 = ��2�1 . �«ï â®£®, çâ®¡ë ¢¢¥áâ¨ ®¯¥à æ¨î, á®¯®áâ ¢¨¬  «£¥¡à¥

B
1;2
2 (¯®  ­ «®£¨¨ á [67]) ¬­®¦¥áâ¢® ¢¥àå­¥âà¥ã£®«ì­ëå ¬ âà¨æ ¢¨¤ 0@ 1 x �

0 1 �

0 0 1

1A : (7.54)

�¥£ª® ¢¨¤¥âì, çâ® ¯à®¨§¢¥¤¥­¨¥ ¬ âà¨æ á®åà ­ï¥â £à áá¬ ­®¢ã áâàãªâãàã (â®
¥áâì ®áâ ¢«¥â ­  ç¥â­®¬ ¬¥áâ¥ ç¥â­ë© í«¥¬¥­â x,   ­  ­¥ç¥â­ëå ¬¥áâ å | ­¥ç¥â­ë¥

�; � ). �â® ¯®§¢®«ï¥â ¢¢¥áâ¨ ­  ¬­®¦¥áâ¢¥ B
1;2
2 ª®àà¥ªâ­ãî ®¯¥à æ¨î ã¬­®¦¥­¨ï (�)

¢¨¤ 
hx; �; �i � hy; �; �i = hx+ y; � + �+ x�; � + �i ; (7.55)

¯®à®¦¤¥­­ãî ¯à®¨§¢¥¤¥­¨¥¬ ¬ âà¨æ (7.54). �â  ®¯¥à æ¨ï  áá®æ¨ â¨¢­  ¢ á¨«ã  áá®-
æ¨ â¨¢­®áâ¨ ¯à®¨§¢¥¤¥­¨ï ¬ âà¨æ. �®áª®«ìªã ¤«ï ª ¦¤®£® í«¥¬¥­â  hx; �; �i áãé¥-

áâ¢ã¥â ¥¤¨­áâ¢¥­­ë© ®¡à â­ë© h�x;�� + x�;��i, â® ¬­®¦¥áâ¢® B
1;2
2 á ®¯à¥à æ¨¥© (�)

ï¢«ï¥âáï £àã¯¯®©, ª®â®àãî ¬ë ®¡®§­ ç¨¬ G. �«ï £àã¯¯ë G ¢ë¯®«­ïîâáï á«¥¤ãîé¨¥
£«®¡ «ì­ë¥ á¢®©áâ¢ :

x
2 6= 0; x� 6= 0; x� 6= 0; �� 6= 0; (7.56)

¥á«¨ ¢á¥ ¢¥é¥áâ¢¥­­ë¥ ª®¥íää¨æ¨¥­âë ®â«¨ç­ë ®â 0 ¨ det

�
b1 b2
c1 c2

�
6= 0. �àã£®¥

¯à¥¤áâ ¢«¥­¨¥ TG £àã¯¯ë G ¬®¦¥â ¡ëâì ¢¢¥¤¥­® á ¯®¬®éìî ¯àï¬®ã£®«ì­ëå ¬ âà¨æ
¨§ ¢¥é¥áâ¢¥­­ëå ª®íää¨æ¨¥­â®¢. �«¥¬¥­â hx; �; �i á ª®íää¨æ¨¥­â ¬¨ (7.51){(7.53)
¯à¥¤áâ ¢«ï¥âáï ¬ âà¨æ¥©

tx;�;� = TG (hx; �; �i) =

8<:
a1 a2
b1 b2
c1 c2

9=; ; (7.57)

  ¯à®¨§¢¥¤¥­¨¥ ¯®à®¦¤ ¥âáï ¯à®¨§¢¥¤¥­¨¥¬ í«¥¬¥­â®¢ (7.55)

tx;�;� ~ ty;�;� =

8<:
a1 a2
b1 b2
c1 c2

9=; ~
8<:
d1 d2
e1 e2
f1 f2

9=; =

8<:
a1 + d1 a2 + d2

b1 + e1 + a1f1 b2 + e2 + a1f2
c1 + f1 c2 + f2

9=; : (7.58)

� ­­®¥ ¯à¥¤áâ ¢«¥­¨¥ à áá¬ âà¨¢ ¥¬®¥ ª ª ®¡ëç­®¥ 6-¬¥à­®¥ ¬­®£®®¡à §¨¥
ï¢«ï¥âáï ç áâ­ë¬ ¯à¨¬¥à®¬ "áª¥«¥â " áã¯¥à¬­®£®®¡à §¨ï [113]. � ®¡é¥¬ á«ãç ¥ à §-
¬¥à­®áâì "áª¥«¥â " (mjn)-¬¥à­®£® áã¯¥à¬­®£®®¡à §¨ï ­  £à áá¬ ­®¢®©  «£¥¡à®© BL

à ¢­  2L�1 (m+ n). �ë¤¥«¨¬ ¢ £àã¯¯¥ G ¤¨áªà¥â­ãî ¯®¤£àã¯¯ã D = fhp; �; �ig á æ¥-
«ë¬¨ ª®íää¨æ¨¥­â ¬¨, ®¯à¥¤¥«ïîéãîáï á«¥¤ãîé¨¬¨ ãá«®¢¨ï¬¨
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p = m11+m2�1�2; (7.59)

� = n1�1 + n2�2; (7.60)

� = k1�1 + k2�2: (7.61)

£¤¥ mi; ni; ki 2 Z. �®áâà®¨¬ ä ªâ®à-£àã¯¯ã G � D. �« ááë í«¥¬¥­â®¢ hx; �; �i ¨
hx0; �0; �0i á®¢¯ ¤ îâ [hx; �; �i] = [hx0; �0; �0i], ¥á«¨ áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â hp; �; �i 2
D, çâ®

x = x
0 + p; (7.62)

� = �
0 + �+ x

0
�; (7.63)

� = �
0 + �: (7.64)

� ª¨¬ ®¡à §®¬ ¬­®¦¥áâ¢® B
1;2
2 ¯à¨®¡à¥â ¥â ¤®¯®«­¨â¥«ì­ãî (¯®à®¦¤¥­­ãî

ä ªâ®à¨§ æ¨¥©) ­¥âà¨¢¨ «ì­ãî â®¯®«®£¨î. �®¦­® ¯®ª § âì, çâ® ¯®«ãç¥­­®¥ â®¯®«®-
£¨ç¥áª®¥ ¯à®áâà ­áâ¢® ï¢«ï¥âáï G

1 -áã¯¥à¬­®£®®¡à §¨¥¬ à §¬¥à­®áâ¨ (1j2) ­ ¤ £à á-
á¬ ­®¢®©  «£¥¡à®© B2 á á®®â¢¥âáâ¢ãîé¨¬¨ ª àâ ¬¨, ª ª ¡ë«® ã¯®¬ï­ãâ® ¢ à ¡®â¥ [655],
£¤¥ â ª¦¥ ¡ë«® à áá¬®âà¥­® à¥¤ãæ¨à®¢ ­­®¥ (¯® ®â­®è¥­¨î ª (7.57)) á«¥¤ãîé¥¥ ¯à¥¤-
áâ ¢«¥­¨¥

T Rogers
G

(hx; �; �i) =

8<:
a1 0
b1 0
c1 0

9=; ; (7.65)

á®®â¢¥âáâ¢ãîé¥¥  «£¥¡à¥ B
1;2
1 . �ëïá­¨¬, ¯à¨¢®¤¨â «¨ ¤àã£¨¥ à¥¤ãæ¨à®¢ ­¨ï (¯à®à®-

¦¤ îé¨¥áï ãà ¢­¥­¨ï¬¨ ­  ª®íää¨æ¨¥­âë,   ­¥ ­  ¯¥à¥¬¥­­ë¥ áã¯¥à¬­®£®®¡à §¨ï) ª
áã¯¥à¬­®£®®¡à §¨ï¬. � áá¬®âà¨¬ ¯®¤¬­®¦¥áâ¢® G0 £àã¯¯ë G, ¯®«ãç¥­­®¥ ¨§ G ¯à¨
¯®¬®é¨ á«¥¤ãîé¥£® à¥¤ãæ¨à®¢ ­¨ï

TG0 (hx; �; �i) =

8<:
0 a

b 0
0 c

9=; : (7.66)

� â ª®¬ ¯à¥¤áâ ¢«¥­¨¨ ª®®à¤¨­ âë à ¢­ë

x = a�1�2; (7.67)

� = b�1; (7.68)

� = c�2; (7.69)

  ¯à®¨§¢¥¤¥­¨¥ ¢ G0®¯à¥¤¥«ï¥âáï ä®à¬ã«®©8<:
0 a

b 0
0 c

9=; ~
8<:

0 d

e 0
0 f

9=; =

8<:
0 a+ d

b+ e 0
0 c+ f

9=; : (7.70)

� â¥à¬¨­ å "áª¥«¥â " ®¯¥à æ¨ï à¥¤ãæ¨à®¢ ­¨ï ï¢«ï¥âáï ¯¥à¥á¥ç¥­¨¥¬ âà¥å £¨-
¯¥à¯«®áª®áâ¥©. �®«ãç¥­­®¥ ¯®¤¯à®áâà ­áâ¢® ¨­¢ à¨ ­â­® ®â­®á¨â¥«ì­® ¤¥©áâ¢¨ï ~.
�®­ïâ­®, çâ® ¬­®¦¥áâ¢® G0 ï¢«ï¥âáï ¯®¤£àã¯¯®© £àã¯¯ë G, â ª ª ª ®¯à¥à æ¨ï (�) ¨
¢§ïâ¨¥ ®¡à â­®£® ­¥ ¢ë¢®¤ïâ §  ¯à¥¤¥«ë G0 ,   ¥¤¨­¨æ  G ¯à¨­ ¤«¥¦¨â G0 ¨, ®ç¥¢¨¤­®,
à ¢­  h0; 0; 0i , ª®â®à ï ¯à¥¤áâ ¢«ï¥âáï ­ã«¥¢®© ¬ âà¨æ¥© (7.66). �§ (7.70) á«¥¤ã¥â, çâ®

