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Description. For m ≥ 2, Laplace’s equation ∆f = 0 has a global solution in Rm \ {0},
given by:

f(x) = ∥x∥2−m, if m > 2, and f(x) = log
(
∥x∥

)
, if m = 2.

These functions are radial around 0, i.e., f(x) depends only on the distance of x from 0.
Given a Riemannian manifold (M, g), let ∆g denote its Laplacian operator, and let

p ∈ M be fixed. A function f : M → R is radial about p if the value f(q) depends only
on the distance between p and q, i.e., if f(q1) = f(q2) when dist(p, q1) = dist(p, q2). It
is then a natural question to ask whether an arbitrary Riemannian manifold admits radial
solutions of the Laplace, equation, or if it admits radial eigenfunctions of ∆g , etc.

Evidently, in order to answer these questions one of the first things to establish is
whether the Laplacian ∆gf of some radial function f is again a radial function. Ele-
mentary examples show that this is not always the case. Using a local expression of the
Laplacian in polar coordinates, the reader will easily convince himself that a necessary
and sufficient condition for this is that the Laplacian of the distance function itself must be
radial.

This motivates the following definition. A Riemannian manifold (M, g) is harmonic at
p ∈ M if in some punctured geodesic ball Bp(δ) \ {p} around p one has ∆gr = ϕ(r),
where r(q) = dist(p, q), and ϕ is a smooth function on ]0, δ[. The manifold (M, g) will
be called harmonic if it is harmonic about every p ∈ M . This notion is due to Copson and
Ruse, 1940. As expected, given any λ > 0 is the spectrum of the Laplace operator ∆g of a
harmonic space (M, g), and given any p ∈ M , there exists a nontrivial λ-eigenfunction of
∆g which is radial about p.
Contents. Harmonic manifolds have an extremely rich geometry. During the course, we
will discuss the proof of the following results.

Theorem (Copson-Ruse, 1940). Harmonic spaces are Einstein. In particular, a harmonic
space of dimension 2 or 3 has constant sectional curvature.

Recall that, given k ∈ {1, . . . ,m − 1} and L > 0, a Riemannian manifold (Mm, g) is
said to be Allamigeon–Warner of type (k, L) if for every point p ∈ M and any (maximal)
unit speed geodesic γ : [0, b[ → M issuing from p, γ(L) is the first point conjugate to p
along γ, and its multiplicity is equal to k.

Theorem. Compact harmonic spaces either are without conjugate points, or are Allamigeon–
Warner.

An old conjecture that harmonic spaces of any dimension should have constant sectional
curvature turned out to be false.
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Theorem (Lichnerowicz, 1944). Non-flat harmonic spaces are irreducible.1

This lead to the following:

Lichnerowicz conjecture. Complete simply-connected harmonic spaces are either flat or
symmetric spaces of rank 1.

Lichnerowicz conjecture is true in dimension 4 (Lichnerowicz and Walker, 1945), but
false in general. It is also true in the compact case.

Theorem (Szabó, 1990). If (M, g) is a compact simply-connected harmonic space, then
(M, g) is a compact rank one symmetric space.

We will not present a proof this theorem, but we will discuss the proof of Besse’s im-
mersion theorem, which is one of the main tools of of Szabó’s proof.
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1A Riemannian manifold is irreducible if admits no finite cover which is the Riemannian product of two
Riemannian manifolds of lower dimension.


