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Higher-Order Recursion Scheme
(HORS)

¢ Grammar for generating an infinite tree

Order-1 HORS

S > AcC

Ax—>a x (A(b x)
S0, Ato—> o0

HORS N

Call-by-name simply-typed A-calculus
+

recursion, tree constructors -




HORS Model Checking

Given

\_

does A accept Tree(G)?

~

G: HORS
A: alternating parity tree automaton (APT)
(a formula of modal p-calculus or MSO),

J

e.g.
- Does every finite path of Tree(6) end with "c"?
- Does "a"” occur below "b” in Tree(6)?

(for order-k HORS)

(x)
k-EXPTIME-complete [Ong, LICS06] ,
but practical algorithms exist /2—{

J
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¢ order-0 ~ finite state model checking
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Higher-Order Modal Fixpoint Logic
(HFL) [Viswanathan&Viswanathan 04]

¢ Higher-order extension of the modal n-calculus

¢ ::= frue
P1 A P2
P11V P2
[a]o ¢ must hold after a
<a>@ ¢ may hold after a
X predicate variable
uX<. o least fixpoint
vX<. greatest fixpoint
AX*. @ (higher-order) predicate
0 ¢ application

Kk iz @ | ko,



Selected Typing Rules for HFL

[ true: ® ‘ I Fo: ®

I |-[a]e: ®

FTFo:® Tly:e

ClFoAy:®
v L, Xk, Foix,
' =AX.p:x; —
LXix FXx | mIX.0 k2
FFo:ix; >k, T Fyix [LXx Foix

CFo vyik, [ FpX.9ix




Semantics

[p);: the set of states that satisfy ¢

L mo © s,:€[0)l; (Si:: initial state of L)
[true]; = States [oAv]= [0)r N [v]:
[ovv]= [o) L [v];
[ [a]o )= {s | VI.(s >, t implies te [o];)}
[<a>¢ )}y ={s | 3t.(s >, t and te [¢];)}
[eX<. 0] = Ifp(Axelk].[@lrx-x )
[vX<.0]r = gfp (Axe[x].[0)rx-x )

[i—1,] = {fe [K1] = [k,]

[@] = 2States
[A,XK.(p]I - KXE[K].[(p]I{sz} | f: monotonic} ]
[o vli= [0 [v]ly [X] = I(X)




Example

(uFe-*->* AX.AY. (XAY) v F (<a>X) (<b>Y)) P Q

= (PAQ) v
(uFe->*-® AX.AY. (XAY) v

F(<a>X)(<b>Y)) (<a>P)(<b>Q)
= (PAQ) v (<a>PA<b>Q) v (<a><a>PA<b><b>Q) v ...

For some n, <a>"P and <b>" Q hold
bn
oG

~

a



HFL Model Checking

-

~

Given

L: (finite-state) labeled transition system
¢: HFL formula,

does L satisfy ¢?

J

e.g. L |= ¢ for:
L: ¢Q: (UF.AX.AY. (XAY)
9 v F (<a>X) (<b>Y))
b ¢ (<c>true) (<d>true)



HES (Hierarchical Equation Systems)
Representation of HFL Formulas

Example:
HFL: vX.uY.(<a>X v <b>Y)
(there exists a path (b*a)~)
HES: X=, VY. Y=, <a>X v <b>Y



HORS vs HFL model checking

Model | Spec. complexity Applications
Automated
HORS k;iﬁPE{\QE verification of
model |HORS | APT (for oFr)'der'-k functional
checkin programs
J HORS) [K 097[K+11]..
HFL K-EXPTIME Assume.-guar'an’ree
reasoning [VV 04]
mOd?l LTS HFL (for C;i:;‘glf;eHFL) Process equivalence
checking checking [Lange+ 14]

APT: alternating parity tree automaton
LTS: finite-state labeled transition system
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From Program Verification

to HORS Model Checking
[K. POPL 2009]

Higher-order

HORS 6

(describing all

program
+ —
specification

(on events or

Program
Transformation

event sequences
— or outputs) —

+

HORS
Model
Checking

output)

Tree property o,
describing
valid event sequences
or outputs
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Example
let f x = Fxk o> + (c k) (r(F x k)
if * then close(x) S ->Fd *+
else (read(x); f x) /\
in IC rl‘
let y = open "foo” x I
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f (y) S
N i1
Is the file “foo" ( h

Is each path of the tree
labeled by r*c?

Y . J

ccessed according | ——p
to read™ close?




