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Parameter dependent dynamical system and cost functional == g

Parametrized linear time-invariant control system

X (t) = Apxp(t) + Baug(t), tel0,T],

Be greedy and learn: efficient and certified algorithms for parametrized optimal control problems hendrik.kleikamp@uni-muenster.de 1



Parameter dependent dynamical system and cost functional ===

Parametrized linear time-invariant control system

Cost functional J,.: G = R

=
(xu(T) =% M (3% (T) = x[)) + J(u(t), Ru(t)) dt]

deviation from the target state x | €X

Julw) =

energy of the control
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Parametrized optimal control problem =

Given a parameter u € P, solve the following optimization problem:

min J, (u), s.t. X (t) = Apxp(t) + Bau(t) fort € [0, T], x,(0) =x

0
ueG w
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Optimality system for the optimal control problem == i

Theorem 1 (Optimality system)

Let u € P be a parameter, uj, € G an optimal control and x}, € H the associated state trajectory.

Then there exists an adjoint solution ¢}, € H, such that the problem
Xu(t) = Apxy(t) + Buuy(t),
—@u(t) = Al ou(t),
uu(t) = —R7'BLou(t),
fort € [0, T] with initial respectively terminal conditions
(0 =28, @u(T) =M (xu(T) = x/1)
is solved by x,, = x},, @, = @y, and uy, = uj.
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Optimality system for the optimal control problem == i

Theorem 1 (Optimality system)

Let u € P be a parameter, uj, € G an optimal control and x}, € H the associated state trajectory.

Then there exists an adjoint solution ¢}, € H, such that the problem
Xu(t) = Apxy(t) + Buuy(t),
—pult) =ALou(t),
uu(t) = —R7'BLou(t),
fort € [0, T] with initial respectively terminal conditions

xu(0) = XEU eu(T) =M (Xu(T) _X;rl) )
is solved by x,, = x},, @, = @y, and uy, = uj.

State, control and adjoint are uniquely determined by optimal final time adjoint @7, (T)!
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Weighted controllability Gramian =

Define the weighted controllability Gramian /\'fL e L(X,X) as

/\E = JeA“( ’S)BuRlezeA;(T*S] ds.

0
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Weighted controllability Gramian

Define the weighted controllability Gramian /\'fL e L(X,X) as

Then we have
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Weighted controllability Gramian ==

Define the weighted controllability Gramian /\'fL e L(X,X) as
AR = JeA“( “S)IB,RIBr e (T5) ds.
0
Then we have

xu (1) = eA“Tx?l —/\E(p‘;(T).

Combining this with the terminal condition
n(T)=M(x5 (1) —x))

from the optimality system gives the following linear system for ¢ (T).
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Linear system for the optimal final time adjoint =

Lemma 1 (Linear system)

Let ¢, (T) denote the optimal adjoint state at time T that determines the solution of the optimality
system. Then it holds

(T+MAR) o7 (T) =M (ePTx% —x]),

where I € £(X, X) denotes the identity.
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Linear system for the optimal final time adjoint =

Lemma 1 (Linear system)

Let ¢, (T) denote the optimal adjoint state at time T that determines the solution of the optimality
system. Then it holds

(T+MAR) o7 (T) =M (ePTx% —x]),

where I € £(X, X) denotes the identity.

— We have to solve a linear system with I + M/\E for every new parameter p!

Assumption: Let MAE be positive-semidefinite for all parameters i € P.
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Main ideas of the reduced order model —.

> Approximate the optimal final time adjoint state ¢, (T) in a reduced space.
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> Approximate the optimal final time adjoint state ¢, (T) in a reduced space.

> Define an error estimator as the norm of the residual of the linear system.

Be greedy and learn: efficient and certified algorithms for parametrized optimal control problems hendrik.kleikamp@uni-muenster.de 6



Main ideas of the reduced order model ="

Miinster

> Approximate the optimal final time adjoint state ¢, (T) in a reduced space.
> Define an error estimator as the norm of the residual of the linear system.

