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Motivation and general construction



Motivation for model hierarchies —
Full order model, reduced model, machine learning surrogate, ...

> Availability of different models with different advantages and disadvantages, such as

> Full order model

> Projection-based reduced model
> Machine learning surrogate
| 4
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Motivation for model hierarchies —
Full order model, reduced model, machine learning surrogate, ...

> Availability of different models with different advantages and disadvantages, such as
> Full order model

> Projection-based reduced model
> Machine learning surrogate
| 4

> Typical strategy: Train a suitable surrogate offline and use it online.

> |dea: Train surrogates adaptively and try to leverage their advantages.

—> Combine all available models in an adaptive and certified hierarchy!
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Description of the main building block =

Multi-fidelity assumptions
can use
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General definition of an adaptive model hierarchy =
Combination of several components in multiple stages
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Adaptive model hierarchy for parametrized problems
Adaptivity vs. offline-online decomposition

Computation time

Offline computations
Full order model
Reduced order model
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Adaptive model hierarchy for parametrized problems
Adaptivity vs. offline-online decomposition

Computation time

Offline computations

—— Full order model

Reduced order model

—— Adaptive model hierarchy
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Examples and numerical results
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Example 1 - Parametrized parabolic PDEs
Problem setting — PDE-constrained optimization

Advection-diffusion-reaction equation with parameter u = (Da, Pe) € P = [0.01, 10] x [9, 11]:

diuy — V- (kVuy) +PeV - (buy) +Daxo,uy =0 in(0,T) x Q,
0=0cUOy chanyn\el (KVuu) ‘Naa =0 on Tout,
Tin Qc h Tout O () (t) :][ w,(t)ds.
QOw ) Tout
/
washcoat
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Example 1 - Parametrized parabolic PDEs == *\i@y MM
Problem setting — PDE-constrained optimization \

Advection-diffusion-reaction equation with parameter u = (Da, Pe) € P = [0.01, 10] x [9, 11]:

diuy — V- (kVuy) +PeV - (buy) +Daxo,uy =0 in(0,T) x Q,
0=0cUOy chanyn\el (KVuu) ‘Naa =0 on Tout,
Tin Qc h Tout O () (t) :][ w,(t)ds.
QOw ) Tout
/
washcoat

PDE-constrained optimization problem:

min J(1) = || ® — ©agapt(1)]| L= (10, 71)-
neP

Here, = ®(f1) is a desired break-through curve with i = (5.005, 10) and @ 44,4t (1) is the output of
the adaptive model hierarchy.
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Example 1 - Parametrized parabolic PDEs — %
Three-stage hierarchy

Mas: Full order model
(FOM)

+ arbitrarily accurate solutions
(serves as the reference for
error estimators)

— very slow for fine
discretizations or many time
steps
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(FOM)

+ arbitrarily accurate solutions
(serves as the reference for
error estimators)

— very slow for fine
discretizations or many time
steps
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M,5: Reduced basis ROM
(RB-ROM)

reduced basis model based
on Galerkin projection

construction of reduced
basis using HaPOD

faster than FOM

residual-based a posteriori
error estimator

slow iterative time stepping

requires solving dense linear
system in each time step

=" — universitit
Miinster

hendrik.kleikamp@uni-muenster.de

8



Example 1 - Parametrized parabolic PDEs

Three-stage hierarchy

Mas: Full order model
(FOM)

+ arbitrarily accurate solutions
(serves as the reference for
error estimators)

— very slow for fine
discretizations or many time
steps

Adaptive Model Hierarchies for Multi-Query Scenarios

M,5: Reduced basis ROM
(RB-ROM)

reduced basis model based
on Galerkin projection

construction of reduced
basis using HaPOD

faster than FOM

residual-based a posteriori
error estimator

slow iterative time stepping

requires solving dense linear
system in each time step
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Mi: Machine learning
(ML-ROM)

> approximates reduced

coefficients of the RB-ROM

» based on the same reduced

basis as the RB-ROM

+ faster than RB-ROM
+ parallel evaluation for many

time instances possible

+ allows to reuse a posteriori

error estimator of RB-ROM

— requires training of machine

learning algorithm
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Example 1 - Parametrized parabolic PDEs =
Numerical results
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Examples 2 and 3 == i
Optimal control of (parametric) systems
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Examples 2 and 3 = — it &;@y MM
Optimal control of (parametric) systems :

Please come to my poster for examples 2 and 3!
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Thank you for your attention!

If you would like to discuss in more detail, come to my poster!
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https://github.com/HenKlei/links-adaptive-model-hierarchies

Example 2 - Parametrized optimal control problems ==
Problem setting — Monte Carlo simulations

T

) 1 T2

il 2|1 sE o f 0 RO o]
0

deviation from target control energy
at final time
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Example 2 - Parametrized optimal control problems
Problem setting — Monte Carlo simulations

T
. 1 112
iy 3|0 [ OB ]
0
deviation from target control energy

at final time

ELo (1) = A(mt) () +B(wt)u(t) forte0,T],

such that yut) = Co.(b) fort € [0, TI,
0) = x%,

Target output: y| = Cx,
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Example 2 - Parametrized optimal control problems ==
Optimality system and final time adjoints

Theorem (K./Renelt’24)
The optimal state x},, controlw;, and adjoint @}, can be characterized as solution to the system:

d

B (0= Al ) (8) + Bl (1),
U (t) = —R(t) "B t)* @ (t),
Eaa e 0u(t) = Al 1) 0, (1),

for almost all t € [0, T] with initial condition - (0) = xﬂ and terminal condition