G0 ¨§®¬®àä­  R� R� R, ­® ­¥¨§®¬®àä­  £àã¯¯¥ ­ ¤ B
1;2
1 , ¯à¥¤áâ ¢«¥­¨¥ ª®â®à®©

§ ¤ ­® ¢ (7.65),   ¤¥©áâ¢¨¥ (¢ ­ è¨å ®¡®§­ ç¥­¨ïå) ¨¬¥¥â ¢¨¤8<:
a 0
b 0
c 0

9=; ~
8<:
d 0
e 0
f 0

9=; =

8<:
a+ d 0

b+ e+ af 0
c+ f 0

9=; : (7.71)

�«ï G0 , ¢ ®â«¨ç¨¥ ®â £àã¯¯ë G, £«®¡ «ì­ë¥ á¢®©áâ¢  â ª®¢ë:

x
2 = 0; x� = 0; x� = 0; �� 6= 0: (7.72)
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�¥à¢ë¥ âà¨ á®®â­®è¥­¨ï ¬®¦­® áç¨â âì ãà ¢­¥­¨ï¬¨ à¥¤ãæ¨à®¢ ­­®© £àã¯¯ë G0 ,
  ¯®á«¥¤­¥¥ á¢®©áâ¢® ¢ë¯®«­ï¥âáï â®«ìª® ¯à¨ ãá«®¢¨¨ bc 6= 0:�­ «®£¨ç­ë¬ ®¡à §®¬
à¥¤ãæ¨àã¥¬ ¤¨áªà¥â­ãî £àã¯¯ã D, çâ® ¬®¦­® ¯à¥¤áâ ¢¨âì ¬ âà¨æ¥© á æ¥«ë¬¨ í«¥-
¬¥­â ¬¨

TD0 (hx; �; �i) =

8<:
0 m

n 0
0 k

9=; ; (7.73)

�¨¤­®, çâ® D0 ï¢«ï¥âáï ¤¨áªà¥â­®© ¯®¤£àã¯¯®© £àã¯¯ë D ¨ ¯à¥¤áâ ¢«ï¥âáï
¯àï¬ë¬ ¯à®¨§¢¥¤¥­¨¥¬ Z�Z� Z. �®  ­ «®£¨¨ á (7.62){(7.64) ¯à®ä ªâ®à¨§ã¥¬ £àã¯¯ã
G0¯® D0 : í«¥¬¥­âë hx; �; �i ¨ hx0; �0; �0i á®¢¯ ¤ îâ [hx; �; �i] = [hx0; �0; �0i], ¥á«¨ áãé¥-
áâ¢ã¥â â ª®© í«¥¬¥­â hp; �; �i 2 D0 , çâ®

x = x
0 + p; (7.74)

� = �
0 + �; (7.75)

� = �
0 + �: (7.76)

�®ª ¦¥¬, çâ® G0 � D0 | G
1 -áã¯¥à¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ (1j2) ­ ¤ £à á-

á¬ ­®¢®©  «£¥¡à®© B1 á ®¡à â¨¬ë¬¨ ª àâ ¬¨. � áá¬®âà¨¬ á«¥¤ãîé¨¥ ¬­®¦¥áâ¢  ¢
G0

S1 =

�
ha�1�2; b�1; c�2i j 1

5
< a <

4

5

�
; (7.77)

S2 =

�
ha�1�2; b�1; c�2i j 1

5
< b <

4

5

�
; (7.78)

S3 =

�
ha�1�2; b�1; c�2i j 1

5
< c <

4

5

�
; (7.79)

T1 =

�
ha�1�2; b�1; c�2i j �2

5
< a <

2

5

�
; (7.80)

T2 =

�
ha�1�2; b�1; c�2i j �2

5
< b <

2

5

�
; (7.81)

T3 =

�
ha�1�2; b�1; c�2i j �2

5
< c <

2

5

�
(7.82)

¨ ¢®á¥¬ì ¨å ¯¥à¥á¥ç¥­¨©

V1 = S1 \ S2 \ S3; V5 = S1 \ T2 \ T3;
V2 = T1 \ S2 \ S3; V6 = T1 \ S2 \ T3;
V3 = S1 \ T2 \ S3; V7 = T1 \ T2 \ S3;
V4 = S1 \ S2 \ T3; V8 = T1 \ T2 \ T3:

(7.83)

� áá¬®âà¨¬ ¢®á¥¬ì ª®®à¤¨­ â­ëå ®ªà¥áâ­®áâ¥© Ui = [Vi] ­  G0
� D0 , á®áâ®ï-

é¨å ¨§ ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ ¢á¥å í«¥¬¥­â®¢, ¯à¨­ ¤«¥¦ é¨å Vi , £¤¥ i = 1; 2; : : : 8.
� ª ª ª à §¬¥à­®áâì à¥¤ãæ¨à®¢ ­­®© £àã¯¯ë à ¢­  âà¥¬, çâ® á®¢¯ ¤ ¥â á à §¬¥à­®-

áâìî "áª¥«¥â " áã¯¥à¬­®£®®¡à §¨ï B
1;2
1 , â® ¥áâ¥áâ¢¥­­® à áá¬ âà¨¢ âì ª àâë ­  á®-

®â¢¥âáâ¢ãîé¥©  «£¥¡à¥ B
1;2
1 . �¢¥¤¥¬ ­  Ui «®ª «ì­ë¥ ª àâë 	i : Ui ! V̂i , £¤¥ V̂i |

®¡« áâì ¢  «£¥¡à¥ �à áá¬ ­ -� ­ å  B
1;2
1 . �®¯®áâ ¢¨¬ ª ¦¤®¬ã ¬­®¦¥áâ¢ã Si ¢ B

1;2
2

¬­®¦¥áâ¢® Ŝi ¢ B
1;2
1 á«¥¤ãîé¨¬ ®¡à §®¬: ¥á«¨ ¥«¥¬¥­â ha�1�2; b�1; c�2i 2 Si; �i 2 B2 ,

â® í«¥¬¥­â ha1; b�; c�i 2 Ŝi; � 2 B1 . �®ç­® â ª¦¥ á®¯®áâ ¢¨¬ ª ¦¤®¬ã ¬­®¦¥áâ¢ã

Ti � B
1;2
2 ¬­®¦¥áâ¢® T̂i � B

1;2
1 . �¡®§­ ç¨¬ íâ® á®¯®áâ ¢«¥­¨¥ f . �®£¤  ®¡« áâ¨ V̂i

� B
1;2
1 ï¢«ïîâáï ®¡à § ¬¨ ®â®¡à ¦¥­¨ï f , ¨ ®¯à¥¤¥«ïîâáï â ª¨¬¨ ¦¥ ä®à¬ã« ¬¨, çâ®

¨ (7.77){(7.83). �â¨¬ ¯à¥®¡à §®¢ ­¨¥¬ ¬ë á®åà ­ï¥¬ «¨­¥©­ãî áâàãªâãàã "áª¥«¥â ",
­® ­¥ á®åà ­ï¥¬ ®¯¥à æ¨î ~. � ¤ ¤¨¬ 	i ï¢­ë¬ ®¡à §®¬ ¢ â¥à¬¨­ å ª« áá®¢ íª¢¨¢ -
«¥­â­®áâ¨. �ãáâì ª« áá í«¥¬¥­â  p 2 Vi ¯à¨­ ¤«¥¦¨â ª®®à¤¨­ â­®© ®ªà¥áâ­®áâ¨ Ui ,
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â®£¤  	i ([p]) = f(p) . �¯à¥¤¥«¥­¨¥ ª®àà¥ªâ­®, â ª ª ª ¤«ï ª ¦¤®£® ª« áá  [p] áãé¥-
áâ¢ã¥â ¥£® ¥¤¨­áâ¢¥­­ë© ¯à¥¤áâ ¢¨â¥«ì ¢ Vi . �ã­ªæ¨¨ 	i ï¢«ïîâáï £®¬¥®¬®àä¨§¬ ¬¨.

�ã­ªæ¨© ¯¥à¥å®¤  	i � 	�1
j

¬¥¦¤ã ª àâ ¬¨ ­  G0
� D0 ¢á¥£® 82 � 8 = 56. �à¨¢¥-

¤¥¬ ï¢­ë© ¢¨¤ ®¤­®© ¨§ ­¨å 	4 � 	�1
1 : 	1 (U1 \ U4) ! 	4 (U1 \ U4). �« áá í«¥¬¥­â

hx; �; �i = h(a+m)1; (b+ n)�; (c+ k) �i, £¤¥ m;n; k 2 Z, ¯à¨­ ¤«¥¦¨â ¯¥à¥á¥ç¥­¨î

U1 \ U4 ¢ ¤¢ãå ¢ à¨ ­â å, ¤«ï ª®â®àëå äã­ªæ¨ï ¯¥à¥å®¤  	4 �	�1
1 ¢ë£«ï¤¨â á«¥¤ãî-

é¨¬ ®¡à §®¬

	4 �	�1
1 (ha1; b�; c�i) = ha1; b�; c�i ; (7.84)

1

5
< a <

4

5
;
1

5
< b <

4

5
;
1

5
< c <

2

5
;

	4 �	�1
1 (ha1; b�; c�i) = ha1; b�; (c� 1) �i ; (7.85)

1

5
< a <

4

5
;
1

5
< b <

4

5
;
3

5
< c <

4

5
:

�ã­ªæ¨¨ ¯¥à¥å®¤  	i � 	�1
j

ï¢«ïîâáï G
1 -£« ¤ª¨¬¨, â ª¨¬ ®¡à §®¬ G0 � D0 á

á®®â¢¥âáâ¢ãîé¨¬¨ ª àâ ¬¨ ï¢«ï¥âáï áã¯¥à¬­®®¡à §¨¥¬, å®âï ¢¢¥¤¥­ ï äã­ªæ¨ï f ­¥
á®åà ­ï¥â ®¯¥à æ¨î ~ ­  "áª¥«¥â¥" ¨ ­¥ ï¢«ï¥âáï £®¬®¬®àä¨§¬®¬.