(" . .
continuation parameter,

expressing how “foo” is ‘A
accessed after the call returns

N .

From Program |
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let f x > L Fd %

if * then close(x)
else (read(x); f x) rk 2

CPS

in e Transformation!
let y = open "foo" | -
in C !
f ( )
Y) X
c r
° " Il\ I I
Is the file "foo - ‘ w
ccessed according| —y | Is each path of the tree
to read™ close? labeled by r*c?
Y, \ y




From Program Verification fo Model Checking:
Example

+

| =
et T S 5> Fdx
+

if * then
else rk

in CPS
e Transformation!
let y = open "foo" | -
in C !
f I
(y) &
c r
° " ll\ I I
Is the file "foo - ‘ x
ccessed according| —y | Is each path of the tree
to read™ close? labeled by r*c?
Y, \ y
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From Program Verification to Model Checking:

Example
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Tool demonstration:
MoCHi

[K&Sato&Unno, 2011]
(a software model checker

for a subset of functional
programming language OCaml)
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From HORS to HFL model checking
¢ Input:
- HORS 6
- Parity tree automaton A (with largest priority p)

¢ Output:
- LTS LA
- HFL formula ¢ ,

such that Tree(6) =A iff L, |= ¢g,
Intuition:
- L, simulates the transitions of A

- Qg describes "L, has transitions corresponding
to an accepting run of A over Tree(6)”



From HORS to HFL model checking
¢ Input:
- HORS 6
- Parity tree automaton A (with largest priority p)

¢ Output:
- LTS LA
- HFL formula ¢ ,

such that Tree(6) =A iff L, |= ¢g,
Intuition:
- L, simulates the transitions of A

- Qg describes "L, has transitions corresponding
to an accepting run of A over Tree(6)”



Construction of L,

(non-deterministic case: see the paper for the case of APT)
A:

90 2a919% 907291 91—~ 91 Q0 2¢ 91 ¢
0(q0)-0  Q(qy)-1



Construction of L,

(non-deterministic case: see the paper for the case of APT)

A
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Q(q)=0  Q(qy)-1 (The statesof L,
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L - states of A and
A’ &—| - r.hs. of

1 \_ transition rules /




Construction of L,

(non-deterministic case: see the paper for the case of APT)
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Construction of L,

(non-deterministic case: see the paper for the case of APT)
A:

90 2a919% 9091 91~ 9: Q0 2¢ 91 ¢
0(q0)-0  Q(qy)-1

A transition label

iS ..., or a humber to
L,: identify the visited
Al

child )
2 @ !
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From trees to HFL formulas

¢r: "the current state has transitions

. corresponding to an accepting run for T )

Pac(eo)-=
<ay> “can visit 1st and 2 children with states
satisfying ¢. and ¢, . respectively”
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= <ap>(H; o, ¢, )
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H, X; ... Xnd%f <I>XiA...<n>X|)) 0
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From trees to HFL formulas

¢r: "the current state has transitions

. corresponding to an accepting run for T )

Pac(e)-=
<ay> “can visit 1st and 2 children with states

satisfying ¢. and ¢, . respectively”
= <ag>(<1>¢, A<2>q; )
= <ag>(Hz ¢ @5 )

= <ag>(H; (<co>Ho)
(<bo>H; (<co>Ho))) O Cq)

> @

H, X; ... Xnd%f <I>XiA...<n>X|))




From HORS to HFL

HORS 6 A
S 5Fc 90 209190
Fx—>a x (F(b x) 90 2p91 91 7b 91
Qo ¢ q1 ¢

La
P60 @
’ 1
s =V F (<C0>HO) @ do @
F X =v bo @
<ap>(H, x (F(<by>(H; x))) Co Co
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Difference from the special case

¢ Replicate each non-terminal/argument for each
priority (to translate parity condition to a proper
nesting of least/greatest fixpoints)

HORS 6: S —> Fc
Fx—->a x (F (b x))

¥

HFL (PG,I

St =, FO (<co>Hyp) (<cy>Hy):
F! x0 x! = <ap>(H, x! x!

(FO(<by>(H; x* x1))) (F'(<by>H; x! x1)):

S0 =, Fo (<CO>HO) (<C1>Ho)2

v...