> Apply a greedy algorithm to construct a reduced basis for the optimal final time adjoint states (by
means of an efficient error estimator for the reduced space).

Be greedy and learn: efficient and certified algorithms for parametrized optimal control problems hendrik.kleikamp@uni-muenster.de 6



Main ideas of the reduced order model —.

> Approximate the optimal final time adjoint state ¢, (T) in a reduced space.
> Define an error estimator as the norm of the residual of the linear system.

> Apply a greedy algorithm to construct a reduced basis for the optimal final time adjoint states (by
means of an efficient error estimator for the reduced space).

» Compute reduced solution by projecting the right hand side of the linear system onto the
subspace of states reachable from the reduced space of final time adjoints.
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Main ideas of the reduced order model —.

> Approximate the optimal final time adjoint state ¢, (T) in a reduced space.

v

Define an error estimator as the norm of the residual of the linear system.

> Apply a greedy algorithm to construct a reduced basis for the optimal final time adjoint states (by
means of an efficient error estimator for the reduced space).

» Compute reduced solution by projecting the right hand side of the linear system onto the
subspace of states reachable from the reduced space of final time adjoints.

> Accelerate online phase using machine learning with error certification.
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Error estimation using the residual —ti

Given an approximate final time adjoint p, consider the residual of the linear system as error
estimator:

Mulp) = [ M (AT D) — (1 + MARIp [
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Error estimation using the residual

Given an approximate final time adjoint p, consider the residual of the linear system as error
estimator:

Mulp) = [ M (AT D) — (1 + MARIp [

Theorem 2 (Error estimator for an approximate final time adjoint)
Then it holds:

[erM =7l < mulp) < [I+MAL[ ) [0 (M =P
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Approximating the solution manifold by linear subspaces —

> Manifold M :={¢ (T):pe P} C X
> Approximation tolerance ¢ > 0

Goal of the greedy algorithm

Find a reduced space XN C X of (small) dimension N such that

dist(XN, M) < e.
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Greedy procedure for the optimal control problem I == i

» Compute reduced approximation XN 3 ~ ¢, [T) € Xas the least squares solution to the
linear system in the space XV, i.e.

= argmin1, (@) = arg min || M (eA”TxEL —xl) —(I+ M/\ﬁ)(p Hi )
@eXN @eXN
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Greedy procedure for the optimal control problem I == i

» Compute reduced approximation XN 3 ~ ¢, [T) € Xas the least squares solution to the
linear system in the space XV, i.e.

= arg mr\i‘nnu((p) = argmin || M (eA“TXEL —xl) —(I+ M/\ﬁ)(p Hi )

peX peXN
> Thus, given a reduced space XN = span{@, ..., @n} C X and a parameter u € P, minimize the
residual by projecting onto Y\' = (I+ MAR)XN:
N
Pry (M T, D)) = 3 adet,
i=1

where x!' = (I+MAR) @y, i.e. Y = span{x{’, ... x{}.
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Greedy procedure for the optimal control problem I == i

@ MM
&

» Compute reduced approximation XN 3 ~ ¢, [T) € Xas the least squares solution to the
linear system in the space XV, i.e.

= arg mr\i‘nnu((p) = argmin || M (eA“TXEL —xl) —(I+ M/\ﬁ)(p Hi )

peX peXN
> Thus, given a reduced space XN = span{@, ..., @n} C X and a parameter u € P, minimize the
residual by projecting onto Y\' = (I+ MAR)XN:
N
Pry (M T, D)) = 3 adet,
i=1

where x!' = (I+MAR) @y, i.e. Y = span{x{’, ... x{}.
» Set for the reduced approximation

N

— [

= E X Qi.
i=1
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Greedy procedure for the optimal control problem II == i

> We therefore have

(I+MAR) O =Pyn (MM T8 = x[)))
and
(0 = [[M(eM X8 —x ) — (T+ MAR) G || = dist (Y AM (e Tx), —x[)}).
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Greedy procedure for the optimal control problem II == i