7.4.2. � ­ ® £ ® § ­   ç ­ ® á â ì ¨ ¯ ® « ã á ã ¯ ¥ à ¬ ­ ® £ ® ® ¡ à   § ¨ ï . � áá¬®-

âà¨¬ â¥¯¥àì  «£¥¡àã �à áá¬ ­ -� ­ å  B
1;2
1 ¢¨¤  B

1;2
1 = fha1; b�; c�i ; a; b; c 2 Rg, £¤¥

1 | ¥¤¨­¨æ   «£¥¡àë ¨ � | ­¥ç¥â­ ï ®¡à §ãîé ï. �«ï â®£®, çâ®¡ë ¢¢¥áâ¨ ¯®«ã-

£àã¯¯®¢ãî áâàãªâãàã ­  ¬­®¦¥áâ¢¥ B
1;2
1 , á®¯®áâ ¢¨¬ ª ¦¤®¬ã í«¥¬¥­âã ha1; b�; c�i

­¥®¡à â¨¬ãî ¬ âà¨æã ¢¨¤  0@ 1 a1 b�

0 1 c�

0 0 0

1A : (7.86)

�¢¥¤¥¬ ­  B1;2
1 ®¯¥à æ¨î (�), ¯®à®¦¤¥­­ãî áâ ­¤ àâ­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ¬ âà¨æ

(7.86) á«¥¤ãîé¨¬ ®¡à §®¬:

ha11; b1�; c1�i � ha21; b2�; c2�i = h(a1 + a2) 1; (b2 + a1c2)�; c2�i : (7.87)

�¯¥à æ¨ï (�) ¢¢¥¤¥­  ª®àà¥ªâ­®, ¯®áª®«ìªã, ª ª ¨ ¯à¥¦¤¥, ­  ­¥ç¥â­ëå ¬¥áâ å
®áâ îâáï ­¥ç¥â­ë¥ í«¥¬¥­âë,   ­  ç¥â­®¬ ¬¥áâ¥ | ç¥â­ë© í«¥¬¥­â, â® ¥áâì ¬ âà¨æë
á®åà ­ïîâ á¢®î £à áá¬ ­®¢ã áâàãªâãàã. � ¤ «ì­¥©è¥¬ ¡ã¤¥¬ ¯à¥¤áâ ¢«ïâì í«¥¬¥­â
s = ha1; b�; c�i ª ª [a; b; c] = TS (ha1; b�; c�i), £¤¥ a; b; c 2 R, ¨¬¥ï ¢ ¢¨¤ã ®¤­®áâ®«¡æ®-
¢ë©  ­ «®£ (7.57) (â® ¥áâì, ¤«ï ªà âª®áâ¨ ¢ ®¡®§­ ç¥­¨ïå ¡ã¤¥¬ ®â®¦¤¥áâ¢«ïâì ¯à¥¤-
áâ ¢«¥­¨¥ á í«¥¬¥­â®¬).

�­®¦¥áâ¢® B
1;2
1 á ¢¢¥¤¥­­®© ­  ­¥© ®¯¥à æ¨¥© (�) ®¡à §ã¥â ¯®«ã£àã¯¯ã S =

S
s

(á¬. ­ ¯à. [92,135]), ¯®áª®«ìªã  áá®æ¨ â¨¢­®áâì á«¥¤ã¥â ¨§  áá®æ¨ â¨¢­®áâ¨ ã¬­®¦¥­¨ï
¬ âà¨æ.

�¯¨è¥¬ ®á­®¢­ë¥ á¢®©áâ¢  ¯®áâà®¥­­®© ¯®«ã£àã¯¯ë S:

1. �¥¢ ï à §à¥è¨¬®áâì 8 [s1; s2; s3] ; [t1; t2; t3] 2 S; 9! [u1; u2; u3] 2 S â ª®¥, çâ®
[s1; s2; s3] � [u1; u2; u3] = [t1; t2; t3], ¯®áª®«ìªã á®®â¢¥âáâ¢ãîé¨¥ ª®¬¯®­¥­â­ë¥ ãà ¢-
­¥­¨ï t1 = s1 + u1; t2 = u2 + s1u3; t3 = u3 ¨¬¥îâ à¥è¥­¨¥ [t1 � s1; t2 � s1t3; t3], ¨ ®­®
¥¤¨­áâ¢¥­­®. � ç áâ­®áâ¨, 8s 2 S;9! t 2 S â ª®¥, çâ® s � t = s, â. ¥. ª ¦¤ë© í«¥¬¥­â
ï¢«ï¥âáï «¥¢ë¬ ­ã«¥¬ ¤«ï ¥¤¨­áâ¢¥­­®£® í«¥¬¥­â .

2. �«¥¬¥­â [0; 0; 0] ï¢«ï¥âáï ¯à ¢ë¬ ­ã«¥¬ ¯®«ã£àã¯¯ë S.

3. �¥¢ëå ­ã«¥© ¢ ¯®«ã£àã¯¯¥ S ­¥ áãé¥áâ¢ã¥â.
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4. �«ï «î¡®£® í«¥¬¥­â  ¯®«ã£àã¯¯ë S ¨¬¥¥¬ [s1; s2; s3]
�n

= [ns1; s2 + (n� 1) s1; s3].

5. �¥¢ë¬¨ ¥¤¨­¨æ ¬¨ ¯®«ã£àã¯¯ë S ï¢«ïîâáï í«¥¬¥­âë ¢¨¤  [0; s2; s3] ¨ â®«ìª® ®­¨,

á«¥¤®¢ â¥«ì­® [0; s2; s3]
�n

= [0; s2; s3], ¨ â ª¨¬¨ í«¥¬¥­â ¬¨ ¨áç¥à¯ë¢ îâáï ¢á¥ ¨¤¥¬-
¯®â¥­âë ¯®«ã£àã¯¯ë S.

6. �à ¢ëå ¥¤¨­¨æ ¢ ¯®«ã£àã¯¯¥ S ­¥ áãé¥áâ¢ã¥â.

7. �®«ã£àã¯¯  S | ¯®«ã£àã¯¯  á «¥¢ë¬ á®ªà é¥­¨¥¬.

8. �¥­âà ¯®«ã£àã¯¯ë Cent (S) = ?.

9. � ¦¤ë© í«¥¬¥­â [s1; s2; s3] ®¡« ¤ ¥â á¥¬¥©áâ¢®¬ ft = [�s1; t2; t3] j t2; t3 2 Rg í«¥-
¬¥­â®¢, à¥£ã«ïà­ëå ª ­¥¬ã (s � t � s = s), ª®â®àë¥ â ª¦¥ ï¢«ïîâáï ¨­¢¥àá­ë¬¨
(t � s � t = t),   ¨¤¥¬¯®â¥­âë áâà®ïâáï á ¯®¬®éìî ¨å ¯à®¨§¢¥¤¥­¨© [92,135].

� áá¬®âà¨¬ ¨¤¥ «ì­ãî áâàãªâãàã ¯®«ã-
£àã¯¯ë S. �­®¦¥áâ¢  Ia = f[s1; s2; a] 2 S j s1; s2 2 Rg, £¤¥ a 2 R, ï¢«ïîâáï «¥¢ë¬¨
¨¤¥ « ¬¨ S � Ia = Ia . �¤¥ «ë Ia ­¥ ¯¥à¥á¥ª îâáï Ia \ Ib = ? ¯à¨ a 6= b ¨ ¯®ªàë¢ îâ
¢áî ¯®«ã£àã¯¯ã

S
Ia = S. �à ¢ëå ¨¤¥ «®¢ ­¥â.

�­®¦¥áâ¢® D = f[m1;m2;m3] 2 S j mi 2 Zg ï¢«ï¥âáï ¯®¤¯®«ã£àã¯¯®© ¯®«ã-
£àã¯¯ë S, ­® ­¥ ¨¤¥ «®¬.

�ë¤¥«¨¬ ¢ ¯®«ã£àã¯¯¥ S ¯®¤¬­®¦¥áâ¢® T, § ¤ ­­®¥ ãà ¢­¥­¨¥¬ áä¥àë ¢ âà¥å-
¬¥à­®¬ ¯à®áâà ­áâ¢¥ ¢¥é¥áâ¢¥­­ëå ª®íää¨æ¨¥­â®¢

T =
n
[x; y; z] 2 S j x2 + y

2 + z
2 = 1; x; y; z 2 R

o
: (7.88)

�®áª®«ìªã T | ¯®¤¬­®¦¥áâ¢® â®¯®«®£¨ç¥áª®£® ¯à®áâà ­áâ¢  B
1;2
1 , â® T | â®-

¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® á ¨­¤ãæ¨à®¢ ­­®© â®¯®«®£¨¥© [792]. �ë¡¥à¥¬ ¢ T ª®®à¤¨-
­ â­ë¥ ®ªà¥áâ­®áâ¨ Ua = f[x; y; z] 2 T j z > ag ; jaj < 1. �¢¥¤¥¬ ª àâë 	a : Ua !
	a (Ua) � Ia . �ã­ªæ¨ï 	a § ¤ ­  á«¥¤ãîé¨¬ ãá«®¢¨¥¬: 	a ®â  à£ã¬¥­â  [x; y; z] 2 Ua

à ¢­  ¯à®¨§¢¥¤¥­¨î í«¥¬¥­â  [x; y; z] ¨ ¥£® ¯à®¥ªæ¨¨ ­  ¯«®áª®áâì z = a, ï¢«ïîéãîáï
®¡à §®¬ Ia ¢ âà¥å¬¥à­®¬ ¯à®áâà ­áâ¢¥ ¢¥é¥áâ¢¥­­ëå ª®íää¨æ¨¥­â®¢

	a ([x; y; z]) = [x; y; z] � [x; y; a] = [2x; y + xa; a] : (7.89)

�á­®, çâ® 	a (Ua) | ®¡« áâì ¢ Ia . �ã­ªæ¨¨ 	a ¢§ ¨¬­®-®¤­®§­ ç­ë ¯à¨ a �
0. �®áª®«ìªã äã­ªæ¨¨, ¯®à®¦¤ îé¨¥ 	a ­¥¯à¥àë¢­ë, â® ¨ á ¬  	a ­¥¯à¥àë¢­ .
� áá¬®âà¨¬ ®¡à â­ãî äã­ªæ¨î 	�1

a
¯à¨ a � 0. �§ ®¯à¥¤¥«¥­¨ï (7.89) á«¥¤ã¥â ï¢­ë©

¢¨¤ íâ®© äã­ªæ¨¨

	�1
a

([x; y; a]) =

24x
2
; y � xa;

s
1 � x

2

4
� (y � xa)

2

35 : (7.90)

�à¨ a � 0 äã­ªæ¨ï 	�1
a

­¥¯à¥àë¢­ , ¯®íâ®¬ã 	a | £®¬¥®¬®àä¨§¬. �â¨ ª àâë
ï¢«ïîâáï áâ ­¤ àâ­ë¬¨ ®¡à â¨¬ë¬¨ ª àâ ¬¨ ­  â®¯®«®£¨ç¥áª®¬ ¯à®áâà ­áâ¢¥ T. �¥-
®¡à â¨¬ë¥ ª àâë ¢®§­¨ª îâ ¯à¨ a < 0. � áá¬®âà¨¬ íâ®â á«ãç ©.