RxE* @ (T) =M («.(T) —x,)
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Example 2 - Parametrized optimal control problems =
Linear system for optimal final time adjoints

Lemma (K./Renelt’24)

The optimal final time adjoint @} (T) € X solves the linear system

where
> S(u) involves solving high-dimensional parametric systems,
> g(u) is a parameter-dependent right hand side.
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Example 2 - Parametrized optimal control problems
Four-stage hierarchy

M,: FOM
Optimal final time adjoint

@5 (T) = argmin || g(w) — S(Wp II%
peX
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Example 2 - Parametrized optimal control problems
Four-stage hierarchy

M,: FOM
Optimal final time adjoint

@5 (T) = argmin || g(w) — S(Wp II%
peX

Primal and adjoint systems
d
Egpu(t) = Al t)x, (1) + B(w huy (1)

~Ew s 0ut) = Al 1) 0, (1)
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Example 2 - Parametrized optimal control problems

Four-stage hierarchy
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[Lazar/Zuazua’16, K./Lazar/Molinari’24]

M,: FOM W
Optimal final time adjoint

@;(T) = argmin | g(1) — S(w)p HiJ
peX

chh

Primal and adjoint systems
d
Egpu(t) = Al t)x, (1) + B(w huy (1)

~Ew s 0ut) = Al 1) 0, (1)
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" Mj: RB-ROM b
Least-squares on reduced subspace |

. 2
= argmin || g(n) — S(Wp Ilx

pexN

——
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Example 2 - Parametrized optimal control problems =
Four-stage hierarchy

[Lazar/Zuazua’ 16 K. /Lazar/Molman 24]

M,: FOM W ,' ~Mj: RB-ROM 1

Optimal final time adjoint I Least-squares on reduced subspace I

@3 (T) = argmin|| g() — S(Wp 1% | @) =argmin|lg(w) =Sk |
peX i pexN }l

[Haasdonk/Ohlberger'11]

Primal and adjoint systems Reduced primal and adjoint systems
d ~od A . 2
Egpn(t) = Al thxu () + B tuy(t) Bor g () = Ap (i )R (1) + Bor (s t)up (1)
d . -~ d A -
Eada(pp(t) = Akt @u(t) Eada@u(t) = Aad(1it)" Pp(t)
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[Fabrini/lapichino/Volkwein’18, K./Renelt'24]
M,: F-ROM
Combination of RB-ROM and system reduction

N 2
ot = argmin | g(w) — St |

pexN
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[Fabrini/lapichino/Volkwein’18, K./Renelt'24]

M,: F-ROM

. w Combination of RB-ROM and system reduction
Approximate i red as a function e R . 2
of the parameter using machine learning Q" =arg i1y H §(w) —S(wp HX
pex!
[Haasdonk/Ohlberger'11]
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The cookie baking example [rave/saalc21] ==
Problem setting

Q I

N » Heat equation as state system:

0 (t) = V- (ot WVo(t;n) =0 inQ,
ot WVO(tu) - =ult) onT,
+ homogeneous initial, Dirichlet and Neumann conditions

v

Parametric and time-dependent diffusivity o

&) ®

(@)
(2:)

v

Output quantities: Average temperature in the four cookies

! > Target state: Prescribed average temperature in all cookies

N
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Example 2 - Parametrized optimal control problems =

Numerical results

Model Number of Numbgrof Total time for error  Average time for error est.
solves error estimates est. and solving [s] and solving per solve [s]

FOM 4 — 304.95 76.24

RB-ROM 12 16 234.56 19.55

F-ROM 437 453 450.39 1.03

ML-F-ROM 9,547 10,000 5,136.95 0.54

Time spent in model evaluation

110 T T T
FOM
70 RB-ROM
_ F-ROM
=
o F-ROM extension
£ 30 F-ML-ROM -
[ X Training -ML-ROM | L
16
8
T oo : :

0 2,000 4,000 6,000 8,00010,000
Number of queried parameter

Adaptive Model Hierarchies for Multi-Query Scenarios

Estimated error

Evaluations of the different
models with error estimates

r — — = Tolerance &
100 ° RB-ROM
s«  FROM
. ML-F-ROM
1072 1 X Training ML-F-ROM

0 2,000 4,000 6,000 8,000 10,000
Number of queried parameter
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For more details, see:

@ B. HAASDONK, H. KLEIKAMP, M. OHLBERGER, F. SCHINDLER, AND T. WENZEL. A new certified hierarchical and adaptive
RB-ML-ROM surrogate model for parametrized PDEs, (2023). SIAM J. Sci. Comput., 45(3), A1039-A1065.

@ T. WENZEL, B. HAASDONK, H. KLEIKAMP, M. OHLBERGER, AND F. SCHINDLER. Application of Deep Kernel Models for Certified
and Adaptive RB-ML-ROM Surrogate Modeling, (2024). Proceeding of the LSSC 2023 Conference.

@ H. KLEIKAMP. Application of an adaptive model hierarchy to parametrized optimal control problems, (2024). Proceedings
of the Conference Algoritmy, 66—-75.

@ H. KLEIKAMP AND L. RENELT. Two-stage model reduction approaches for the efficient and certified solution of parametrized
optimal control problems, (2024) arXiv preprint.

The source code for the papers is available open source:
> Parametrized parabolic PDEs

> Three-stage hierarchy: https://github.com/ftschindler/
paper-2022-certified-adaptive-RB-ML-ROM-hierarchy

> Parametrized optimal control problems

> Three-stage hierarchy: https://doi.org/10.5281/zenodo.10669855
> Four-stage hierarchy: https://doi.org/10.5281/zenodo. 13652744
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