> We therefore have
(I+MAR) O = Pyn (MM T —x )

and

Nu(0,)) = H M (e Txft—x 1+ M/\R) H = dist (YI:',{M( An Txﬂ—xT)})

W — 1

Theorem 3 (Error estimator for a reduced space)
Then it holds:

dist XM {07 (T} < mu(@)) < [T+ MAE| - dist(X™, {o (T)).
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Analysis of the greedy algorithm == i

Theorem 3 (Weak greedy algorithm and approximation error)

The greedy procedure presented above is a weak greedy algorithm with constant

= —— <1,
v C(p*-i-C/\

where C,,- is the Lipschitz constant of the mapping w+ ¢/ (T) and Ca = sup || I+ MAR ||. It
ne?

further holds for all p € P that
dist(X™, {o}.(T)}) < e.
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Machine learning of reduced coefficients == i

» Costly partin the online phase of the reduced order model:
Computation of  x;' = (I+ MAR)@; fori=1,...,N.

This requires solving the primal and adjoint systems N times!
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Machine learning of reduced coefficients =

» Costly partin the online phase of the reduced order model:
Computation of  x;' = (I+ MAR)@; fori=1,...,N.

This requires solving the primal and adjoint systems N times!
> Instead: Learn the map from parameters to coefficients, i.e. approximate the map

T L (D i

by a machine learning surrogate 7n : P — RN, see also [Hesthaven, Ubbiali*1g].

Be greedy and learn: efficient and certified algorithms for parametrized optimal control problems hendrik.kleikamp@uni-muenster.de 12



=" — universitit
Miinster

Machine learning of reduced coefficients

» Costly partin the online phase of the reduced order model:
Computation of  x;' = (I+ MAR)@; fori=1,...,N.

This requires solving the primal and adjoint systems N times!
> Instead: Learn the map from parameters to coefficients, i.e. approximate the map

T L (D i

by a machine learning surrogate 7n : P — RN, see also [Hesthaven, Ubbiali*1g].

» Approximate the final time adjoint as
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Error estimates for machine learning approximation =

» A priori bound (assuming that the reduced basis is orthonormal):

* A~ N -
[olM=—og | < Ca & +]mlw)—AnG)].
greedy approximation error
tolerance of machine learning

> A posteriori bound:

Lo =N | < nu(@) < [T+MA|[lonT—oN]|.
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Machine learning approaches =

Various machine learning methods can be applied here, we considered:
> Deep neural networks (DNN), see for instance [petersen, Voigtlaender18].

o
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Machine learning approaches =

Various machine learning methods can be applied here, we considered:
> Deep neural networks (DNN), see for instance [petersen, Voigtlaender18].

o

» Kernel methods (VKOGA), see for instance [Santin, Haasdonk’21].
rkernel
An(1) =D aikn (16 x;)

ie= . centers
subset of selected centers—___" S~ coefficients
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Machine learning approaches =

Various machine learning methods can be applied here, we considered:
> Deep neural networks (DNN), see for instance [petersen, Voigtlaender18].

o

» Kernel methods (VKOGA), see for instance [Santin, Haasdonk’21].
An() = ) ok (1 x1)
ie=

> Gaussian process regression (GPR), see for instance [Rasmussen, Williams*06].

y———input data
a = ]E, P y X, Y
fin (1) y [ (y| Loutput data
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Numerical example: Parametrized heat equation =

> Problem definition:

Ovu(t,y) — i Av,(t,y) =0 forte[0,Tl,y € Q,
vu(t,0) = fort € [0, T],
vu(t,1) = fort € [0, T],
vu(0,y) :v&(y) = sin(my) fory € Q.