�ã­ªæ¨¨ 	a áª«¥¨¢ îâ â®çª¨ [x; y; z] ¨ [x; y;�z] ¯à¨ jzj < �a. �ë¡à ¢ ®¤­ã ¨§

¢¥â¢¥© ®¤­®§­ ç­®áâ¨, ¬®¦­® £®¢®à¨âì ®¡ ®¡à â­ëå äã­ªæ¨ïå 	�1
a(�) , £¤¥ 	�1

a(+) ®§­ ç ¥â

¢¥àå­îî \¢¥àå­îî" ¢¥â¢ì,   	�1
a(�) | \­¨¦­îî". �¡« áâ¨ §­ ç¥­¨ï íâ¨å äã­ªæ¨©

à ¢­ë

	�1
a(+) (	a (Ua)) = f[x; y; z] 2 T j z > 0g ; (7.91)

	�1
a(�) (	a (Ua)) = f[x; y; z] 2 T j z 2 (a; 0) [ (�a; 1)g : (7.92)
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\�¥àå­ïï" ¢¥â¢ì 	�1
a(+) ï¢«ï¥âáï ­¥¯à¥àë¢­®© äã­ªæ¨¥©,   \­¨¦­ïï" ¢¥â¢ì

	�1
a(�) ï¢«ï¥âáï ­¥¯à¥àë¢­®© äã­ªæ¨¥© ­  ¬­®¦¥áâ¢¥ 	a (Ua) nZ, £¤¥ Z | ¬­®¦¥áâ¢®

¬¥àë 0, § ¤ ¢ ¥¬®¥ ®¡ê¥¤¨­¥­¨¥¬ ª®à­¥© ãà ¢­¥­¨©

1� x
2

4
� (y � xa)

2
= 0 ¨

s
1� x

2

4
� (y � xa)

2
= �a: (7.93)

�ë¡à ¢ ®¤­ã ¨§ ¢¥â¢¥© ®¤­®§­ ç­®áâ¨ ¤«ï ­¥®¡à â¨¬ëå ª àâ, ¬®¦­® £®¢®à¨âì ®
äã­ªæ¨ïå ¯¥à¥å®¤  ¬¥¦¤ã ª àâ ¬¨ Ia ¨ Ib , ª®â®àë¥ ¨¬¥îâ ¢¨¤

[2x; y + xa; a]
	�1

a(�)7�! [x; y;�z] 	b7�! [2x; y + xb; b] : (7.94)

� ª¨¬ ®¡à §®¬, ï¢­ë© ¢¨¤ äã­ªæ¨© ¯¥à¥å®¤  	b �	�1
a(�) § ¤ ¥âáï ä®à¬ã«®©

[x; y; a]
	
�1

a(�)7�!
24x

2
; y � xa

2
;�
s

1 � x
2

4
�
�
y � xa

2

�235 	b7�!
"
x; y � xa

2
+
xb

2
; b

#
: (7.95)

�á«¨ à áá¬ âà¨¢ âì 	b �	�1
a(�) ª ª äã­ªæ¨î ­  B

1;1
1 ; â® ¬ë ¯®«ãç¨¬

	b �	�1
a(�) ([x1; y�]) =

"
x1;

 
y � xa

2
+
xb

2

!
�

#
; (7.96)

â® ¥áâì 	b � 	�1
a(�) ï¢«ï¥âáï G

1 -äã­ªæ¨¥©. �®íâ®¬ã â®¯®«®£¨ç¥áª®¥ ¯à®áâà ­áâ¢® S

á ¤ ­­ë¬ ­ ¡®à®¬ ª àâ ï¢«ï¥âáï £« ¤ª¨¬ ¯®«ãáã¯¥à¬­®£®®¡à §¨¥¬ [7, 20], ¢ ª®â®à®¬
­¥®¡à â¨¬®áâì ¢®§­¨ª ¥â ¢á«¥¤áâ¢¨¥ ­¥¤­®§­ ç­®áâ¨.

7.5. �¥®¡à â¨¬®áâì ¨ ¯®«ãà áá«®¥­¨ï
�®¤®¡­ë© ¯à¨­æ¨¯ § ¬¥­ë ®¡à â¨¬®áâ¨ ¬®àä¨§¬  ­  ¥£® à¥£ã«ïà­®áâì ¬®¦¥â

¡ëâì ¨á¯®«ì§®¢ ­ ¤«ï ­¥®¡à â¨¬®£® à áè¨à¥­¨ï áã¯¥àà áá«®¥­¨© [713, 744, 793], ¥á«¨
®¯à¥¤¥«ïâì ¨å £«®¡ «ì­® ­  ®á­®¢¥ ®âªàëâëå ¯®ªàëâ¨© ¨ äã­ªæ¨© ¯¥à¥å®¤  [743,794].
�«¥¤ãï áâ ­¤ àâ­ë¬ ®¯à¥¤¥«¥­¨ï¬ à áá«®¥­¨© [742,763,795], ­® ®á« ¡«ïï ®¡à â¨¬®áâì,

¯®áâà®¨¬ ­®¢ë¥ ®¡ê¥ªâë,  ­ «®£¨ç­ë¥ áã¯¥àà áá«®¥­¨ï¬ �).

7.5.1. � ¯ à ¥ ¤ ¥ « ¥ ­ ¨ ¥ ¯ ® « ã à   á á « ® ¥ ­ ¨ © . �ãáâì E ¨ M ¯à¥¤áâ -
¢«ïîâ á®¡®© ¯®«­®¥ (à áá«®¥­­®¥) áã¯¥à¯à®áâà ­áâ¢® ¨ ¡ §®¢®¥ ¯®«ãáã¯¥à¬­®£®®¡à -
§¨¥ á®®â¢¥âáâ¢¥­­®, ¨ � : E ! M ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ã¯à®¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥,
ª®â®à®¥ ­¥ ®¡ï§ â¥«ì­® ®¡à â¨¬® (­® ¬®¦¥â ¡ëâì £« ¤ª¨¬). �¡®§­ ç¨¬ Fb ¬­®¦¥áâ¢®
â®ç¥ª E , ª®â®àë¥ ®â®¡à ¦ îâáï ¢ b 2 M (¯à®®¡à § b), â. ¥. ¯®«ãá«®© ­ ¤ b ¥áâì

Fb
def

= fx 2 E j� (x) = bg. �®£¤ , F =
S
Fb ¯à¥¤áâ ¢«ï¥â á®¡®© ¯®«ãá«®©.

�¯à¥¤¥«¥­¨¥ 7.36. ���������������������®«ãà áá«®¥­¨¥ ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ­ ¡®à®¬ L
def

=

(E;M ; F; �).

�¥ç¥­¨¥ s : M ! F à áá«®¥­¨ï (E;M ; F; �) ®¡ëç­® ®¯à¥¤¥«ï¥âáï á®®â­®è¥­¨¥¬
� (s (b)) = b, ª®â®à®¥ ¢ ¢¨¤¥ � � s = 1m ¢¥áì¬  ¯®å®¦¥ ­  (7.6), (7.31) ¨ ¢ë¯®«­ï¥âáï
â®¦¤¥áâ¢¥­­® â®«ìª® ¤«ï ®¡à â¨¬ëå ®â®¡à ¦¥­¨© � ¨ s. �«¥¤®¢ â¥«ì­®, ®ç¥­ì ¬ «®
®¡ëª­®¢¥­­ëå ­¥âà¨¢¨ «ì­ëå à áá«®¥­¨© ¤®¯ãáª îâ á®®â¢¥âáâ¢ãîé¨¥ á¥ç¥­¨ï [763].
� ª¨¬ ®¡à §®¬, ¨á¯®«ì§ãï  ­ «®£¨î á (7.11), ¬ë ¯à¨å®¤¨¬ ª á«¥¤ãîé¥¬ã ®¯à¥¤¥«¥­¨î
[7].