Correctness of Translation

¢ Theorem:
Tree(G) |= A
if and only if
LA |= (PG,p

order(L ,)=order(G)
IL,| is polynomial in |A|
log | is polynomial in |6], p
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From HFL to HORS model checking

¢ Input:

- LTS L

- HFL formula ¢
¢ Output:

- HORS 6,

- APT A,

such that L |=¢ iff 6, . |= A_ for sufficiently large c
Intuition:

- 6, generates tree representation of the formula
equivalent to ¢, obtained by unfolding fixpoint
formulas sufficiently many times

- A accepts trees representing valid formulas



HFL-to-HORS Translation: Overview

FX=,0
Remove fixpoint operators by finite unfoldings
(cf. Kleene fixpoint theorem)

Convert it to HORS, which generates the tree
representation of the formula

Parameterize F by a number, and implement
numbers (up to ?’/‘2" ) as functions (cf. [Joneso1])
)
2

Fm X— if (Zero? m) true ([F (m-1) /Fl¢’)




Correctness of Translation

¢ Theorem:
L =9
if and only if
ch.ILI |= AL

order(G, . |) = order(L)
16, | is polynomial in |¢| and |L|
|A, | is polynomial in |L|
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program verification
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[K, POPLO9] [Sfafitjlkada&wmanabe,

HORS — HFL

model checking model checking
Tree(6)|= A? Eg&ljﬁelswmse’ L |= ¢?




HORS vs HFL model checking

Higher-order

(PI=(wP

program verification

[K, POPLQAZ]

HORS —

g
~ | [K&Lozes&Bruse,
Tre :@ | POPL17]

[K&Tsukada&Watanabe,
draft]

model checking

OEC

L

HFL

"The behavior of
P is correct.”

J




From Program Verification
to HFL Model Checking: Example

let f x = F x k =, <close>k
=> A (<read>(F x k))

if * then close(x) S = F true (<end>true)

else (read(x): f x)

in
let y = open “foo"
in
f (y) /Does LTS: O

read

end
) close 1‘I'
V| Gy
Is the file “foo” @ 9

ccessed according (=== sqtisfy the formula 5?
to read™ close? K /
Y,




From Program Verification
to HORS Model Checking

let f x = Fxk o> + (c k) (r(F x k)
if * then close(x) —~>S->Fd *+
else (read(x); f x) /\
in IC rl‘
let y = open "foo” x I
in C rl'
f (y) S
N i1
Is the file “foo" ( h

Is each path of the tree
labeled by r*c?

Y . J

ccessed according | ——p
to read™ close?




From Program Verification
to extended HFL Model Checking

let f n x = Fnxk=,

if n<0 then close(x) (n<0 =<close>k)

else A (_INS(L :(>F 1) x K)
d(x): -1 <read>(F (n-1) x

in(r'ea (x); f (n-1) x) S = F m true (<end>true)

let y = open “foo”

in Y P /Does LTS: N

read
—
Is the file "foo” @ 9

ccessed according (=== sqtisfy the formula 5?
to read™ close? K /
Y,




From Program Verification
to extended HFL Model Checking

| F »n v le -

le
/?his approach provides a sound and complete \
{ logical characterization of:
- reachability problem
if - termination problem
I{ - linear/branching-time temporal properties
if for higher-order functional programs with
infinite data /

\
Is the file “foo” S &

ccessed according (=== sqtisfy the formula 5?
to read™ close? k /
Y,




From Termination Verification
to extended HFL Model Checking

let sum n k = Termination:
if n< (1 sum.An.AK.
::,SZ"O then k O _p| (n<0=k O)A
1) ar k (n>0=sum(n-1) Ar.k(r+n)))
. sum (n-1) Ar.k(r+n) m (Ax.true)
in sum m (Ax.())

Non-Termination:
(v sum.An.Ak.

(n<OAk O)v

(n>0A sum(n-1) Ar.k(r+n)))
m (Ax.false)




Related Work

¢ From HORS to HFL model checking:

- Reduction from HORS model checking to
nested least/greatest fixedpoint computation

[Salvati&Walukiewicz, CSL15]
¢ From program verification to HFL model
checking:
- program verification via:
* (Constraint) Horn clauses
[Bjorner, Gurfinkel, McMillan, Rybalchenko, Unno, ...]
- Higher-order constraint Horn clauses
[Burn, Ong&Ramsay 2017]
Can be viewed as a restriction to the fragment
of HFL without fixpoint alternation and modal operators



Conclusion

¢ Revealed close relationships among:

- program verification
- HFL/HORS model checking

¢ Reduction from program verification to HFL
model checking provides a new, uniform
approach to verification of infinite-data
higher-order programs

¢ Future work:

- development of extended HFL model checkers
(cf. recent integration of Horn clause solvers
info SMT solvers)
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