> Target state:
vi(Y) = 1oy
» Details: Q =1[0,1], T=0.1,P =[1,2] x [0.5,1.5]
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Numerical example: Details

— T — Universitit 77

Miinster

» Spatial discretization: Second order central finite difference scheme with n = 100 grid points

A, =2

0
e R and B, = %

0

10

0
1

c RHXZ

» Temporal discretization: Crank-Nicolson scheme (implicit) with ny = 300 time steps

» Weighting matrices:

Be greedy and learn: efficient and certified algorithms for parametrized optimal control problems
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Numerical example: Parametrized heat equation
Optimal, initial and target state

1
0 —
m -
© 0.5 e
= I
0 L
0 x 1
x9,: initial state x: target state
- -- x;.(T): final time state 0 0.2 0.4 0.6 0.8 1

Figure: Optimal state x, in a space-time plot (left) and initial x%, final x},(T) and target x|, states (right) for the

parameter i = (1.5,0.75) in the heat equation example.
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Numerical example: Parametrized heat equation ==
Optimal control and adjoint state

Miinster

) ) 1072
S 05 g 0 /\\ et
|5 5 —2
N ~_ \\//
0 t 0.1 0 x

— uj, ;: optimal control, first component
u;, »: optimal control, second component

*

— @}, (T): optimal final time adjoint

Figure: Optimal controlw;, (left) and optimal final time adjoint ¢;; (T) (right) for the parameter 1 = (1.5,0.75) in
the heat equation example.
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Numerical example: Parametrized heat equation =
Greedy algorithm

Results of running the greedy algorithm with 64 uniformly distributed training parameters:

107! -
2 ,N --- £ =107": greedy tolerance
w0 | \ —A— maxyep,,, Nu(@F): estimated max. error
5 10°° \\L MaxXyuep,,, || @5 (T) — @K ||, true max. error
% o \‘
()
g 107° L\\‘
106 \‘\\
A
10~7 |
1 2 3 4 5 6 7 8
Greedy step k
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Numerical example: Parametrized heat equation =

Singular value decay of optimal final time adjoints

I ]
100 A t 1
—&— Singular values of final time adjoints
—— 10-exp(—1.5-N)
_4 Machine precision ~ 2.2 - 10716
s 10
9}
=
©
>
& 1078
=
o0
=
wn

10—12 \.

“‘“““

AAAA
VVVVVVVO000000OLAAAAAAAAAAAAAAAAAAAAAA . .

10716
1 16

CYVYVVVVVVV vvvvvvvvvvvvw}_

32 48 64
Mode number N
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Numerical example: Parametrized heat equation

Machine learning approaches

Results on a set of 100 randomly drawn test parameters:

Method Avg. error adjoint  Avg. error control  Avg. runtime (s) Avg. speedup
FOM — — 6.2760 —
RB-ROM 53-10"8 5.4.107° 2.6526 2.37
DNN-ROM 5.8-10°° 2.0-10°° 0.1623 40.33
VKOGA-ROM 1.8-107° 6.9-10°° 0.1580 41.03
GPR-ROM 22-107° 7.6-1077 0.1572 41.40

Be greedy and learn: efficient and certified algorithms for parametrized optimal control problems
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Adaptive model h ierarChy [Haasdonk et al’23, Kleikamp®24] —.
Main ideas

m Start with an empty RB-ROM, that is XN = {0}, and empty ML-ROM.

Be greedy and learn: efficient and certified algorithms for parametrized optimal control problems hendrik.kleikamp@uni-muenster.de 22



Adaptive model h ierarChy [Haasdonk et al’23, Kleikamp®24] == Mineter
Main ideas

m Start with an empty RB-ROM, that is XN = {0}, and empty ML-ROM.

m Query cheapest models first and evaluate the error estimator.
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Main ideas

m Start with an empty RB-ROM, that is XN = {0}, and empty ML-ROM.

m Query cheapest models first and evaluate the error estimator.

m Return result if it is accurate enough, otherwise fall back to more costly models.
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Main ideas

m Start with an empty RB-ROM, that is XN = {0}, and empty ML-ROM.

m Query cheapest models first and evaluate the error estimator.