�à¨¬¥ç ­¨¥. � ¤ «ì­¥©è¥¬ ¬ë ¡ã¤¥¬ ®â¡à áë¢ âì \áã¯¥à", ¥á«¨ íâ® ­¥ ¢«¨ï¥â áãé¥áâ¢¥­­® ­  å®¤
à ááã¦¤¥­¨©.
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�¯à¥¤¥«¥­¨¥ 7.37. �����������������®«ãá¥ç¥­¨¥ s ¯®«ãà áá«®¥­¨ï L = (E;M ; F; �) ®¯à¥¤¥«ï¥âáï
ãà ¢­¥­¨¥¬

� � s � � = �: (7.97)

������������������¥ä«¥ªá¨¢­®¥ ¯®«ãá¥ç¥­¨¥ srefl ã¤®¢«¥â¢®àï¥â ¤®¯®«­¨â¥«ì­®¬ã ãá«®¢¨î

srefl � � � srefl = srefl: (7.98)

�ãáâì ~� : M � F ! M ¯à¥¤áâ ¢«ï¥â á®¡®© ª ­®­¨ç¥áª¨© ¨­¤¥ªá ¯®«ã®¯¥à -
â®à  ¯à®¥ªâ¨à®¢ ­¨ï ­  ¯¥à¢ë© ¬­®¦¨â¥«ì ~� (b; f) = b; f 2 F , â®£¤  ~� ¯à¨¢®¤¨â ª
à áá«®¥­¨î-¯à®¨§¢¥¤¥­¨î. �á«¨ � : E ! M�F ¯à¥¤áâ ¢«ï¥â á®¡®© ¬®àä¨§¬ (­ §ë¢ -
¥¬ë© âà¨¢¨ «¨§ æ¨¥©), â®£¤  ~� � � = � , ¨ ¯®«ãà áá«®¥­¨¥ L = (E;M ; F; �) ï¢«ï¥âáï
âà¨¢¨ «ì­ë¬. �á«¨ áãé¥áâ¢ã¥â ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ � : M ! F , â®£¤  ¯®«ã-
à áá«®¥­¨¥ (M � F;M ; F; ~�) ¤®¯ãáª ¥â á¥ç¥­¨¥ s : M ! M � F § ¤ ­­®¥ ä®à¬ã«®©
s (b) = (b; � (b)) . �ãáâì ¤«ï § ¤ ­­®© áã¯¥à®¡« áâ¨ U� ¢ ¯®«ãáã¯¥à¬­®£®®¡à §¨¨ ¨¬¥¥¬
á®®â¢¥âáâ¢¥­­ãî áã¯¥à®¡« áâì ¢ ¡ §¥

E�
def

= fx 2 E j�� (x) = b; b 2 U� � Mg
(§¤¥áì ¬ë ­ ¬¥à¥­­® ­¥ ¨á¯®«ì§ã¥¬ áâ ­¤ àâ­®¥ ®¡®§­ ç¥­¨¥ ��1 (U�) ¤«ï E� , â ª ª ª
â¥¯¥àì ¤®¯ãáª ¥âáï, çâ®¡ë �� ¡ë«® ­¥®¡à â¨¬ë¬), £¤¥ �� : E� ! U� ¯à¥¤áâ ¢«ï¥â

á®¡®© áã¦¥­¨¥ ®â®¡à ¦¥­¨ï � ­  áã¯¥à®¡« áâì U� , â. ¥. ��
def

= � jU� .

�¯à¥¤¥«¥­¨¥ 7.38. �®«ãà áá«®¥­¨¥, ®¯à¥¤¥«ï¥¬®¥ L = (E;M;F; �), ­ §ë¢ ¥âáï

�����������«®ª «ì­®�������������������âà¨¢¨ «ì­ë¬, ¥á«¨ 8b 2 M áãé¥áâ¢ãîâ áã¯¥à¡« áâ¨ U� 3 b â ª¨¥, çâ®
¬®¦­® ­ ©â¨ âà¨¢¨ «¨§¨àãîé¨¥ ¬®àä¨§¬ë �� : E� ! U� � F ã¤®¢«¥â¢®àïîé¨¥
~�� � �� = �� .

� ª çâ® ¤¨ £à ¬¬ 

E� U� � F

U�

��

@
@
@@R

��-

?

~��

(7.99)

ª®¬¬ãâ¨àã¥â.

�¯à¥¤¥«¥­¨¥ 7.39. �����������������®«ãá¥ç¥­¨¥ «®ª «ì­® âà¨¢¨ «ì­®£® ¯®«ãà áá«®¥­¨ï L ¤ -

¥âáï ®â®¡à ¦¥­¨ï¬¨ s� : U� ! E , ª®â®àë¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ á®¢¬¥áâ¨-
¬®áâ¨

�� � s� jb= �� � s� jb; b 2 U� \ U�: (7.100)

�¥¯¥àì ¯ãáâì fU�; ��g ¯à¥¤áâ ¢«ï¥â á®¡®© âà¨¢¨ «¨§¨àãîé¥¥ ¯®ªàëâ¨¥ â ª®¥,
çâ®

S
U� = M ¨ U� \ U� 6= ?) E� \E� 6= ?. �®£¤  ¬ë âà¥¡ã¥¬, çâ®¡ë âà¨¢¨ «¨§¨àã-

îé¨¥ ¬®àä¨§¬ë �� ­ å®¤¨«¨áì ¢ á®®â¢¥âáâ¢¨¨, ¨ íâ® §­ ç¨â, çâ® ¤¨ £à ¬¬ë

E� \E� U� \ U� � F

U� \ U� � F

��

@
@
@@R

��-

?

���

(7.101)
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¨
E� \E� U� \ U� � F

U� \ U� � F

��

@
@
@@R

��-

6
���

(7.102)

¤®«¦­ë ª®¬¬ãâ¨à®¢ âì,£¤¥ ��� ¨ ��� | ®â®¡à ¦¥­¨ï, ¤¥©áâ¢ãîé¨¥ ¢¤®«ì ¯®«ãá«®ï
F .

�¯à¥¤¥«¥­¨¥ 7.40. �ª«¥¨¢ îé¨¥ �����������äã­ªæ¨¨������������������¯®«ã¯¥à¥å®¤  «®ª «ì­® âà¨¢¨ «ì­®£®

¯®«ãà áá«®¥­¨ï L = (E;M ; F; �) ®¯à¥¤¥«ïîâáï ãà ¢­¥­¨ï¬¨

��� � �� = ��; (7.103)

��� � �� = ��: (7.104)

�â¢¥à¦¤¥­¨¥ 7.41. �ã­ªæ¨¨ ¯®«ã¯¥à¥å®¤  ¯®«ãà áá«®¥­¨ï L ã¤®¢«¥â¢®àïîâ
á«¥¤ãîé¨¬ á®®â­®è¥­¨ï¬

��� � ��� � ��� = ��� (7.105)

­  U� \ U� ¯¥à¥á¥ç¥­¨ïå ¨

��� � ��
 � �
� � ��� = ���; (7.106)

��
 � �
� � ��� � ��
 = ��
; (7.107)

�
� � ��� � ��
 � �
� = �
� (7.108)

­  âà®©­ëå ¯¥à¥á¥ç¥­¨ïå U� \ U� \ U
 ¨

��� � ��
 � �
� � ��� � ��� = ���; (7.109)

��
 � �
� � ��� � ��� � ��
 = ��
; (7.110)

�
� � ��� � ��� � ��
 � �
� = �
�; (7.111)

��� � ��� � ��
 � �
� � ��� = ��� (7.112)

­  U� \ U� \ U
 \ U� .

�¯à¥¤¥«¥­¨¥ 7.42. �®«ãà áá«®¥­¨¥ L ­ §ë¢ ¥âáï ������������������à¥ä«¥ªá¨¢­ë¬, ¥á«¨, ¢ ¤®¯®«-

­¥­¨¥ ª (7.105){(7.112), äã­ªæ¨¨ ¯®«ã¯¥à¥å®¤  ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ à¥ä«¥ªá¨¢-
­®áâ¨

��� � ��� � ��� = ��� (7.113)

­  U� \ U� ¯¥à¥á¥ç¥­¨ïå ¨

��
 � �
� � ��� � ��
 = ��
; (7.114)

�
� � ��� � ��
 � �
� = �
�; (7.115)

��� � ��
 � �
� � ��� = ��� (7.116)

­  âà®©­ëå ¯¥à¥á¥ç¥­¨ïå U� \ U� \ U
 ¨

��� � ��
 � �
� � ��� � ��� = ���; (7.117)

��
 � �
� � ��� � ��� � ��
 = ��
; (7.118)

�
� � ��� � ��� � ��
 � �
� = �
�; (7.119)

��� � ��� � ��
 � �
� ���� = ��� (7.120)

­  U� \ U� \ U
 \ U� .
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�«ï § ¤ ­­®£® b 2 U� \ U� áª«¥¨¢ îé¨¥ äã­ªæ¨¨ ¯¥à¥å®¤  ��� ®¯¨áë¢ îâ
¬®àä¨§¬ë ¯®«ãá«®ï F ¢ á¥¡ï ãá«®¢¨¥¬

��� : (b; f)! (b; L��f) ; (7.121)
£¤¥ L�� : U� \ U� ! F ¨ f 2 F . �ã­ªæ¨¨ L�� ã¤®¢«¥â¢®àïîâ ®¡®¡é¥­­ë¬ ãá«®¢¨ï¬

ª®æ¨ª«   ­ «®£¨ç­®£® (7.105){(7.120).

� ¬¥ç ­¨¥ 7.43. �¥ç¥­¨ï ¨ äã­ªæ¨¨ ¯¥à¥å®¤  à áá«®¥­¨ï ­¥®¡à â¨¬ë ¤ ¦¥ ¢ áâ ­-
¤ àâ­®¬ á«ãç ¥ [403, 796]. �® â ª®© ¢¨¤ ­¥®¡à â¨¬®áâ¨ ¨¬¥¥â ¯à¨à®¤ã, ®â«¨ç­ãî ®â
â®©, ª®â®à ï ¬®¦¥â ¨¬¥âì ¬¥áâ® ¢ áã¯¥àá¨¬¬¥âà¨ç­ëå ®¡ê¥ªâ å.

�â® ¬®¦­® áà ¢­¨âì á ­¥®¡à â¨¬®áâìî ®¡ëç­ëå äã­ªæ¨© [263,276] ¨ ­¥®¡à â¨-
¬®áâìî áã¯¥àäã­ªæ¨©, çâ® ¨¬¥¥â ¬¥áâ® ¨§-§  ¯à¨áãâáâ¢¨ï ­¨«ì¯®â¥­â®¢ ¨ ¤¥«¨â¥«¥©
­ã«ï. �®¤à §ã¬¥¢ ¥âáï, çâ® áâ ­¤ àâ­ë¥ äã­ªæ¨¨ ¯¥à¥å®¤  ¤®«¦­ë ¡ëâì £®¬¥®¬®à-

ä¨§¬ ¬¨,   á¥ç¥­¨ï ¤®«¦­ë ¡ëâì ¢® ¢§ ¨¬®®¤­®§­ ç­®¬ á®®â¢¥âáâ¢¨¨ �) á ®â®¡à ¦¥­¨-
ï¬¨ ¨§ ¡ §ë ¢ á«®© [237, 800]. � è¨ ®¯à¥¤¥«¥­¨ï (7.11){(7.26) ¨ (7.97){(7.120) à áè¨-
àïîâ ¨å, ¤®¯ãáª ï ¢ª«îç¥­¨¥ ¢ à áá¬®âà¥­¨¥ ¤®«¦­ë¬ ®¡à §®¬ â ª¦¥ ¨ ­¥®¡à â¨¬ë¥
áã¯¥àäã­ªæ¨¨.

7.5.2. � ® à ä ¨ § ¬ ë ¯ ® « ã à   á á « ® ¥ ­ ¨ © . �ãáâì ¬ë ¨¬¥¥¬ ¤¢  ¯®«ãà á-
á«®¥­¨ï L = (E;M ; F; �) ¨ L

0 = (E 0
;M 0

; F
0
; �

0).

�¯à¥¤¥«¥­¨¥ 7.44. �������������®àä¨§¬��������������������¯®«ãà áá«®¥­¨ï f : L! L
0 á®áâ®¨â ¨§ ¤¢ãå ¬®àä¨§-

¬®¢ f = (fE; fM), £¤¥ fE : E ! E
0 ¨ fM : M ! M 0 , ã¤®¢«¥â¢®àïîâ fM � � = �

0 � fE ,
â ª çâ® ¤¨ £à ¬¬ 

E

M

E0

M
0

�

?

fE

fM

-

-
?

�
0

(7.122)
ª®¬¬ãâ â¨¢­ .

�ãáâì
Eb = fx 2 E j� (x) = b; b 2 U � Mg ;

â®£¤  fE (Eb) � E
0
fM(b) ¤«ï ª ¦¤®£® b , ¨ ¯®«ãá«®© ­ ¤ b 2 M ¯¥à¥­®á¨âáï ¢ ¯®«ãá«®©

­ ¤ fM (b) 2 M 0 , â ª, çâ® fE ¯à¥¤áâ ¢«ï¥â á®¡®© ¬®àä¨§¬ á«®ï. �á«¨ ¯®«ãà áá«®¥­¨¥
¨¬¥¥â á¥ç¥­¨¥ (çâ® ¬®¦¥â ¡ëâì ­¥ ¢á¥£¤ ), â® ¬®àä¨§¬ fE ¤¥©áâ¢ã¥â á«¥¤ãîé¨¬ ®¡à §®¬
s (b) ! s0 (fM (b)). � ¡®«ìè¨­áâ¢¥ ¯à¨«®¦¥­¨© à áá«®¥­­ëå ¯à®áâà ­áâ¢ ¬®àä¨§¬ fM

¥áâì â®¦¤¥áâ¢®, ¨ f0
def

= (fE; id) ­ §ë¢ ¥âáï b-¬®àä¨§¬®¬ [403]. �¥¬ ­¥ ¬¥­¥¥, ¢ á«ãç ¥
¯®«ãà áá«®¥­¨© ¬®¦¥â ¨¬¥âì ¬¥áâ® ®¡à â­ ï á¨âã æ¨ï, ª®£¤  fM ¯à¥¤áâ ¢«ï¥â á®¡®©
­¥®¡à â¨¬ë© ¬®àä¨§¬. �«ï ª ¦¤®£® § ¤ ­­®£® b 2 M áãé¥áâ¢ãîâ âà¨¢¨ «¨§¨àãîé¨¥
®â®¡à ¦¥­¨ï � : Eb ! U � F ¨ �

0 : EfM(b) ! U 0 � F 0 , fM (U ) � U 0 , ª®â®àë¥ ¯à¨¢®¤ïâ

ª ®â®¡à ¦¥­¨î ¯®«ãá«®ï hb , ®¯à¥¤¥«ï¥¬®£® ª®¬¬ãâ â¨¢­®© ¤¨ £à ¬¬®©

Eb

U � F

E0

fM(b)

U
0
� F 0

� �
0

fE (b)

hb
?

-

-
?

(7.123)

�à¨¬¥ç ­¨¥. �­â¥à¥á­ë¥ ¯à¨¬¥àë ­¥¢§ ¨¬®®¤­®§­ ç­ëå (­¥áã¯¥àá¨¬¬¥âà¨ç­ëå) ®â®¡à ¦¥­¨© ¨
¤¨ää¥®¬®àä¨§¬®¢ ¯à¨¢¥¤¥­ë ¢ [242,797{799].
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�â®¡ë «®ª «ì­® ®¯¨á âì ¬®àä¨§¬ ¯®«ãà áá«®¥­¨© L
f! L

0 , ¬ë ¢ë¡¨à ¥¬ ®â-
ªàëâë¥ ¯®ªàëâ¨ï M =

S
U� ¨ M 0 =

S
U 0
�0

­ àï¤ã á âà¨¢¨ «¨§ æ¨ï¬¨ �� ¨ �
0
�0

(á¬.
(7.99)). �®£¤  á¢ï§ì ¬¥¦¤ã äã­ªæ¨ï¬¨ ¯®«ã¯¥à¥å®¤  ��� ¨ �0

�0�0
(7.103){(7.104) ¤¢ãå

¯®«ãà áá«®¥­¨© L ¨ L
0 ¬®¦¥â ¡ëâì ­ ©¤¥­  ¨§ ª®¬¬ãâ â¨¢­®© ¤¨ £à ¬¬ë

U�� � F

U
0

�0�0
� F 0

U�� � F

U
0

�0�0
� F 0

h� h�

���

�0
�0�0

? ?

-

-
(7.124)

£¤¥ ¬®àä¨§¬ë h� ®¯à¥¤¥«ïîâáï ¤¨ £à ¬¬®©

E

U� � F

E0

U
0

�0 � F 0

�� �
0
�0

fE

h�
?

-

-
?

(7.125)

�§ (7.124) ¬ë ¨¬¥¥¬ á®®â­®è¥­¨¥ ¬¥¦¤ã äã­ªæ¨ï¬¨ ¯®«ã¯¥à¥å®¤ 

h� � ��� = �0
�0�0
� h� (7.126)

ª®â®à®¥ ¢ë¯®«­ï¥âáï â®¦¤¥áâ¢¥­­® â ª¦¥ ¨ ¤«ï ­¥®¡à â¨¬ëå h� , â®£¤  ª ª ¢ ®¡à -
â¨¬®¬ á«ãç ¥ [403, 796] ãà ¢­¥­¨¥ (7.126) à¥è ¥âáï ®â­®á¨â¥«ì­® �0

�0�0
áâ ­¤ àâ­ë¬

®¡à §®¬ �0
�0�0

= h� � ��� � h�1� , çâ® ¬®¦¥â à áá¬ âà¨¢ âìáï ª ª íª¢¨¢ «¥­â­®áâì ª®-

æ¨ª«®¢. �¤­ ª® ¢ ®¡é¥¬ á«ãç ¥ (7.126) ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã áã¯¥àãà ¢­¥­¨©,
ª®â®àë¥ ¤®«¦­ë à¥è âìáï áâ ­¤ àâ­ë¬¨ [33] «¨¡® à áè¨à¥­­ë¬¨ [390] ¬¥â®¤ ¬¨ áã-
¯¥à ­ «¨§  [236].

�à¥¤¯®«®¦¨¬, M ¤®¯ãáª ¥â âà¨¢¨ «¨§¨àãîé¨¥ ¯®ªàëâ¨ï fU�; ��g ¨ fU 0
�0
; �

0
�0
g.

� ®¡é¥¬ á«ãç ¥ ®­¨ ­¥ á¢ï§ ­ë ¬¥¦¤ã á®¡®©, ¨ äã­ªæ¨¨ ¯®«ã¯¥à¥å®¤  ��� ¨ �0
�0�0

­¥§ ¢¨á¨¬ë. �¤­ ª®, ¥á«¨ M ¯à¥¤áâ ¢«ï¥â á®¡®© ¡ §®¢®¥ áã¯¥à¯à®áâà ­áâ¢® ¤«ï ¤¢ãå

¯®«ãà áá«®¥­¨© L ¨ L
0 , ª®â®àë¥ á¢ï§ ­ë b-¬®àä¨§¬®¬ L

f0! L
0 , â®£¤  ��� ¨ �0

�0�0

¤®«¦­ë ­ å®¤¨âìáï ¢ á®®â¢¥âáâ¢¨¨.

�à¥¤«®¦¥­¨¥ 7.45. �ã­ªæ¨¨ ¯®«ã¯¥à¥å®¤  ��� ¨ �0
�0�0

¤¢ãå ¯®«ãà áá«®¥­¨© ­ -

å®¤ïâáï ¢ á®®â¢¥âáâ¢¨¨, ¥á«¨ áãé¥áâ¢ãîâ ¤®¯®«­¨â¥«ì­ë¥ ®â®¡à ¦¥­¨ï ~��0� :

U 0
�0
\ U� ¨ ~���0 : U� \ U 0

�0
á¢ï§ ­­ë¥ ¬¥¦¤ã á®¡®© á®®â­®è¥­¨ï¬¨

~��0� � ~���0 � ~��0� = ~��0� (7.127)

­  U 0
�0
\ U� ¨

~���0 � ~��0� � ~���0 = ~���0 (7.128)

­  U� \ U 0
�0
¯¥à¥á¥ç¥­¨ïå.