m Return result if it is accurate enough, otherwise fall back to more costly models.

m Build RB-ROM using data from FOM calls.
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Adaptive model h ierarChy [Haasdonk et al’23, Kleikamp®24] —.
Main ideas

m Start with an empty RB-ROM, that is XN = {0}, and empty ML-ROM.

m Query cheapest models first and evaluate the error estimator.

m Return result if it is accurate enough, otherwise fall back to more costly models.

m Build RB-ROM using data from FOM calls.

m Train ML-ROM with data from RB-ROM.
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Adaptive model hierarchy naasdonk et ar23, kieikamp'24] — *@ MM
Sketch of evaluating the hierarchy for a parameter
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Adaptive model hierarChy [Haasdonk et al’23, Kleikamp®24] —.
Sketch of evaluating the hierarchy for a parameter

MLROM — @ j<--ovvv collect data for
training new ML-ROM
pN) < ¢ _ No RB-ROM — &N vvennenn. collect data for
QA Pu creating new RB-ROM

Yes Mu(@N) <e — N (FOM — @1 (T)
Yesl
return @ return @) return u,
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Numerical example: Adaptive model hierarchy
Parametrized heat equation (tolerance ¢ = 10~%)

Time spent in model evaluation Evaluations of the models with error estimates
30 | — FOM 10-2 - - - Tolerance
20 L ——— RB-ROM l « RB-ROM
ML-ROM 5 103 ML-ROM
3 10 E
o —4 ——
g s 107 [ &
S 6 £ 105 :
& & g ) oo T
4
10—° :
2
0 107
0 2,500 5,000 7,500 10,000 0 2,500 5,000 7,500 10,000
Number of queried parameter Number of queried parameter
Model Number of Number of Total time for error ~ Average time for error est.
ode solves error estimates  est. and solving (s)  and solving per solve (s)
FOM 4 — 112.24 28.06
RB-ROM 65 69 299.26 4.60
ML-ROM 9,931 10,000 16,655.78 1.68
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Future research —.

» Advection-diffusion-reaction equations in higher space dimensions as test cases.

Be greedy and learn: efficient and certified algorithms for parametrized optimal control problems hendrik.kleikamp@uni-muenster.de 25



Future research —.

» Advection-diffusion-reaction equations in higher space dimensions as test cases.

> Incorporation of theoretical approximation results for the machine learning methods.

Be greedy and learn: efficient and certified algorithms for parametrized optimal control problems hendrik.kleikamp@uni-muenster.de 25



Future research == T8 MM
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» Advection-diffusion-reaction equations in higher space dimensions as test cases.
> Incorporation of theoretical approximation results for the machine learning methods.

» Additional speedup by applying model order reduction to the parametrized control system,
i.e. approximation of the state and adjoint dynamics, see [Haasdonk, Ohlberger11] @and [Fabrini, lapichino,
Volkwein’18].
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Future research = e

» Advection-diffusion-reaction equations in higher space dimensions as test cases.
> Incorporation of theoretical approximation results for the machine learning methods.

» Additional speedup by applying model order reduction to the parametrized control system,
i.e. approximation of the state and adjoint dynamics, see [Haasdonk, Ohlberger11] @and [Fabrini, lapichino,
Volkwein’18].

» Extension to other classes of optimal control problems, such as linear time-varying systems or
problems with constraints on the control.
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Thank you for your attention!

For more details, see:

@ H. KLEIKAMP, M. LAZAR, C. MOLINARI.

Be greedy and learn: efficient and certified algorithms for parametrized optimal control problems, (2023).
https://arxiv.org/abs/2307.15590

@ H. KLEIKAMP.

Application of an adaptive model hierarchy to parametrized optimal control problems, (2024).
https://arxiv.org/abs/2402.10708

The source code for the papers is available open source:
» https://github.com/HenKlei/ML-OPT-CONTROL
» https://github.com/HenKlei/ADAPTIVE-ML-OPT-CONTROL
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