�á«®¢¨ï á®®â¢¥âáâ¢¨ï ¤«ï ��� ¨ �0
�0�0

¨¬¥îâ ¢¨¤

~��0� � ��
 � ~�
�0 � ~��0� = ~��0�; (7.129)

��
 � ~�
�0 � ~��0� � ��
 = ��
; (7.130)

~�
�0 � ~��0� � ��
 � ~�
�0 = ~�
�0 (7.131)

­  âà®©­ëå ¯¥à¥á¥ç¥­¨ïå U 0
�0
\ U� \ U
 ¨
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�0
�0�0
� ~��0
 � ~�
�0 � �0

�0�0
= �0

�0�0
; (7.132)

~��0
 � ~�
�0 � �0
�0�0
� ~��0
 = ~��0
; (7.133)

~�
�0 � �0
�0�0
� ~��0
 � ~�
�0 = ~�
�0 (7.134)

­  U 0
�0
\ U 0

�0
\ U
 ¯¥à¥á¥ç¥­¨ïå.

�®£¤ 
~��0� � ��
 ��
� � ~���0 � ~��0� = ~��0�; (7.135)

��
 � �
� � ~���0 � ~��0� � ��
 = ��
; (7.136)

�
� � ~���0 � ~��0� � ��
 � �
� = �
�; (7.137)

~���0 � ~��0� � ��
 � �
� � ~���0 = ~���0 (7.138)

­  U 0
�0
\ U� \ U
 \ U� ¨

�0
�0�0
� ~��0
 � �
� � ~���0 � ~���0 = �0

�0�0
; (7.139)

~��0
 � �
� � ~���0 � �0
�0�0
� ~��0
 = ~��0
; (7.140)

�
� � ~���0 � �0
�0�0
� ~��0
 � �
� = �
�; (7.141)

~���0 � �0
�0�0
� ~��0
 � �
� � ~���0 = ~���0 (7.142)

­  U 0
�0
\ U 0

�0
\ U
 \ U� ¨

�0
�0�0
� �0

�0
0
� ~�
0� � ~���0 � �0

�0�0
= �0

�0�0
; (7.143)

�0
�0
0
� ~�
0� � ~���0 � �0

�0�0
� ~��0
 = ~��0
 ; (7.144)

~�
0� � ~���0 � �0
�0�0
� �0

�0
0
� ~�
0� = ~�
0�; (7.145)

~���0 � �0
�0�0
� �0

�0
0
� ~�
0� � ~���0 = ~���0 (7.146)

­  U 0
�0
\ U 0

�0
\ U 0


0
\ U� .

�®ª § â¥«ìáâ¢®. �®­áâàã¨àã¥¬ áã¬¬ã âà¨¢¨ «¨§¨àãîé¨å ¯®ªàëâ¨© fU�; ��g ¨
fU 0

�0
; �

0
�0
g,   § â¥¬ ¨á¯®«ì§ã¥¬ (7.105){(7.112). �

�à¥¤«®¦¥­¨¥ 7.46. �ã­ªæ¨¨ ¯®«ã¯¥à¥å®¤  ��� ¨ �0
�0�0

à¥ä«¥ªá¨¢­® ­ å®¤ïâáï

¢ á®®â¢¥âáâ¢¨¨, ¥á«¨ áãé¥áâ¢ãîâ ¤®¯®«­¨â¥«ì­ë¥ à¥ä«¥ªá¨¢­ë¥ ®â®¡à ¦¥­¨ï
~��0� : U 0

�0
\ U� ¨ ~���0 : U� \ U 0

�0
á¢ï§ ­­ë¥ ¬¥¦¤ã á®¡®© (¢ ¤®¯®«­¥­¨¥ ª (7.127){

(7.128)) à¥ä«¥ªá¨¢­ë¬¨ ®â­®è¥­¨ï¬¨

~���0 � ~��0� � ~���0 = ~���0 (7.147)

­  U 0
�0
\ U� ¨

~��0� � ~���0 � ~��0� = ~��0� (7.148)

­  U� \ U 0
�0
¯¥à¥á¥ç¥­¨ïå.

�¥ä«¥ªá¨¢­ë¥ äã­ªæ¨¨ ¯®«ã¯¥à¥å®¤  ��� ¨ �0
�0�0

¤®«¦­ë ã¤®¢«¥â¢®àïâì (¢

¤®¯®«­¥­¨¥ ª (7.129){(7.146)) á«¥¤ãîé¨¬ á®®â­®è¥­¨ï¬ à¥ä«¥ªá¨¢­®© á®£« á®¢ ­-
­®áâ¨

~��0
 � �
� � ~���0 � ~��0
 = ~��0
; (7.149)

�
� � ~���0 � ~��0
 � �
� = �
�; (7.150)
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~���0 � ~��0
 � �
� � ~���0 = ~���0 (7.151)

­  U 0
�0
\ U� \ U
 ¨

~��0
 � ~�
�0 � �0
�0�0
� ~��0
 = ~��0
; (7.152)

~�
�0 � �0
�0�0
� ~��0
 � ~�
�0 = ~�
�0; (7.153)

�0
�0�0
� ~��0
 � �0


�0
� �0

�0�0
= �0

�0�0
(7.154)

­  U 0
�0
\ U 0

�0
\ U
 ¯¥à¥á¥ç¥­¨ïå.

�®£¤ 
~��0� � ��
 � �
� � ~���0 � ~��0� = ~��0�; (7.155)

��
 � �
� � ~���0 � ~��0� � ��
 = ��
 ; (7.156)

�
� � ~���0 � ~��0� � ��
 � �
� = �
�; (7.157)

~���0 � ~��0� � ��
 � �
� � ~���0 = ~���0 (7.158)

­  U 0
�0
\ U� \ U
 \ U� ¨

~��0� � ��
 � ~�
�0 � �0
�0�0
� ~��0� = ~��0�; (7.159)

��
 � ~�
�0 ��0
�0�0
� ~��0� � ��
 = ��
; (7.160)

~�
�0 � �0
�0�0
� ~��0� � ��
 � ~�
�0 = ~�
�0; (7.161)

�0
�0�0
� ~��0� � ��
 � ~�
�0 ��0

�0�0
= �0

�0�0
(7.162)

­  U 0
�0
\ U 0

�0
\ U
 \ U� ¨

~��0� � ~��
0 � �0

0�0
� �0

�0�0
� ~��0� = ~��0�; (7.163)

~��
0 � �0

0�0
��0

�0�0
� ~��0� � ~��
0 = ~��
0; (7.164)

�0

0�0
� �0

�0�0
� ~��0� � ~��
0 � �0


0�0
= �0


0�0
; (7.165)

�0
�0�0
� ~��0� � ~��
0 � �0


0�0
� �0

�0�0
= �0

�0�0
(7.166)

­  U 0
�0
\ U 0

�0
\ U 0


0
\ U� .

�­ «®£¨ç­® ¬ë ¬®¦¥¬ ®¯à¥¤¥«ïâì ¨ ¨áá«¥¤®¢ âì £« ¢­ë¥ ¨  áá®æ¨¨à®¢ ­­ë¥
¯®«ãà áá«®¥­¨ï á® áâàãªâãà­®© ¯®«ã£àã¯¯®©.

7.6. �¥®¡à â¨¬®áâì ¨ ¯®«ã£®¬®â®¯¨¨
�¤¥áì ¬ë ªà âª® ®áâ ­®¢¨¬áï ­  ­¥ª®â®àëå ¢®§¬®¦­®áâïå à áè¨à¥­¨ï ¯®­ïâ¨ï

£®¬®â®¯¨¨ ­  ­¥®¡à â¨¬ë¥ ­¥¯à¥àë¢­ë¥ ®â®¡à ¦¥­¨ï [20].
�®¬®â®¯¨ï [562,757,767,768] ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥¯à¥àë¢­®¥ ®â®¡à ¦¥­¨¥ ¬¥-

¦¤ã ¤¢ã¬ï ®â®¡à ¦¥­¨ï¬¨ ¯à®áâà ­áâ¢ f : X ! Y ¨ g : X ! Y ¢ ¯à®áâà ­áâ¢¥
C (X ;Y ) ®â®¡à ¦¥­¨© X ! Y â ª®¢ëå, çâ® 
t=0 (x) = f (x) ; 
t=1 (x) = g (x), x 2 X .
�â®¡à ¦¥­¨ï f (x) ¨ g (x) ­ §ë¢ îâáï £®¬®â®¯­ë¬¨. �àã£¨¬¨ á«®¢ ¬¨ [758] £®¬®â®-
¯¨ï ¨§ X ¢ Y ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥¯à¥àë¢­ãî äã­ªæ¨î 
 : X � I ! Y , £¤¥ I = [0:1]
¥¤¨­¨ç­ë© ¨­â¥à¢ «. �«ï § ¤ ­­®£® t 2 I ¨¬¥îâáï è £¨ 
t : X ! Y ®¯à¥¤¥«ï¥-
¬ë¥, ª ª 
t (x) = 
 (x; t). �®¬®â®¯¨ç¥áª®¥ ®â­®è¥­¨¥, ¤¥«ïé¥¥ C (X ;Y ) ­  ¬­®¦¥áâ¢®
ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ � (X ;Y ) , ­ §ë¢ ¥âáï £®¬®â®¯¨ç¥áª¨¬¨ ª« áá ¬¨, ª®â®àë¥
¯à¥¤áâ ¢«ïîâ á®¡®© ¬­®¦¥áâ¢® á¢ï§­ëå ª®¬¯®­¥­â ¨§ C (X ;Y ). �®íâ®¬ã ¤«ï � (�;Y )
(£¤¥ � ¯à¥¤áâ ¢«ï¥â á®¡®© â®çªã) £®¬®â®¯¨ç¥áª¨¥ ª« ááë á®®â¢¥âáâ¢ãîâ á¢ï§­ë¬ ª®¬-
¯®­¥­â ¬ Y . �á«¨ C (X ;Y ) á¢ï§­ë, â®£¤  £®¬®â®¯¨ï ¬¥¦¤ã f (x) ¨ g (x) ¬®¦¥â ¢ë¡¨-
à âìáï ª ª ¨å áà¥¤­¥¥, â. ¥.


t (x) = tf (x) + (1 � t) g (x) : (7.167)
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�¢  ®â®¡à ¦¥­¨ï f ¨ g £®¬®â®¯¨ç¥áª¨ íª¢¨¢ «¥­â­ë, ¥á«¨ f � g ¨ g � f
£®¬®â®¯­ë â®¦¤¥áâ¢¥­­®¬ã ®â®¡à ¦¥­¨î. �¥¯¥àì ¯à¥¤¯®«®¦¨¬ X ¨ Y | áã¯¥à¬-
­®£®®¡à §¨ï ¢ ­¥ª®â®à®¬ ¨§ ®¯à¥¤¥«¥­¨© [67, 68, 74, 254] ¨«¨ ¯®«ãáã¯¥à¬­®£®®¡à §¨¥ ¢
­ è¥© ä®à¬ã«¨à®¢ª¥ (á¬. �¯à¥¤¥«¥­¨¥ 7.3), â®£¤  áãé¥áâ¢ã¥â ¢®§¬®¦­®áâì à áè¨-

à¥­¨ï ¯®­ïâ¨ï £®¬®â®¯¨¨ �) [20]. �¤¥ï § ª«îç ¥âáï ¢ â®¬, çâ®¡ë à áè¨à¨âì ®¯à¥¤¥«¥-
­¨¥ ¯ à ¬¥âà  t. � áâ ­¤ àâ­®¬ á«ãç ¥ ¥¤¨­¨ç­ë© ¨­â¥à¢ « I = [0; 1] ¢ë¡¨à «áï ¤«ï
¯à®áâ®âë, ¯®áª®«ìªã «î¡ë¥ ¤¢  ®âà¥§ª  ­  ®á¨ ¢¥é¥áâ¢¥­­ëå ç¨á¥« £®¬¥®¬®àä­ë, ¨
¯®íâ®¬ã ®­¨ â®¯®«®£¨ç¥áª¨ íª¢¨¢ «¥­â­ë [768].

� á«ãç ¥ áã¯¥à¬­®£®®¡à §¨© [697, 804, 805],   ®á®¡¥­­® ¯®«ãáã¯¥à¬­®£®®¡à -
§¨© [20] á¨âã æ¨ï áãé¥áâ¢¥­­® ®â«¨ç ¥âáï. �ë ¨¬¥¥¬ âà¨ â®¯®«®£¨ç¥áª¨ à §¤¥«¥­­ëå
á«ãç ï:

1. � à ¬¥âà t 2 �0 ç¥â­ë© ¨ ¨¬¥¥â ç¨á«®¢ãî ç áâì, â.¥. � (t) 6= 0.

2. � à ¬¥âà t 2 �0 ç¥â­ë© ¨ ­¥ ¨¬¥¥â ç¨á«®¢®© ç áâ¨, â.¥. � (t) = 0.

3. � à ¬¥âà � 2 �1 ­¥ç¥â­ë© («î¡®© ­¥ç¥â­ë© í«¥¬¥­â ­¥ ¨¬¥¥â ç¨á«®¢®© ç áâ¨).

�¥à¢ ï ¢®§¬®¦­®áâì ¬®¦¥â ¡ëâì á¢¥¤¥­  áâ ­¤ àâ­®¬ã á«ãç î ¯®áà¥¤áâ¢®¬ á®-
®â¢¥âáâ¢ãîé¥£® £®¬¥®¬®àä¨§¬ , ¨ â ª®© t ¬®¦¥â ¢á¥£¤  à áá¬ âà¨¢ âìáï ¢ ¥¤¨­¨ç­®¬
¨­â¥à¢ «¥ I = [0; 1]. �¤­ ª® á«¥¤ãîé¨¥ ¤¢¥ ¢®§¬®¦­®áâ¨ â®¯®«®£¨ç¥áª¨ ­¥ á¢ï§ ­ë á
¯¥à¢®© ¨ ¬¥¦¤ã á®¡®©.

�¯à¥¤¥«¥­¨¥ 7.47. �����������¥â­ ï��������������������¯®«ã£®¬®â®¯¨ï ¬¥¦¤ã ¤¢ã¬ï ®â®¡à ¦¥­¨ï¬¨ ¯®«ã-

áã¯¥à¯à®áâà ­áâ¢ f : X ! Y ¨ g : X ! Y ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥®¡à â¨¬®¥ (¢
®¡é¥¬ á«ãç ¥) ®â®¡à ¦¥­¨¥ X ! Y , § ¢¨áïé¥¥ ®â ­¨«ì¯®â¥­â­®£® ç¥â­®£® ¯ -
à ¬¥âà  t 2 �0 ¡¥§ ç¨á«®¢®© ç áâ¨ ¨ ¤¢ãå ç¥â­ëå ª®­áâ ­â a; b 2 �0 ¡¥§ ç¨á«®¢®©
ç áâ¨ â ª¨å, çâ®

�Iab
even
t=a = �Iabf (x) ;

�Iab
even
t=b = �Iabg (x) ;

(7.168)

£¤¥


even

t
(x) = �even (x; t) ; �even : X � Iab! Y ;

I
ab = [a; b] ; �Iab = b� a: (7.169)

�¯à¥¤¥«¥­¨¥ 7.48. �������������¥ç¥â­ ï���������������������¯®«ã£®¬®â®¯¨ï ¬¥¦¤ã ¤¢ã¬ï ®â®¡à ¦¥­¨ï¬¨ f :

X ! Y ¨ g : X ! Y ¯à¥¤áâ ¢«ï¥â á®¡®© ­¥®¡à â¨¬®¥ (¢ ®¡é¥¬ á«ãç ¥) ®â®¡à -
¦¥­¨¥ X ! Y , § ¢¨áïé¥¥ ­  ­¨«ì¯®â¥­â­®£® ­¥ç¥â­®£® ¯ à ¬¥âà  � 2 �1 ¨ ¤¢ãå
­¥ç¥â­ëå ª®­áâ ­â �; � 2 �1 â ª¨å, çâ®

�I��
odd
�=� = �I��f (x) ;

�I��
odd
�=� = �I��g (x) ;

(7.170)

£¤¥


odd

�
(x) = �odd (x; � ) ;�odd : X � I�� ! Y ;

I�� = [�; �] ; �I�� = � � �: (7.171)

� ¬¥ç ­¨¥ 7.49. � (7.169) ¨ (7.171) ¢¥«¨ç¨­ë I
ab ¨ I�� ­¥ ï¢«ïîâáï ®âà¥§ª ¬¨

¢ ®¡ëç­®¬ á¬ëá«¥, â ª ª ª áà¥¤¨ ¯¥à¥¬¥­­ëå ¡¥§ ç¨á«®¢®© ç áâ¨ ­¥â ¢®§¬®¦­®áâ¨

ãáâ ­ ¢«¨¢¨âì ®â­®è¥­¨¥ ã¯®àï¤®ç¥­­®áâ¨ [237, 254, 735], ¨ ¯®íâ®¬ã �Iab ¨ �I��
â®«ìª® ä®à¬ «ì­ë¥ ®¡®§­ ç¥­¨ï ®¡®§­ ç¥­¨ï.

�à¨¬¥ç ­¨¥. �«ï à §«¨ç­ëå ­¥áã¯¥àá¨¬¬¥âà¨ç­ëå ®¡®¡é¥­¨© £®¬®â®¯¨¨ á¬. [801{803].
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7.6 � §¤¥« 7.

�¥¬ ­¥ ¬¥­¥¥, ¬ë ¬®¦¥¬ ¯à¨¢¥áâ¨ ¯à¨¬¥à  ­ «®£  áà¥¤­¥£® (7.167) ¤«ï ­¥ç¥â­®©
¯®«ã£®¬®â®¯¨¨

(� � �) 
odd
�

(x) = (� � � ) f (x) + (� � �) g (x) ; (7.172)

ª®â®àë© ¬®¦¥â ã¤®¢«¥â¢®àïâì ãá«®¢¨ï¬ áã¯¥à£« ¤ª®áâ¨.

� ¬¥ç ­¨¥ 7.50. � (7.168) ¨ (7.170) ­¥«ì§ï á®ªà é âì «¥¢ãî ¨ ¯à ¢ãî ç áâ¨ ­  I
ab ¨

I�� á®®â¢¥âáâ¢¥­­®, ¯®â®¬ã çâ® à¥è¥­¨ï ¤«ï ¯®«ã£®¬®â®¯¨© 

even

t
¨ 


odd

�
à áá¬®âà¨¢ -

îâáï ª ª ®â­®è¥­¨ï íª¢¨¢ «¥­â­®áâ¨. �â® ®âç¥â«¨¢® ¢¨¤­® ¨§ (7.172), £¤¥ ¤¥«¥­¨¥ ­ 

(� � �) ­¥¢®§¬®¦­®, â¥¬ ­¥ ¬¥­¥¥ à¥è¥­¨¥ ¤«ï 

odd

�
(x) áãé¥áâ¢ã¥â.

� ¨¡®«¥¥ ¢ ¦­®¥ á¢®©áâ¢® ¯®«ã£®¬®â®¯¨© | íâ® ¨å ¢®§¬®¦­ ï ­¥®¡à â¨¬®áâì,
ª®â®à ï á«¥¤ã¥â ¨§ ­¨«ì¯®â¥­â­®áâ¨ t ¨ � ¨ ®¯à¥¤¥«¥­¨© (7.168) ¨ (7.170). �®íâ®¬ã, Y
­¥ ¬®¦¥â ¡ëâì áã¯¥à¬­®£®®¡à §¨¥¬, ®­® ¬®¦¥â ¡ëâì â®«ìª® ¯®«ãáã¯¥à¬­®£®®¡à §¨¥¬
[7,20].

�à¥¤¯®«®¦¥­¨¥ 7.51. �®«ã£®¬®â®¯¨¨ ¨£à îâ âã ¦¥ à®«ì ¢ ¨§ãç¥­¨¨ á¢®©áâ¢
­¥¯à¥àë¢­®áâ¨ ¨ ª« áá¨ä¨ª æ¨¨ ¯®«ãáã¯¥à¬­®£®®¡à §¨©, ª ªãî ®¡ëç­ë¥ £®¬®â®-
¯¨¨ ¨£à îâ ¤«ï ®¡ëç­ëå ¬­®£®®¡à §¨©.
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